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Note about section 3.3.1 of the main body of manuscript

A close-formed solution for the time dependent variation of [A] in Equation 53 can be represented as

follows:

2k [E]t LA
(ke Vo] 1AL (k+k) "
A S )™ ) || °

where Kj; and Kj; are the Michaelis-Menten constants for the first and second stages of a ping-pong

reaction in which the substrate undergoes disproportionation. More information about the symbols is
given in Table 1.

Note about section 3.3.2 of the main body of manuscript

The two alternative approaches to solve analytically Reactions 8 and 9 presented in Case B of the
section 3.3.2 are explained below.

1. Steady-state approximation for E and F

The non-linear ODE system [Equations (60) and (61)] of the time-dependent variation of the
concentration for the participating compounds of Reactions (54) and (55) can easily be solved if the
steady-state is invoked for [E] and, consequently, for [F] (i.e., [E]' =0 and [F]' = 0). If this is the case, the
analytical solutions for [A], [E] and [F] with initial values for [A]=[A], and [E]=[E], are as follows:
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Of interest is also the fact that the integrated solution for [A] [Equation (S1)] could also have been
derived from the integration of Equation (50) if k. and k; were assumed to approach infinity. However,
unless the condition [A], >>[E], still remains, the approximate integrated solution for [A] is not
completely satisfactory. This can clearly be observed in Figure S1, in which the values for k, and k, were
simply exchanged and the values for [A], and [E], were of similar order. The numerical and analytical
solutions showed a better overlapping for conditions in which k, <k; when compared to k, >k,;. The
enzyme states E and F reach more rapidly steady-state when k, <k; and the match between the
numerical and analytical solutions of the time-dependent variation of the concentration and rate for the
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substrate and (the sum of) products was maintained through a broader domain of time (Fig S1A, C and
E). In contrast, when k, > ks, a more noticeable mismatch between the numerical and analytical solutions
for the compounds were observed, even beyond the time at which E and F were already considered to
be in steady-state (Fig S1B, D and F).

2. Non-steady-state approximation for E and F

At time around t =0, when [E] =[E],, the first terms of the power expansion series of the enzyme-
dependent function of [E]' [Equation (66)] were obtained and only the partial sum of the first two
polynomials of grade n=1 and n=2 were evaluated to find approximate solutions:
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The approximate integrated solutions for Equations (S5) and (56) were as follows:

E] | k [E], + (ke ™ +k,|)[A
. b [KIEL + (ke 4k )(AL | )
kud]
1 1 kudl
[E]nzz = E km +kﬂd2Tanh Ekﬂdzt—i-ArCTanh k_ ’ (88)
a ad?2

where ka1, k7 and k.. were constants that depended on [A],, [E], and the rate constants k, and ki,
as shown below:
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After the respective substitution of [E],_, and [E]_, for [E] in Equation (62), the approximate
integrate solutions for [A],_, and [A],_, were derived:
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The approximate analytical solutions for [A] and [E] together with their respective numerical
solutions are shown in Figure 2S. The graphs illustrate how the matches between the numerical and
approximate analytical solutions for [A] and [E] improve around #=0 under non-steady-state
conditions as the grade of the polynomial increases. However, the approximate analytical solutions for
[A] and [E] have the inconvenience of growing complexity as n increases. The mismatch between the



numerical and approximate integrated solutions for [A] and [E] was more prominent as the reaction
progressed and [A] became exhausted.
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Figure S1. Representative numerical (dashed lines, subscript ns) and analytical (solid lines, subscript ss) solutions of

the time-dependent variation of (A-D) the concentration for the substrate A, the products P and Q, and the two

active enzyme states E and F and (E, F) the reaction rate for A, P and Q of an enzyme-catalyzed ping-pong reaction.

The substrate A follows disproportionation and the accumulation of the intermediate substrate-enzyme complexes

EA and FA is negligible. For the analytical solution, E and F were assumed to be in steady-state. Initial conditions:
[Al, =5 molm™, [E],=1molm~, and (A, C and E) k, =5x10"° m*(mol s)™ and k;=5x107 m*(mol s)™ or (B, D
and F) k, =5x107 m®(mol s)" and k; =5x107° m*(mols)™.
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Figure S2. Representative numerically (subscript ns) and analytically (subscript n=1 or 2) integrated solutions of
the time-dependent variation of the concentration for (A) the substrate A and (B) the two active enzyme states E and
F of an enzyme catalyzed ping-pong reaction under non-steady-state conditions. The substrate A undergoes
disproportionation and the substrate-enzyme complexes AE and AF do not accumulate. The numerical solutions (ns)
for [A] and [E] are shown together with two approximate integrated solutions around ¢ =0 obtained using the first
terms (n=1o0r 2) of the power expansion series of the enzyme-dependent function of [E]'. Horizontal solid and
dashed lines are the limit values of the analytical solution for [E] and [F] (i.e., [E], and [F],, Equation 52) when the
times goes forward and [A] becomes exhausted. Initial conditions: [A],=4 molm™, [E],=2molm~,
k. =5x10° m®*(mol s)" and k; =10 m’(mol s)™.
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Irreversible Uni-Uni Michaelis-Menten Model in the
Absence of Suicide Substrate Inactivation
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-cA'[t] = kacE[t] »cA[t] - kb * cEA[t]
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-CE'[t] == - ((kb +kc) cEA[t]) + kacA[t] «cE[t]
cP’[t] == kc cEA[t]

Solve[cEA'[t] == - ((kb + kc) cEA[t]) +kacA[t] «cE[t] /.
{CEA'[t] » @, CE[t] » cEo- cEA[t]}, cEA[t]]

cEokacA[t]
{{cEA[t] > }}
kb + kc + ka cA[t]
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kb + kc + kacA[t]

Solve[-cA' [t] == kc  CEA[t] /. CEA[t] » ,CA’ [t]]

, cEo ka kc cA[t]
{{exrer - kb + ke + ka cA[t] })

Closed-form solution for the time-dependent variation of [A] (Lambert function)

cEokc cA[t]

DSolve[{—cA'[t] , CA[O] = cAo}, (cA[t]}, t]

km+ cA[t]

.. Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

.. Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.
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Figure 1A (Mathematics-1964681). Representative numerical solutions of the
time-dependent variation of the reaction rate for the participating compounds
of an enzymatic system with one substrate and one substrate-enzyme
complex in the absence (subscript c) of one-step suicide substrate inactivation
under non-steady-state conditions.

Manipulate |
Module [ {StandardModell, soln, plotil},
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StandardModell = Sequence |

PlotRange -» {{0, 250}, {-0.009, 0.025}},
PlotLabel - Style["Uni-Uni Michaelis-Menten
Model in the Absence of Suicide Substrate Inactivation:
A+ E < EA > P + E", FontSize -» 14],
Frame - True,
FrameLabel » {"Time, s", "d[ ]/dt, molm~>s™"},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] ==ka*cE[t] *cA[t] -kb* cEA[t],
CEA'[t] == ka* cE[t] * cA[t] - (kb + kc) % cEA[t],
—-CE'[t] == kaxcE[t] *+ cA[t] - (kb +kc) * CEA[t], cP'[t] == kc * cEA[t], cA[@] == cAo,
CE[@] == cEo, cEA[@] == cEAo, cP[0@] == cPo}, {cA, cE, cEA, cP}, {t, 0, 300}];
plotl = Plot[{-cA'[t] /. soln,
cP'[t] /. soln,
cE'[t] /. soln,
cEA'[t] /. soln}, {t, @, 250},
GridLines - {{
{t /. Last[FindMaximum[cEA[t] /. soln, {t, ©}]]1, {Black, Thick, Dashed}}}, {}},
Evaluate@StandardModell,
PlotStyle »
{{Thick, Darker[Green]}, {Thick, Pink}, {Thick, Blue}, {Thick, Brown}},
Epilog - {
Inset[Style["[A]"'.", 12, Background - White],
{75, -0.002 - cA'[75] /. soln[[1]]}],
Inset[Style["[P]"'.", 12, Background - White],
{150, ©.002 + cP ' [150] /. soln[[1]]1}],
Inset[Style["[E]"'.", 12, Background - White],
{125, 0.002 + cE ' [125] /. soln[[1]]}],
Inset[Style["[EA]'.", 12, Background -» White],
{225, -0.002 + cEA' [225] /. soln[[1]1]}1}1;
Pane[
Switch[StandardModel,
1, Show[plotl]
1, ImageSize » 1.2 {480, 310}]],

Row| {
Column [ {

Style ["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 4, "[A]o, molm '3"}, 0.1, 8, Appearance - "Labeled"},

Controle {{cEo, 2, "[E]e, molm'3"}, 0.1, 4, Appearance - "Labeled"},
Controle {{cEAo, @, "[EA]o, molm’3"}, 0, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P]o, molm "3"}, 0, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, @.01, "k,, s™*mol™*m’"}, @.001, 0.02, Appearance - "Labeled"},

Controle{{kb, ©.005, "ky, s'l“}, 0.001, 0.01, Appearance - "Labeled"},
Controle{{kc, 0.02, "k, s'1"}, 0.001, 0.04, Appearance - "Labeled"

Ho
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Controle { {StandardModel, 1, "Panel"}, {
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}, ControlType - Setter}}]

REACTANTS CONCENTRATIONS:

[Alp, mol m 3

oo

[Elo, mol m =3

[EAlo, mol m 3 CD 0
[Plo, mol m = CG 0

RATE CONSTANTS:
ka. s mol™ m3 D 0.01
= M Panel
kp, S L 0.005 |T
ke, s M 0.02
U
Uni-Uni Michaelis—Menten Model in the Absence of Suicide Substrate Inactivation:
A+E—=EA-P+E
[ T T | T T T T | T T T T T T T T i
out[1]= L ]
0.021- .
0.016 ]
T ; ]
? o .
c 0.011 : :
o : ]
E 0.006" =
E L |
S 0.001F ]
-0.004 f [EAT, f
L L ]
0 150 200 250

Time, s



4 | Figure 1A_Mathematics-1964681_04 _11_2022.nb

in[-}= Module[ {soln, cEA, cE},
soln = ParametricNDSolve[{-cA'[t] == kaxcE[t] * cA[t] -kb x cEA[t], cEA"'[t] ==
ka* cE[t] » cA[t] - (kb +kc) » cEA[t], -cE'[t] == kaxcE[t] »cA[t] - (kb +kc) = cEA[t],
cP'[t] == kc x cEA[t], cA[O] == cAo, cE[O] == cEo, cEA[O] == cEAO, cP[@O] == cPo},
{cA, cP, cE, cEA}, {t, 0.1, 300}, {cAo, cPo, cEo, cEAo, ka, kb, kc}];
cEA = NMaximize[ {cEA[cAo, cPo, cEo, cEAo, ka, kb, kc][t] /. soln /. {cAo -» 4, cPo -> O,
cEo » 2, cEAo -> 0, ka -> 0.01, kb -» 0.005, kc - 0.02}, 9.1 <t < 100}, t];
CE = NMinimize[ {cE[cAo, cPo, cEo, cEAo, ka, kb, kc][t] /. soln /. {cAo - 4, cPo -> O,
cEo » 2, cEAo -> 0, ka -> 0.01, kb » 0.005, kc -» 0.02}, 0.1 < t < 100}, t];
{CEA,
CE}]

our - {{0.960769, {t - 48.9194}}, {1.03923, {t - 48.9194}}}



Irreversible Uni-Uni Michaelis-Menten Model in the
Presence of Suicide Substrate Inactivation
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Figure 1B (Mathematics-1964681). Representative numerical solutions of the
time-dependent variation of the reaction rate for the participating compounds
of an enzymatic system with one substrate and one substrate-enzyme
complex in the presence of one-step suicide substrate inactivation (subscript
ssi) under non-steady-state conditions.

ne- Manipulate[
Module [ {StandardModell, solne, plotl},
StandardModell = Sequence[

PlotRange -» { {0, 250}, {-90.009, 0.025}},
PlotLabel -» Style["Uni-Uni Michaelis-Menten
Model in the Presence of Suicide Substrate Inactivation:
A+ E < EA->P + E
A + E — I", FontSize -» 14],
Frame - True,
FrameLabel - {"Time, s", "d[ ]/dt, molm~>s™"},
LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
solne = NDSolve[{-cA'[t] == (ka+ki) »cE[t] »cA[t] - kb x cEA[t],
CEA'[t] = ka cE[t] » cA[t] - (kb + kc) % cEA[t],
-CE'[t] == (ka+ki) »xcE[t] *cA[t] - (kb+kc) » cEA[t], cP'[t] == kc x cEA[t],
cI'[t] ==ki*xcE[t] xcA[t], cA[O] == cAo, CE[O] == cEo, CEA[O] == cEAo0,
cP[@] == cPo, cI[0@] == cIo}, {cA, cE, cEA, cP, cI}, {t, 0, 300}];
plotl = Plot[{
-cA'[t] /. solne,
cP'[t] /. solne,
cE'[t] /. solne,
CEA'[t] /. solne,
cI'[t] /. solne}, {t, @, 250},
GridLines - {{
{t /. Last[FindMaximum[cEA[t] /. solne, {t, ©}]], {Black, Thick, Dashed}},
{t /. Last[FindMinimum[cE[t] /. solne, {t, ©}]], {Black, Thick, Dotted}}}, {}},
Evaluate@StandardModell,
PlotStyle -» {{Thick, Darker [Green]},
{Thick, Pink}, {Thick, Blue}, {Thick, Brown}, {Thick, LightRed}},
Epilog - {
Inset[Style["[A] 'ss1", 12, Background - White],
{125, -0.002 + —cA ' [125] /. solne[[1]1]}],
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Inset[Style["[P]'ssi", 12, Background - White],
{225, ©.002 + cP'[225] /. solne[[1]]1}1,
Inset[Style["[E]"'ssi", 12, Background - White], {20, cE'[35] /. solne[[1]]}],
Inset[Style[" [EA]'ssi", 12, Background - White],
{225, -0.002 + cEA' [225] /. solne[[1]]1}], Inset[Style["[I] ssi">
12, Background - White], {95, ©.002 + cI'[95] /. solne[[1]]}]1}]1;
Pane[
Switch[StandardModel,
1, Show[plotl]
1, ImageSize » 1.2 {480, 310}]],
Row| {

Column [{

Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 4, "[A]o, molm '3"}, 0.1, 8, Appearance - "Labeled"},

Controle{{cEo, 2, "[E]o, molm'3"}, 0.1, 4, Appearance - "Labeled"},
Controle {{cEAo, @, "[EA],, molm'3"}, 0, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P],, mol m’3“}, 0, 0, Appearance - "Labeled"},
Controle{{cIo, @, "[I]o, molm '3"}, @, 0, Appearance - "Labeled"}

Ho

Column[{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, ©.01, "k,, s"'mol™*m>"}, 0.001, 0.02, Appearance - "Labeled"},

Controle{{kb, @.0@5, "k,, s™"}, 0.001, 0.01, Appearance - "Labeled"},
Controle{{kc, 0.02, "k, 5'1“}, 9, 0.04, Appearance - "Labeled"},
Controle{{ki, 0.002, "k;, s™*mol™ m>"}, 0.001, 0.004, Appearance - "Labeled"}

Ho
Controle { {StandardModel, 1, "Panel"}, {
15 "B"
}, ControlType - Setter}}]
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n[-1= Module[ {solne, cEA, cE},
solne = ParametricNDSolve[{-cA'[t] == (ka+ki) » cE[t] » cA[t] - kb = cEA[t],
CEA'[t] == kaxcE[t] *cA[t] - (kb +kc) xcEA[t],
-CE'[t] == (ka+ki) *cE[t] »cA[t] - (kb+kc) » cEA[t],
cP'[t] == kc*cEA[t], cI'[t] ==ki*cE[t] »xcA[t], cA[@] == cAo, cE[O] == cEo,
cEA[O] == cEAO, cP[O] == cPo, cI[O] == cIo}, {cA, cP, cE, cEA, cI},
{t, 0.1, 300}, {cAo, cPo, cEo, cEAo, cIo, ka, kb, kc, ki}];
cEA = NMaximize[ {cEA[cAo, cPo, cEo, cEAo, cIo, ka, kb, kc, ki] [t] /. solne /.
{cAo - 4, cPo -> 9, cEo » 2, cEA0 -> 9, cI0o > 0, ka -> 0.01,
kb » ©.005, kc - ©0.02, ki - 9.002}, 0.1 <t < 100}, t];
CE = NMinimize[ {cE[cAo, cPo, cEo, cEAo, cIo, ka, kb, kc, ki][t] /. solne /.
{cAo -» 4, cPo -> 9, cEo » 2, cEA0 -> 9, cIo -» 0, ka -> 0.01,
kb » ©.005, kc » 0.02, ki -» 0.002}, 0.1 < t < 100}, t];
{CEA,
CE}]

our - {{0.829297, {t - 40.2416}}, {0.838855, {t - 64.3389}})



Irreversible Uni-Uni Michaelis-Menten Model in the
Presence of Suicide Substrate Inactivation
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Figure 2 (Mathematics-1964681). Representative approximate analytically-
integrated solutions of the time-dependent variation of the concentration for
the participating compounds of an irreversible uni-uni Michaelis-Menten
model in the absence (dashed lines, subscript c) and presence of suicide
substrate inactivation (solid lines, subscript ssi) following a one-step
mechanism.

