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1. Introduction

A partial differential equation is a function of more than one variable, which is the key
distinction between PDEs and ordinary differential equations. Many factors in nature are
changing at once and manifest as phenomena. We end up with a PDE since they demand
several variables rather than simply one. It has been observed that elliptic equations appear
when dealing with physical laws. Therefore, elliptic equations are mostly associated with
real-world problems and are important to study. In the literature, several such problems
have been presented and solved with different assumptions [1-5].

We concentrate our attention on the following system in this paper:

N 801 bi .

—M; Em Ay = Fi(y, v1, v2) in®,
i=1 Hip;
N pi

—M; (1_21 Biy? )A?Uz = B(y, v1, v2) ind,
- pi

=02 =0 on 09,

where N > 2 BCD is the smooth boundary of the open bounded domain ® of RN, 9@

Jv;

— —200;\ - . . .
Apo = YN, le (\ayl |Pi— ;) is the anisotropic operator and p;,i = 1,..., N are real

numbers with 2 < p; < pp < ... < py < +0o, M;, j = 1,2, are continuous positive
functions on R* and F; : ® x R x R — R are continuous maps. The Anisotropic Kirchhoff
type system (1) is a generalized variant of the basic Kirchhoff system. Problems with
population dynamics and some physical events are examples of such systems. In general,
such a problem can be solved in one of two ways: variational or topological. When
employing variational approaches to solve a problem, the requirements on the second item
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of system (1) are frequently more restrictive. We will employ a topological method here,
specifically the sub-super solution method (combined with Schauder’s fixed point) which
is based on the comparison principle.

It is demonstrated in [6] that the comparison principle fails in this situation, making the
conventional sub-super solution approach ineffective for Kirchhoff equations. Therefore,
the results of the p-Kirchhoff type system’s existence based on the original application of
the sub-super solution approach were unsuccessful.

In this study, we show that under weaker criteria than those suggested in the preceding
papers, we can prove the desired result in more general circumstances. In order to do this,
we refer back to [6] in which the researchers proposed a unique sub-super solution strategy
for the classical Kirchhoff system, based on the Schauder Fixed-Point Theorem rather than
the comparison principle, with ? = p = 2. However, the proof seems to be ambiguous. As
a matter of fact, the embedding of (L®(®))? — (L®(®))? is not compact, and the function
examined from H}(®) in L*(®P) is not compact.

Based on the concepts in [6] and the information in [7], we demonstrate that the new
version of the sub-super solution approach performs admirably on the non-local issue and
can be extended to nonlinear non-local systems. As a result, we establish the existence of
several never-before-considered nonlinearities Fj in a positive solution to the 7—Kirchhoff
problem (1).

The research work is divided into sections as follows: We demonstrate the equivalence
of a 7—Kirchhoff system to a non-local ?—Laplacian system, moreover, the viability of
the novel non-local 7-Laplacian sub-super solution approach 7—Laplacian system and
7-Kirchh0ff system. In Section 3, we demonstrate how the modified sub-super solution
technique suggested in [6] may be applied to the nonlinear problem. In Section 4, we
demonstrate the method’s effectiveness for the issue (1.1) and present the fundamental
theory underlying the existence of a positive solution. Finally, we give an explanation of
the results obtained.

2. Preliminaries
Here, we indicate the bounded domain by @ in RN, N > 2. Further, take the real
numbers 1 < p; < pp < ... < py and take a vector 7 such that ? = (p1, p2, - pn) € RN,
In the next step, we take the Sobolev space WL v (@) given by
ov

WLV (@) := {v € Wl'l(cp);a—y € LVi(®),i = 1,...,N},
1

which is a Banach space equipped with the norm
N

ol 7 = llolle) + X

i=1

B

9y; ’ @)

LPi (@)

where |[v]| ;) denotes the usual norm of LPi(®). The closure of Ci°(®) in WL (®) with

regard to the norm |[.||; - defines the Banach space, which will be designated as Wé’7 (D).
Think about the harmonic mean p of p;, i = 1, ..., N, provided by

| —

pi=

Z|

i

1 N
»
i=1

A

Suppose that 7 < N and define the symbol p* := NN—E. If py < P* then there exists an

embedding W&? (®) — L1(P) which is compact for g € [1, p*) and is continuous in the
case g € [1,p"] see [7]. As a consequence of this, the norm is
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N

ol ==}

i=1

al
Y;

1’—>
;o€ Wy'P (@)

LPi(®)

is equivalent to the norm mentioned in the above (2).

