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Abstract: In this paper, we consider the groups of isometries of metric spaces arising from finitely gen-
erated additive abelian groups. Let A be a finitely generated additive abelian group. Let R = {1, 0}
where ¢ is a reflection at the originand T = {t; : A — A, t;(x) = x+a,a € A}. We show
that (1) for any finitely generated additive abelian group A and finite generating set S with 0 ¢ S
and —S = S, the maximum subgroup of IsomX(A,S) is RT; (2) DIRT ifand only if D < T or
D = RT' where T' = {h? : h € T}; (3) for the vector groups over integers with finite generating
setS={ueZ": |ul =1}, Isom X(Z",S) = O,(Z)Z". The paper also includes a few intermediate
technical results.
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1. Cayley Graphs as Metric Spaces

The metric dimensions of the three classical geometric spaces and of Riemann surfaces
were determined in [1]. This was followed up by the work in [2,3] where metric dimensions
of metric manifolds were determined. Our work of the present paper is on the groups of
isometries of metric spaces of vector groups over the integers.

Asin [4] (p. 34), let G be a group and S C G be a generating set of G such that1 ¢ S
and S~! = S. Define the Cayley graph X = X(G, S) through the specification of its sets of
vertices and edges

V(X)=G, E(X)={gh:g,hecG,ghtes}.

The condition S~! = S implies that the resulting graph is undirected, and the condition
1 ¢ S implies that the graph has no loops. The condition that S is a generating set of G is
to ensure that X is connected. The connectivity is imposed for the simple reason that our
interest is in the metric properties of metric spaces. A graph X is a metric space X with its
intrinsic path metric.

Let X and Y be metric spaces with distance functions px and py, respectively. If a
bijective mapping f : X — Y preserces distances then it is called an isometry. Namely, if for
any x,y € X,

py(f(x), f(y) = px(x,y)

then the bijective mapping f is called an isometry. For basic concepts and results not
explicitly defined or presented in this note, the reader is referred to [1,5]. The group of
isometries of a metric space is the set of all isometries of the space, with the composition of
functions as group operation.

Let X be a metric space with distance function p. Determining the group of isome-
tries of metric space (X, p) is an interesting problem [6]. Let x = (x1,x,...,%,),y =
(Y1,Y2,---,yn) € R". The distance function d, is defined by
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1
[Z

n
dp(x,y) = (Z |xi — ]/i|p> :
i=1
If p = oo, then the distance function de is defined by

doo(x,y) = max{|x1 — y1, [x2 = y2l, .., [xn = yul}.

Hence (R",d;) is the well-known Euclidean metric space. As in [7], let p # 2 be a real
number, p > 1 or p = co. Then, the group of isometries of metric space (R",d;) is O, (Z)R",
where O, (Z) denote the orthogonal group in dimension 1 over Z.

An automorphism of a graph X = (V, E) is a permutation mapping f of the vertex set V,
such that uv € E(G) if and only if f(u) f(v) € E(G). The set of automorphisms of a graph
forms a group under the composition of functions. This group is called the automorphism
group of the graph X. The aim of this note is to study the group of isometries of metric
spaces of vector groups over the integers.

A finitely generated additive abelian group over the integers is abbreviated as a vector
group over Z. In this note, among other results, the following two theorems are obtained.

Let A be a finitely generated additive abelian group and suppose thato : A — A
satisfies o(x) = —x. Let R ={1,0}and T = {t, : A — A, t,(x) = x+a,a € A}. Then, RT
is the maximum subgroup of IsomX (A, S) (Theorem 3).

D < RTifand only if D < T or D = RT' where T' = {h? : h € T} (Theorem 4).

If S ={ue€Z":|u| =1}, then Isom X(Z",S) = O,(Z)Z" (Theorem 6).

2. Abelian Groups

Let X be a metric space with distance function p, and let Isom X denote the group of
isometries of X. If X is also a graph, then denote by Aut X the group of automorphisms
of X.

Let X be a metric space and x € X. Let r be a positive real number. The sphere centered
at x € X with radius r is denoted S(x,7) = {y € X : p(x,y) =r}.