1. In the presence of inactivation

solne = NDSolve[{-cA'[t] == (ka+ ki) » cE[t] * cA[t] - kb » cEA[t],
CEA'[t] == kaxcE[t] *cA[t] - (kb +kc) *cEA[t],
-CE'[t] == (ka+ki) *cE[t] *cA[t] - (kb+kc) » cEA[t], cP'[t] == kc * cEA[t],
cI'[t] == kixcE[t] »cA[t], cA[@] == cAo, cCE[O] == cEo, CEA[@] == cEAoO,
cP[0@] = cPo, cI[0O] == cIo}, {cA, cE, cEA, cP, cI}, {t, 0, 300}];

Solve[CEA' [t] = ka * CE[t] * cA[t] - (kb + kc) = CEA[t] /. cEA'[t] - @, CEA[t]]

kacA[t] « cE[t]
}

{{cEA[t] > P

Simplify[
ka cA[t] < cE[t] ]
kb + ke

-CE'[t] = (ka+ki) * CE[t] * cA[t] - (kb +Kkc) % cEA[t] /. cEA[t] -

kicA[t] <cE[t] +cE'[t] =

ka cA[t] < cE[t]
]/

Simplify[—cA' [t] == (ka+ki) »cE[t] »cA[t] -kb = cEA[t] /. cEA[t] » bk
+ KC

[ ka kc
kb + kc
ks cA[t] < cE[t] +cA'[t] =0

+k:i.] - ks

DSolve[{ki cA[t] <« cE[t] +cE'[t] == 0@, ks cA[t] < cE[t] + cA’"[t] == @}, {cA[t], cE[t]}, t]

eksclcz ki c1 eksclcz ks c1
{{cE[t] > cq - » CA[t] = - }}
_ekstcl N ekscl € ki _ekstcl N ekscl € ki
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mf-1= DSolve [ {ki cA[t] ~cE[t] + cE'[t] == O, ks cA[t] < cE[t] + cA’'[t] == O},
{cA[t], cE[t]}, t] /. t> @

(eks €162 i cq (Eks €1¢2 kg cq
outf-J= {{CE[O] 5¢ - ——————, CA[O] > ——}}
~1+ekserce ki -1+ eksere ki
ekseie ki ¢ ekse1 ks ¢4
Inf+]:= Simplify[Reduce[{ch == ¢g- ——————, CAO == - —}, {c1, €2}, Rationals] R
“li+eksere kg “ls+elsere kg
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ouf-]= (cAo | cEo | ki | ks | c; | c1) € Q&& +c¢q == CEO&& ¢, == && cAo ki + cEo ks
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ka ke
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kbke
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+KC

k . approaches infinity
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Kbrke

Infe]= Simpli-Fy[Limit[ , ke » Infinity] 5

ka kc .
i . cEo [——+ki) t ka k .
-cAo e it ki 4 cEoe (o **4) (ﬁ+k1)
+KC

cAo > @8&& CE0 > @8& ka > 0 && ki > a]

CEo efFo (kaki) t (_ cpao ki + cEo (ka + ki))
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cAo (cAo ki - cEo (ﬂ + ki) )
kb+kc

o1 simplify[Limit] , ke » Infinity],

ka kc

-cAoki t+cEo (kh’kc +ki) t ( ka kc + ki)
kb+kc

cAoki - cEoe

cAo > @8&& cEo > 08&ka > 0 && ki > a]

cAo (cAo ki - cEo (ka+ki))

Out[«]=
o cAo ki_ch(e(choki+ch(ka+ki))t (ka+k1)
cAo (cAo ki - cEo (ka +ki))
cA[t] ==
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Infe 1= Simplify[
cAo (cAo ki - cEo (ka +ki))
CP[t] = cAo - cA[t] - (cEo- cE[t]) /. {cA[t] - : _ ,
cAo ki - cEo e(—cAo ki+cEo (ka+ki)) t (ka + ki)
CEo e (karki) t (_ cao ki + cEo (ka + ki))
CE[t] » _ , }]

-cAo ekt k] 4 cEo eF0 (Ka+kd) t (g 4 ki)

cAo cEo (ecAo kit _ ech (ka+ki) t) ka
ouf-]= CP[t] == - -

cAo ekt ki — cEo 0 (karki) T (ka4 ki)
CEo e€Fe (karki) t _ cpg ki + cEo (ka + ki) )
infe = Simplify[cI[t] == cEo - cE[t] /. cE[t] - _ . ]
-cAo eKit ki 4 cEo eFo (Ka+kD) t (g 4 ki)

cAo cEo (_ecAo kit " (ECEO (ka+ki) t) ki

ouf-]= €I [t] =

—cho ePOK T i 4 cEo eCFO (karki) T (g | ki)

2. In the absence of inactivation

CEo eCFe (karki) t _ cpg ki + cEo (ka + ki) ) )
m-j= CE[t] == - - /.ki->0
-cAo ekt ki 4 cEo eFo (Ka+rki) t (g 4 ki)

ouf-]= CE[t] == cEo

cAo (cAo ki - cEo (ka+ki))
nf-j= CA[t] == /.ki-o
cho ki - cEo e(—CAO ki+cEo (ka+ki)) t (ka + k.'i.)

our - CA[t] = cAo e Eokat

1= CP[t] = cAo - cA[t] /. cA[t] -> cAo e “Eokat
our = CP[t] = cAo - cAo e Eokat

Manipulate[

In[

Ol
li

Module[{StandardModell, egAc, eqAssi, eqPc, egPssi, eqEc, eqEssi, eqIssi, plotl},

StandardModell = Sequence[
PlotRange - Automatic,
PlotLabel - Style[
"Uni-Uni Reaction in the Presence of Suicide Substrate Inactivation (kR -» o):

A+E—> P+ E
A + E — I", FontSize - 14],

Frame - True,

FrameLabel - {"Time, s", "[ ], molm™"},
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LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];

egAc = cho e <Fokat,

cAo (cAo ki - cEo (ka +ki))
egAssi =

cho ki - cEo e(-CAO ki+cEo (ka+ki)) t (ka + ki) ?
eqPc = cho (1- e *°"t);

cAo cEo (ecAo kit _ ech (ka+ki) t) ka

egPssi = - - H
cho ekt i _ cEo eSFo (karki) t (a4 ki)

eqEc = cEo;

CEo eSfo (karki) t (_ cpg ki + cEo (ka + ki))

eqEssi = - - 5
-cAo ekt ki 4+ cEo @FC (Ka+kD) t (g 4 ki)

cAo cEo (ecAo kit _ ech (ka+ki) t) ki

eqlssi = H
cAo eCh° kit ki - cEo eSE° (ka+ki) t (ka + ki)
plotl = Plot [ {eqAc, eqAssi, eqPc, eqPssi, eqEc, eqEssi, eqIssi}, {t, 0.9, 250},
Evaluate@StandardModell,
PlotStyle -» {{Thick, Darker [Green], Dashed}, {Thick, Darker [Green]}, {Thick, Pink,
Dashed}, {Thick, Pink}, {Thick, Blue, Dashed}, {Thick, Blue}, {Thick, Brown}},
Epilog » {Inset[Style["[A].", 12, Background -» White], {10, 0.2 + eqAc /. t » 25}],
Inset[Style["[A]lssi", 12, Background -» White], {175, 0.2 + eqAssi /. t -» 175}],
Inset[Style["[P].", 12, Background - White], {75, 6.2 +eqPc /. t » 75}1],
Inset[Style["[P]ssi", 12, Background -» White], {125, 0.2 +eqPssi /. t -» 125}],
Inset[Style["[E].", 12, Background - White], {225, 9.2 + eqEc /. t » 225}],
Inset[Style["[E]lssi", 12, Background -» White], {210, 0.2 + eqEssi /. t » 210}],
Inset[Style["[I]ssi", 12, Background - White], {225, 0.2 + eqIssi /. t » 225}]

115
Pane[

Switch[StandardModel,
1, Show[plotl]

1, ImageSize » 1.2 {480, 319}]],
Row [ {
Column [{

Style ["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 4, "[A]e, molm ’3"}, 0.1, 8, Appearance - "Labeled"},

Controle {{cEo, 2, "[E]e, molm'3"}, 0.1, 4, Appearance - "Labeled"},
Controle {{cEAo, @, "[EA],, mol m'3"}, 0, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P]o, molm'3"}, 9, 0, Appearance - "Labeled"},
Controle{{cIo, @, "[I]o, mol m'3"}, 9, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, 0.01, "k,, s™'mol™m>"}, 0.001, .02, Appearance - "Labeled"},
Controle{{ki, ©.002, "k;, s"*mol™*m’"}, 0.001, 0.004, Appearance - "Labeled"

Ho

Controle { {StandardModel, 1, "Fig. 2"}, {
1 - mn
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}, ControlType - Setter}}]
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U Fig. 2
ki, s mol™' m? M 0.002
U

Uni-Uni Reaction in the Presence of Suicide Substrate Inactivation (k; - oo):
A+E—P+E

A+E—
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Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Absence of Suicide Substrate Inactivation

kq k.
A+E 2 EA > F+P

kp

kd kf
A+F 2 FA 5 E+Q

ke

Quasi-steady-state approximation

-cA'[t] ==kaxcA[t] »xcE[t] -kb x cEA[t] + (kd x cA[t] »cF[t] - ke x cFA[t])
-cE'[t] == kaxcA[t] xcE[t] - (kb x cEA[t] + kf  cFA[t])

CEA'[t] = ka* cA[t] = cE[t] - (kb + kc) * cEA[t]

-CF'[t] == kd* cA[t] » cF[t] - (ke « cFA[t] + kc » CEA[t])

cFA'[t] == kd » cA[t] * cF[t] - (ke + kf) = cFA[t]

cP'[t] == kc » cEA[t]

cQ'[t] = kf x cFA[t]

-CA'[t] = -kb CEA[t] - ke cFA[t] + ka cA[t] ~ cE[t] + kd cA[t] ~ cF[t]
-CE'[t] = -kb cEA[t] - kf cFA[t] + ka cA[t] ~ cE[t]

CEA[t] == - ((kb +kc) cEA[t]) +ka cA[t] ~ cE[t]

-CF'[t] = -kc CEA[t] - ke cFA[t] + kd cA[t] ~ cF[t]

CFA'[t] = - ((ke + kf) cFA[t]) +kd cA[t] ~ cF[t]

cP’[t] = kc cEA[t]

cQ' [t] = kf cFA[t]

Solve[kc cEA[t] == kf cFA[t], cFA[t]]

1

Solve[cEA'[t] == - ((kb + kc) cEA[t]) +kacA[t] «cE[t] /. cEA'[t] -> 0@, cEA[t]]

{{cFA[t] . kc cEA[t]

kacA[t] « cE[t]
{{cearts » e 1

Solve[cFA'[t] == - ( (ke + kf) cFA[t]) + kd cA[t] ~ cF[t] /. cFA'[t] -» @, cF[t]]

(ke + kf) cFA[t] }}
kd cA[t]

{{cF[t] >
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Out[=]=
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Out[+]=

In[«]:=

Out[+]=

In[«]:=

Out[+]=

(ke + kf) cFA[t] ,
kd cA[t]

Solve[ch = CE[t] + CF[t] + CEA[t] + CFA[t] /. CF[t] -

kc cEA[t] kacA[t] « cE[t]
CFA[t] » ———— /. cEA[t] - , cE[t]]
kf kb + kc

cEo (kb + kc) kd kf H
ka kc ke + ka kc kf + kb kd kf + kc kd kf + ka kc kd cA[t] + ka kd kf cA[t]

{{cE[t} >

ka cA[t] < cE[t] ,
kb + kc

Expand[—cA’[t] == 2% (kaxcA[t] »cE[t] -kbxcEA[t]) /. cEA[t] >

cEo (kb + kc) kd kf
cE[t] - ]
ka kc ke + ka kc kf + kb kd kf + kc kd kf + ka kc kd cA[t] + ka kd kf cA[t]
2 cEoka kc kd kf cA[t]

ka ke ke + ka ke kf + kb kd kf + ke kd kf + ka ke kd cA[t] + ka kd kf cA[t]

-cA'[t] =

2 cEokakc kd kf cA[t]
ka kc ke + ka kc kf + kb kd kf + kc kd kf + ka kc kd cA[t] + ka kd kf cA[t]

-CcA'[t] =

-CcA’[t] == (2 cEo x kc x kf / (kc + kf))
cA[t]

/
kf (kb + kc) / (ka (kc + kf)) + ke (ke + kf) / (kd (kc + kf)) + cA[t]
(kb + kc) kf kc (ke + kf)
{— - kmE, ——————
ka (kc + kf) kd (kc + kf)

2 cEokcfcA[t]

-> kmF} /. ke « kf / (ke + kf) > kcf /. kmE + kmF - kmEF

-cA'[t] =
kmEF + cA[t]

Closed-form solution for the time-dependent variation of [A] (Lambert function)

2 cEokcf cA[t]

DSolve[{—cA'[t] , CA[O] = cAo}, (cA[t]}, t]

kmEF + cA[t]

- Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

- Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

cAo 2cEokcft

CAO @ kmerF KkmEF ] }}

{{cA[t] - kmEF Pr‘oductLog{ CmEF
m

cAo  2cEokcft

CAO @kmeF  kmEF

cA[t] -» kmEF ProductLog[ ] /. KmEF -> kmE + kmF /. kcf -> kc » kf / (kc + kf)

kmEF

cAo 2cEokckft
cAo e kme+kmF  (kc+kf) (kmE+kmF )

cA[t] —» (kmE + kmF) Pr‘oductLog{
kmE + kmF

Figure 3A (Mathematics-1964681). Representative numerical solutions of the
time-dependent variation of the reaction rate for the substrate A, and the
products P and Q of an enzyme-catalyzed ping-pong reaction with one
substrate undergoing disproportionation under non-steady-state conditions.
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ne)- Manipulate [Module[ {PingPongModell, soln, plotil},
PingPongModell = Sequence[
PlotRange -» { {0, 250}, {0, 0.0305}},
PlotLabel -
Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation:
A+ E< EA->P + F
A+ F < FA > Q + E", FontSize -» 14],
Frame - True,
FrameLabel » {"Time, s", "d[ ]/dt, molm~>s™"},
LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] == (kaxcE[t] +kd xcF[t]) » cA[t] - (kb cEA[t] + ke » cFA[t]),
-CE'[t] = kaxcA[t] xcE[t] - (kb cEA[t] + kf = cFA[t]),
-CF'[t] == kd* cA[t] * cF[t] - (ke x cFA[t] + kc = cEA[t]),
CEA'[t] = ka* cA[t] » cE[t] - (kb + kc) % cEA[t],
CFA'[t] == kd * cA[t] * cF[t] - (ke + kf) = cFA[t], cP'[t] == kc * CEA[t],
cQ'[t] == kf*cFA[t], cA[O] == cAo, cE[O] == cE0o, cF[@Q] == cFo,
cEA[O] == cEAo, cFA[OQ] == cFAo, cP[OQ] == cPo, cQ[@] == cQo},
{cA, cE, cF, cEA, cFA, cP, cQ}, {t, 0.0, 250}7;
plotl = Plot[{-cA'[t] /. soln,
cP'[t] +cQ'[t] /. soln,
cP'[t] /. soln,
cQ'[t] /. soln}, {t, ©0.02, 250},
GridLines - {{
{t /. Last[FindMaximum[cEA[t] + cFA[t] /. soln, {t, ©}]1], {Black, Thick, Dashed}},
{t /. Last[FindMaximum[kc * cEA[t] + kf » cFA[t] /. soln, {t, ©}1],
{Black, Thick, Dotted}}}, {}},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Darker[Green]},
{Thick, Pink}, {Thick, Pink, Dashed}, {Thick, Pink, Dotted}},
Epilog -» {Inset[Style["-[A]"'", 12, Background - White],
{25, -cA'[40] /. soln[[1]]1}]1,
Inset[Style["[P]"'+ [Q]'", 12, Background - White],
{175, 0.005 + cP ' [175] + cQ'[175] /. soln[[1]]}], Inset[
Style["[P]"'", 12, Background -» White], {30, -0.0025 + cP'[30] /. soln[[1]]}],
Inset[Style["[Q]'", 12, Background - White], {30, -0.004 + cQ'[30] /. soln[[1]]}]
115

Pane[
Switch[PingPong,
1, Show[plotl]
1, ImageSize » 1.2 {480, 310}]],
Row|[ {

Column [{

Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 4, "[A]o, molm '3"}, 0.1, 8, Appearance - "Labeled"},

Controle{{cEo, 2, "[E]e, molm'3"}, 0.1, 4, Appearance - "Labeled"},
Controle{{cFo, @, "[F]o, molm '3"}, 0, 0, Appearance - "Labeled"},

Controle {{cEAo, @, "[EA],, molm"3"}, 0, 0, Appearance - "Labeled"},
Controle {{cFAo, @, "[FA]o,, molm'3"}, 0, 0, Appearance - "Labeled"},
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Controle{{cPo, @, "[P]o, mol m'3"}, @, 0, Appearance - "Labeled"},
Controle{{cQo, @, "[Q]o, molm '3“}, 9, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, 0.01, "k,, s™'mol™m>"}, 0.001, 0.02, Appearance - "Labeled"},