Lemma 1 ([7]). Let a € L*(®). Then the problem

—A?v =a ind®,
v=0 on 09,

has a solution in Wol’7 (D).

—
Lemma 2 ([7]). Assume that bounded domain ® and take v, w € WS’ 4 (D) fulfilling

{ —A7v < —A7w in ®,

v<w on 0d,

where v < w on 9P implies that (v — w) " := max{0,v — w} € W(}?(CD). Thenv < w in P.

Lemma 3 ([7]). Take a bounded and admissible Q C RN (N > 2) such that one can find a
continuous embedding W&’l (®) — LN (®) and the best constant of the mentioned embedding is

indicated by Cy. Then we have that

o < Colloll s, 0 0 € W (@), )

a1 o)

1,1
where |[o]| 11 g1 = 117011, 0 € Wi (@),

1,1 :
Wo' (@)

Numerous ideas about anisotropic has been presented in the literature [8-11]. Adapt-
ing the ideas of [7] to the anisotropic setting, we obtain the result below which is significant
for the current work.

Lemma 4 ([7]). Let A > 0 and consider v € WS? (D) the unique solution of

—A7U =A in®,

{ v=0 on 09. @)
1

Define h := —F1-Cy. In the case h < A then v € L®(®) with [0l poo(@y < C* AP and

2|[N
1
[0l p~@) < C+APNTL Ifh > A, where C* and C, are positive constants that rely only on
p1, PN, |®| and Cy, with Cy given in (3).

3. Kirchhoff and Non-Local Problem

In non-local issues, such as the Kirchhoff problem [6,12], the comparison principle
and, as a result, the approach of sub-super solution cannot be applied.

As a result, we transform issue (1) into a non-local system that can be resolved by
a modified sub-super solution strategy. For this reason, we apply the same concepts
discussed in [6] to the linear example, where 7 = p = 2. Further, we take the invertible
function N;j(t) = M;(t)t and put R;(t) = N Jfl( t). We introduced the non-local operator
Rj: L®(®) x L*(®) — R defined by

Rj(v1, v2) = Rj(L Fi(y, v1, v2)v)).
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Multiplying (1) by v; and integrating, we get
N  9vu;
. ~ b — E .
M; (E I3, |p,.) (2 152115 ) /q) (W, o1, 02)o)
=
= R;’([D Fi(y, v1, v2)vj)
= R]'(Z)l, Uz),j = 1,2.
The following non-local system is now introduced
F(y,v,0) .
Aoy = LT,
T MR ) o
. 5
Aoy, = 20 0%) @,
72T My(Ra(o1,02))
01 =0y = 0 on 0®.

Lemma 5. Prove that (1) and (5) are equivalent systems.

Proof. It is clear that each solution of (1) is also a solution of system (5). For the converse

part, we will show that Rj(vl, ) = Z a—y] ,j = 1,2. Assume another solution (v, v3)
i=1 tlp;
of the system (5). After simple mathematical calculation, we have
N | 9o; || A)Fj(y,m,vz)vi ( ( i) ( )
| = :R»/P , U1, U2)0]) = Ri(vq, v2),
Pl i\ g VY ] j

pi M](R](L Fj(y, 01, Uz)?)]‘))
for j = 1,2. Hence, the proof is completed. [

4. The Sub-Super Approach for Non-Local 7-Laplacian System

In the literature, the solution of different systems has been 1nvest1gated via sub-super
approach [13-16]. Here, we demonstrate how the linear example with p =p=2inthe
sub-super solution approach [6] may be modified for the 7 -Laplacian in the non-local
situation. Consider the non-local system as

—Apo1 = Gi(y, 01, 02, A1(v1,02)) in @,
—A702 = Ga(y, v1, v2, Ap(v1,v2)) Ind, (6)
U1 =0y = 0 on E)CI),

where A; : LY(®) x L'(®) — R and Gj:®x R® — R.