Theorem 1. Let X be a graph. Then, Isom X = Aut X.

Proof. For any f € Isom X and x,y € X, we have

p(x,y) =p(f(x), f(y))-

Hence, if p(x,y) = 1 then p(f(x), f(y)) = 1 and if p(x,y) > 1 then p(f(x), f(y)) > 1.
Hence, xy € E(X) if and only if f(x)f(y) € E(X). Therefore, f € AutX.

For any ¢ € AutX, we have ¢! € AutX. Let x,y € X. Suppose that a =
p(x,y) and b = p(g(x),g(y)). Let xo = x and x, = y. Then, the shortest path ex-
ists [xo, X1,X2,.. .,xa,l,xu] of length a connecting xg and x,. Since g € AutX, for any
i€{0,1,...,a—1}, x;x;41 € E(X) if and only if g(x;)g(xi+1) € E(X). Hence, there is a
path [g(x0), g(x2),8(x3),...,8(x,-1),8(xa)] of length a connecting ¢(xp) and g(x,). Then,
p(g(x),g(y)) < a. Hence, b < a. Let yo = g(x) and y;, = g(y). Since p(g(x),8(y)) = b,
the shortest path exists [yo,y1,Y2,---,Yp—1,Ys) of length b connecting yy and y;,. Since
g leAutX, foranyi€ {0,1,...,b—1}, yiyir1 € E(X) if and only if g7 (y;)g  (yi11) €
E(X). Hence, there is a path [¢7 (v0), ¢ ' (v1), 8 *(v2),---, & *(yp—-1),§ ' (yp)] of length
b connecting ¢~ !(yo) and ¢~ '(y;). Then, p(x,y) < b. Hence, a < b. In summary,
p(x,y) = p(g(x),g(y)) and ¢ € Isom X. Therefore, we have that the set of Isom X is
equal to the set of Aut X.

Since the group operation in Isom X is composition and the same is true for the group
operation in Aut X, Isom X = AutX. O



Mathematics 2022, 10, 4453

30f9

Lemma 1. Let X be a metric space with distance function p and f : X — X be a bijective
mapping. Then, f is an isometry of X if and only if for any x € X and any real number v > 0,

f(8(x,r)) = S(f(x),7).

Proof. Suppose that f is an isometry of X. Then, forany x € X,r > 0and y € S(x,r), w
have p(x,y) = r = p(f(x), f(y)). Hence, £(y) € S(f(x), 7). Then, f(S(x,)) C S(f(x),7).
Letu € S(f(x),r) with r > 0. By the definition of a sphere, p(u f(x)) =r. Leto=f~ (u
Since f is an isometry of X, f ! is also an isometry of X. Hence, p(f ' (u), f "1 f(x)) =
p(v,x). Hence, v € S(x, ). Since f is a mapping, u = f(v) € f(S(x,r)). Hence, we have
S(f(x),r) € f(S(x,r)). Therefore, f(S(x,r)) = S(f(x),r).

Suppose that for any x € X and every real number r > 0, f(S(x,7)) = S(f(x),7).
Lety € X. Then, y € S(x,p(x,y)). Since f is a mapping, f(y) € f(S(x,p(x,y))). Since

f(8(x, 1)) = S(f(x),1), f(y) € S(f(x),0(x,y)). Therefore, p(f(x), f(y)) = p(x,y). O

Corollary 1. Let A be A finitely generated additive abelian group and S be a finite generating set
of AwithO ¢ Sand —S = S. Let X = X(A,S) and ¢ : X — X be a bijective mapping with
o(x) = —x. Then, ¢ is an isometry of X = X(A, S) that fixes 0.