Controle {{kb, ©.005, "k, s‘l"}, 0.001, 0.01, Appearance - "Labeled"},
Controle{{kc, 0.02, "k, 5'1"}, 0.001, 0.04, Appearance - "Labeled"},
Controle{{kd, @.85, "Rq, s™'mol™m>"}, @.01, 0.1, Appearance - "Labeled"},
Controle{{ke, 0.004, "k, 5'1“}, 0.001, 0.008, Appearance - "Labeled"},
Controle{{kf, 0.04, "k¢, s'1"}, 0.001, 0.08, Appearance - "Labeled"

Ho
Controle { {PingPong, 1, "Panel"}, {
15 "A"
}, ControlType - Setter}}]
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in/-1= Module[ {soln, cAEcCAF, kccAEkfcAF}, soln = soln = ParametricNDSolve [
{-cA'[t] == (ka* CE[t] +kd* cF[t]) » cA[t] - (kb * cEA[t] + ke » cFA[t]),
-CE'[t] = kaxcA[t] *cE[t] - (kb cEA[t] + kf = cFA[t]),
-cF'[t] ==kd *cA[t] »cF[t] - (ke * cFA[t] + kc * cEA[t]),
CEA'[t] == ka*cA[t] »cE[t] - (kb +kc) x cEA[t],
cFA'[t] == kd * cA[t] » cF[t] - (ke + kf) » cFA[t], cP'[t] == kc x cEA[t],
cQ'[t] == kfxcFA[t], cA[O] == cAo, cE[O] == cEo, cF[O] == cFo, cEA[O] == cEAO,
CFA[@] == cFAo, cP[@] == cPo, cQ[0@] == cQo}, {cA, cP, cQ, cE, cF, cEA, cFA},
{t, 0.9, 300}, {cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf}];
CAECAF = NMaximize [ {cEA[cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf] [t]
cFA[cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf][t] /. soln /.
{cAo » 4, cEo » 2, cFo -» @, cPo -> 0, cQo -> 9, cEAo -> @, cFAo -> 0, ka -> 0.01,
kb » ©.005, kc » ©.02, kd -> 0.05, ke -» 0.004, kf - 0.04}, 0.1 < t < 100}, t];
kccAEkfcAF = NMaximize [ {kc » cEA[cAo, cPo, cQo, cEo, cFo,
cEAo, cFAo, ka, kb, kc, kd, ke, kf] [t] +
kf » cFA[cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf][t] /. soln /.
{cAo -» 4, cEo » 2, cFo » @, cPo -> 0, cQo -> 0, cEAo -> @, cFAo -> @, ka -> 0.01,
kb » ©.005, kc » 0.02, kd -> 0.05, ke » 0.004, kf » 0.04}, 0.1 < t < 100}, t];

{cAECcAF, kccAEkfcAF}]
our-- {{1.06424, {t > 47.5648}}, {0.0268526, {t - 55.812}}}

+



Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Absence of Suicide Substrate Inactivation

ka k.
A+E 2 EA > F+P

kp

kd kf

A+F & FA 2 E+Q

In[34]:=

ke

Figure 3B (Mathematics-1964681). Representative numerical solutions of the
time-dependent variation of the reaction rate for the enzyme states E and F,
and the substrate-enzyme complexes EA and FA of an enzyme-catalyzed ping-
pong reaction with one substrate undergoing disproportionation under non-
steady-state conditions.

Manipulate [Module [ {PingPongModell, soln, plotl},
PingPongModell = Sequence[

PlotRange -» { {0, 250}, {-0.009, 0.009}},

PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation:
A+ E < EA->P + F
A+ F < FA > Q + E", FontSize -» 14],

Frame - True,

FrameLabel - {"Time, s", "d[ ]/dt, molm~>s™"},

LabelStyle » {FontSize -» 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] == (kaxcE[t] +kdxcF[t]) »cA[t] - (kb * cEA[t] + ke » cFA[t]),

-CE'[t] == kaxcA[t] xcE[t] - (kb x cEA[t] + kf x cFA[t]),
-CF'[t] == kdxcA[t] *cF[t] - (ke x cFA[t] + kc x cEA[t]),
CEA'[t] == ka* cA[t] » cE[t] - (kb + kc) % cEA[t],
CFA'[t] == kd * cA[t] * cF[t] - (ke + kf) = cFA[t], cP'[t] == kc = CEA[t],
cQ'[t] == kf % cFA[t], cA[@] == cAo, cE[@] == cEo, cF[0@] == cFo,
cEA[O] == cEAo, cFA[@] == cFAo, cP[OQ] == cPo, cQ[@] == cQo},

{cA, cE, cF, cEA, cFA, cP, cQ}, {t, 0.0, 250}7;

plotl = Plot[{

cE'[t] +cF'[t] /. soln,
cE'[t] /. soln,
cF'[t] /. soln,
CEA'[t] +cFA'[t] /. soln,
cEA'[t] /. soln,
cFA'[t] /. soln}, {t, 0.02, 250},

GridLines -» {{

{t /. Last[FindMaximum[cEA[t] + cFA[t] /. soln, {t, ©}]1], {Black, Thick, Dashed}}},
{11
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Evaluate@PingPongModell,
PlotStyle » {{Thick, Blue}, {Thick, Blue, Dashed}, {Thick, Blue, Dotted},
{Thick, Brown}, {Thick, Brown, Dashed}, {Thick, Brown, Dotted}},
Epilog -» {Inset[Style["[E]'+[F]'", 12, Background - White],
{125, ©.001 + cE ' [125] + cF'[125] /. soln[[1]1}1,
Inset[Style["[E]"'", 12, Background - White],
{100, -0.001 + cE ' [100] /. soln[[1]]1}], Inset[
Style["[F]'", 12, Background -» White], {150, -0.001 + cF ' [150] /. soln[[1]]}],
Inset[Style["[EA]"'+[FA]'", 12, Background -» White],
{125, -0.001 + cEA' [125] + cFA'[125] /. soln[[1]]}1,
Inset[Style["[EA]"'", 12, Background - White],
{100, 0.001 + cEA'[100] /. soln[[1]]}], Inset][
Style["[FA]'", 12, Background -» White], {125, ©0.001 + cFA'[125] /. soln[[1]]}]
115
Pane[
Switch[PingPong,
1, Show[plotl]
1, ImageSize » 1.2 {480, 310}]],

Row [ {
Column|{

Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 4, "[A]e, molm "3"}, 0.1, 8, Appearance - "Labeled"},

Controle{{cEo, 2, "[E]e, molm'3"}, 0.1, 4, Appearance - "Labeled"},
Controle{{cFo, @, "[F]o, molm '3“}, 9, 0, Appearance - "Labeled"},
Controle{{cEAo, @, "[EA],, mol m'3"}, @, 0, Appearance - "Labeled"},
Controle{{cFAo, @, "[FA]e, molm "}, @, @, Appearance - "Labeled"},
Controle{{cPo, @, "[P]o, molm '3"}, @, 0, Appearance - "Labeled"},
Controle{{cQo, @, "[Q]o, molm '3“}, 0, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, @.61, "k,, s™'mol™*m>"}, 0.001, 0.02, Appearance - "Labeled"},

Controle {{kb, ©.005, "k, s‘l"}, 0.001, 0.01, Appearance - "Labeled"},

Controle{{kc, ©.02, "k, s™'"}, 0.001, 0.04, Appearance - "Labeled"},
Controle{{kd, @.85, "kq, s™'mol™*m>"}, @.01, 0.1, Appearance - "Labeled"},
Controle{{ke, 0.004, "k, 5'1“}, 0.001, 0.008, Appearance - "Labeled"},
Controle{{kf, ©.04, "k¢, s'l"}, 0.001, 0.08, Appearance - "Labeled"}
Ho
Controle { {PingPong, 1, "Panel"}, {
1-"B"

}, ControlType - Setter}}]
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RATE CONSTANTS:

ka, s mol" m3 M 0.01
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nf-1= Module[ {soln, cAECAF}, soln = soln = ParametricNDSolve [
{-cA'"[t] == (kaxcE[t] +kd*cF[t]) *cA[t] - (kbxcEA[t] + ke xcFA[t]),
-cE'[t] = ka=*cA[t] *cE[t] - (kb * cEA[t] + kf x cFA[t]),
-cF'[t] == kd » cA[t] » cF[t] - (ke » cFA[t] + kc = cEA[t]),
CEA'[t] == kaxcA[t] »cE[t] - (kb +kc) *cEA[t],
CFA'[t] ==kd » cA[t] » cF[t] - (ke + kf) » cFA[t], cP'[t] == kc » cEA[t],
cQ'[t] == kfxcFA[t], cA[@] == cAo, CE[O] == cEo, cF[O] == cFo, cEA[Q] == cEAoO,
cFA[O] == cFAo, cP[@O] = cPo, cQ[O] == cQo}, {cA, cP, cQ, cE, cF, cEA, cFA},
{t, 0.9, 300}, {cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf}];
CAECAF = NMaximize[ {cEA[cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf] [t] +
cFA[cAo, cPo, cQo, cEo, cFo, cEAo, cFAo, ka, kb, kc, kd, ke, kf][t] /. soln /.
{cAo -» 4, cEo » 2, cFo » @, cPo -> 0, cQo -> 0, cEAo -> @, cFAo -> @, ka -> 0.01,
kb - 0.005, kc » 0.02, kd -> 0.05, ke » 0.004, kf - 0.04}, 0.1 < t < 100}, t];

CAECAF]
our - {1.06424, {t - 47.5648}}



Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Absence of Suicide Substrate Inactivation

k

A+E S F+P

kq

A+F 5 E+Q

Rc

Inf]:=

out[+]=

out[+]=

out[+]=

Infe]:=

out[+]=

In[+]:=

out[+]=

- owand R - o

Figure 4 (Mathematics-1964681). Representative numerical (subscript ns)
and approximate analytical (subscript n =2) solutions of the time-dependent
variation of the reaction rate for the substrate A undergoing
disproportionation and one of the active enzymes states, E, of an enzyme-
catalyzed ping-pong reaction in which the substrate-enzyme complexes do
not accumulate.

1. Solution around t=0

-cA'[t] ==kaxcA[t] xcE[t] +kd xcA[t] *xcF[t] /. cF[t] » cEo-CcE[t]
-CE"'[t] == kaxcA[t] xcE[t] -kd xcA[t] *xcF[t] /. cF[t] » cEo-CcE[t]
-cF'[t] = cE'[t]

-cA'[t] ==kdcA[t] (cEo-cE[t]) +kacA[t] < cE[t]
-CcE’'[t] == -kdcA[t] (cEo-cE[t]) +kacA[t] - cE[t]

-cF'[t] == cE'[t]

Chainrule
dy/dx=(dy/dt) /(dx/dt)
Simplify[-cA'[t] / (-cE'[t]) ==
(kd cA[t] (cEo-cE[t]) +kacA[t] «cE[t]) / (-kdcA[t] (cEo-cE[t]) +kacA[t] «cE[t])]
cEokd + (ka-kd) cE[t] CcA'[t]

+ =

cEokd - (ka+kd) cE[t] CcE'[t]

cE (ka -kd) + cEokd

Collect[Simplify[DSolve[{—cA’[cE] = , CA[cEo] == cAo}, cA[CcE], cE],

cEo kd - cE (ka + kd)
ka > @8& kd > 0 && cEo > 0 && cAo >e] /. cE - cE[t], ka+kd]

(ka-kd) (-cEo+cE[t])
{{cA[cE[tj] S cho+ +
ka + kd

-2 cEokakd Log[cEoka] +2 cEokakdLog[-cEokd+ (ka+kd) cE[t]] }}

(ka + kd) 2
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Inf+]:= Simpli-Fy[—cE’[t] == -kd cA[t] (cEo-cE[t]) +kacA[t] <cE[t] /.
(ka-kd) (-cEo+cE[t])
+

ka + kd
-2 cEokakdLog[cEoka] +2 cEokakdLog[-cEokd+ (ka+kd) cE[t]]

cA[t] -> cAo +

(ka + kd) 2 ]

1
outf- ——  (cEokd - (ka +kd) cE[t])
(ka + kd)?
(cAoka® - cEo ka® + 2 cAo ka kd + cAo kd? + cEo kd® + (ka® - kd?) cE[t] -

2 cEokakd Log[cEoka] + 2 cEokakd Log[-cEokd + (ka+kd) cE[t] }) = CcE'[t]

Power expansion series

1
o Ser‘ies[— (CEokd - (ka + kd) cE[t])
(ka + kd) ?
(cAo ka® - cEo ka® + 2 cAo ka kd + cAo kd” + cEo kd® + (ka® - kd?) cE[t] - 2 cEo ka kd

Log[cEo ka] + 2 cEo ka kd Log[-cEo kd + (ka + kd) cE[t]]) = cE’'[t], {cE[t], cEo, 1}]

ou - —cAo cEoka + (-cAoka - cEoka - cAokd) (cE[t] - cEo) + O[CE[t] - cEo]? = cE'[t]
1
1= Series[— (cEokd - (ka + kd) cE[t])
(ka + kd) 2

(cAo ka® - cEo ka® + 2 cAo ka kd + cAo kd” + cEo kd® + (ka® - kd?) cE[t] - 2 cEo ka kd
Log[cEo ka] + 2 cEo ka kd Log[-cEo kd + (ka + kd) cE[t]]) = cE’'[t], {cE[t], cEo, 2}]
ouf-}= —cAo cEo ka + (-cAo ka - cEoka - cAokd) (cE[t] - cEo) -
ka (CE[t] - cE0)2 +O[CE[t] - cE0]3 = cE'[t]
nf-}= cEnl = Simplify [DSolve [
{-cAo cEoka + (-cAoka - cEoka-cAokd) (cE[t] -cEo) == cE'[t], cE[O] == cEo}, cE[t], t]]

CEo (cEoka + cAo (e ((cFokarcho (karkd)) t) kg . kd) )

outf-- {{cE[t} S }}
cEo ka + cAo (ka + kd)
(ka-kd) (-cEo+cE[t])
+

ka + kd
-2 cEokakdLog[cEoka] +2 cEokakdLog[-cEokd + (ka+kd) cE[t]]

nf-}= CAnl = Simpli-Fy[cA[t] == CAO +

(ka + kd) 2

CEo (cEoka + cAo (e ((cFokascho (karkd) ®) kg 4 kd) )

b

cE[t] »
cEo ka + cAo (ka + kd)

ka > 08& kd > 0 && cAo > 0 && cEo > e]

CEo ka+cAo (e ((cEokarcho (katkd)) t] yq,)q
cEo (ka-kd) |-1+ ( )
cEo ka+cAo (ka+kd)

ou-]= CA[t] == cAo + +
ka + kd

cEo ka+cAo e ((cEoka+cAo (ka+kd) ) t) (ka+kd)

cEo ka+cAo (ka+kd)

(ka + kd)?

2 cEo ka kd Log
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)= CEN2 = Simpli-Fy[
DSolve[{-cAo cEoka + (- cAoka - cEoka - cAokd) (cE[t] - cEo) - ka (cE[t] - cEo) 2 = cE'[t],
cE[@] = cEo}, cE[t], t], ka > @&&kd > @8& cAo > @&& cEo > 0]

- Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

1 2 2 2 2
outf+J= {{cE[t] - —— |cEoka - cAo (ka +kd) + \/ch ka“ + 2 cAo cEoka (-ka + kd) + cAo” (ka + kd)
2 ka

1
Tanh[— \/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo? (ka+kd)2 t+
2

Ar‘cTanh[ cEo ka + cAo (ka + kd) ] }}

\/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo? (ka + kd)?

(ka-kd) (-cEo+cE[t])
+

ka + kd
-2 cEokakdLog[cEoka] +2 cEokakdLog[-cEokd + (ka+kd) cE[t]]
/

nf-]= CAN2 = Simplify[cA[t] == CAO +

(ka + kd) 2

1
CE[t] » — [cEoka - cAo (ka + kd) + \/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?
2ka

1
Tanh[— \/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka +kd)? t +
2

cEo ka + cAo (ka + kd)
ArcTanh B

\/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd) 2

ka > 08& kd > 0 && cAo > 0 && cEo > e]

ouf-]= CA[t] == cAo +

1

2 cEokakd |-Log[cEoka] + Log[cho kd + (ka + kd) |cEoka - cAo (ka+kd) +

2 ka

(ka + kd) 2

\/ch2 ka% + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)? Tanh{

1
- \/ch2 ka% + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)? t+Ar‘cTanh[
2

]

1
2 ka (ka + kd)

cEo ka + cAo (ka + kd) ]

\/ch2 ka% + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

(ka - kd) |cEoka + cAo (ka + kd) - \/ch2 ka? + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd)?

1
Tanh[— \/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo? (ka+kd)? t +
2

Ar‘cTanh[

cEo ka + cAo (ka + kd) ]

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?
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CEo (cEoka + cAo (e ((cFokarcho (karkd) t) kg 4 kd) )

inf-}= CEN1D = D[cE[t] = s t]
cEo ka + cAo (ka + kd)
CAO CEo e ((cBokarcho (katkd)) ) |5 (_cEo ka - cAo (ka + kd) )
ouf-]= CE'[t] =
cEo ka + cAo (ka + kd)
cEo ka+cAo (e—((chkau:Ao (ka+kd)) t) ka+kd)
cEo (ka - kd) (— 1+ cEo ka+cAo (ka+kd) )

i1~ cAnlD = D[cA[t] == cho + +

ka + kd

CEo ka+cAo e’((°E° ka+cho (ka+kd)) t) (ka+kd) ]

2 cEo ka kd Log[

cEo ka+cAo (ka+kd)
, t]
(ka + kd) 2
CAO CEo e~ ((cEokarcho (katkd)) ) |q (ka - kd) (-cEoka- cAo (ka+kd))
our-]= CA'[t] = .