Definition 1. The pair of solutions (v, T1), (v,, Ta) € (WL7 (@) N L®(®)) x (WLP (@) N
L®(®)) is a sub-super solution of (6) if the following holds true

(Hl)gj <7jaein®andy; <0 <7;on od forj=1,2.
(H2) = Aoy — Gily, v, w, Ai(v,w)) <0< —A501 — Gi(y, 01, w, Ai(v,w)),
(H3) = A5vy — Ga(y, v, 23, Az(v,w)) <0< —A3T2 — Go(y, v, 02, Az(v,w)).

Inequalities in (Hp) and (H3) are in the weak sense for all (v, w) € [vy, T1] X [y, T2],
where, for v < w a.e. in ®, [v, w] is defined by,

[v, w]:={x: v(y) <x(y) <w(y), aey e P}.
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In the upcoming theorem, we will prove the main result of this research work.

Theorem 1. Let us assume the following
D1.Aj is a continuous operator for j = 1,2 which maps bounded sets to bounded sets
D;.G;j is continuous for j = 1,2 in ® x R>.
Then, the system (6) has a solution (v1, v2) € [vy, 1] X [0y, T2] if a pair of sub-super
solutions of (6) exists in the sense of Definition 1.

Proof. First of all take the operators, K; : LY(®) — L!(®) introduced in the following manner

Remark that Vx; € LY(®), Ki(xj) € [Qj, 5]} and as v, 7; € L*(P), there exist constants
Qj,E]- such that K;(x;) € [bj,gj] a.e. in ®. Then, |A;(Ki(x1), Ka(x2))| < ¢j. Through the

continuity of G;j in @ x [by, ba] x [by, by] x [—¢j, ¢j], we can find a positive constant of
continuity C; of Gj,j = 1,2. Therefore, we have the following inequality:

Gj(y, Ki(x1)(y), Ka(x2)(y), Aj(Ki(x1),Ka(x2)))| < C;.
Here, the Nemytskii operator is denoted by
H;: LY(®) x L'(®) — L} (D)
and is given by
Hj(v1, v2)(y) = Gj(y, Ki(01)(y), Ka(v2)(y), Aj(Ki(v1), Ko(02))) -

the boundedness of @ is obtained through the L (®)-boundedness of H;. At the end,
through the continuity of G; and dominated convergence theorem, we deduce the continuity
of H; and

)

IH;(01, v2) ||l < Cj, (01, v2) € LY(®) x L'(®). 7)
Here, we fix (x1, x3) € L'(®) x L!(®) by the Minty-Browder Theorem, then a unique pair
—
solution (i1, 12) € WV 71(d) x WL 72(d)) exists of

—A?Ml = Hl(Kl (xl), Kz(Xz)) in CI),
—A?MZ = H;)_(K] (xl), Kz(Xz)) in q), (8)
Uy =u; =0 on 0.

In these circumstance, we introduce the operator S : L}(®) x L}(®) — L(®) x L(®) by
S(x1, x2) = (uq, up) where (11, uy) is the unique solution of (8). O

Claim 1: Take a bounded sequence (x1,, x2,) in L} (®) x L}(®) and (uy,, uz,) =
S(x1,, X2,,) while S is compact. After that

N ou:
) : Jn

Y;

pi—2 9t %
dy; y;

= A)Hj(fﬁ(xl,n)r Ky (x2,0))¢j Vpj € W§'7(¢)/j =12 (9

Using the test function ¢; = u; ,, in (9) and the inequality (7), we get

pi
S C]‘/;)‘uj,n
pi

N (| 9u:
HHjn
Z Y;

i=1

< Cjllujull, (10)
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where C; > 0 are constants which have no rely on n € N. The inequality [s|"* <1+ |s|",s €
R,i=1,..., N, provides that

N

>

i=1

au]-,n P

Iy;

< C(llujull +1),j=1,2, (11)

Pi

foralln € N. As C(all’ + .. +a1b\]) > (a1 + ... —|—aN)b fora; > 0,i =1,.,Nand 1 < b,
where 0 < C rely only on b and N; this implies that

P

for all n € N with L > 0 being a constant that does not depend on n € N. From (12),
—
it follows that the sequence (uy,,1,) is bounded in Wé’p (®) x WS’ P (®). Since the
— —
embedding Wg’p (®) < L(®) is compact, the boundness of (11, u2,) in Wg’p (®) x
Wé’ (@) implies that there exists a convergent sub-sequence of (u1,, ) in L!(®) x

L'(®). The compactness of S implies that (11 ,,, 12 ,) is bounded in Wg’pl (D) x Wg’pz (D).
It is easy to find a convergent sub-sequence of (u1,, uz,) in L'(®) x L}(®) through
compact embedding.