— = 0

~_

Proof. Let r be a nonnegative real number. By the definition of ¢, we have o> = 1, that
is, 0(o(x)) = x. Lety € S(o(x),r). Since o(x) = —x, S(o(x),r) = S(—x,r). Hence, y €
S(o(x),r) if and only if y € S(—x, 7). Suppose that b = p(x, —y). Let xp = —x and x, = y.
Since p(—x,y) = r, the shortest path exists [xg, x1, X2, ..., x,_1, x;] of length r connecting x
and x,. Since —S = S, foranyi € {0,1,...,r—1}, —x;;1 +x; € Sifand onlyifx;,; —x; € S.
Then, a path exists [—xg, —x1, —X2, ..., —X,_1, —;] of length r connecting —xo and —x;.
Then, p(x,—y) < r. Hence, b < r. Letyp = x and y, = —y. Since b = p(x, —y), the
shortest path exists [yo, y1, Y2, - - -, Yp—1,Yp) Of length b connecting v and y;. Since —S = S,
foranyi € {0,1,...,b — 1}, —yiy1 +y; € Sif and only if y; 11 —y; € S. Then, a path
exists [—yo, —Y1, —Y2,--., —Yp_1, —Yp) Of length b connecting —yy and —y,. Since y = —y,,
p(—x,y) < b. Hence, r < b. In summary, b = r. Since p(x,—y) = b = r = p(—x,y),
y € S(—x,r) if and only if —y € S(x,r). Therefore, o(y) € S(x,r). Since ¢ is a mapping,
o(y) € S(x,r) ifand only if y = 0(0(y)) € 0(S(x,r)). Therefore, o(S(x,7)) = S(o(x),r). By
Lemma 1, ¢ is an isometry of X. Since —0 = 0, we have ¢(0) = 0. O

If for every x € A, o(x) = —x, then ¢ is called a reflection at 0. It is clear that o> = 1.
Denote R = {1, 0}.

Lemma 2. Let A be a finitely generated additive abelian group and S be a finite generating set of A
with0 ¢ Sand —S = S. Then, R = {1,0} < Isom X(A,S).

Proof. By Corollary 1, ¢ € Isom X(A, S). Since ¢*> =1, {1,0} < Isom X(4,S). O

Let a € Abe fixed. Define t, : A — A by t,(x) = x + a. The mapping t, is called the
translation by a. By this definition, tp = 1. Denote T = {t, : a € A}.

Corollary 2. Let A be a finitely generated additive abelian group and S be a finite generating set of
Awith0 € Sand —S = S. Then, T C IsomX (A, S).

Proof. Let r be a nonnegative real number and y € S(f,(x),r). Since t,(x) = x +a,
S(ta(x),r) = S(x+a,r). Hence, y € S(t,(x),r) if and only if y € S(x + a, 7). Suppose that
b=p(x,y—a). Letxg =x+aand x, =y. Sincey € S(x +a,r), wehave p(x +4a,y) =r.
Hence, the shortest path exists [xg, X1, X2, . . ., X,_1, x;] of length r connecting x( and x,. Since
(xjp1—a)—(x;—a) =x;41—x; €8S, (x; —a)(x;y1 —a) € E(X) ifand only if x;x; 1 € E(X).
Then, a path exists [xg —a,x1 —a,xp —a,...,X,_1 — a,x, — a] of length r connecting xy — a
and x, —a. Since x = xp —aand y = x,, p(x,y —a) < r. Hence, b < r. Letyy = x and
Yp =y —a. Since b = p(x,y — a), the shortest path exists [yo, y1, Y2, - ., Yp_1,Yp) Of length b
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connecting yp and y,. Since (x; 11 +a) — (x;+a) = x;41 —x; € S, (x;+a)(x;41 +a) € E(X)
ifand only if x;x; ;1 € E(X). Then, a pathexists [yo+a,y1 +4,y2+4a,...,yp_1+a,y, +a] of
length b connecting 1o + a and y;, + a. Then, p(x +a,y) < b. Hence, r < b. Therefore, r = b.
Hence, y € S(x +a,r) if and only if y —a € S(x,r). Since t, is a mapping, y —a € S(x,r)
ifand only if y = t,(y — a) € t,(S(x,r)). Therefore, t,(S(x,r)) = S(ta(x),r). By Lemma 1,
t; € IlsomX(A,S). O

Lemma 3. Let A be a finitely generated additive abelian group and S be a finite generating set of A
with0 & Sand —S = S. Then, T < Isom X(A, S).