(ka + kd) (cEoka +cAo (ka +kd))

2 cAo cEo e ((cBokarcho (ka+kd)) t) |5 kd (- cEo ka - cAo (ka + kd))

(ka +kd) (cEoka + cAo e ((cFokarcho (karkd)) &) (ca 4 kd) )

nf-1= CEN2D =
1 2 2 2 2
D[cE[t] == —— |cEoka - cAo (ka + kd) + \/ch ka“ + 2 cAo cEo ka (-ka + kd) + cAo” (ka + kd)
2 ka
1 2 2 2 2
Tanh[— '\/ch ka® + 2 cAo cEo ka (-ka + kd) + cAo® (ka+ kd)“ t +
2
cEo ka + cAo (ka + kd)
Ar‘cTanh[ B t]
\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2
1
ouf-j= CE'[t] = — (ch2 ka% + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2)

4 ka

1
Sech{— \/ch2 ka® + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)? t +
2

cEo ka + cAo (ka + kd) 2
ArcTanh }

\/ch2 ka% + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?
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in[-]= CAN2D =

1
D[cA[t] == cAo + 2 cEokakd | -Log[cEo ka] +Log[—ch kd + (ka + kd) |cEoka -
2

(ka + kd) 2 ka

cAo (ka + kd) + \/ch2 ka® + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

1
Tanh[— '\/CEOZ ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)? t + Ar‘cTanh[
2

cEo ka + cAo (ka + kd) 1

«/ch2 ka® + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

(ka - kd) [cEoka + cAo (ka + kd) - \/ch2 kaZ + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2

1
Tanh[— \/ch2 ka? + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd)? t +
2

Ar‘cTanh[ cEo ka + cAo (ka + kd) ] ) t]

\/ch2 ka2 + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2

1
our = CA'[t] = ———————— (ka-kd) (cEo®ka®+2cAocEoka (-ka+kd) +cAo® (ka +kd)?)
4 ka (ka + kd)

1
Sech[f \JcEo? ka? + 2 cAo cEo ka (-ka + kd) + cAo?® (ka + kd)? t +
2

cEo ka + cAo (ka + kd) 2
Ar‘cTanh[ ] +

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?

cEokd (cEo” ka® + 2 cAo cEoka (-ka +kd) + cAo® (ka +kd)?)

1
Sech{— \/ch2 ka? + 2 cAo cEoka (—ka + kd) + cAo? (ka + kd)? t +
2

cEo ka + cAo (ka + kd) 2
ArcTanh /
\/ch2 ka% + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?
[2 (ka + kd) |-cEokd + (ka + kd) |cEoka - cAo (ka +kd) +
2 ka

\/cEo? ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?2

1
Tanh[f \/ch2 ka® + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd)? t +
2

ArcTanh

cEo ka + cAo (ka + kd) }J]]

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?

2. Steady-state approximation

" 2ka (ka + kd)

| 5
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In[#]:=

Out[=]=

Out[«]=

Out[=]=

In[#]:=

Out[«]=

Inf[«]:=

Out[«]=

In[1]:=

-cA'[t] ==kaxcA[t] »xcE[t] +kd*xcA[t] »xcF[t] /. cF[t] » cEo-CE[t]
-CE'"[t] ==kaxcA[t] »xcE[t] -kd*xcA[t] »xcF[t] /. cF[t] » cEo-CE[t]
-cF'[t] =cE'[t]

~cA'[t] ==kdcA[t] (cEo-cE[t]) +kacA[t] - cE[t]
~CE’'[t] = -kdcA[t] (cEo-cE[t]) +kacA[t] - cE[t]

-cF'[t] = cE'[t]

Solve[-cE'[t] == -kd cA[t] (cEo-cE[t]) +kacA[t] <cE[t] /. cE'[t] - @, cE[t]]

{{cE[t} cEo kd }}
.
ka + kd
cEo kd
D[DSolve[{-cA’[t] == kd cA[t] (CEo- CE[t]) +kacA[t] -~ cE[t] /. cE[t] - —
a+

cA[0] == cAo}, cA[t], t], t]

2cEokakdt

2cAocEoe ki kakd }}
ka + kd

{{cA’[t] -

Manipulate[
Module[{PingPongModell, soln, egAns, eqAn2, eqAss, eqEns, eqEn2, eqEss, plotl},

PingPongModell = Sequence[

PlotRange - Full,
PlotLabel -»

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (R, » o and kf » ©):
A+E—>P+F
A+ F — Q + E", FontSize » 14],

Frame -» True,
FrameLabel » {"Time, s", "d[ ]/dt, molm~>s™"},
LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] == ka*cA[t] *cE[t] +kd * cA[t] »cF[t],

-CE'[t] ==kaxcA[t] *cE[t] -kd*cA[t] »cF[t],

cF'[t] ==ka*cA[t] *cE[t] -kd*cA[t] *cF[t], cP'[t] == kaxcA[t] xcE[t],

cQ'[t] == kd=*cA[t] *cF[t], cA[O] == cAo, cE[O] == cEo, cF[@] == cFo,

cP[0@] == cPo, cQ[O] == cQo}, {cA, cE, cF, cP, cQ}, {t, 0.0, 250}];

egAns = -cA'[t] /. soln;

1
- | ————— (ka-kd) (cEo®ka®+2cho cEoka (-ka+kd) +cAo® (ka +kd)?)
4 ka (ka + kd)

eqAn2

1
Sech[— \/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka +kd)? t +
2

cEo ka + cAo (ka + kd) 2
ArcTanh +

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?

cEoka kd (cEo ka’ + 2 cAo cEo ka (-ka + kd) + cAo® (ka + kd)?)
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1
Sech[— \/ch2 ka? + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd)? t +
2

cEo ka + cAo (ka + kd) 2
Ar‘cTanh[ /

«/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd) 2

(ka + kd) |cEoka (ka - kd) - cAo (ka + kd)? + (ka + kd)

\/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

1
Tanh[— \/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka +kd)? t +
2

cEo ka + cAo (ka + kd)
Ar‘cTanh[ H

\/ch2 ka? + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd) 2

2cEokakdt

2cAocEoe s  kakd

ka + kd
eqEns = cE'[t] /. soln;

egAss =

1
eqEn2 = —— (cEo® ka’® + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd) ?)
4 ka

1
Sech[— \/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo? (ka + kd)? t +
2

cEo ka + cAo (ka + kd) 2
ArcTanh H

\/ch2 ka2 + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2

eqEss = 0;
plotl = Plot[ {eqAns, eqAn2, eqAss, eqEns, eqEn2, eqEss}, {t, .02, 250},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Darker[Green]}, {Thick, Blue},
{Thick, Pink}, {Thick, Darker[Brown]}, {Thin, Green}, {Thick, Brown}},
Epilog -» {Inset[Style["-[A]"',s", 12, Background -» White],
{25, 0.01-cA'[25] /. soln[[1]1]}],
Inset[Style["-[A] "n,-2", 12, Background - White], {20, eqAn2 /. t -» 40}],
Inset[Style["-[A]'ss", 12, Background -» White], {175, ©.005 + eqAss /. t - 175}],
Inset[Style["[E]',s", 12, Background - White],
{45, -0.01 - cE'[45] /. soln[[1]1]}]1,
Inset[Style["[E] 'n-2", 12, Background -» White], {10, ©.004 + eqEn2 /. t -» 20}],
Inset[Style["[E]"'ss", 12, Background - White], {225, ©0.005 + eqEss /. t » 225}]11}1;
Pane[
Switch[PingPong,
1, Show[plotl]
1, ImageSize » 1.2 {480, 310}]],

Row [ {
Column|{

Style ["REACTANTS CONCENTRATIONS:", Bold],
Controle {{cAo, 10, "[A]e, molm‘3"}, 0.1, 20, Appearance - "Labeled"},

Controle{{cEo, 1, "[E]e, molm'3"}, 0.1, 2, Appearance - "Labeled"},

=-3u

Controle{{cFo, @, "[F]o, molm>"}, @, @, Appearance - "Labeled"},
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Controle{{cPo, @, "[P]o, mol m'3"}, 9, 0, Appearance - "Labeled"},

Controle{{cQo, @, "[Q]e, mol m'3"}, 0, 0, Appearance - "Labeled"}

Ho

Column [{

Style["RATE CONSTANTS:", Bold],

Controle{{ka, ©.606, "k,, s"*mol™*m’"}, 0.001, 0.012, Appearance - "Labeled"},

Controle{{kd, ©.603, "ky, s"*mol™*m’"}, 0.001, 0.006, Appearance - "Labeled"

B
Controle { {PingPong, 1, "Panel"}, {
1 - IIAII
}, ControlType - Setter}}]

REACTANTS CONCENTRATIONS:

[Alo, mol m 3

i
[Elo, mol m 3 D 1

[Flo, molm = CD 0
[Plo, mol m CD 0
[Qlp, mol m =3 CD 0

RATE CONSTANTS:
ka. s mol" m3 M 0.006
uJ Panel | A
ka, 7' mol™" m? M 0.003
&)

Ping-Pong Reaction with One Substrate Undergoing Disproportionation

in the Absence of Suicide Substrate Inactivation (k; - oo and kf - o):

A+E—P+F
Out[1]=
" A+F—Q+E
0.06| )
0.04} ]
T i _IAT ]
o 0.02f N
- ] ]
£ I [El'ss
S 0.00
S 002/ ]
=l i
~0.04| ]
-0.06/ "
0 50 100 150 200 250

Time, s



Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Presence of Suicide Substrate Inactivation

ka
A+E S F+P

kg
A+F 5 E+Q

ki
A+E(orF) = |

kc - OOandkf - 0

Figure 5 (Mathematics-1964681). Representative numerically integrated
solutions of the time-dependent variation of the concentration for the
substrate A undergoing disproportionation and the sum of products P and Q
of an enzyme-catalyzed ping-pong reaction in which suicide substrate
inactivation by A occurs when the enzyme is in the active state E (subscript E)
or F (subscript F).

In2):= Manipulate[Module[{PingPongModell, soln, solne, solnf, plotl},
PingPongModell = Sequence[
PlotRange - Full,
PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Presence of Suicide Substrate Inactivation (k. » o and kR -» ):
A+E—> P+ F
A+F—>Q+E
A + E (or F) — I", FontSize -» 14],

Frame - True,
FrameLabel - {"Time, s", "[ ], molm™"},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] == ka*cA[t] *cE[t] +kd * cA[t] »cF[t],
~CE'[t] == ka*cA[t] *cE[t] -kd » cA[t] » cF[t],
CF'[t] == kaxcA[t] xcE[t] - kd = cA[t] = cF[t],
cP'[t] == kaxcA[t] *cE[t],
CQ'[t] = kd* cA[t] » cF[t],
cA[@] == cAo, cE[@] == cEo, cF[O] == cFo, cP[@] == cPo, cQ[0@] == cQo},
{cA, cE, cF, cP, cQ}, {t, 0.0, 250}];
solne = NDSolve[{-cA'[t] == (ka+ki) * cA[t] »cE[t] + kd x cA[t] *cF[t],
-CE'[t] == (ka+ki) *xcA[t] *cE[t] -kd » cA[t] » cF[t],
cF'[t] ==kaxcA[t] »cE[t] -kd xcA[t] xcF[t],
cP'[t] ==kaxcA[t] »cE[t],
cQ'[t] == kd*cA[t] *cF[t],
CI'[t] == ki cA[t] »cE[t],
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cA[@] == cAo, cE[O] == cEo, cF[@Q] == cFo, cI[@] == cIo, cP[0@] == cPo, cQ[O] == cQo},
{cA, cE, cF, cP, cQ, cI}, {t, 0.0, 250}];
solnf = NDSolve[{-cA'[t] == ka*cA[t] »cE[t] + (kd + ki) » cA[t] *cF[t],

-CE'[t] ==ka*cA[t] xcE[t] -kd % cA[t] * cF[t],

CF'[t] ==kaxcA[t] »cE[t] - (kd +ki) »cA[t] xcF[t],

cP'[t] == ka*xcA[t] *cE[t],

cQ'[t] == kd=*cA[t] xcF[t],

cI'[t] ==kixcA[t] xcF[t],

cA[@] == cAo, cE[O] == cEo, cF[O] == cFo, cI[O] == cIo, cP[0@] == cPo, cQ[O] == cQo},
{cA, cE, cF, cP, cQ, cI}, {t, 0.0, 250}];

plotl = Plot[{cA[t] /. soln,
cA[t] /. solne,
cA[t] /. solnf,
cP[t] +cQ[t] /. soln,
cP[t] +cQ[t] /. solne,
cP[t] +cQ[t] /. solnf}, {t, 0.0, 250},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Darker[Green]}, {Thick, Pink}, {Thick, Blue},
{Thick, Darker[Green], Dashed}, {Thick, Pink, Dashed}, {Thick, Blue, Dashed}},
Epilog -» {Inset[Style["[A]. ", 12, Background - White],
{125, -0.5+ cA[125] /. soln[[1]]}],
Inset[Style["[A]¢", 12, Background -» White], {150, 0.5 + cA[150] /. solne[[1]]}],
Inset[Style["[A]f", 12, Background -» White], {200, 0.5 + cA[200] /. solnf[[1]]}],
Inset[Style[" ([P]1+[Q]).", 12, Background -» White],
{125, 0.5+ cP[125] +cQ[125] /. soln[[1]]}],
Inset[Style[" ([P]1+[Q])e", 12, Background -» White],
{55, -0.6 + cP[55] + cQ[55] /. solne[[1]]}], Inset[Style[" ([P]+[Q]¢",
12, Background -» White], {200, 0.5 + cP[200] + cQ[200] /. solnf[[1]]}]
115
Pane [
Switch [PingPong,
1, Show[plotl]
1, ImageSize » 1.2 {480, 310}]],

Row| {
Column [ {

Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 6, "[A]o, mOlm '3"}, 0.1, 12, Appearance - "Labeled"},

Controle{{cEo, 1, "[E]o, molm '3“}, 0.1, 2, Appearance - "Labeled"},
Controle{{cFo, @, "[F]o, molm '3"}, @, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P]o, molm '3"}, @, 0, Appearance - "Labeled"},
Controle{{cQo, @, "[Q]e, molm '3“}, 0, 0, Appearance - "Labeled"},
Controle{{cIo, @, "[I],, mol m’3“}, 0, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, @.61, "k,, s"'mol™*m>"}, 0.001, 0.02, Appearance - "Labeled"},

Controle{{kd, @.83, "kq, s™'mol™*m>"}, 0.001, 0.06, Appearance - "Labeled"},
Controle{{ki, @.008, "k;, s"*mol™*m’"}, 0.001, 0.016, Appearance - "Labeled"
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Ho
Controle { {PingPong, 1, "Panel"}, {
1 _) IlAll
}, ControlType - Setter}}]

REACTANTS CONCENTRATIONS:

[Alp, mol m 3

J
[Elp, mol m =3 D 1

[Flo, molm = CD 0
[Plo, mol m 3 CG 0

[Qlp, molm CD 0

[l]o, mol m =3 CD 0

RATE CONSTANTS:
ks s mol™' m? ] 0.01

[

Panel
kg, s mol™ m3 N 0.03 ane | A
&)

ki, s mol™ m3 M 0.008

J

Ping—-Pong Reaction with One Substrate Undergoing Disproportionation
in the Presence of Suicide Substrate Inactivation (k, & o and k; - o0):

out[2)=
A+E—P+F
A+F—Q+E
A+E (orF) — |
6+ | | | ]
i ([P]+[Q])5,_———""- 1
5F " (IPI+[QIF 1
o 4F .
E | ]
© 3r .
£ " 5
= 2r .
1 ]
¥ Al :
0r’ ]
0 50 100 150 200 250

Time, s



Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Presence of Suicide Substrate Inactivation

k

A+E S F+P

kg

A+F 5 E+Q

ki
A+E - |

Rc

Inf]:=

Outf+]=

Outf+]=

Outf+]=

Outf]=

Outf]=

Outf]=

- o, R¢ — o, [A] remains constant and inactivates E.

