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Abstract: This paper discusses optimality conditions for Borwein proper efficient solutions of non-
smooth multiobjective optimization problems with vanishing constraints. A new notion in terms
of contingent cone and upper directional derivative is introduced, and a necessary condition for
the Borwein proper efficient solution of the considered problem is derived. The concept of & proper
Abadie data qualification is also introduced, and a necessary condition which is called a strictly strong
stationary condition for Borwein proper efficient solutions is obtained. In view of the strictly strong
stationary condition, convexity of the objective functions, and quasi-convexity of constrained func-
tions, sufficient conditions for the Borwein proper efficient solutions are presented. Some examples
are given to illustrate the reasonability of the obtained results.

Keywords: Borwein proper efficient solution; nonsmooth multiobjective optimization; stationary
condition; Clarke subdifferential

MSC: 90C46

1. Introduction

Multiobjective optimization plays an important role in management science, opera-
tions research, and economics. The reader is referred to the recently published book [1]
for more details on vector optimization theory and applications. The classical concept of
efficient solution in multiobjective optimization problems was introduced by Pareto [2]
under specific preferences. Koopmans [3] proposed the concept of a Pareto efficient solu-
tion. After that, many scholars studied Pareto efficiency and obtained a lot of results (see
the book [4] and the reference therein). However, the set of all Pareto efficient solutions is
large, and part of it cannot be characterized by a scalar minimization problem. To eliminate
these abnormal solutions, various kinds of proper efficient solutions have been introduced
(see Chapter 4 in [4]), one of which was introduced by Borwein [5] and was called the
Borwein proper efficient solution by some later researchers. Since Borwein proper efficiency
highlights the geometric property and abandons noneffective decisions in decision making,
it has become a standard concept in vector optimization literature (see [6-8]).

In this paper, we consider the following multiobjective mathematical programming
with vanishing constraints (MMPVC for short):

min (f1(x),..., fp(x))
st hi(x) >0, i€l
hi(x)gi(x) <0, i€l

where f;, h;, gi : R" — R are locally Lipschitz functions with i € I := {1,...,m}, and
jel={1,...,p}
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The MMPVC is a complicated programming problem since it involves product function
h;ig; in its constraints with i € I. This complicatedness brings us two difficulties. One is
that the feasible set usually is not a convex set; the other is that the constrained property of
<i(x) vanishes in the case h;(x) = 0.

In the special case p = 1, MMPVC reduces to the mathematical programming with
vanishing constraints (MPVC for short) which was introduced by Achtziger and Kanzow [9].
MPVCs not only play an important role in topology optimization which is a powerful tool
in mechanical structures design, but also extend another group of programming problems
called mathematical programming with equilibrium constraints (see [9]). For these two
reasons, the MPVCs have attracted some researchers’ interest. Some stationary conditions
of Karush-Kuhn-Tucker-type optimality conditions are given under various qualification
condition by the classical subdifferential and normal cones, such as Clarke subdifferential
and Clarke normal cone. Readers are referred to the reference [9-12] for smooth MPVCs
and [13-15] for nonsmooth MPVCs.

All MPVCs mentioned above concerned a single-objective function. To the best of
our knowledge, Mishra, et al. [16] studied MMPVCs involving continuously differentiable
functions for the first time. They modified some constraint qualifications such as Cottle con-
straint qualification, Slater constraint qualification, etc. Then, they established relationships
among them and obtained the Karush-Kuhn-Tucker-type necessary optimality conditions
for Pareto efficiency solutions. In [17], the MMPVC with its objective functions being
continuously differentiable and its constrained function being convex were considered.
Two Abadie-type constraint qualifications were introduced and some necessary conditions
for Geoffrion properly efficient solutions were given by convex subdifferentials. Recently
in [18], for the nonsmooth MMPVCs, some data qualifications characterized by Clarke
subdifferential were introduced, and the relationship among them was discussed. Some
stationary conditions as necessary or sufficient conditions of weakly efficient and Pareto
efficient solutions were also given. Motivated by [18], it is natural for us to consider the
stationary condition for Borwein proper efficient solutions of the MMPVC.

The rest of this paper is organized as follows. In Section 2, we introduce some notions
and preliminary results which will be needed later. In Section 3, we present our main results.
Unlike [18,19] concerning weak efficiency and Pareto efficiency, we consider Borwein proper
efficiency. We introduce € proper Abadie data qualification condition (in short, e-PADQ) for
a given ¢ > 0. Using e-PADQ condition, we obtain a strictly strong stationary condition
as a necessary condition for the Borwein proper efficient solution of problem MMPVC.
Under the assumption of the convexity of objective functions and the d-quasi-convexity
of constrained functions, we establish a strictly strong stationary condition as a sufficient
condition for the Borwein proper efficient solution of problem MMPVC.