Proof. Since the composition of two translations is a translation, the set of all translations
is closed under composition. Hence, by Corollary 2, T < Isom X(A4,S). O

Theorem 2. Let A be a finitely generated additive abelian group and S be a finite generating set of
Awith0 & Sand —S = S. Let T denote the group of all translations of X(A,S) and let R = {1, 0}
where ¢ is the reflection at 0. Then, RT < Isom X(A,S).

Proof. By Lemma 2 and Lemma 3, we have both R and T are subgroups of Isom X (A4, S).
Leth € RT. Then,a € A, f € Rexistand g € T suchthath = fgand g =t,. If f = 1, then
h=fg=g=gf € TR Iff # 1,then f = ¢. Sinceg™! =t_, and f = o, 0g = ot, and
¢ lo=1t_,0 Foreveryx € X,

0g(x) = gta(x) = g(x+a) = —x—a=t_,(—x) =t _40(x) = g 'o(x).

Hence, 0g = ¢ 0. Sinceg™! € T,h = f¢g = ¢~'f € TR. Hence, RT C TR. Similarly, we
may showed that TR C RT. Hence, we have TR = RT. Therefore, RT < Isom X(A,S). O

Lemma 4. Let A be a finitely generated additive abelian group and f : A — A be a bijective
mapping with f(0) = 0. If for any finite generating set S of A with 0 ¢ S and —S = S,
f €lsomX(A,S), then f € R.

Proof. Let f : A — A be a bijective mapping with f(0) = 0. Suppose that f # 1 and f # o.
Suppsoe first that there exists x € A such that f(x) # x and f(x) # —x. Lety = 0. Then,
F() - F(x) = —F(x) £y —xand f(y) — f(x) = —f(x) £ x 1.

Suppose, therefore, that for any x € A, f(x) = x or f(x) = —x. Since f # 1, there
y € A exists with y # 0 such that f(y) = —y. Since f # o, x € A exists with x # 0 such
that £(x) — x. Hence, f(y) — f(x) = —y— % # y— xand f(y) — f(x) =~y —x £ x .
Therefore, x,y € A exist such that f(y) — f(x) —x+y #0and f(y) — f(x) —y+x # 0.

Since Aisagroupand f : A — Aisamapping, f(y) — f(x) —x+yand f(y) — f(x) —
y+ x € A. Since A is finitely generated, there is a finite generating set W of A with0 ¢ W
and —W = W. Hence, a generating set S exists such that S = W\ {f(y) — f(x), f(x) —
fWuly—xx—y fly) - f(x) = x+y,f(x) = f(y) —y + x}. Hence, a generating set
S exists such thaty —x € Sand f(y) — f(x) € S. Therefore, p(x,y) # p(f(x), f(y)) and
hence f ¢ Isom X with f(0) =0. O

Theorem 3. Let A be a finitely generated additive abelian group and o be the reflection at 0.
Suppose that R = {1,0}, T = {t; : ta(x) = x +a,a € A} and G > RT. If for any finite
generating set S of Awith0 ¢ Sand —S =S, G < Isom X(A, S), then G = RT.

Proof. Let G be a group with G > RT and G # RT. Then, g € G\ RT exists. Let /1 be
defined by h(x) = g(x) — £(0). Then, h is a mapping with #(0) = 0. Since 1 € T, we
have i ¢ R. By Lemma 4, a finite generating set S of A exists with0 ¢ Sand —S = S
such that h ¢ Isom X(A,S). Since g(x) = h(x) + g(0), ¢ & Isom X(A,S). Therefore,
G £IsomX(A,S). O
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Theorem 4. Let A be a finitely generated additive abelian group and o be the reflection at 0.
Suppose that R = {1,0}, T = {t; : ta(x) = x+a,a € A} and G > RT. D < RT if and only if
D < TorD = RT where T' = {h*> : h € T}.