Figure 6A&C (Mathematics-1964681). Representative approximate
analytically integrated solutions of the time-dependent variation of the
concentration for (A) the products P and Q and (C) the two active enzyme
states E and F, together with the inactivate state I, of a ping-pong reaction
under non-steady-state conditions, in which the suicide substrate A
undergoes disproportionation and inactivates (A, C) E , while its concentration
remains constant

-cA'[t] == (ka+ki) cA[t] <cE[t] +kdcA[t] «cF[t] /. cA[t] - cAo
-cF [t] == -kacA[t] <cE[t] +kdcA[t] < cF[t] /. cA[t] - cAo
-CE'[t] == (ka+ki) cA[t] <cE[t] -kdcA[t] «cF[t] /. cA[t] - cAo
cP'[t] == ka*xcA[t] *cE[t] /. cA[t] -» cAo

cQ'[t] == kd xcA[t] *cF[t] /. cA[t] - cAo

cI'[t] == ki xcA[t] *xcE[t] /. cA[t] - cAo

~CcA'[t] = cAo (ka+ ki) cE[t] + cAokd cF[t]
~CcF'[t] = -cAokacE[t] + cAokd cF[t]
~CE'[t] = cAo (ka+ ki) cE[t] - cAokd cF[t]
cP’[t] = cAokacE[t]

cQ' [t] = cAokdcF[t]

cI'[t] = cAokicE[t]
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Infe 1= Simpli-Fy[

DSolve[{-cF' [t] == -cAoka cE[t] + cAokd cF[t], -cE'[t] == cAo (ka + ki) cE[t] -cAokdcF[t],
cE[@O] == cEo, cF[O] == 0}, {cE[t], cF[t]}, t],

ka > @8&kd > @ && ki > @ && cAo > O8& CE0 > 08& -4 kd ki + (ka + kd + ki)? > 0]

1

outf]= {{CE [t] »

2+/-4kdki+ (ka+kd+ki)?
Eo e% cho (ka+kd+ki+ “4kd ki+ (ka+kd+ki)? ) t (ka _ eSho N akdKis (karkdeki)2 t ka -

kd + (ECAO /-4 kd ki+ (ka+kd+ki)? t kd + ki - eCAO /-4 kd ki+ (ka+kd+ki)? t ki +
Joakdki+ (ka+kd + ki)? + echo V-akdkis(kaskdeki)® ¢ [ 4 4d i ¢ (ka + kd + ki) > ) ,

1 : - : 2 " "
CEoe 2% (ka+kd+k1+ yJ-4kd ki+ (ka+kd+ki) ) t (7 1+ etho Jakdki: (karkdki)Z t) Ka

cF[t] -
J-akdki + (ka+kd + ki)?2 }}

Infe = Factor‘[DSolve[{cP’[t] == cAoka cE[t] /.

1
cE[t] - cEoe

2 /-4kdki+ (ka+kd+ki)?

_§ cAo (ka+kd+ki+ A[-4kd ki+ (ka+kd+ki)? ) t

" ) s i\ 2
(ka _etho y/-4kd ki+ (ka+kd+ki)? t Ka - kd + e /-8 kd ki+ (ka+kd+ki)? t Kkd +

ki - @cho V-akdkie(kaskddd) £ 115 .\ g kdki+ (ka+kd+ki)? +

echo V-akdkiv(kakd )™ t \[_41q ki + (ka+kd+ki)2), cpre] = o}, cPIt], t]]

1
-=cAo (ka+kd+ki -4 kd ki+ (ka+kd+ki)? | t - i i)2
outfJ= HCP[tJ - (cEOe 2 € °( arkdrids 1+ (karkd+ki) ) Kka (ka_ecAo \/-4kdki+ (ka+kd+ki)? t ka + kd -

: s\ 2 : i 2
ecAo -4 kd ki+ (ka+kd+ki)“ t kd - ki + ecAo -4 kd ki+ (ka+kd+ki)“ t ki - \/74 kd ki + (ka +kd + ki) 2

1

i i)2 +kd+ki+ /- i+ +kd+ki)?
RO \/-4kdki+ (ka+kd+ki)? t \/—4kd Ki+ (ka+ kd+ki)2 +2e:r M (ka kd+ki+ /-4 kd ki+ (ka+kd+ki) )t

)/ <2ki \-akdki + (ka+kd+ki)2)}}

J-akdki+ (ka+kd + ki)?

1
. . — -= cAo (ka+kd+ki+ 4/ -4 kd ki+ (ka+kd+ki)? | t _ i i)2
Infe]:= Slmpllfy[lelt[(cE‘)e 3¢ 0( a+kd+ki+ A/ i+ (ka+kd+ki) ) ka (ka _ @tho /-4 kd ki+ (ka+kd+ki)? t ka +

A ) - iy 2
Kkd — @0 V-4kdkir(kaskd+ki)® t | 4 g . @CA0 V-4kdkir(karkd+ki)® t 4 _

V-akdki+ (ka+kd+ki)? - eho V-akdidsakdkd)® t [ gy 4+ (ka+kd+ki)? +

1 4 Y .
21 (ka+kd+k1+\/-4kdk1+(ka+kd+k1)2)t \/-4kd Ki s (ka+kd+ki)2))/

(z ki y/-4kdki+ (ka+kd+ki)2), t » Infinity],
ka > 08& kd > 08&& ki > ©8&& cAo > 0 && cEo > e]

cEoka

ki

Out[«]=
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g 1= Simplify[Factor[DSolve[{cQ’ [t] == cAokd cF[t] /.

1 i _ ; 2 " :
CEo ez % (ka+kd+k1+ V-4 kd ki+ (ka+kd+ki) ) t (_ 1 4 Ao V-4 kdkis (karkdrki)® t) ka

cF[t] » s
v-akdki+ (ka+kd +ki)?

cqre] = e}, cqrtl, t|]]
cEo e 3 cho (ka+kdki+ /-4 kdki+ (karkd+ki)? | t ka ( Ao -4 kdki+ (karkd+ki)® t 0o | g -
Ao -akdkiv(Karkdeki)? € g L o _ ocAo V-akdkis (karkdeki)? t | 4 ~-akdki+ (ka+kd+ki)? -

ka+kd+ki+ 4/-4 kd ki+ (ka+kd+ki)? ) t

ouf 1= {{cQ[t] >

eCho V-4 kdki+ (ka+kd+ki)? t \/_4 kd ki + (ka +kd + ki) +2e2 CAO(

\-akdki + (ka+kd+ki)2))/ (zki \-akdki + (ka+kd+ki)2)}}

Ao (ka+kd+k 4 kd k ka+kd+k _ 3 )2
. 51MP11fy[L1m1t[(CEOe S¢c o( a+kd+ki+ /- i+ (ka+kd+ki)? ) ka (ka _ e%ho /-4 kd ki+ (ka+kd+ki)? t Ka +

- — . — - — .
kd - e<h° A/-4kd ki+ (ka+kd+ki)? t kd + ki - @R /-4 kd ki+ (ka+kd+ki)? t Ki

N-akdki+ (ka+kd+ki)? - eho V-akdkis (kardek)® € [ 44d ki 4+ (ka+kd + ki)?

2 e3 cAo (ka+kd+k1+ V-4 kd ki+ (ka+kd+ki)?2 \/_4 kd ki + (ka + kd + ki)? ) )/

(z ki /-4 kd ki + (ka+kd+ki)2), t » Infinity],
ka > @8 kd > @8& ki > @ 8& cAo > @ && cEo > a]

cEoka

ki

Outf+]=

g 1= Factor‘[DSolve[{cI’ [t] == cAoki cE[t] /.

cE [t] - 1 cEo e—z cAo (ka+kd+ki+ ‘\/—4 kd ki+(ka+kd+ki)2 ) t

2 /-akdki+ (ka+kd +ki)?

A 2 s 212
(ka _ g%ho /-4 kd ki+ (ka+kd+ki)? t ka - kd + e /-4 kd ki+ (ka+kd+ki)? t kd +

ki - @cho V-akdide(askdd)® t 15 o \[_gkdki+ (ka+kd + ki)>

echo V-akdkiv(kakdd)® ¢ \[_gpq ki 4 (ka+kd+ki)2), c1fe] = o}, cIrt], t|]

1

out[+]= {{CI[t] -

2+/-4kdki+ (ka+kd+ki)?
1 . .
CEoe 2% (ka+kd+k1+ “4kd ki+ (ka+kd+ki) ) (ka Po A/—akd ki+ (karkd+ki)Z tka s

kd — eSh° ~4 kd ki+ (ka+kd+ki)? t kd - ki + e \/-4kdki+ (ka+kd+ki)? t ki —

J-akdki+ (ka+kd + ki)? - echo V-akdkis(kaskdikd)® ¢ ([ 4 yd i, (ka+kd+ki)? +
1
- +kd+ki+ A/ - i+ +kd+

2(Echo(ka kd+ki+ 4/-4 kd ki+ (ka+kd+ki) \/ 4kdk1+(ka+kd+k1) }}
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o Simplify [Limit 1 cEo e-% cAo (ka+kd+ki+ \J-akd ki+ (ka+kd+ki)?2 ) t
n, ;=

2 4/-4kdki+ (ka+kd+ki)2

(ka _ %o /-4 kd ki+ (ka+kd+ki)? t Ka + kd - e*° /-4 kd ki+ (ka+kd+ki)? t Kkd - ki + @R /-4 kd ki+ (ka+kd+ki)? t

ki- \/-4kdki+ (ka+kd+ki)? - e V-akdkielarkdb)® t [ g yq ki 4 (ka+kd + ki)? +

% cAo (ka+kd+ki+ V-4 kd ki+ (ka+kd+ki)?2 ) t

2e \/—4kdki+(ka+kd+ki)2),

to Infinity], ka > @88 kd > 08& ki > 0 && cAo > 0 8&& cEo > a]

out/-]= CEO

In[3]:= Manipulate[Module[{PingPongModell, egPe, eqPel,

eqQe, eqQelL, eqEe, eqFe, eqIe, eqlelL, soln, plotl, plot2},
PingPongModell = Sequence[
PlotRange - Full,
PlotLabel -
Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Presence of Suicide Substrate Inactivation ([A]
remains contant, R, » o and kR » ©):
A+E—>P+F
A+F—>Q+E
A + E — I", FontSize -» 14],
Frame - True,
FrameLabel » {"Time, s", "[ ], molm~"},

LabelStyle -» {FontSize - 14},
ImageSize - 1.2 {480, 310} ];

-§ cAo (ka+kd+ki+ \J-akd ki+ (ka+kd+ki)?2

egPe = (ch e )t ka

" T2 < i\ 2
(ka _ @%ho /-4 kd ki+ (ka+kd+ki)? t ka + kd - e /-4 kd ki+ (ka+kd+ki)? t kd - ki +

T T2 5 i) 2
@%ho A[-4kd ki+ (ka+kd+ki)? t Ki - ,\/_4 kd ki + (ka + kd + ki) 2 _ gcho /-4 kd ki+ (ka+kd+ki)? t

i +kd+ki+ 4/ - i+ +kd+ki)?
\/—4kdki+ (Ka+ kd + ki) 2 +Zecho(ka kd+ki+ /-4 kd ki+ (ka+kd+ki) )t

\-akdki + (ka+kd+ki)2))/ (Zki \-akdki + (ka+kd+ki)2);

eqPelL = Limit[eqPe, t » Infinity];

% cho (ka+kd+ki+ -4 kd ki+ (ka+kd+ki)2 ) t

eqQe = (ch e ? ka

" 2 s i\ 2 .
(ka _ e /-4 kd ki+ (ka+kd+ki)? t ka + kd — e -4 kd ki+ (ka+kd+ki)? t kd + ki -

5 2 5 iy 2
e%ho /-4 kd ki+ (ka+kd+ki)? t Ki - \/_4 kd ki + (ka + kd + ki) 2 _ gcho -4 kd ki+ (ka+kd+ki)? t

\/ AkdKi+ (ka+ kd + ki)2 +2e§cAo (ka+kd+ki+w/—4kdki+(ka+kd+ki)2)t

\-akdki + (ka+kd+ki)2))/ (Zki \-4kdki + (ka+kd+ki)2);

eqQeL = Limit[eqQe, t -» Infinity];

1
eqle = - cEo

2 4/-4kdki+ (ka+kd+ki)?

cho /-4 kdki+ (ka+kd+ki)? t Ka -

1 s AT - 2
ez o (ka+kd+k1+ A[-akdki+ (ka+kd+ki) ) t (_ Ka+e

: 2 : i 2
kd + e%A° /-4 kd ki+ (ka+kd+ki)? t kd + ki - @R /-4 kd ki+ (ka+rkd+ki)? t Ki +
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V-akdki+ (ka+kd+ ki)? + g0 V-akdkietaskdd)® ¢ [ 4y ki 4 (ka+ kd + ki)? -

% cAo (ka+kd+ki+ ’\/—4 kd ki+ (ka+kd+ki)?

2e

eqIlelL = Limit[eqIe, t » Infinity];

1

eqEe =

cEoe

2 4/-4akdki+ (ka+kd +ki)?

ARVTIT R (ka+kd+ki)2);

-§ cho (ka+kd+ki+ AJ-akd ki+ (ka+kd+ki) 2 ) t

| 5

(ka _ e%ho /-4 kd ki+ (ka+kd+ki)? t ka - kd + e*® /-4 kd ki+ (ka+rkd+ki)? t kd + ki - e A/-4kd ki+ (ka+rkd+ki)? t

ki+ \-akdki+ (ka+kd+ki)? + e V-akdkistakdk™e [ 41qkis (ka+kd+ki)?|;

cEoe

-% cAo (ka+kd+ki+ '\/—4 kd ki+ (ka+kd+ki)? ) t (

-l+e

cho /-4 kd ki+ (ka+kd+ki)?2 t) Kk

a

eqFe =

Epilog -» {Inset[Style["[P]g", 12, Background » White], {100, 0.3 +eqPe /. t » 100}],
Inset[Style["[Q]¢", 12, Background -» White], {50, -0.5+eqQe /. t » 50}]

35

\-4kdki+ (ka+kd +ki)?

plotl = Plot [ {eqPe, eqPeL; eqQe, eqQelL}, {t, 0.0, 250},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Darker[Green]}, {Thick, Pink}, {Black, Dashed}},

plot2 = Plot[{eqEe, eqFe, eqle, eqleL}, {t, 0, 250},
Evaluate@PingPongModell,

PlotStyle »

{{Thick, Blue}, {Thick, Brown}, {Thick, Green}, {Thick, Black, Dashed}},
Epilog -» {Inset[Style["[E]t", 12, Background - White], {20, eqEe /. t » 3}],
Inset[Style["[F]g", 12, Background - White], {100, 0.1 +eqFe /. t - 100} ],
Inset[Style["[I]g", 12, Background -» White], {150, 0.08 + eqIe /. t » 150}]

35

Pane [
Switch[PingPong,
1, Show[plotl],
2, Show[plot2]

1, ImageSize » 1.2 {480, 319}]],

Row [ {
Column|{

Style ["REACTANTS CONCENTRATIONS:", Bold],
"[A]g, mol m'3"}, 0.1, 10, Appearance -» "Labeled"},

Controle{{cAo,
Controle{{cEo,
Controle{{cFo,
Controle{{cPo,
Controle{{cQo,
Controle{{cIo,

Ho

Column [{

5,
i,
9,
9,
9,
e,

"[E]g, molm 3"

"[Fle, molm "}, o,
"[P]e, molm "}, o,
"[Qles molm™"}, o,
"[I]e, molm™"}, o,

Style["RATE CONSTANTS:", Bold],

Controle{{ka, ©.62, "k,, s™'mol™m>"}, 0.001, 0.04, Appearance - "Labeled"},
Controle{{kd, 0.015, "kq, s™*mol™ m3"}, 0.001, 0.03, Appearance - "Labeled"},
Controle{{ki, @.005, "k;, s™'mol™*m’"}, 0.001, 0.01, Appearance - "Labeled"

0, Appearance -
0, Appearance -
0, Appearance -

0, Appearance -»

}, @.1, 2, Appearance - "Labeled"},

"Labeled"},
"Labeled"},
"Labeled"},
"Labeled"

.
E]
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B
Controle { {PingPong, 1, "Panel"}, {
1-"A",
2-"C"
}, ControlType - Setter}}]

REACTANTS CONCENTRATIONS:

[Alp, mol m 3

[E]p, mol m =3

[Flo, mol m = CD 0
[Plo, mol m 3 CD 0
[Qlop, mol m =3 CG 0
fllo, mol m 3 cD 0

RATE CONSTANTS:

M
U
N 1
U

Ko s mol™ m? M 002
J
kg, s mol™ m3 M 0.015 e | A C |
J
ki, s mol™ m3 m 0.005
J

Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Presence of Suicide Substrate Inactivation ([A] remains contant, k; & o and ks - oo):

Out[3]=
A+E—P+F
A+F—>Q+E
A+E—|
4jL ________________ L L]
3r [Ple ]
("I) L 4
€
5 of 1
g
r [Qle ]
0}\ L L L L L L L L L L L L L L L L 1 L 1 1 1 1 \7
0 50 100 150 200 250

Time, s



Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Presence of Suicide Substrate Inactivation

ka
A+E 5> F+P

kg
A+F 5 E+Q

ki
A+F |
R. - o, Rg - o, [A] remains constant and inactivatesF.