From (10), we conclude there exists L; > 0 in a manner that

au]',n
i

P1
pPi

il gy < Ki = Nttilp; < L (13)

Remark that in (7), (10) and (13), the constants are independent of the choice of (x1, x2).
Then, for some L > 0, we conclude that S(L!(®) x L'(®)) C Bpi(g)x11()(0,L). By the
Schauder fixed point theorem, in B;1(g),11(9)(0, L), one can find a unique (v, v2) €
LY (®) x L}(®) in a manner that S(v1, v3) = (v1, v2), that is

—A7101 = Hl(Kl(ZJl), K2(02)) in q),
*A7202 = Hz(K1<Ul), K2(02)) in CD, (14)
v1=1,=0 on 0d.

Finally, (v1, v;) is a solution of problem (1.1) if, and only if, Kj (v1) = v1 and Kp(v;
furthermore v; < v < 71 and v, < vy < Tp. We have to establish that (v; — 1)t =0, (01 —
71)" =0,(vy —v2)" =0and (v; —Tp)" = 0. To establish the result, take (v; —v1)" = 0.
The remaining cases can be supported by the same logic. Assume

O ={y e, v(y) >v(y)}

o
As (v, vp) is a sub-solution then, for ¢ = (v; —0v1)" € W&'p (®),v = Kq(v1) and
w = Ky(v3), we have

[ 1222 2o < [ Gy, vy, Kalen), A(Ka(or), Kaen)) (2~ o1)*
® = 9y dy; 9Y; @

and as (v1, vy) is a solution of (14), we have

Jo ERG 152503 (01 —01)T = [o Gily, Ki(01), Ka(02), A1(Ki(01), Ka(02))](y — 1)
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Then

3'01 23?)1 801 ,_2 801 >:| a
pi pi U4 — 0 +
> ( 22 2B )] B )

[G1(y, 01, K2(v2), A1(Ki(v1), Ka(v2))
(y, K1(v1), Ka(v2), A1(K1(01), Ka(v2))](2q —01) 7.

IN
© 5~ 5>~S

In ®*,Kj(v1) = vy through a remark, then we have

N[/ 0y, ,00; Qv ov 9
Lo (5252 1525 ) | e = o)
i=1

Wi Iy Wi )] oy
= [ (van vy - |Vv1|m*2w1>.<iv

0

01— 20;) 0.

9y 9y

Asaresult,v; —v; = 0in @ due to the monotonicity of the 7—Laplacian. Then, we have
v1 < 01 in @. In the same way, we also arrive at v; < 77 in . We get to the conclusion that
v1 < v1 <71 and v, < vy < Tp. This indicates that (v1, v7) , the solution of (14), is also a
solution of the main problem (6), since K1 (v1) = v1 and Ky (v2) = vy.

5. The Sub-Super Solution for 7-Kirchhoff Systems

The solution of Kirchhoff systems is investigated with different assumptions [17-20].
As in [6] for anisotropic 7 -Laplacian system, the sub-super solution of problem (2.1) is
now defined, and the existence theorem for the main system is subsequently presented (1).

Definition 2. The pair of sub-super solutions (vy, 71), (vp, T2) € (W1'7(<I>) NL®(P))?isa
solution of (5) if the following holds:

1.vi<7jin®andv; <0< 7jond® forj=1,2.

2. =Ry (v, w)Apoy — Fi(y, v, w) <0< =Rq(v, w)A301 — Fi(y, 01, w).

3. —Ra(v, w)A7g2 —F(y, v, 1) <0< —Ry(v, w)A?Ez — Ry, v, 72).

For all purposes, the last two inequalities are regarded in the weak sense for (v, w) €
[v1, 01] X [0, D]

Setting A;(v1, v2) = M;(R;(v1, v2)) and G;(y, 7, 5, t) = (W'S in (6), we get the
below result.

Theorem 2. Assume the following for j = 1,2: (Hl)/Nj is invertible,

(Ha)'M;(t) > m; > 0in [0, 4o,

(H3)' F; is continuous in ® x R2.