2. Preliminaries

Throughout this paper, unless stated otherwise, we always assume that X is a real
Banach space, X* is the dual space of X, (2 is a nonempty subset of X, Bx is the closed unit
ball of X, and R’i ={(81,.--,8p) | ¢i >0, i € {1,...,p}}. The interior, convex hull, and
closure of () are denoted by int(Q)), co(Q2), and cl(Q)), respectively.

The set () is called a cone if Ax € Q) forall x € QY and A > 0. Clearly, a cone () is
convex if and only if Q) + Q) C Q). The cone generated by () is defined as

cone(Q) :={xeX|x=Ay, A >0, y € Q}.
The negative and strict negative polar cone of () are, respectively, defined as
Q ={x"eX*|(x*,a)<0,VaeQ},

OF = {x* € X*| (x*,a) <0, VaeQ}
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For x € cl(Q)), the contingent cone of Q) at ¥ is the set
T(Q,x):={ve X|Iv, = v,t, | 0such that x + t,v, € Q}.

Lety : X = R, and %,u € X. The function ¢ is said to be upper directionally
differentiable at ¥ in the direction u if

Y(x A+ tu) — (%)

¢'(%;u) := limsup ;

t—0t

exists, where t — 0 means that t > 0 and ¢ converges to 0. The function ¢ is said to be
directionally differentiable at x in the direction u, if

X+ tu) — P(x)

exists. Clearly, if i is directionally differentiable at ¥ in the direction u, then Vip(%; u) = o' (%; u).
Ifforallu € X,

vy e W(E A ) — (%)
Vip(5)(u) := lim t
exists and V(%) is a continuous linear mapping, then ¢ is said to be Gateaux differentiable
at x.
Let Y be a Banach space, z € X, a mapping ¢ : X — Y is said to be locally Lipschitz at
z, if there exist 6 > 0 and M > 0 such that

lp(x) =)l < M|lx —yl, Vxyecz+Bx.

If ¢ is locally Lipschitz at each point of (), then ¢ is said to be locally Lipschitz on Q).
Let ¥, u € X and ¢ : X — R be locally Lipschitz at ¥. The Clarke generalized
directional derivative of ¥ at X in the direction u is defined as

P+ tu) — ylx)

Y°(%;u) := limsup ;

x—x, t}0

The set
oP(x) := {x" € X* | (x",u) <y°(%;u), Vuec X}

is called the Clarke subdifferential of 1 at x.

Lemma 1 ([20]). Let ¢ : X — R be a function, %, u € X, and  be locally Lipschitz at X. Then:

(i) oY(%) is a nonempty w* compact convex set;
(ii)  There exists ¢ € oY(X) such that °(%;u) = (¢, u);
(i) ¢ (%u) < P°(X;u).

Definition 1 ([21]). Let ¢y : X — R be a function, ¥ € X and  be locally Lipschitz at X. The
function  is called d-quasi convex at %, if for all x € X,

(x) <P(x) = (§x—%) <0, V§ecap(x).

Definition 2 ([5]). Let A be a nonempty subset of X and © be a pointed convex cone of X. A point
X € Ais called a Borwein proper efficient point of A, if

cl(cone(A —x)) N (—O) = {0x}.
The set of all Borwein proper efficient points of A is denoted by BE(A, ®).

The following lemma is a standard separation theorem for two convex sets.
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Lemma 2 ([4]). Let A be a nonempty compact convex subset of X and B be a nonempty closed
convex subset of X. Then, ANB = @ if and only if there exist x* € X*\ {Ox+} and « € R
such that

x*(a) <a<x*(b), VacA,beB.

For convenience of the readers, we give the important notations mentioned above in
Table 1.

Table 1. The notations and their explanations throughout the text.

Notation Description and Explanation of the Notation
R" n-dimensional Euclidean space
R? p-dimensional Euclidean space
I I:={1,2,...,m}
J J={12...,p}
0y zero vector of R”
0p zero vector of R?
Y (%;u) the upper directional derivative ¢ at X in the direction u
Vip(x;u) the directional derivative i at ¥ in the direction u
Vip(x) the Gateaux derivative of i at &
PO (%;u) the Clarke generalized directional derivative of ¢ at ¥ in the direction u
oYP(x) the Clarke subdifferential of i at ¥
Q- the negative polar cone of ()
Of the strict negative polar cone of ()
(% u) the Clarke generalized directional derivative of f; at ¥ in the direction u
(a £i( f))ﬁ the strict negative polar cone of the Clarke subdifferential of;(%)

3. Main Results

In this section, we establish necessary and sufficient optimality conditions for the
Borwein proper efficient solution of problem MMPVC. The feasible set of problem MMPVC
is denoted as follows:

S:={xeR" | hi(x) >0, hj(x)gi(x) <0, i€ I}
We always assume that S # @, and ¥ € S will be fixed in the remainder of this paper.
Following [9,13,18], we define the index sets as follows:
Iio:= {l el | gi(f) =0, hi<f) > 0},
L :={iel|g(x) <0, hj(x) >0},
s = {i € 1] gi() >0
oo = {i € 1] gi(x) = 0, Iy(x) = 0},
Ip_ = {l el | gi(f) <0, hi(f) = 0}

Let I+ = I+0 U I+_ and Io = IQ+ U 10() @] I(]_. ObViOLlSly, I= I+0 U I+_ U Io+ U 100 U Io_.
For each k € |, set J; := J\{k}, and define

M@%:{ﬂ&@ﬂ@GRﬂﬂWW%ﬂMGh},P>L
T(S, %), p=1

Let f := (f1,..., fp). Now, using Definition 2, we can define a Borwein proper efficient
solution of problem MMPVC.
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Definition 3. A point ¥ € S is said to be a Borwein proper efficient solution of problem MMPVC,
if f(x) € BE(f(S),R%), that is,

cl(cone(f(S) = f(x))) ((~RE) = {0y}

The set of all Borwein proper efficient solutions is denoted by Ep. If

(F(8) = fF(@) N(=RE) = {0,},

then % is called a Pareto efficient solution of problem MMPVC. The set of all Pareto efficient solutions
is denoted by Ef.

Lemma 3. Suppose that X € Eg, and f; is locally Lipschitz at % for all j € ]. Then,

(U (%(f))ﬁ) N (ﬂ A,-(f)) =0 )

Proof. We divide p into two cases: p = 1and p > 1.
Case 1: p = 1. In this case, (1) equals

@fi(2) N T(S, %) = 2.

Suppose to the contrary that there exists some d € (9f; (92))ti N T(S, %), then there exist
{thy} C Ry witht, | 0, {d,} C R" with d, — d such that ¥ + t,d, € S for all n. Since
f1 is locally Lipschitz at ¥ and d € (3f(%))?, it follows from Lemma 1 that there exists
¢ € 9. f1(x) such that
(&,d) = fi(%:d) < 0.

Since f; is locally Lipschitz at ¥, there exist L > 0 and 6 > 0 such that for all u,v €

X+ 5BR"/
[f1(u) = fu(o)] < Llfu —of|.

Since X + t,d, — X, X + t,d — X, there exists a positive integer number N such that

foralln > N,
|f1(X 4 tudy) — f1(X 4 tad)| < Lty||d, —d||.

By (iii) of Lemma 1, we have

fi(x+ tydy) — f1(X)

vp := limsup

n—»o00 tn
< limsup AETID =AW 4y gy Linlldn =4l
e tn n—oo n

< fi(md) < ff(m:d) <0,

fl(f"'tndn) _fl(f)

tn

€ cone(f(S) — f(x)),

we obtain
o1 € cl(cone(f(S) - £(£))) N (~E.),

which contradicts ¥ € Ep since v1 # 0.
Case 2: p > 1. To verify (1), it suffices to prove that

@f(E) ' NAE® =0, je].
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Without loss of generality, we only need to show that
af1 m A1 J?
Suppose to the contrary that there exists d € (9f; (JZ))ﬁ NA;(x). Sinced € A;(x) C

T(S, %), there exist {t,} C Ry with t, | 0, {d,,} C R" withd,, — d such that x + t,d, € S.
Using the same proof of case p = 1, we obtain

v1 := limsup fE+ tadu) = (%) <0

7
n—sco tn

By the definition of A; (%), we have

f].’(x;d) <0, j=2,...,p

Since f; is locally Lipschitz at X, we have

fj(az+tndn) —f]-(x)

vj := limsup

n—o0 tn
+tyd) — fi(x
<hmsupf(x nd) f](x)
n—o00 tn

gfj’(az;d) <0, j=2,...,p.

Therefore,
(v1,...,0p) € cl(cone(f(S) — f(%))) N (~RE),

X
which contradicts X € &g since (v, ...,vp) # (0,...,0). Therefore,

af1 ﬂAl J? =

In conclusion, Equation (1) is verified. O

Remark 1. In [19] (Lemma 5.1) (also see [18] (Lemma 2)), Li proved that if X € Eg, then

(U(af;(f ) ﬂ(ﬂT Q) % ) =,
j€J j€J

Q'—{ SN{x eR"| fiu(x) < fu(X), k€ i}, p>1,
J S, p=1

where

It is known that a Borwein proper efficient solution is a Pareto efficient solution, but the converse
is not true. To illustrate that Lemma 3 sharpens Li’s result, it suffices to give an example that
N T(Qj, X) is a strict subset of (| A;j(X). See the following example.

i€l i€l
Example 1. In problem MMPVC, we take I = {1}, ] = {1,2} and let f : R* — R? be defined by
f(x) = (fi(x), fo(x)) = (x1 + 22,27 +23), ¥V x=(x1,x2) €R?,
h(x)=x1+x, g1(x)=x, Vx=(x,x)cR%.