Figure 6B&D (Mathematics-1964681). Representative approximate
analytically integrated solutions of the time-dependent variation of the
concentration for (B) the products P and Q and (D) the two active enzyme
states E and F, together with the inactivate state I, of a ping-pong reaction
under non-steady-state conditions, in which the suicide substrate A
undergoes disproportionation and inactivates (B, D) F, while its concentration
remains constant

)= —cA"[t] == kacA[t] ~cE[t] + (kd + ki) cA[t] «cF[t] /. cA[t] -» cAo
-cF [t] == -kacA[t] < cE[t] + (kd + ki) cA[t] «~cF[t] /. cA[t] - cAo
-cE'[t] ==kacA[t] <cE[t] -kdcA[t] ~cF[t] /. cA[t] -» cAo
cP'[t] == ka*xcA[t] *cE[t] /. cA[t] -» cAo
cQ'[t] == kd xcA[t] *cF[t] /. cA[t] - cAo
cI'[t] == ki xcA[t] *xcF[t] /. cA[t] - cAo

outf-]= —CA'[t] == cAoka cE[t] + cAo (kd + ki) cF[t]
outf-]= —CF' [t] = ~cAokacE[t] + cAo (kd + ki) cF[t]
outf-]= —CE'[t] == cAoka cE[t] - cAokd cF[t]

outf-]= CP"[t] = cAoka cE[t]

outf-]= €Q [t] = cAokd cF[t]

outf-]= ¢I’[t] = cAo ki cF[t]
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Inf+]:= Simpli-Fy[DSolve[{—cF’[t] == -cAoka cE[t] + cAo (kd + ki) cF[t],
-CE'[t] == cAokacE[t] -cAokd cF[t], cE[@] == cEo, cF[O] == @}, {cE[t], cF[t]}, t],
ka > 9&& kd > 9&& ki > 0&& cAo > 9&& cEo > 9&& ‘\/—4ka ki + (ka+kd +ki)? > 0]

1

Outf+]= {{CE[t] -
2+/-4kaki+ (ka+kd+ki)?

-3 cho (ka+kd+k1+ 4kaki+ (ka+kd+ki) ) t (ka _ eho N akakis (Karkdoki)? t Ka -

CEoe

kd + P V-4 ka ki+ (ka+kd+ki)? t kd - ki + e /-4 kaki+ (karkd+ki)? t ki +

J-akaki+ (ka+kd+ki)? ¢ echo V-akakistadddd)® ¢ [ g pa i, (ka+kd+ki)2),

CEoe 2 -1l+e a
CF[t] - }}
\-dkaki+ (ka+kd+ki)?

~Lcmo (ka+kd+ki+ v-4kaki+ (ka+kd+ki)Z ) t ( cAo /—4 ka kis (karkd-ki)? t) K

Inf+]:= Simplify[Factor[DSolve[{cP’ [t] == cAokacE[t] /.

CE[t] » 1 cEo e-§ cAo (ka+kd+ki+ /-4 kaki+ (ka+kd+ki)? ) t

2 y/-4akaki+ (ka+kd+ki)?

" ) " )
(ka _ ecAo '\/-4 ka ki+ (ka+kd+ki)“ t ka - kd + ecAo —\/—4 ka ki+ (ka+kd+ki)“ t kd -

ki + o V-alkakiv(arkdrdd)™ €5 . [ gkaki+ (ka+kd+ki)? +

et V-akakistarkdd® ¢ \[_gkaki+ (ka+kd + ki)z), cp[e] = o}, cP[t], t]]]

. HCP t] - ( (ch e—%cAo (ka+kd+ki+ vka’+2ka (kdfki)+(kd+ki)2) t
u = -

( (71 4 echo Vka?+2ka (kd-ki)+ (kd+ki)? t) ka (kd - ki) + (kd + ki)

( (71 4 eCho \Jka?+2ka (kd-ki)+ (kd+ki)? t) kd + (71 L etho yJka?+2ka (kd-ki)+ (kd+ki)? t) Ki +

14 eho Vka?:2ka (kd ki) + (kd+ki)Z t _ 5 e% cAo (ka+kd+ki+ yka?+2ka (kd—ki) + (kd+ki)?2 ) t)

Vka? + 2ka (kd - ki) + (kd+ki)2)))/

(Zki Jka? + 2ka (kd - ki) + (kd+ki>2))}}
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. Simplify[Limit[ ((ch e—%cAo (ka+kd+ki+ YkaZ+2 ka (kd-ki)+(kd+ki)z)t
n[«]:= -

((_1 " eCAO \/kaz+2 ka (kd—ki)+(kd+ki)2 t) ka (kd _ ki) + (kd + ki)

((_1 + @h0 ykaZ+2 ka (kd-ki) + (kd+ki)2 t) kd + (_ 1+ @0 y/kaZ+2ka (kd-ki) + (kd+ki)2 t) Ki +

(1 + @SR Vka?+2ka (kd-ki)+ (kd+ki)? t _ 2 ei cAo (ka+kd+ki+ VkaZ+2 ka (kd-ki) + (kd+ki)Z ) t)

Vka? +2ka (kd - ki) + (k‘“ki)z)))/

(zki Vka? + 2ka (kd - ki) + (kd+ki)2)), t - Infinity], ka >

08&kd > 0&& ki > 0&& cAo >
0 && cEo >

o]
cEo (kd + ki)
ki

Outf~]=

Inf+]:= Simplify[Factor[DSolve[{cQ’ [t] == cAokd cF[t] /.

_l s ) . ) - 3
> cho (ka+kd+k1+ /-4 kaki+ (karkd+ki) ) t (_ 1 4+ @cho -4 kakis (karkdrki) t) ka

cEoe
3

cF[t] »

v-4kaki+ (ka+kd+ki)?

cqre] = e}, cqrtl, t|]]

1
-= cAo |(ka+kd+ki -4 kaki+ (ka+kd+ki)? )t _ i i)2
Outf+]= {{CQ[t] - (CEO e 2 ( arkdrids aki+ (ka+kd+ki) ) kd (ka _ @Cho V-akakis(karkdki)® t o g

— i i 2 . — i i 2 . . .
ecAo 4 ka ki+ (ka+kd+ki)“ t kd + ki - ecAo 4 ka ki+ (ka+kd+ki)“ t ki - \/74 ka ki + (ka +kd + kl) 2
%cAo (ka+kd+ki+ “4kaki+ (katkd+ki)? ) t

echo \/-4kaki+ (ka+kd+ki)? t \/—4ka ki+ (ka+kd+ ki)z ‘2e

\-4kaki+ (ka+kd+ki)2))/ (2ki \-4kaki+ (ka+kd+ ki) | }}

Inf 1= Simplify[Limit [ (CEo oz A0 (karkdekis -Bkakis (kaskdiki)T) £ g (ka _ eohe V-akakis (karkdeki)? €0

A 2 < sy 2
kd - ecAo \/-4 ka ki+ (ka+kd+ki)“ t kd + ki - ecAo 1/-4 kaki+(ka+kd+ki)*® t ki -

V-akaki+ (ka+kd+ki)? - eho V-akakis(akdekd)® t [ gyaii 4 (ka+kd+ki)? +

1 5 P .
9 @1 R0 (ka+kd+kis /-4 kakis (kavkd+ki)? ) t \/—4ka Ki+ (ka+kd+ki)2))/

(z ki y/-4kaki+ (ka+kd+ki)2), t - Infinity],
ka > 08& kd > 08&& ki > ©8&& cAo > 0 && cEo > e]

cEo kd
ki

Outf~]=



4 | Figure 6BD_Mathematics-1964681_04_11_2022.nb

Inf+]:= Simplify[Factor[DSolve[{cI’[t] == cAo ki cF[t] /.

l N _ s ) 2 N N
CEo e 1 M (ka+kd+k1+ /-4 kaki+ (karkd+ki) ) t (_ 1 4 cho V-4 kakis (karkdrki)® t) Ka

cF[t] -

v-akaki+ (ka+kd+ki)?

cI[e] = a}, cI[t], t”]
1

out[]= {{CI[t] -

2+/-4kaki+ (ka+kd+ki)?
cEo e—% cAo (ka+kd+ki+ 4/ -4 ka ki+ (ka+kd+ki)? ) t (ka _ ecAo A -4akaki+ (ka+kd+ki)? t

ka +
kd — @0 V-4kakis(karkdeki)? € g, i - @R0 V-4kakis(katkdki)® €5 _
J-dkaki+ (ka+kd+ki)? - o V-akakis(kaskdkd)® [ 4yaii o (ka+kd + ki)? +

% cho (ka+kd+ki+ “Akaki+ (katkd+ki)?

2e )t\/74kaki+(ka+kd+ki)2)}}

1
Inf = Simplify[Limit[ cEoe

2 /-4kaki+ (ka+kd+ki)2

-% cAo (ka+kd+ki+ \/-akaki+ (ka+kd+ki)?2 ) t

(ka _ e%ho /-4 kaki+ (ka+kd+ki)? t Ka + kd - e*° /-4 kaki+(karkd+ki)? t kd + ki - @R /-4 kaki+ (ka+kd+ki)? t

ki- \/-4kaki+ (ka+kd+ki)? - e V-akakivGarkd)® ¢ [ g yaki 4 (ka+kd +ki)? +

% cAo (ka+kd+ki+ \/-akaki+ (ka+kd+ki)?2 ) t

2e \/-4kaki+(ka+kd+ki)2),

to Infinity], ka > 08&& kd > 08& ki > 0 && cAo > 0 && cEo > a]

out/-]= CEO

In[4]:= Manipulate[Module[{PingPongModell, eqPf, eqPfL,

eqQf, eqQfL, eqEf, eqFf, eqIf, eqIfL, soln, plotl, plot2},
PingPongModell = Sequence |
PlotRange - Full,
PlotLabel -
Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Presence of Suicide Substrate Inactivation (A
remains contant, R, » o and ks » ®):
A+E—P+F
A+F—>Q+E
A + F — I", FontSize -» 14],
Frame - True,
FrameLabel - {"Time, s", "[ ], molm™"},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];

1
egPf = - cEo

2ki \ka? + 2ka (kd - ki) + (kd + ki)?

e_§ cho (ka+kd+ki+ \ka?+2ka (kd-ki) + (kd+ki)? ) t ( (_1 + @ho Vka+2ka (kd-ki) + (kdvki)? t) ka (kd - ki) +

(kd + ki) ((_1 + @0 yJkaZ+2 ka (kd-ki) + (kd+ki)?2 t) kd + (_1 + @%ho y/ka*+2ka (kd-ki) + (kd+ki)? t) Ki +

1 s . .
(1 + @Cho Vkatr2ka (kd-ki)+ (kdvki)? t _ 5 o7 Ao (ka+kd+k1+ yJka?+2ka (kd-ki) + (kd+ki)?2 ) t)
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ka? + 2ka (kd - ki) + (kd+ki)2));

eqgPfL = Limit[eqPf, t » Infinity];

1 1 . " )
eqQf = CEo ™z % (ka+kd+k1+ /-4 ka ki (ka+kd+ki) ) t

2ki y/-4kaki+ (ka+kd+ki)?

kd

(ka _ e%ho A/-4kaki+ (ka+kd+ki)? t ka + kd - e /-4 kaki+ (ka+kd+ki)? t kd + ki - eh® /-4 kaki+ (ka+rkd+ki)? t

ki - -4kaki+ (ka+kd+ki)? - e V-akakieakdd)® ¢ \[_44aki 4 (ka+kd +ki)? +

% cAo (ka+kd+ki+ /-4 kaki+ (ka+kd+ki)?2

2e )t\/-4kaki+(ka+kd+ki)2);

eqQfL = Limit[eqQf, t » Infinity];
eqlf =

1 —%cAo (ka+kd+ki+ \/-4ka ki+(ka+kd+ki)2) t

CEoe

2 +/-4kaki+ (ka+kd+ki)2

(ka _ e%ho /-4 kaki+ (ka+kd+ki)? t ka + kd - @A /-4 kaki+ (ka+kd+ki)? t kd + ki - eh® /-4 kaki+ (karkd+ki)? t

ki- \-4kaki+ (ka+kd+ki)? - e° V-akakieakdd)® ¢ \[_ 44aii 4 (ka+kd+ki)? +

% cAo (ka+kd+ki+ /-4 kaki+ (ka+kd+ki)?2

2e )t\/-4kaki+(ka+kd+ki)2);

eqIfL = Limit[eqIf, t » Infinity];

1 1 . . 3
eqEF = CEo ez % (ka+kd+k1+ A/-akaki+ (ka+kd+ki) ) t

2 \/-4kaki+ (ka+kd +ki)?

(ka _ e%ho /-4 kaki+ (ka+kd+ki)? t Ka - kd + @A /-4 kaki+ (ka+kd+ki)? t kd - ki + eh® /-4 kaki+ (karkd+ki)? t

Ki+ y-4kaki+ (Ka+kdski)? +eho V-akakivtakdd® e \[ a4 (ka+kd+ki)2);

i . _ - 2 N <
CEo e 2 (ka+kd+k1+ /-4 ka ki+ (ka+kd+ki) ) t (_ 1 4 echo \/—4kakis (karkdrii)® t) Ka

eqFf = 3
v -4kaki+ (ka+kd+ki)?

plotl = Plot [ {eqPf, eqPfL, eqQf, eqQfL}, {t, 0.0, 250},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Darker[Blue]},
{Thick, Black, Dashed}, {Thick, Pink}, {Thick, Black, Dotted}},
Epilog -» {Inset[Style["[P]", 12, Background -» White], {125, 0.3 +eqPf /. t » 125}],
Inset[Style["[Q]f", 12, Background -» White], {75, -0.5+eqQf /. t » 75}]
11
plot2 = Plot [ {eqEf, eqFf, eqIf, eqIfL}, {t, 0, 250},
Evaluate@PingPongModell,
PlotStyle »

{{Thick, Blue}, {Thick, Brown}, {Thick, Green}, {Thick, Black, Dashed}},
Epilog -» {Inset[Style["[E]", 12, Background -» White], {20, eqEf /. t » 3}],
Inset[Style["[F]¢", 12, Background - White], {75, 0.1 +eqFf /. t » 75}1],

Inset[Style["[I]¢", 12, Background - White], {125, 0.08 + eqIf /. t -» 125}]}];
Pane [
Switch[PingPong,
1, Show[plotl],
2, Show[plot2]

1, ImageSize » 1.2 {480, 319}]],

Row| {
Column [ {
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Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 5, "[A],, mol m’3“}, 0.1, 10, Appearance - "Labeled"},

Controle{{cEo, 1, "[E]e, molm’3"}, 0.1, 2, Appearance - "Labeled"},
Controle{{cFo, @, "[F],, mol m’3"}, 0, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P]o, molm'3"}, 0, 0, Appearance - "Labeled"},
Controle{{cQo, @, "[Q]o, MmOl m '3“}, 9, 0, Appearance - "Labeled"},
Controle{{cIo, @, "[I]o, molm~"}, @, @, Appearance - "Labeled"}

Ho

Column [{

Style["RATE CONSTANTS:", Bold],

Controle{{ka, ©.62, "k,, s™'mol™m>"}, 0.001, 0.04, Appearance - "Labeled"},
Controle{{kd, @.015, "ky, s™*mol™*m’"}, 0.001, 0.03, Appearance - "Labeled"},
Controle{{ki, @.005, "k;, s"*mol™*m’"}, 0.001, 0.01, Appearance - "Labeled"
s

Controle { {PingPong, 1, "Panels"}, {

1 % ||Bll’

2 _) ||D||

}, ControlType - Setter}}]
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REACTANTS CONCENTRATIONS:

[Alp, mol m 3

J
[Elp, mol m =3 D 1

[Flo, molm = :G 0
[Plo, mol m 3 CG 0
[Qlo, mol m 3 CD 0
fllo, mol m CD 0

RATE CONSTANTS:
ks s mol™' m? M 0.02

oJ

Panel

kg, s mol™ m3 M 0.015 anels | B D |

oJ
ki, s mol™' m3 M 0.005

oJ

Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Presence of Suicide Substrate Inactivation (A remains contant, k; - oo and k; - o):
A+E—P+F
A+F—Q+E

A+F—I

Out[4]=

L e o o B e B s e e B B N s B B ms e e N

4 | o s s ]

i [Pl

T
n
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Time, s



Ping-Pong Reaction with One Substrate Undergoing
Disproportionation in the Absence of Suicide Substrate
Inactivation

kq
A+E > F+P

kg
A+F 5 E+Q

Ry < Rg,R. — oand Ry - .