Proof. If A =1, then T = 1 = R and the conclusion of the theorem is true. Suppose that
|A| > 2. Since T is an abelian group, T' < T.Let D < RT, o be the reflection at 0 and t, be
the translation by a. Then, R’ < Rand T’ < T exists such that D = R'T’. Hence, for any
fERgeTf eRandyg € T, wehave fgf'g' (fg) ' = fef'g’s ' f L e R'T.1fR =1,
thenD =T < T.

Suppose, therefore, that R’ = {1,0}. If f' = o, then fgog's~'f~! € D. Suppose that
g=t,€Tand g =t, €T, a,be A If f =1, thenforany x € X,

fg0g's 7 f T (x) = gag's ' (x) = g0/ (x —a) = ga(x —a+b)
=g(—x+a—-b)=—x+2a—b=ty po(x).

Hence, tp,_po € D. If f = o, then for any x € X,

f80g'e ' fH(x) = fgag's T (—x) = fgog' (—x —a) = fga(—x —a+Db)
=fg(x+a—b)=f(x+2a—b) = —x—2a+b=t_n,0(x).

Hence, t_5,.50 € D. Since ¢ € D, wehavet_,,,;, € Dand tp, , € D. Since t 5,44, t25-p €
T, we have t_5,,p,t0,p € DN T. At the beginning of the proof we have concluded
D = R'T’. By our assumption, R’ = {1,0}. Hence, D = R'T' = {1,0}T' = T' UgT'.
Therefore, DNT = (T"UoT')NT = (T'NT) U (oT' N T). Suppose that there is f € oT' N T.
Then, f € ¢T" and f € T. Hence, a,b € A exist (4, b are fixed elements) such that f = ,
and f = oty. Hence, for arbitrary x € X, x +a = —(x+b). Thatis, 2x = —(a +b),
a contradiction to the assumption that |A| > 2. Hence, ¢T'NT = @. Since T" < T,
DNT=(T'"NT)UQ=T'NT=T.Hence, ty, p,t 251p € T'. Since t;,t_; € T', we have
toa,t 24 € T'. Hence, forany h € T, h? € T'.

IfD < T, thenforany f € R,g € Tand ¢’ € D, we have (fg)g'(fg)~! = fgg's ' f 1.
Since A is abelian, T is abelian. Hence, fgg’¢ ™' f~! = f¢'f~!. Suppose that ¢’ = t,. If

f=1,then f¢'f~! = ¢ If f = o, then
fEf ) =fe(~x) = f-ata)=x—a=(g) " (x).

Since ¢/, (¢')~! € D, we have D < RT.

Suppose, conversely, that for T/ = {h* : h € T}, D = RT’. Then, for any f, f' € R,
g€ Tand g € T/, wehave (fg)f's’(fg)~! = fgf's’s 1 f 1. Suppose that f' = 1. Then,
fef'd'e M1 = feg'g 1 f~1. Since T is abelian, fg¢’¢~1f~! = f¢’f~'. Suppose that
¢ =t If f=1,then f¢'f~1 = ¢. If f = f, then

fEFHx) = fg(=x) = f(=x+a) =x—a=(g) ' (x).
Since both ¢/, (¢')~! € D, we have D = RT’ < RT. Suppose that f' = 0, ¢ = t, € T and
¢ =t,eT, abeA.
If f =1, then
f8f'g87 T (x) =gf'g's T (x) = gf'g'(x —a) =gf'(x—a+D)
(v a—b) = —x+20— b= gt 2,()
If f = o, then
f8f'g'87 71 (x) = f8f'g'87 (—=x) = fef's/(—x —a) = fgf'(—x —a+b)
=fg(x+a—-0b)=f(x+2a—b) = —x—2a+b= oty p(x).
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Since T" = {h?> : h € T}, to; € T'. Since t;, € T, we have ty,_p,t_n,1 € T'. Hence,
0t _244p,0tre_p € RT' = D. Therefore, D <RT. [

3. Vector Groups

In this section, we consider the vector groups over Z with finite generating set S =
{u € Z" : lu| = 1}, that is, the set of all unit vectors.
The following Lemma is straightforward from the definition of X(Z", S).