In the sense of Definition 2, if a pair of sub-super solutions exists of (5), then one can find a
solution (v1, vy) of (5) in a manner that (v1, v2) € [v1, T1] X [V, V2.

Proof. Through the continuity of M;, on [0, +00[, and R, Hj is satisfied. In addition to this,
due to (H,)" and (H3)', hypothesis D, of Theorem 3.1 is also verified. From these, we can
say that (5) has a solution (v1, v2) € [v1, U1] X [0y, T2]. Consequently, the pair (v1, v7)
is also has a solution of (1.1). Furthermore, recall (H;)' for the definition of the operator
R;. O
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6. Applications

Consider the ? Kirchhoff system
7M1 801 )A7vl =Mo" +0P ind®,
i= 1 ayl pl
avZ ) 7 r . (15)
—M A—vy = vt + vt in @,
2 & 1 ayl ” 7 2 HOUy 1
v1=vy = 0 on 0}
where A, 1, qj: 1 € R,

Proposition 1. Assume that0 < q;,r; < p1 — 1 for j = 1,2 and suppose that M; : [0, +00) — R
satisfies one of the conditions below:

(i)  M;(t) = mg > 0in [0, +oo], for some mg > 0.
(if) Nj is invertible.
(iii) M;(t) < myqin [0, oo, for some my > 0.
Then, there exist A*, u* > 0 such that system (15) has a positive solution for all A > A* and
gz

Proof. Letx € W(}? (®) N L=(P) be the unique solution of the problem

—Ayx=p in®,
{ x=0 on 0®, (16)

where p > 0 will be chosen later. For p > 1 large enough we have by Lemma 1.4 that there
is a constant T > 0 that does not depend on p, such that

0<x(y) < Tpﬁ in ®. (17)

Since T does not depend on p and 0 < g;,7; < p1 — 1 for j = 1,2 we can choose p > 0
sufficiently large such that

T‘hpm n-T 4 Tq2pm et < pmy,

e a8)
yT’2pp1 P+ Thpn~t < pmy,

where my is given in (7).

Note that by (i) we have R;(v,w) > mp, hence defining 7; = 7, = x and using (17)
and (18), we obtain

)@?1 +wh < —Ry (v,w)A751 in @,
HoR + 02 < —Rz(v,w)A752 in®,
v11=7, =0 on 0d,

for all (v, w) € [0,71] x [0, vz]
Now, let 0 < ug € W ¥ (®) be a solution of the problem

—Aﬁu =uP in®,
19
{ u=~0 on 0®, (19)

where B € (0, p; — 1). This solution can be obtained by a simple application of the Ekeland
—
variational principle to the C! functional J : Wé’ P (®) — R given by
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N1
J(v) -—Agpi

where v = max{v,0}.
By Bootstrap regularity we obtain ug € L*(®). Hence, we can take p > 0 in (17) such

dv Pi

i

1
d—i/ VBl gy,
T @)y

that Huﬁ”ﬁw(q}) < p, then —A5x < —A5ug in . By the comparison principle we have
x < ug in ®.

From (iii), we have R;(v,w) < my, for all (v,w) € [0,71] x [0, 7). Hence, choosing
A* =mj and p* = my > 0 such that for each A > A* and u > p*, we have

R1(v,w) <A and Ry (v, w) < u forall (v,w) € [0,71] x [0,T]. (20)

Thus, defining v; = u4, and wy = uy,, from (19) and (20) we obtain,

~Ri(v,w)Ayv; < Avf' + w2 in @,
—Rz(v,w)A7yz <uv 401 in®,

vy=7, =0 on 0P,

for all (v, w) € [0,71] x [0,D,]. Moreover, v <v,j=12 0O

7. Conclusions

In this work, we examined the presence of weak positive solutions for a family of
anisotropic nonlocal elliptic systems in bounded domains using the sub-super solutions
method combined with Schauder’s fixed point theorem. The sub-super solution for 7—
Kirchhoff systems is introduced and the existence results are established in this work. In
the next work, by using the same method, we will give the existence result of weak positive
solutions of the following particular case of the right hand side:

F(y, v1, ©2) = a(y) f1(v1,02),

B (y, v1, v2) = b(y) f2(v1,v2),
where a(y), b(y) are changing their signin ® and v; = v, = 0 on 0.
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