Clearly, X = (0,0) is a Borwein proper efficient solution. We calculate that

S={x €R*|h(x) >0, ln(x)g1(x) <0}
= {(x1,x2) €R? | x; > —x > 0} U{(xl,xz) ER?|x; +x,=0, xp >0},
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Q1 =S({x e R?| fo(x) < fo(%)} = {(0,0)},

Q=S {xeR*| fi(x) < Ai(x)} = {(x1,x2) € R*| x; +x, =0},
A1(x) =T(S,%)({d € R*| fy(%:d) <0} =6,
Ay (%) = T(S, %) ({d € R* | fi(x:d) < 0} = Qo

2

2
N T(Q; %) ={(0,0)}, [ 4j(%) = Q2.

j=1 j=1

2 2
Therefore, ( T(Qj, X) is a strict subset of N A;(X).
j=1 j=1

Under some mild conditions, | T(Qj, ) is a subset of [ A;(%).
j€l j€l

Proposition 1. Suppose that X € S; f; is locally Lipschitz at x and directionally differentiable at %
in any direction for all j € |. Then,

N T(Qj,x) C [ Ajx). ¢)

€] j€]
Proof. To verify Equation (2), it suffices to show that
T(Q, %) CA(%), j=1...,p.
Without loss of generality, we only need to show that
T(Q1, %) € A1(%). ®)

We divide p into two cases: p =1and p > 1.
Case 1: p = 1. In this case, Q; = S, and hence

T(Q1, %) = T(S,%) = A1(%),

Equation (3) is verified.
Case 2: p > 1. Letd € T(Qq, %); then, there exist {t,} C Ry witht, [ 0, {d,} CR"
with d, — d such that x + t,,d,, € Q1. By the definition of Q;, we obtain ¥ + t,d, € S and

f]»(x+tndn) gf]-(x), i=2,...,p

and hence d € T(S, %). Since f; is locally Lipschitz at ¥ and directionally differentiable at x
in any direction, we obtain

fi(x+td) — f;(x)

fi(%:d) : = limsup ; = Vfi(x:d)
t—0t
- fi(x +td) — f;(%) . fi(x+tnd) — fi(%)
= |lim = lim
t—0+ t n—00 ty
(T4 tydy) — fi(%
i S nt> 5D o e

This implies that d € A;(X), and so Equation (3) is verified. [

Before we give necessary conditions for the Borwein proper efficient solution of
problem MMPVC, we introduce the following two definitions.
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Definition 4. Let A := {1,...,p}, for each A € A, Dp be a nonempty convex set of R",
0<e<iandD:= co( U D/\>. The set
P AEA

core;(D) := ZOAxﬂ x), €Dy, ZGAzl,AeA,G,\ZS}
AEA AEA

is called the e-core of D.

Definition 5. Let 0 < € < % We say that problem MMPVC satisfies € proper Abadie data
qualification (in short, e-PADQ) at X € S, if

i
(core8 (CO (U 8}3(2)))) (£~ S Ajx),
j€l Jj€J

L= ( U ahi(x)) U(— U ahi(x)) U( U agi(x)).
iclys i€l i€lyo

Remark 2. Assume that 0 < &1 < €;. Since

core, (co (U afj(x)) ) C coreg, (co (U af](x)) ) ,
j€l i€l

we deduce that if problem MMPVC satisfies e2-PADQ), then it satisfies 1-PADQ. If we take e = 0,
replace A;(x) and “§” with T(Qj, %) and “—", respectively, in Definition 5, then e-PADQ reduces
to EADQ introduced in [18] (Definition 2). The meaning of L was introduced in [13].

where

Here, e-PADQ reveals the relationship between the subdifferentials of the objective
functions and the constrained functions and the feasible set of problem MMPVC. It is
somewhat abstract, which leads to the difficulty of verifying it for a general problem
MMPVC. However, under some mild conditions, e-PADQ is easy to verify.

Proposition 2. Let X € S, ¢ € 0,; with p > 1. Suppose that f; (j € ), hj, and g; (i € I)
are locally Lipschitz at X. If one of the following conditions holds:

(i) Oy € int(cores(co(Ujes 9f;(%))) U L);

(ii) 0, € int(L);

(iii)  On € coreg(co(Ujej 9f;(X)));

(iv) f; (j € ]) is Gateaux differentiable at X and

0, € {ZGijj(JZ) | Zej =1,j€], 6> g},

i€l i€l
then problem MMPVC satisfies e-PADQ at X.