Lemma 5. Letp = (pllpZI-”/p?l)/q = (%ﬂzn-w%) € X(Z",S) Then, P(P/Q) = ';] |q1 -
pil-

Let P, Q be nonempty subsets of X with finite or countably infinite cardinality. Thus,
we may write P = {v1,0y,...,0y,...}. If forevery x,y € Q, x # y implies p(v;, x) # p(v;,y)
for at least one index i; then, P is said to resolve Q and is called a resolving set or briefly a
resolver for Q.

Lemma 6. Let P,Q C X and f,g € Isom X. Suppose that P resolves Q, f(P) = P = g(P) and
f(Q) =Q=2g(Q) If flp = glp, then flo = glo-

Proof. Suppose that there exists x € Q such that f(x) # g(x). Since P resolves Q, there
)

exists v € P such that p(f(0), f(x)) # p(f(v),g(x)). Since flp = glp, p(F(0), £(x)) #
p(g(v),g(x)). Since f, g € Isom X, p(v, x) = p(f(v), f(x)) # p(g(v), g(x)) = p(v, x). This
is a contradiction. Therefore, f|g = g|o. O

Lemma 7. Let X = X(Z",S) and r be a positive integer. Then, S(0,r) resolves S(0,r + 1).

Proof. Let r be a positive integer, p = (p1,p2,-..,pn) and ¢ = (41,92, ...,qn) be two
different points in S(0,r +1). Then, |p1| + |p2| + - + |pnl = 71| + 92| + - + |qul-
Suppose thati € {1,2,...,n} exists such that |p;| < |g;|. Let

pi(lpil — 1)
|pil

Then, x € S(0,r). Since |p;| < |g;] and ’p’(m|_1)

X = (Plz p2r~--/]9i—1/ /Pi+1/ Pi+2/~-rpn>-

‘ <|pil, p(x,p) =1 < p(x,q). Suppose,

1
therefore, that for any i € {1,2,...,n}, |p;| = |q;|- Then, i € {1,2,...,n} exists such that
pi=—q; #0.Letj € {1,2,...,n} with j # i and

pi(lpjl — 1)

|p| 'p]'Jrlrp]'JrZ/-”/pn)-
]

X = <p1r p2,---, pjfll

Pl =1
|pjl !
Therefore, S(0,7) resolves S(0,r +1). O

Then, x € S(0,r). Since =1land |p;—qi| > 1, p(x,p) =1 < p(x,9).

Theorem 5. Let X = X(Z",S) and f € Isom X(Z",S). Then, f is a linear mapping.

Proof. Consider the standard orthonormal basis eq,¢e;,...,¢,. Fori = 1,2,...,n, let
s; = e¢; and s, 1; = —e;. By the definition of S, we have S = {sq1,s5,...,52,}. Since f €
Isom X(Z",S), f(S) = S. Letx = (x1,Xp,...,%y) € Z". Then, x = X151 + X252 + - * - + XuSp.
Hence, f(x) = f(x151 + X252 + - - - + XuSn).



Mathematics 2022, 10, 4453

7 of 9

Let g(x) = x1f(s1) + x2f(s2) + - - - + xuf(sn). Since f(S) = S, for x,y € Z", we have
p(8(x),8(y)) = [x1 =1l + [x2 —ya| +- -+ |xn — yu| = p(x, y). Hence, g € Isom X(Z", 5).
Letu,v € Z" and I,m € 7Z. Then,

g(lu+ mv) = g(lug + moy, luy + moy, ..., lu, + moy,)
= (lug +mvq)f(s1) + (lug + mvy) f(s2) + - - - + (luy + mvy) f (sn)
=Hurf(s1) + - Funf(sn)) +m(vrf(s1) + - +oaf(sn))
=1g(u)+ mg(v).