Figure S1A, C & E (Mathematics-1964681). Representative numerical
(dashed lines, subscript ns) and analytical (solid lines, subscript ss) solutions
of the time-dependent variation of (A & C) the concentration for the substrate
A, the products P and Q, and the two active enzyme states E and F and (E) the
reaction rate for A, P and Q of an enzyme-catalyzed ping-pong reaction. The
substrate A follows disproportionation and the accumulation of the
intermediate substrate-enzyme complexes EA and FA is negligible. For the
analytical solution, E and F were assumed to be in steady-state.

mf-]= —CA'"[t] == ka*x cA[t] *x cE[t] +kd x cA[t] »cF[t] /. cF[t] » cEo-cE[t]
-CE"[t] == kaxcA[t] xcE[t] -kd xcA[t] *xcF[t] /. cF[t] » cEo-CcE[t]
CF'[t] == ka*cA[t] »cE[t] -kd %= cA[t] * cF[t] /.
{cF'[t] » -cE'[t], cF[t] » cEoO-CcE[t]}

outf-]= —CcA"[t] == kd cA[t] (cEo-cE[t]) +kacA[t] - cE[t]
outf-]= —CE'[t] = -kd cA[t] (cEo-cE[t]) +kacA[t] - cE[t]

outf-]= —CE'[t] = -kd cA[t] (cEo-cE[t]) +kacA[t] - cE[t]

mn-1= Solve[-kd cA[t] (cEo-cE[t]) +kacA[t] «cE[t] =0, cE[t]]
cEo kd

out[+]= {{CE[t] - ka+kd}}

Eo kd

Infe = DSolve[{-cA’[t] == kd cA[t] (CEo-cE[t]) +kacA[t] - CE[t] /. CE[t] » I: , CA[@] = cAo},
a+
CA[t], t]

2cEokakdt

out[+]= {{CA[t] > cAo e  kakd }}




2 | Figure S1ACE_Mathematics-1964681_04_11_2022.nb

Inf+]:= Simplify[
CEO kd _Zchkakdt
Ds°1ve[{cp' [t] == ka* cA[t] »x cE[t] /. cE[t] - /. CA[t] » cAoe tkad , CP[O] == 0},
ka + kd
cP[t], t”
1 2cEokakdt
out[+]= cP[t] - — cAo (1 - @ karkd )
{ ; H

cEo kd
o Solve[ch == CE[t] + cF[t] /. cE[t] - , CF[t ]]
d

cEoka
ourr- {{cFIt] - ka+kd}}

In[+]:= Simpli-Fy[

cEo ka 2 cEokakdt

/. cA[t] > cAoe  ww , cQ[O] = e},

DSolve[{cQ' [t] == kd + CA[t] % CF[t] /. cF[t] -
ka + kd

cQ[t], t]]

2cEokakdt

1 -
outf-- HcQ[t} >~ cho (1—@ arka )}}

B

In[6]

Manipulate[Module[{PingPongModell, PingPongModel2, PingPongModel3, soln, egAns,

S

egAss, egPns, eqPss, eqQns, eqQss, eqPQns, eqPQss, eqEns, eqEss, eqFns, eqFss,
egAnsD, egAssD, eqPnsD, eqPssD, eqQnsD, eqQssD, plotl, plot2, plot3},
PingPongModell = Sequence|
PlotRange - Full,
PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (R, » o and ks » ©):
A+E—>P+F
A+F—>Q+E
", FontSize » 147,

Frame - True,

FrameLabel » {"Time, s", "[ ], molm "},

LabelStyle » {FontSize - 14},

ImageSize - 1.2 {480, 310} ];
PingPongModel2 = Sequence|

PlotRange -» {{0, 50}, {0, 9.069}},

PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (k. -» o and ks » ©):
A+E—P+F
A+ F — Q + E", FontSize » 14],

Frame - True,
FrameLabel » {"Time, s", "[ ], molm>s ™"},
LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
PingPongModel3 = Sequence[
PlotRange » {{@, 50}, {-0.05, 1.05}},
PlotLabel -»
Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
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in the Absence of Suicide Substrate Inactivation (R » o and ks » ©):
A+E—>P+F
A+F—Q+E
", FontSize - 147,
Frame - True,
FrameLabel » {"Time, s", "[ ], molm "},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} |;
soln = NDSolve[{-cA'[t] == ka*x cA[t] *cE[t] + kd » cA[t] » cF[t],
-cE'[t] ==ka*cA[t] *cE[t] -kd % cA[t] »cF[t],
CF'[t] ==kaxcA[t] »xcE[t] -kd xcA[t] *xcF[t], cP'[t] == ka*cA[t] »cE[t],
cQ'[t] = kd x cA[t] » cF[t], cA[O] == cAo, cE[O] == cEo, cF[O] == cFo,
cP[@] == cPo, cQ[O] == cQo}, {cA, cE, cF, cP, cQ}, {t, 0.0, 250}];
egAns = cA[t] /. soln;

_ 2cEokakdt
egAss = cAoe kakd

egPns = cP[t] /. soln;

1 _Zchkakdt
egPss = — cAo (1 —@  karkd );
2

cQ[t] /. soln;

eqQns

1 _2chkakdt
eqQss = — cAo (1 — @  katkd ),
2

egPQns = cP[t] +cQ[t] /. soln;

2cEokakdt
eqPQss = cAo (1 —@ karkd J;

eqEns = cE[t] /. soln;

cEo kd
egEss = H
ka + kd
egqFns = cF[t] /. soln;
cEo ka
eqgFss = R
ka + kd

egAnsD = -cA'[t] /. soln;
2cEokakdt

eqgAssD = —D[cAo @ kakd t];

egqPnsD = cP'[t] /. soln;

1 _Zchkakdt
eqPssD = D[— cAo (1 - @ karkd ), t];
2
eqQnsD = cQ'[t] /. soln;
2cEokakdt

1
eqQssD = D[— cAo (1 -@ kakd ), t];
2

plotl = Plot[{eqAns, eqAss, eqPns, eqPss, eqQns, eqQss;
eqgPQns, eqPQss}, {t, 0.0, 250},
Evaluate@PingPongModell,
PlotStyle -» {{Thick, Pink}, {Thick, Darker[Blue], Dashed}, {Thick, Brown}, {Thick,
Dashed, Red}, {Thick, Darker[Green]}, {Thick, Blue}, {Thick, Green, Dashed}},
Epilog -» {Inset[Style["[A].s", 12, Background -» White],
{50, 0.5+ cA[50] /. soln[[1]]1}],
Inset[Style["[A]lss", 12, Background -» White], {25, -0.5 +eqAss /. t » 25}],
Inset[Style["[P].s", 12, Background - White], {75, 0.4 + cP[75] /. soln[[1]]1}],
Inset[
Style["[P]ss Or [Qlss", 12, Background -» White], {200, 0.5 + eqPss /. t » 200}],
Inset[Style["[Q]ns", 12, Background - White], {110, -0.5+cQ[110] /. soln[[1]1]}],
Inset[Style[" ([P]1+[Q])ns", 12, Background - White],

| 3
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{225, -0.5 +cP[225] +cQ[225] /. soln[[1]]1}],
Inset[Style[" ([P]1+[Q])ss", 12, Background -» White], {125, 0.5 + eqPQss /. t » 125} ]
115
plot2 = Plot[ {eqAnsD, eqAssD, eqPnsD, eqPssD, eqQnsD, eqQssD;}, {t, 0, 250},
Evaluate@PingPongModel2,
PlotStyle » {{Thick, Pink}, {Thick, Darker[Cyan], Dashed},
{Thick, Brown}, {Thick, Dashed, Red}, {Thick, Darker [Green]}},
Epilog » {Inset[Style["[A] '.s", 12, Background - White],
{5, -9.005-cA'[5] /. soln[[1]]}],
Inset[Style["[A]'ss", 12, Background - White], {5, ©.005 + eqAssD /. t - 5}],
Inset[Style["[P]'ns", 12, Background - White], {7, ©8.005+cP'[7] /. soln[[1]]1}],
Inset[Style["[P]'ss or [Q]'ss", 12, Background -» White],
{40, -0.01 +eqPssD /. t » 40}], Inset[Style["[Q] 'ns", 12, Background -» White],
{5, -9.01+cQ"'[5] /. soln[[1]1}1}1;
plot3 = Plot[{eqEns, eqEss, eqFns, eqFss}, {t, 0.02, 250},
Evaluate@PingPongModel3,
PlotStyle » {{Thick, Pink}, {Thick, Darker[Blue], Dashed},
{Thick, Darker [Green]}, {Thick, Dashed, Darker[Cyan]}},
Epilog -» {Inset[Style["[E].s", 12, Background - White],
{5, .05+ cE[5] /. soln[[1]]}],
Inset[Style["[E]ss", 12, Background » White], {3, -0.05 + eqEss /. t » 3}1],
Inset[Style["[F]ns", 12, Background - White], {5, -0.05+ cF[5] /. soln[[1]]}],
Inset[Style["[F]ss", 12, Background -» White], {3, .05 +eqFss /. t - 3}]}];
Pane[
Switch[PingPong,
1, Show[plotl],
2, Show[plot2],
3, Show[plot3]

1, ImageSize » 1.2 {480, 310}]],

Row| {
Column [ {

Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 5, "[A]e, mol m'3"}, 0.1, 10, Appearance - "Labeled"},

Control@{{ch, 1, "[E]e, mol m'3"}, 0.1, 2, Appearance - “Labeled"},
Controle{{cFo, @, "[F]o, mol m'3"}, @, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P],, mol m'3"}, 0, 0, Appearance - "Labeled"},
Controle{{cQo, 8, "[Q]o, Mol m’3"}, 0, 0, Appearance - "Labeled"},
Controle{{cIo, @, "[I]o, Mol m’3"}, 0, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, @.005, "k,, s"'mol™*m’"}, 0.001, .01, Appearance - "Labeled"},

Controle{{kd, @.05, "kg, s™*mol™*m’"}, @.001, 0.1, Appearance - "Labeled"

Ho
Controle { {PingPong, 1, "Panels"}, {
1-"A",
2- "B",
3-"C"
}, ControlType - Setter}}]
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Ping-Pong Reaction with One Substrate Undergoing
Disproportionation
in the Absence of Suicide Substrate Inactivation

kq
A+E > F+P

kg
A+F 5 E+Q

Ry > R4,Rc - o and k¢ - .

Figure S1D-F (Mathematics-1964681). Representative numerical (dashed
lines, subscript ns) and analytical (solid lines, subscript ss) solutions of the
time-dependent variation of (B & D) the concentration for the substrate A, the
products P and Q, and the two active enzyme states E and F and (F) the
reaction rate for A, P and Q of an enzyme-catalyzed ping-pong reaction. The
substrate A follows disproportionation and the accumulation of the
intermediate substrate-enzyme complexes EA and FA is negligible. For the
analytical solution, E and F were assumed to be in steady-state.

mf-]= —CA'"[t] == ka*x cA[t] *x cE[t] +kd x cA[t] »cF[t] /. cF[t] » cEo-cE[t]
-CE"[t] == kaxcA[t] xcE[t] -kd xcA[t] *xcF[t] /. cF[t] » cEo-CcE[t]
CF'[t] == ka*cA[t] »cE[t] -kd %= cA[t] * cF[t] /.
{cF'[t] » -cE'[t], cF[t] » cEoO-CcE[t]}

outf-]= —CcA"[t] == kd cA[t] (cEo-cE[t]) +kacA[t] - cE[t]
outf-]= —CE'[t] = -kd cA[t] (cEo-cE[t]) +kacA[t] - cE[t]

outf-]= —CE'[t] = -kd cA[t] (cEo-cE[t]) +kacA[t] - cE[t]

mn-1= Solve[-kd cA[t] (cEo-cE[t]) +kacA[t] «cE[t] =0, cE[t]]
cEo kd

out[+]= {{CE[t] - ka+kd}}

Eo kd

Infe = DSolve[{-cA’[t] == kd cA[t] (CEo-cE[t]) +kacA[t] - CE[t] /. CE[t] » I: , CA[@] = cAo},
a+
CA[t], t]

2cEokakdt

out[+]= {{CA[t] > cAo e  kakd }}
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Inf+]:= Simplify[
CEO kd _Zchkakdt
Ds°1ve[{cp' [t] == ka* cA[t] »x cE[t] /. cE[t] - /. CA[t] » cAoe tkad , CP[O] == 0},
ka + kd
cP[t], t”
1 2cEokakdt
out[+]= cP[t] - — cAo (1 - @ karkd )
{ ; H

cEo kd
o Solve[ch == CE[t] + cF[t] /. cE[t] - , CF[t ]]
d

cEoka
ourr- {{cFIt] - ka+kd}}

In[+]:= Simpli-Fy[

cEo ka 2 cEokakdt

/. cA[t] > cAoe  ww , cQ[O] = e},

DSolve[{cQ' [t] == kd + CA[t] % CF[t] /. cF[t] -
ka + kd

cQ[t], t]]

2cEokakdt

1 -
outf-- HcQ[t} >~ cho (1—@ arka )}}

In[7]:= Manipulate[Module[{PingPongModell, PingPongModel2, PingPongModel3, soln, egAns,

egAss, egPns, eqPss, eqQns, eqQss, eqPQns, eqPQss, eqEns, eqEss, eqFns, eqFss,
eqAnsD, eqAssD, eqPnsD, eqPssD, eqQnsD, eqQssD, plotl, plot2, plot3},
PingPongModell = Sequence|
PlotRange - Full,
PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (R, » o and ks » ©):
A+E—>P+F
A+F—>Q+E
", FontSize » 147,

Frame - True,
FrameLabel » {"Time, s", "[ ], molm "},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];

PingPongModel2 = Sequence|
PlotRange -» {{0, 50}, {0, 9.069}},
PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (k. -» o and ks » ©):
A+E—P+F
A+ F — Q + E", FontSize » 14],

Frame - True,
FrameLabel » {"Time, s", "[ ], molm>s ™"},
LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
PingPongModel3 = Sequence[
PlotRange » {{@, 50}, {-0.05, 1.05}},
PlotLabel -»
Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
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in the Absence of Suicide Substrate Inactivation (R, » o and kR » ™):
A+E—P+F
A+F—>Q+E
", FontSize - 147,
Frame - True,
FrameLabel » {"Time, s", "[ ], molm~"},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] == ka*cA[t] *cE[t] +kd * cA[t] »cF[t],
-CE'[t] ==kaxcA[t] xcE[t] -kd »cA[t] xcF[t],
CF'[t] ==ka*xcA[t] *cE[t] -kd*cA[t] xcF[t], cP'[t] ==kaxcA[t] »cE[t],
cQ'[t] ==kd=*cA[t] xcF[t], cA[@O] == cAo, cE[O] == cEo, cF[@] == cFo,
cP[O] == cPo, cQ[O] == cQo}, {cA, cE, cF, cP, cQ}, {t, 0.0, 250}];
egAns = cA[t] /. soln;

2cEokakdt

egAss = CAo e kakd
egPns = cP[t] /. soln;

1 _2chkakdt
eqPss = — cAo (1 — @  karkd ),
2

cQ[t] /. soln;

eqQns
1 _2cEokakdt

eqQss = — cAo (1 — @  katkd );
2

eqPQns = cP[t] +cQ[t] /. soln;

2cEokakdt
eqPQss = cAo (1 —@ katkd );

eqEns = cE[t] /. soln;

cEo kd
eqgEss = H
ka + kd
egFns = cF[t] /. soln;
cEo ka
eqgFss = H
ka + kd

eqAnsD = -cA'[t] /. soln;
2cEokakdt

eqgAssD = —D[cAo @ kakd t];

egPnsD = cP'[t] /. soln;

1 2cEokakdt

eqPssD = D[— cAo (1 -@ kakd ), t];
2

eqQnsD = cQ'[t] /. soln;

2cEokakdt

1
eqQssD = D[— cAo (1 - @ kawkd ), t];
2

plotl = Plot[{egAns, eqAss, eqPns, eqPss, eqQns, eqQss;
eqPQns, eqPQss}, {t, 0.0, 250},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Pink}, {Thick, Darker [Blue], Dashed}, {Thick, Brown}, {Thick,
Dashed, Red}, {Thick, Darker[Green]}, {Thick, Blue}, {Thick, Green, Dashed}},
Epilog -» {Inset[Style["[A]l.s", 12, Background -» White],
{25, -0.5+CcA[25] /. soln[[1]1}],
Inset[Style["[A]lss", 12, Background -» White], {50, 0.5 +egAss /. t - 50}],
Inset[Style["[P].s", 12, Background -» White], {150, 0.4 + cP[150] /. soln[[1]]}],
Inset[Style["[P]ss or [Q]lss", 12, Background - White], {75, egPss /. t - 75}],
Inset[Style["[Q]ns", 12, Background -» White], {225, -0.5+cQ[225] /. soln[[1]1]}],
Inset[Style[" ([P]1+[Q])ns", 12, Background -» White],
{125, 0.5+ cP[125] + cQ[125] /. soln[[1]1]1}],

| 3
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Inset[Style[" ([P]1+[Q])ss", 12, Background -» White],
{225, -0.5+eqPQss /. t » 225}]
115
plot2 = Plot[ {eqAnsD, eqAssD, eqPnsD, egqPssD, eqQnsD, eqQssD;}, {t, 0, 250},
Evaluate@PingPongModel2,
PlotStyle » {{Thick, Pink}, {Thick, Darker[Cyan], Dashed},
{Thick, Brown}, {Thick, Dashed, Red}, {Thick, Darker[Green]}},
Epilog -» {Inset[Style["-[A]'ns", 12, Background - White],
{25, -90.005 -cA'[25] /. soln[[1]]1}],
Inset[Style["-[A]'ss", 12, Background -» White], {49, 0.005 + eqAssD /. t -» 40} ],
Inset[Style["[P]'ns", 12, Background - White], {4, cP'[6] /. soln[[1]]1}],
Inset[Style["[P]'ss or [Q]'ss", 12, Background -» White],
{6, ©.005 + eqPssD /. t - 6}], Inset[Style["[Q] 'ns", 12, Background - White],
{5, -9.007 +cQ ' [5] /. soln[[1]1}1}]1;
plot3 = Plot[{eqEns, eqEss, eqFns, eqFss}, {t, 0.02, 250},
Evaluate@PingPongModel3,
PlotStyle » {{Thick, Pink}, {Thick, Darker[Blue], Dashed},
{Thick, Darker [Green]}, {Thick, Dashed, Darker[Cyan]}},
Epilog -» {Inset[Style["[E].s", 12, Background - White],
{10, 0.1+ cE[10] /. soln[[1]]1}],
Inset[Style["[E]ss", 12, Background » White], {7, -0.05 +eqEss /. t » 7}],
Inset[Style["[F].s", 12, Background -» White], {10, -0.1+cF[10] /. soln[[1]]}],
Inset[Style["[F]ss", 12, Background -» White], {7, .05 +eqFss /. t > 7}]}];
Pane[
Switch[PingPong,
1, Show[plotl],
2, Show[plot2],
3, Show[plot3]

1, ImageSize » 1.2 {480, 310}]],

Row| {
Column [ {

Style["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 5, "[A]e, mol m'3"}, 0.1, 10, Appearance - "Labeled"},

Control@{{ch, 1, "[E]e, mol m'3"}, 0.1, 2, Appearance - “Labeled"},
Controle{{cFo, @, "[F]o, mol m'3"}, @, 0, Appearance - "Labeled"},
Controle{{cPo, @, "[P],, mol m'3"}, 0, 0, Appearance - "Labeled"},
Controle{{cQo, 8, "[Q]o, Mol m’3"}, 0, 0, Appearance - "Labeled"},
Controle{{cIo, @, "[I]o, Mol m’3"}, 0, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, @.05, "k,, s mol™ m3"}, 0.001, 0.1, Appearance - "Labeled"},

Controle{{kd, @.005, "Rq, s™*mol™ m>"}, 0.001, 0.01, Appearance - "Labeled"

Ho
Controle { {PingPong, 1, "Panels"}, {
1-"D",
2-"E",
35 "F"
}, ControlType - Setter}}]
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Ping-Pong Reaction with One Substrate Undergoing
Disproportionation in the Absence of Suicide Substrate
Inactivation

k
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Figure S2A&B (Mathematics-1964681). Representative numerically
(subscript ns) and analytically (subscript n =1 or n =2) integrated solutions of
the temporal variation of the concentration for (A) the substrate A and (B) the
two active enzyme states E and F of an enzyme catalyzed ping-pong reaction
under non-steady-state conditions. The substrate A undergoes
disproportionation and the substrate-enzyme complexes AE and AF do not
accumulate. The numerical solutions (ns) for and are shown together with
two approximate integrated solutions around obtained using the first terms ()
of the power expansion series of the enzyme-dependent function of [E]’.
Horizontal solid and dashed lines are the limit values of the analytical solution
for [E] and [F] (i.e., [E]., and [F]..) when the times goes forward and [A]
becomes exhausted.