H := core; (co (U 8]‘]-(3?)> ) :
i€l

To verify problem MMPVC satisfying e-PADQ at ¥, it suffices to show that

Proof. Let

H'NL™ C ) A(%). (4)
jel



Mathematics 2022, 10, 4569

90f18

Assume that (i) holds. Then, we have 0, € int(HU L). By the definition of negative po-
lar cone, we have (HU L)~ = {0, }. By the definition of A;(x), we obtain 0, € ;¢ A;(%).
To verify (4), it suffices to prove that

H'NnL™ C(HUL) . (5)
Obviously, (5) holds true if H ‘NL- =®. Now, letv € H* N £~. Then, we have
(v,x) <0, Vx€H,

(v,x) <0, VxeL.

and so,
(v,x) <0, Vxe HUL.

Therefore, v € (HU L), which verifies Equation (5).

Assume that (ii) holds. Then, (i) also holds since 0, € int(£) C int(H U L). Therefore,
problem MMPVC satisfies e-PADQ at .

Assume that (iii) holds. Then, 0, € H. By the definition of strict negative polar
cone, we have H? = @, and so Equation (4) is verified. Therefore, we deduce that problem
MMPVC satisfies e-PADQ at .

Finally, assume that (iv) holds. Since f; (j € J) is Gateaux differentiable at X, we have

Hz{Z%VM@|Z@=LfeL%2%-
i€l j€]
Here, (iv) implies that 0, € H. By (iii), problem MMPVC satisfies e-PADQ at x. [

Now, we give stationary conditions for the Borwein proper efficient solution of prob-
lem MMPVC.

Theorem 1. Let e € 0,l with p > 1. Suppose that X € Eg, f; (j € ]), hi,and g; (i € I) are
locally Lipschitz at %, cone(co(L)) is a closed set, and problem MMPVC satisfies e-PADQ at % and

§
(Y): forall v, € (corel <CO<U 8]3(3?)))) with ||oy|| =1, 0y 2 v=>0v€ U]-e](afj(x))ﬁ.
: j€]

Then, there exist C{, d?, g§ (j €], i€l)such that

0n € Y ZJ0f(%) + Y (5598:(%) — Clohi(x)), (6)
je] iel
{P=0(elouli-), {>0(el Uly), {eR(iely), 7)
F=0@(echul,_), f>0(iely), 8
and )
,....th) >0,, ;@{:1. )
=

Proof. Since fj, h;j, and g; are locally Lipschitz at ¥, with Lemma 1, o f]-(JZ), dch;(x), and
dc8i(X) are nonempty compact convex sets. Hence, cores(co( U 9f;(¥))) is a compact
]

j€
convex set.
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Firstly, we will prove that there exists 77 € (0, ¢) such that

corey, (CO (U af](f)) ) ()(—cone(co(L))) # @. (10)

j€]

Suppose to the contrary that for all positive integer numbers n with % <eg

core (CO (U E)f](x)) ) ()(—cone(co(L))) = @.

jel

Since cone(co(L)) is a closed convex set, applying Lemma 2 to the above equation,
there exists v, € R" with ||v,|| = 1 such that

(x,0q) <0, Vxe€ core; (co (U af](x)) ) , (11)

j€l
(x,vn) >0, Vxé& —cone(co(L)). (12)
Since problem MMPVC satisfies e-PADQ at ¥, with (11), (12), and Remark 2, we obtain

i
vy € (core}l (co (U 8]}(32)) ) ) ()(cone(co(L))) ™
i€l
i
- (core; (CO(U af](f)>)) L~ (13)
i€l
#
- (coreg (CO (U E)f](x)) ) ) L~ S () Ajx),
i€l i€l

whenever % < &. Since {[|vy |} is bounded, we may assume that v, — v. Since A;(%) (j € ])
is a closed set, we obtain

ve()A%). (14)
i€l
The condition (Y) and Equation (13) imply that
ve J@sE)" (15)
i€l

From Equations (14) and (15), we obtain

ve (ﬂ Af(f>) M (U(afj(f))ﬂ)/
el el

which contradicts Lemma 3. Therefore, (10) is justified and

0n € corey (co (U 8]‘](92)) ) + cone(co(L)).

j€l
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This implies that there exist nonnegative real numbers C{ >n(je]) a(icly) Bi(ic
Iot), vi (i € IpULy_), & (i € L+0)mdﬂlzj;lg{:= 1 such that

0 € Y ofi(x) + Y wdchi(x)+ Y (—Bideh

jel iEI(]+ zelo+

+ Z (—i0ch;(x Z 5;0c8i(X

i€lpgUlp— i€lig

Using the same approach of Theorem 4.1 in [13], we let

—(a;— Bi), i€y,
o= i€loUly,
0, iely Uly,

é,g': (51’, i61+0,
Tolo, el Ul

and the conclusion is proved. O

Remark 3. In Theorem 4 of [18], Sadeghieh et al. established the following result. Suppose that
X € B, and

(U afj(f)) LS NT(Q;%)
j€] j€J
If of;(x), oh;(x), and 9g;(%) are polyhedron, then Equations (6)~(9) hold. In [18], Equations (6)~9)

are called “strong strongly stationary conditions” and by “strong S — SC” in short. In this paper,
we call the conditions (6)—(9) “strictly strong stationary conditions” only from grammar angles.