Hence g is a linear mapping.
We now show that f(—s;) = —f(s;). Suppose that f(—s;) # —f(s;). Then, j, k €

{1,2,...,2n} exist with j # k —n, j # kand j # k+ n such thats; = f(—s;) and s =
f(si)- Slnces # —s, we have (s; +s¢) € 5(0,2) and (f(—s;) + f(s;)) € S(0,2). Hence,
p(f(= ) f( i), f(=si)) = |f(si)] = |sl = 1and p(f(=s;) + f(si), f(s1)) = [f(=si)| =
|sj| = 1. Since f € IsomX(Z” S), wehave f~1(f(—s;) + f(s:)) € S(0,2), p(f 1 (f(—s;) +
f(si)), —si) = 1and p(f 1 (f(=s;) + f(51)),5;) = 1. Letx = f~'(f(—s;) + f(s;)). Then, we

have x € 5(0,2), p(x, —s;) = 1 and p(x,s;) = 1. We show that there is no such x. Since
x € 5(0,2) and p(x,s;) = 1,1 € {1,2,...,2n} exists with [ # i such that x = s; +s; or
x = 2s;. Hence, p(x, —s;) > 1. This contradicts p(x, —s;) = 1. Hence, there is no such x.
Therefore, we have f(—s;) = —f(s;).

We now show that f = g. If r = 1, then S(0,7) = S(0,1) = S. Hence, for any x € S,
i € {1,2,...,n} exists such that x = s; or x = —s;. Since f(—s;) = —f(s;), we have
F(x) = Flsi) = 1f(s)) = g(x) or £(x) = f(—s5;) = —f(si) = ().

Suppose that r > 1 and any x € S(0,7), f(x) = g(x). By Lemma 7, S(0,r) resolves
S(0,r+1). Since f,g € Isom X(Z",S), f(5(0,7)) = g(S(0,7)) = S(0,r) and f(S(0,r +
1)) =g(S(0,r+1)) = S(0,r+1). By Lemma 6, forany y € S(0,7 + 1), f(y) = g(v). Hence,
f = gand f is a linear mapping. O

As in [8] (p. 39), the orthogonal group in dimension n over Z is denoted O, (Z).

Lemma 8. M € O,(Z) if and only if each column and row of M has exactly one non-zero entry,
that is 1 or —1.

Proof. For any M € O,(Z), we have MMT = [ = MTM. Let R be a row of M and C be
a column of M. Since every entry of the main diagonal of I is 1, we have RRT = 1 and
CTC = 1. Since entries of R and C are integers, R has exactly one non-zero element, which
is 1 or —1. The same is true for C.

Suppose that every row and every column has exactly one non-zero entry that is 1
or —1. Then, for each row R and each column C, RRT = 1 = CTC. If R’ is a row of M
and R’ # R, then R'RT = 0 = RR'T. The same is true for the columns of M. Hence,
MMT =T=M"M. O

We now determine the group of isometries of metric space X(Z", S). We first consider
the isometries that fixes 0.

Lemma 9. Let M be an n x n matrix over R. Then, M € Oy (Z) if and only if f = Mx is an
isometry of X(Z",S) that fixes 0.

Proof. Let M = (m;j)nxn. Suppose that f(x) = Mx is an isometry of X(Z", S) that fixes
0. Consider the standard orthonormal basis e, ey, ...,e,. Lets; = e; and 5,1, = —e;,
i€ {1,2,...,n}. By the definition of S, we have S = {sq,sy,...,52, }. Then, for any s; € S,
f(si) € S. Hence Ms; € S. Therefore, for any j € {1,2,...,n}, we have|my;| + |ma;| + - - +
|myj| = 1. Hence, each column of M has exactly one non-zero entry that is equal to 1 or —1.