1. Solution around t=0

-cA'[t] ==kaxcA[t] »xcE[t] +kd*xcA[t] »xcF[t] /. cF[t] » cEo-CE[t]
-cE'"[t] == kaxcA[t] »xcE[t] -kd xcA[t] *xcF[t] /. cF[t] » cEo-CcE[t]
-cF'[t] = cE'[t]

—CcA'[t] == kdcA[t] (cEo-cE[t]) +kacA[t] - cE[t]

—CE'[t] = -kd cA[t] (cEo-cCcE[t]) +kacA[t] - cE[t]
—cF' [t] = cE'[t]

Chainrule

dy/dx=(dy/dt) /(dx/dt)

Simplify[-cA'[t] / (-cE' [t]) =
(kd cA[t] (cEo-cE[t]) +kacA[t] «~cE[t]) / (-kd cA[t] (cEo-cE[t]) +kacA[t] «cE[t])]
cEokd + (ka-kd) cE[t] cA'[t] 0
+ ==

cEokd - (ka+kd) cE[t] CcE'[t]

[A(t)]=Function([E](t))
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cE (ka - kd) + cEokd

Inf+]:= Collect[Simplify[DSolve[{-cA’[cE] = , CA[CcEO] == cAo}, cA[cE], cE],

cEo kd - cE (ka + kd)
ka > 08& kd > 0 && cEo > 08& cAo > e] /. cE » cE[t], ka+kd]

(ka-kd) (-cEo+cE[t])

out[]= {{cA[cE[t}] - cAo + +
ka + kd
-2 cEokakdLog[cEoka] +2 cEokakdLog[-cEokd+ (ka+kd) cE[t]] }}
(ka + kd) 2

[A(t)]=0, [E], and [F],
(ka -kd) (-cEo+cE[t])
+

g 1= Solve[cA[cE[t]] == cAo +

ka + kd
-2 cEokakdLog[cEoka] +2 cEo kakd Log[-cEokd + (ka+kd) cE[t]]
cA[
(ka + kd) 2
CE[t]] - O, cE[t]]
. Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution
nformatio
CEO kd 7ka 4 kd _ 2 ka Pr‘oductLog e cEo 2kd 2cEokd 2ka Z:Eukza kzdwka kd! 2ka (ka+kd) (ka*kd) } J
out[+]= cE[t] -
H (-ka +kd) (ka+kd) }}
cF[t] =cEo-cE[t] /.
CEO kd [_ka + kd _ 2 ka ProductLog[e cEo 2kd 2cEokd 2ka Z(Eol: kld(ka‘kn) Zka(kmkd) (ka_kd) ]]
cE[t] » H
(-ka + kd) (ka + kd)
Power expansion series
Inf+]:= Simplify[-cE’[t] == -kd cA[t] (cEo-cE[t]) +kacA[t] < cE[t] /.
(ka-kd) (-cEo+cE[t])
cA[t] -> cAo + +
ka + kd
-2 cEokakdLog[cEoka] +2 cEo ka kd Log[-cEokd + (ka + kd) cE[t]] ]
(ka + kd) 2
1
outf-] —— (CcEokd - (ka +kd) cE[t])
(ka + kd)?
(cAo ka® - cEo ka® + 2 cAo ka kd + cAo kd? + cEo kd® + (ka® - kd?) cE[t] -
2 cEokakd Log[cEoka] + 2 cEokakd Log[-cEokd + (ka+kd) cE[t]] ) = CE'[t]
1
Infel= Ser-ies[— (cEokd - (ka + kd) cE[t])
(ka + kd) 2

(cAo ka® - cEo ka® + 2 cAo ka kd + cAo kd” + cEo kd® + (ka® - kd?) cE[t] - 2 cEo ka kd
Log[cEo ka] + 2 cEo ka kd Log[-cEo kd + (ka + kd) cE[t]]) = cE'[t], {cE[t], cEo, 1}]

our-- —cAo cEoka + (-cAoka - cEoka - cAokd) (CE[t] - cEo) + O[cE[t] - cE0]? = cE’[t]
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1
Inf+]:= Ser‘ies[— (cEokd - (ka + kd) cE[t])
(ka + kd) 2

(cAo ka® - cEo ka® + 2 cAo ka kd + cAo kd” + cEo kd® + (ka® - kd?) cE[t] - 2 cEo ka kd
Log[cEo ka] + 2 cEo ka kd Log[-cEo kd + (ka + kd) cE[t] ]) = cE’'[t], {cE[t], cEo, 2}]
ouf-)= —cAo cEo ka + (-cAo ka - cEoka - cAokd) (cE[t] - cEo) -
ka (CE[t] - cE0)% +O[CE[t] - cEo]® = cE'[t]
inf-}= cEN1 = Simplify [DSolve [
{-cAo cEoka+ (-cAoka - cEoka-cAokd) (cE[t] -cEo) == cE'[t], cE[O] == cEo}, cE[t], t]]

CEo (cEoka + cAo (e ((cFokarcho (karkd)) t) kg . kd) )

outf+]= {{CE[t] - cEo ka + cAo (ka + kd) }}

(ka-kd) (-cEo+cE[t])

nf-]= CAnl = Simplify[cA[t] == CAO + +
ka + kd
-2 cEokakdLog[cEoka] +2 cEokakdLog[-cEokd+ (ka+kd) cE[t]]
/
(ka + kd) 2
CEo (cEoka + cAo (e ((cEokascho (karkd)) ©) kg 4 kd) )
cE[t] » P)

cEo ka + cAo (ka + kd)
ka > 08& kd > 0 && cAo > 0 && cEo > e]

CEo ka+cAo echEoka+cAo[ka+det} ka+kd
cEo (ka-kd) [-1+ ( )
cEo ka+cAo (ka+kd)
ouf-]= CA[t] == cAo + +
ka + kd

CEo ka+cAo e ((cEokarcho (karkd)) t) (jq,1q)
cEo ka+cAo (ka+kd)

(ka + kd) 2

2 cEo ka kd Log[

inf-}- CEN2 = Simplify[
DSolve[{-cAo cEoka + (-cAoka - cEo ka - cAo kd) (cE[t] - cEo) - ka (cE[t] - cEo)? = cE'[t],
CE[O] == cEo}, cE[t], t], ka > @& kd > 88&& cAo > 0 && cEo > 0]

- Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

1 2 2 2 2
outf+]= {{cE[t] - —— |cEoka - cAo (ka+kd) + \/ch ka“ + 2 cAo cEo ka (-ka + kd) + cAo” (ka + kd)
2ka

1
Tanh[— \/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo? (ka+kd)? t +
2

ArcTanh

cEo ka + cAo (ka + kd)
I

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?
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(ka-kd) (-cEo+cE[t])
+

ka + kd
-2 cEokakdLog[cEoka] +2 cEokakdLog[-cEokd+ (ka+kd) cE[t]]

inf-]= CAN2 = Simplify[cA[t] == CAO +

(ka + kd) 2

1
CE[t] » — [cEoka - cAo (ka + kd) + \/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd) 2
2 ka

1
Tanh[— \/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka+kd)? t +
2

cEo ka + cAo (ka + kd)
ArcTanh R

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2

ka > 08& kd > 0 && cAo > 0 && CEo > e]

ou-]= CA[t] == cAo +

1

2 cEokakd |-Log[cEoka] + Log[cho kd + (ka + kd) |cEoka - cAo (ka+kd) +

(ka + kd)? 2ka

\/ch2 ka% + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)? Tanh{

1
- \/ch2 ka? + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd)? t+Ar‘cTanh[
2

]

cEo ka + cAo (ka + kd) 1

 2ka (ka + kd)

\/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

(ka - kd) |cEoka + cAo (ka + kd) - \/ch2 ka? + 2 cho cEo ka (-ka + kd) + cAo? (ka + kd)?

1
Tanh[— \/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo® (ka+kd)? t +
2

Ar‘cTanh[ cEo ka + cAo (ka + kd) H]

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?

In[10]:= Manipulate[Module[{PingPongModell, PingPongModel2, soln, egAns,

egAnl, eqAn2, eqEns, eqEnl, eqEn2, eqEnsL, eqFnsL, plotl, plot2},
PingPongModell = Sequence |
PlotRange -» {{0, 250}, {1, 4}},
PlotLabel -

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (R, » o and ks -» ©):
A+E—>P+F
A+F—Q+E
", FontSize - 14],

Frame - True,
FrameLabel » {"Time, s", "d[ ]/dt, molm~"},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];

PingPongModel2 = Sequence |
PlotRange -» { {0, 250}, {0, 2}},
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PlotLabel -»

Style["Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (k. » o and R » ®):
A+E—>P+F
A+ F — Q + E", FontSize » 14],

Frame - True,
FrameLabel - {"Time, s", "d[ ]/dt, molm’3"},

LabelStyle » {FontSize - 14},
ImageSize - 1.2 {480, 310} ];
soln = NDSolve[{-cA'[t] == ka*cA[t] *cE[t] +kd * cA[t] »cF[t],
-CE'[t] ==kaxcA[t] xcE[t] -kd xcA[t] = cF[t],
cF'[t] ==kaxcA[t] »xcE[t] -kdxcA[t] *xcF[t], cP'[t] == ka*cA[t] »cE[t],
cQ'[t] ==kdxcA[t] xcF[t], cA[O] == cAo, cE[@] == cEo, cF[@] == cFo,
cP[@] == cPo, cQ[O] == cQo}, {cA, cE, cF, cP, cQ}, {t, 0.0, 250}];

egAns = cA[t] /. soln;

Eo ka+CAd - ((cEo ka+cho (ka+kd)) t) ka+kd
cEo (ka - kd) (—1+c°ac°(e 2 ))
cEo ka+cAo (ka+kd)

egAnl = cAo +

+

ka + kd

cEo ka+cAo ef((ch ka+cho (ka+kd)) t) (ka+kd)
2 cEo ka kd LOg[ cEo ka+cAo (ka+kd) ]

.
Bl

(ka + kd) ?

1 1
egAn2 = cAo + — 2 cEo ka kd Log[— cEoka (ka-kd) - cAo (ka +kd)? +
(ka + kd) 2 2 cEo ka2

(ka + kd) '\/CEOZ ka’ + 2 cAo cEo ka (-ka + kd) + cho® (ka + kd) 2

1
Tanh[— \/ch2 ka? + 2 cho cEoka (-ka + kd) + cAo? (ka + kd)? t + Ar‘cTanh[
2

cEo ka + cAo (ka + kd) 1

\/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd) 2 2ka (ka + kd)

(ka - kd) [cEoka + cAo (ka + kd) - \/ch2 ka2 + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

1
Tanh[— \/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka +kd)? t +
2

cEo ka + cAo (ka + kd)
Ar‘cTanh[

\/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo® (ka + kd)?

eqEns = cE[t] /. soln;
egEnsL =

cho  ka cAoka kd  cAokd ka kd?
— =

@ B0 2K 2cEokd 2ka 2cEoka 2 (karkd) *2ka (karkd) (ka - kd)

2kd ] /

cEokd | -ka + kd - 2 ka Pr‘oductLog[

((-ka+kd) (ka+kd));
eqFnsL = cEo - eqEnsL;

CEo (cEoka + cAo (e ((<F karcho (karkd)) 1) g 4 kd))
qunl H

.
E]

cEo ka + cAo (ka + kd)
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1
eqEn2 = —— [cEo ka - cAo (ka + kd) + \/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cAo? (ka + kd)?

2 ka

1
Tanh[— \/ch2 ka? + 2 cAo cEo ka (-ka + kd) + cho? (ka+kd)2 t+
2

cEo ka + cAo (ka + kd)
ArcTanh[ ” H
1/ch2 ka? + 2 cAo cEoka (-ka + kd) + cAo? (ka + kd)?

plotl = Plot[{egAns, eqAnl, eqAn2}, {t, 0.0, 250},
Evaluate@PingPongModell,
PlotStyle » {{Thick, Darker [Green]}, {Thick, Pink}, {Thick, Blue}},
Epilog -

{Inset[Style["[A].s", 12, Background -» White], {175, -0.2 + cA[175] /. soln[[1]]}],
Inset[Style[" [A]ln.1", 12, Background -» White], {225, 0.2 + eqAnl /. t » 225}],
Inset[Style[" [A]ln2", 12, Background -» White], {200, 0.2 + eqAn2 /. t -» 200} ]

115

plot2 = Plot[{eqEns, eqEnl, eqEn2, eqEnsL, eqFnsL}, {t, 9, 250},
Evaluate@PingPongModel2,
PlotStyle » {{Thick, Darker[Green]}, {Thick, Pink},
{Thick, Blue}, {Thick, Brown}, {Thick, Brown, Dashed}},
Epilog -» {Inset[Style["[E].s", 12, Background -» White],
{100, -0.2 + cE[100] /. soln[[1]]}],
Inset[Style["[E].", 12, Background -» White], {50, 0.25}],
Inset[Style["[F].", 12, Background -» White], {50, 1.75}],
Inset[Style["[E]n-1", 12, Background -» White], {150, 0.1 + eqEnl /. t -» 150}],
Inset[Style["[E]n-2", 12, Background -» White], {225, 0.1 + eqEn2 /. t » 225}]
115
Pane [
Switch[PingPong,
1, Show[plotl],
2, Show[plot2]

1, ImageSize » 1.2 {480, 310}]],

Row| {
Column [ {

Style ["REACTANTS CONCENTRATIONS:", Bold],
Controle{{cAo, 4, "[A]o, molm'3“}, 0.01, 8, Appearance - "Labeled"},

Controle{{cEo, 2, "[E]o, molm '3“}, 0.01, 4, Appearance - "Labeled"},
Controle{{cFo, @, "[F]o, molm~"}, @, @, Appearance - "Labeled"},
Controle{{cPo, @, "[P]o, molm '3"}, 0, 0, Appearance - "Labeled"},
Controle{{cQo, @, "[Q]o, molm '3"}, 0, 0, Appearance - "Labeled"

Ho

Column [{

Style["RATE CONSTANTS:", Bold],
Controle{{ka, @.005, "k,, s"*mol™*m’"}, 0.001, .01, Appearance - "Labeled"},

Controle{{kd, @.601, "ky, s™*mol™*m’"}, 0.001, 0.002, Appearance - "Labeled"

Ho

Controle { {PingPong, 1, "Panels"}, {
1 % IIAII,
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2 - IIB"
}, ControlType - Setter}}]

REACTANTS CONCENTRATIONS:

[Alo, mol m 3

3

CJCo

[EJo, molm ™

[Flo, mol m = CD 0
[Plo, molm = CD 0
[Qlp, mol m~3 CD 0

RATE CONSTANTS:

ks, s mol™ m3

()

0.005
Panels | A B

kg, s mol™ m3 CB 0.001

Ping-Pong Reaction with One Substrate Undergoing Disproportionation
in the Absence of Suicide Substrate Inactivation (k; - oo and kf - o):
A+E—P+F
A+F—Q+E
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