Remark 4. In Theorem 1, if there exists a jy € ] such that

ofj,(x) CH{u e R" [u= (ni,m2, -, 1), 1 #0,i=1,2,...,n}, (16)

i
then the condition (Y) holds true. In fact, for all v, € (corel (co(U ofj(x )))) with

j€J
vy|| = 1 and v, — v, we have ||v|| = 1. Let u € of; (X) be arbitrarily given. Take w; € of; (%
Jo V8 ] Jo
(j # jo,j € J). Then, we have

-1 -
(1—pn>u+ Y 7w]€C0re1 (co(Uaf]x))
j#jo, jel i€l
p—1 1
<vn,< —n)u—i— ) ><0 (17)
i#io, €1 "

Letting n — oo in (17), we have (v, u) < 0. Combining ||v|| = 1 and (16), we obtain (v, u) < 0.
This inequality implies that v € (9f}, (%)%, and so the condition (Y) holds.

and

In problem MMPVC, condition (Y) does not always hold true. See the following
Example 2.
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Example 2. Let f1, f, hy, g1 : R? — R. Consider the following problem MMPVCI:

min (xq, x; + x3)
s.t.x; >0,
x1x2 <0,

where
filx1,x2) = x1, fa(x1,%20) = %1 + %3, V (x1,%2) € R?,
hi(x1,x2) = x1, g1(x1,%2) =x2, ¥ (x1,x2) € R%

We can verify that ¥ = (0,0) is a Borwein proper efficient solution of problem MMPVC1. Now, we
prove that condition (Y) does not hold true. We calculate that

of1(x) = {(1,0)}, 9f2(x) = {(1,0)},

2
corey (co(U ij(f))) ={(AM1+22,0) [AM+A2=1, Ay, A > %}

j=1

il
2
Let v, := (—%,—\/1 — % ) Then, v, € (core (co(lulaf]-(f)>>> ,Nonll =1, and
]:

1
vy — v := (0, —1). However, v ¢ (3f1(%))* U(9f2(%))".
In the following, we give an example to illustrate Theorem 1.

Example 3. Let f, fo, h1, g1 : R? — R. Consider the following problem MMPVC2:

min (|x1+x2, xz—i—\/x%—l—x%)

s.t.xp >0,
xz(—2|x1| + X2) <0,

where
filxy,x2) = |x1| +x2, falx1,x0) =22+ /X3 +23, V(x1,x) € R?,
hi(x1,20) =2, 1(x1,%) = —2|x1[+x2, VY (x1,x2) € R%.

We can verify that X = (0,0) is a Borwein proper efficient solution of problem MMPVC2. We
calculate that
0fi(®) ={(x, | —1<x <1},

025) = {m, 14x2) | PR+ B <1} = (O V) + B,

ohy(x) = {(0,1)}, 9g1(%) ={(x1,1) | —2<x <2},
S={(x1,x2) | 0<x <2x[},
A1() = T(S,8) N{(d1,dy) | d = (dy,d) € R?, fy(%;d) < 0}
=5n{(0,0)} ={(0,0)},
Ay(x) =T(S, f)ﬁ{(dlfdz) |d = (d,dy) € R?, f,(%;d) < 0}
=S({(d1,d2) | |di|+da <0} ={(0,0)},
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2

1 4(x) ={(0,0)},

j=1
I=A{1}, Lo:={iel|gi(x)=0, hi(x) >0} =0,
L :={iel|g(x) <0, hi(x) >0} =0,
loy :={i€1]gi(x) >0, hi(x) =0} = O,
100 ={iel]gi(x) =0, hi(x) =0} = {1},
i(

{
_={iel|gi(x)<0, hi(x)=0} =0,
I+=I+0UI+_—®, Iy :=Ipy+ Ulgo U Ip— :{

_ (LIJ ahl-(x)) U( Qah (%) ) U(LIJ agi(f))