We now show that each row of M has exactly one non-zero entry that is 1 or —1. Since
f is amapping, f(Z") C Z". Suppose thati,j € {1,2,...,n} exist such that m;; ¢ Z. Then,
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f(ej) = Me; ¢ Z. Hence, if f is a mapping and f(x) = Mx, then every entry of M is
an integer. Since f is an isometry of X(Z",S), f(S) = S. Suppose thati,j € {1,2,...,n}
exist such that mij ¢ {—1,0,1}. Then, the absolute value of the i-th entry of Me; is at
least 2. By Lemma 5, p(0, f(¢j)) = p(0, Me;) is equal to the sum of the absolute values of
the entries of Me;. Hence, p(0, f(e;)) > 2. This contradicts f(S) = S. Hence, for every
i,je€{1,2,...,n}, mi; € {—1,0,1}. Suppose that M has a zero row. Then M is singular.
This contradicts the assumption that f is bijective. Suppose that a row of M exists with
at least two nonzero entries. Let m;; and m;; be nonzero. Then, |m;j| = [my| = 1. If
m;j = mj, then Ms; = Msy. This contradicts the assumption that f is a bijective mapping.
If mjj = —mj, then Ms; = Ms, . This contradicts the assumption that f is a bijective
mapping. Therefore, each row of M has exactly one non-zero element that is 1 or —1. By
Lemma 8, M € O,(Z).
Suppose, conversely, that M € O, (Z). Let

X = (x1/x2/- . -/xn)/]/ - (ylryZI‘ . ~/yn) S Zn‘
By Lemma 5, p(x,y) = i |x; — yi|. By Lemma 5,
i=1

n

p(Mx, My) = Z

n n n
2 mijXj — Zmiﬂ/] Z mijxj — Mijy;)
j=i j=1

n
)y
i=1

n
=L
i=1

n
Y m
j=1

Leti k € {1,2,...,n} be fixed. Suppose that m;; # 0. By Lemma 8, each row of M has
exactly one non-zero entry which is —1 or 1. Hence,

)| =[xk — ykl-

n
Z mij(x
j=1

and hence
n

i=1|j

it

Hence, f(x) = Mx defines an isometry f. [

)| = -l — vl = p(xw).
k=1

Since the group {f : f = Mx, M € O,(Z)} isomorphic O,(Z), we denote O,(Z) =
{f:f=Mx, M € O,(Z)}. Since the group of all translations of X(Z", S) is isomorphic to
Z", wemay write Z" = {f : f =x+a,a € Z"}.

Theorem 6. Isom X(Z",S) = O, (Z)Z"

Proof. By Theorem 5 and Lemma 9, the group of isometries of X(Z", S) that fixes 0is O, (Z).
Hence, O, (Z) < Isom X(Z",S). By Lemma 3, all translations of X(Z", S) form a subgroup
of Isom X(Z",S). That is, Z" < Isom X(Z",S). Let f € O,(Z) and g € Z". Then, by
Lemma 9, M € O, (Z) exists such that f(x) = Mx. We also have, a € Z" such that g(x) =
x +a. Let h(x) = x + Ma. Then, h € Z". Hence, hf(x) = h(Mx) = Mx + Ma = M(x +
a) = f(x+a) = fg(x). Hence, Z"Oy(Z) C On(Z)Z". Let p(x) = x + M~ 'a. Then, p € Z".
Hence, fp(x) = f(x+ M 1a) = M(x+ M~ ta) = Mx+a = g(Mx) = gf(x). Hence,
On(Z)Z" C Z'"Oy(Z). Therefore, O, (Z)Z" = 7Z"0,(Z) and O, (Z)Z" < Isom X(Z",S).

Let ¢ € Isom X(Z",S). Let t(x) = g(x) — g(0). Then, t is an isometry of X(Z", S) with
t(0) = 0. By Theorem 5 and Lemma 9, t € O, (Z). Since g(x) = t(x) + g(0), g € O, (Z)Z".
Therefore, Isom X(Z",S) = O0,(Z)Z". O
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Let S = {u € Z? : |u| = 1} = {(0,1),(0,—1),(1,0),(—1,0)}. Then, the group
of isometries of metric spaces arising from Gaussian integers Isom X(Z?,S) is O,(Z)Z?,

B e T e A R
0 0EDC DG D)

For any finitely generated additive abelian group A and finite generating set S with
0 ¢ Sand —S = S, the maximum subgroup of IsomX(A, S) is RT, where R = {1, 0}
and T = {t; : ty(x) = x+a,a € A}. D<IRT ifand only if D < T or D = RT" where
T’ = {h? : h € T}. For the vector groups over integers with finite generating set S = {u €
Z" : |u| =1}, Isom X(Z",S) = 0,(Z)Z".

4. Conclusions
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