= —ohy () = {(0,-1)},
T = {(d1/d2) | dy eR,dy > 0}

Clearly, cone(co(L)) is a closed set. For € = 5, we calculate that

(corelo (co(@laf] (%) ))) ﬂﬁf

— {(dl,d2)|A|d1+d2+(1—)\),/d§+d§ <0, 117) gAgL% < 1—A§1}ﬂ£
2
C (A=
j=1

Hence, problem MMPV C2 satisfies f—O—PADQ condition at X.
In the following, we will verify that condition (Y) holds. Assume that

f
2
(di,dy) € (Corei (co(U ag(x)))) with || (dY,dy)|| =1, (d},dy) — (d1,d>).
j=1

Then, we have

Adi+dy+(1-1) <0, VA 1-A€ [111,1]. (18)
By sending n — oo in (18), we have
Ady+dry+(1-A) <0, VA, 1-A€[0,1]. (19)

Taking A = 0 in (19), we obtain dy < —1. Combining ||(d1,dy)|| = 1, we obtain dy = —
and so

2
(d1,d2) = (0,—1) € (9fs (% U of;(x))

Hence, the condition (Y) is verified. All condztzons of Theorem 1 are satisfied. By Theorem 1,
Equations (6)—(9) hold. In fact, take @f = 2, 0 = 2, gl 2, @‘f =0, then

02 € 29A1(%) + 50f2(5) + 0081 () — 290 (2).

However, since d f,(X) is not a polyhedron, Theorem 4 of [18] cannot be applied to MMPVC2.
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For x € S, we suppose that problem MMPVC satisfies the strictly strong stationary
condition at ¥, that is, satisfies (6)—(9). Motivated by [18,22], we define the index sets as

follows:
={icmle >0}, 1:={icmlc =0},
o= {ieh |g >0}, B ={ick | =0},
I, = {i elpy | "> o}, Iy, == {i el | < 0},
19, = {i €lp, | " :o}, 9% = {i elo|gl=00> o},
199 = {i €lo|dl=03= 0}.
Clearly,
Io=IHUlyy, L-=I7 Ul (20)
Lo=1301Yy, Ior =1 UL, UL,. (21)

Now, we give sufficient optimality conditions for the Borwein proper efficient solution
of problem MMPVC in terms of the strictly strong stationary condition.

Theorem 2. Suppose that problem MMPVC satisfies (6)~(9)at X € S, f; (j € ]), hj,and g; (i € I)
are locally Lipschitz at X, f; (j € ]) is a convex function, and g; (i € I%), hi (i € Iy, ), and
—h; (i € Iff, UI5 U I ) are 0-quasi-convex at X.

(i)  Then, x is a local Borwein proper efficient solution of problem MMPVC,

(i) Ifly, = 1%% = @, then % is a Borwein proper efficient solution of problem MMPVC.

+0 =
Proof. (i) Since I, C Ip;, we have
gi(¥) >0, hj(x) =0, Viely,. (22)
Since I% C I, we have

gi(%) =0, h(x) >0, Viell. (23)

Since g; (i € Iy, ) and h; (i € I%) are continuous functions with (22) and (23), there
exists a neighborhood U of X such that

gi(x) >0, hi(x)=0, VxeSNU,Viely,, (24)
hi(x) >0, gi(x) <0, VxesSnU, Viell. (25)

Since problem MMPVC satisfies (6)-(9), there exist Ej{ € afi(x)(je)), gheom(z)(ie
Iy), & € 9gi(%) (i € L) such that

Yol - Yae+ L e = o (26)

jE] i€ly i€lyg

Suppose to the contrary that x is not a local Borwein proper efficient solution. Then,
there exist v = (vy,...,vp) # 0, and a neighborhood V of % such that

v € cl(cone(f(SNV) — f(x))) N (-RE).
Thus, there exist x, € SN U NV with x, — ¥ and 6,, > 0 such that

Jir)r(}oen(ﬁ(xn) —f](f)) =0v;<0, j=12...,p,
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and at least one v; < 0; without loss of generality we may assume that v; < 0. Since f; is a
continuous convex function, we have

(&l xn — %) < fi(xn) = (),

resulting in

limsup (], 0 (vo — 1)) < lim 00 (fi(vs) = fi(5)) = 21 <0,

n—o0

limsup (&, 0, (s — %)) < lim 6, (fj(x) — (%) =0, <0, j=2,...,p,

n—o0
and so
limsup2€{<§{/9n(xn X)) < ngvf <0.
n—eo iy j€l
By (26), we have
-y e+ ¥ =-xde
i€l i€l jeJ
implying

e (Z e Ol — )+ ) é%’@ﬁen(xn—x»)

n—o0 h .
i€ly IGI+O

= 1i,{giggf<— Y cl(el 0 — x>>> = —limsup (Zq’ (&l 0 - x>>> @7)
j€]

n—o00 ]E]

> -y ¢lo >0
il

Since g; (i € I%) and h; (i € I, ) are d-quasiconvex at %, it follows from (22)-(25) that

i(xn) <0=gi(x) = (&, x, —x) <0, Viell,

hi(xn) =0 < hi(%) = (&l x, —%) <0, Viely,.
On the other hand, by the definition of index sets, combining x;, € S, we have
—hi(xy) <0=—hi(x), Vielf UIjUI . (28)

Since _51‘1 € d(—h)(x) (i € ISZF U Iy U I~ ), the 0-quasi convexity of —h; and (28)
imply that
(—&hxy—%) <0, Vielf UIHUL.

The above inequality, Equations (20) and (21) imply that

limsup e, 04 (xn — %))

n—o0 l'EI()+

<limsup Y ¢ (=& 0u(xy—%))

e ely, A 20
| = 29
+limsup Y — ¢ (&, 04(xy — %)) )
o . N ——
LTS <0 20
+limsup Y — ¢ (&, 0,(x, — %)) <O,
n—00 i618+ VZO
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limsup ) —ME, 0, (xn — %))

n—o0 1'6100

<limsup Y I (=& 0u(xn — %))
n—»00 ielabtzo-/ >0 (30)

+limsup Y — ¢ (¢, 00(xy — X)) <0,
e el -0

limsup ) —gMEl, 0, (xn — X))

n—oo icly_
< limsup Z g (=0, (xy — %))

n—»00 ielaztio-/ . pAs (31)
+limsup Y — ¢ (&, 0,(x, — %)) <0,

neeeld. 0

limsup Y Z3(&5,0,(xy — %))

n—o0 i€I+0

<limsup Y 5 (&,0u(xn—2))

T e S .
> <
+limsup Y ¢ (&5,04(xn— %)) <O.
T s

Adding (29)-(32) and noting Iy = Ip+ U Ipg U Ip—, we have

ﬁmsup(i ~CH (el O = )+ ) EE(ET, O —x)>>

n—00 i€l Z'GI+0

<limsup ) —GHgl, 0n(xn — X)) +limsup Y —Z(EF, 04(xn — %))

n—oo iEIo+ n—r00 iEIOO
+limsup Y & 04 (xn — %)) +limsup Y Z5(&F, 04 (xn — %)) <0,
n—o0 iGIO, n— oo iel+0

which contradicts (27). Therefore, ¥ is a local Borwein proper efficient solution of prob-
lem MMPVC.

(ii). Now, assume that I, = I% = @. We begin our proof from “since problem
MMPVC satisfies (6)—(9)” in the proof (i) and remove the neighborhoods U and V and
Xy — % from it. We immediately obtain that ¥ is a global Borwein proper efficient solution
of problem MMPVC. 0O

Remark 5. In Theorem 10 of [18], Sadeghieh et al. established the following result. Suppose that
fi (j € J) is o-pseudoconvex at X, and other conditions are the same as Theorem 2. Then, Theorem 2
holds for Pareto efficient solutions.

In the following, we give an example to illustrate Theorem 2.

Example 4. Let f; (j = 1,2), hj, & (i = 1,2) : R* — R. Consider the following problem

MMPVC3: )
min (|x1| —x2, ¥] — x2)

s.t. xp <0,
X1 + |x2‘ Z O/
XZ(Xl + |XZ|) > 0.
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where i
filx,xo) =[x —x2, fo(x1,x2) = x] — x2,
hi(x1,x0) = —x2, ha(xqy,%2) = x1 + |x2],
g1(X1,.X'2) =-1, gz(XLXZ) = —Xo.

Let x := (0,0). We can calculate that

Lio=0, Li-=9, Io-={1}, loo=A{2}, I+ =90, 14+ =90, Ih={12},

ofi(x) = {(dr, —1) | || <1}, 9fa(x) ={(0,-1)},

ohy (%) = {(0,-1)}, oha(x) ={(1,d2) | |d2| <1}.
-

Letg =¢f =1, ¢ =1, ¢h =0, ¢ = ¢§ = 0. Then, we can calculate that

- _ 0+ _ _ _ _
I, =0, I%=0 If =0 IhH=0 I ={1},

and
0z € %afl (%) + %afz(f) — 91 (%) — 09hy(%) + 0 9g1 (%) + 0 g2 (%),

and g{ + CJZ( = 1, which imply that (6)—(9) hold. Obviously, —h; is 0-quasi-convex at X. Since

Iy, = 1% = @, by Theorem 2, % a global Borwein proper efficient solution of problem MMPVC3.

4. Conclusions

In this paper, motivated by [18], we establish optimality conditions for Borwein proper
efficient solutions of nonsmooth multiobjective problems with vanishing constraints by
using the property of locally Lipschitz functions and the Clarke subdifferential. These
results are extensions of the corresponding results of [18,19]. Since each Borwein proper
efficient solution is a Pareto efficient solution, our results will bring potential applications
in enhancing the accuracy of machine design. In the future, we will consider optimality
conditions for other proper efficient solutions of nonsmooth vector optimization problems
with vanishing constraints.
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