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Abstract: The electrostatic field in the space excited by a thunderstorm cloud reflects the trend of the
spatial potential and has a great influence on the selection of lightning discharge paths. Some studies
have used an approximate method to calculate the electrostatic field excited by a thunderstorm cloud,
but the error is still relatively large. In order to improve the computational accuracy, the second-order
approximate solution of the electric field is obtained in this paper by using a binomial expansion of the
complex quantized function, discarding the higher-order small terms and integrating the main term
according to the convergence of the function. The first-order approximate solution and the second-
order approximate solution are used to calculate the electrostatic field excited by a thunderstorm
cloud using the same version of MATLAB on the same configuration of computers. By comparison, it
is found that the computation time using the two approximate solutions is not much different, but the
error between the second-order approximate solution and the exact solution is significantly smaller
than that between the first-order approximate solution and the exact solution. It is shown that using
the second-order approximate solution to calculate the electrostatic field of a thunderstorm cloud can
greatly improve the computational accuracy without sacrificing the computational efficiency, which
is of great significance for the accurate warning when lightning is approaching.
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1. Introduction

The strong electric field generated by a thunderstorm cloud in space is an important
factor for the initiation and development of lightning, and it also seriously threatens
the safety of ground maneuvering targets. Ground maneuvering targets may encounter
lightning strikes or induce lightning when passing through areas with a strong electric
field, resulting in catastrophic consequences [1,2]. The electrostatic field of a thunderstorm
cloud reflects the change of space potential, which is an important basic parameter of the
dielectric breakdown model used in the numerical simulation of lightning pilot discharge
and the numerical evaluation of lightning protection effectiveness [3,4], which has a great
influence on the dimensionality of the lightning pilot discharge graph and the choice of
the discharge path. There are many studies on the calculation of the electrostatic field of
a thunderstorm cloud [5-7]. Some studies have obtained the structure of a thunderstorm
cloud by establishing a system of coupled equations and setting the marginal relations using
numerical calculations [8-10], which can obtain the dynamics of a thunderstorm cloud, but
it takes a lot of time and cannot obtain the analytical expression. Some studies have obtained
a thunderstorm cloud structure using mathematical-physical methods [11,12], which fail
to obtain the analytical expression, and the complex arithmetic is also time-consuming.
Some studies have used an approximate method to calculate the electrostatic field excited
by a thunderstorm cloud and obtained the first-order approximate analytical expression
of the electrostatic field of a thunderstorm cloud [7], which shortens the calculation time,
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but the error is still relatively large and is not conducive to accurate warning of lightning.
The cylindrical charge stack model [13-15] is used to solve the electrostatic field excited by
a thunderstorm cloud, based on the theory of electrostatic field in this paper [16], which
greatly reduces the error and improves the calculation accuracy without sacrificing the
computational efficiency, and lays the foundation for accurate lightning warning.

2. Methods

The cylindrical charge stack model is used to solve the electric field excited by a
thunderstorm cloud in a column coordinate system. The radius of the cylinder is 4, and
the heights of the bottom and top surfaces from the ground are /1y and h, respectively. The
thunderstorm cloud charge pile is uniformly charged, and its bulk charge density is p.
An arbitrary point in the cylindrical charge pile is selected as the charge element, whose
coordinate is (7, ¢’, z’), and Ry, R; are the distances between the charge element and the
mirror charge element to the observation point. The longitudinal electric field generated by
a thunderstorm cloud is:

o p2m Z -z z+z ,
47T£o/hl/ /( >rdrdq)dzeZ (1)

Ry = \/r’Z +72 = 2r'rcos(¢p — ¢') + (2 —2)%, Ry = \/1”2 +12—2r'rcos(p — ¢') + (2 +2)%,
g is the vacuum permittivity, e; is the unit vector in the z direction. Equation (1) is the exact
solution of the electric field generated by a thunderstorm cloud; the analytical expression
cannot be obtained by solving Equation (1), and making an approximation to the product

function, let Ry = \/ 2424 (z' — 2)2, then R; ~2 is converted into:

—3/2
Ry ™3 = Ry 3 [1 —2r'rcos(¢ — (p’)/RwZ} @)

By doing a binomial expansion of the above equation, we can get:

—3/2 2 (2n+ 1)1 [2rr cos
[ (¢ — 40)] 3)

[1 —2r'rcos(¢p — q)/)/Rloz} = T Ry

Substituting Equations (2) and (3) into (1), E; can be transformed into an integral of
infinite polynomials. Since the odd power integral of the cosine function is 0, to ensure the
accuracy of the approximation, retains the first two items of Eauation (3), n =0and n =2,
then Equation (2) is converted into:

R~ ~R10 3—|—15R10 7 1’ cos ((P QD)/ 4)
Let Ryg = /12 + 12 + (z' + z)z, then R, 3 is converted into:
Ro3 & Rog 3 + 15Rp0 ¥ 12 cos? (¢ — ¢') /2 )

Substituting Equations (4) and (5) into Equation (1), a second-order approximate
solution for E, can be obtained:

f ﬂ[zz+ (zfz)rzr cos?(¢p—¢')

47'“0 0| Ryo® 2Ry’

6
424z 'tz + 15(2 +z)r’2r2 cos?(¢p—¢' )]r’dr’d 'dale (6)
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Solving the above equation, the approximate expression of the longitudinal electric
field generated by a thunderstorm cloud can be obtained as:

E. ~ 851){4\/ﬂ +(hy—2)* —4\/P + (I =2 —4y/@ + 12 + (hy —2)?

+4\/a2+r2 + (I —z)2+4\/r2+ (hy +2)° —4\/r2+ (h1 +2)?

—4\/512 + 72+ (hy +2)? —1—4\/112 + 72+ (hy +2)°
2r2 _ 2r? + 2r? _ 2r? (7)
Vitm=2)?  VP-2)?  VPrm2)? VP ()
322+ 2r4 422 (g —2)* . 322 42r4 1212 (hy—2)*
\/[a2+72+(hlfz)2]3 \/[a2+r2+(hzfz)2}3
3a2r2 424 1212 (g +2)? . 322 42r4 4212 (I +2)?
\/[a2+r2+(h1+z)2]3 \/[a2+r2+(hz+z)2]3

3. Verification

Let the body charge density of the cylindrical charge stack of a thunderstorm cloud
be 1 nC/m3, the radius of the cylinder be 2 km, and the heights of the upper and lower
boundaries of the cylinder from the ground be 10 km and 7 km [17]. The exact solution,
the first-order approximate solution and the second-order approximate solution are used
respectively to calculate the electric field generated by a thunderstorm cloud within the
radius of 10 km and the height of 7 km, and the results are shown in Figure 1. It can be
found that the error between the second-order approximate solution and exact solution
is smaller than the error between the first-order approximate solution and exact solution
in the three-dimensional stereogram of Figure 1. The comparison and relative error of the
first-order approximate solution, second-order approximate solution and exact solution for
r=0,r=5km, h =0, h =5 km are shown in Figures 2-5 respectively. It can be seen from
the figure that when z = 0 and r = 0-10 km, the maximum error between the first-order
approximate solution and the exact solution is about 2.6%, while the error between the
second-order approximate solution and the exact solution is always about 0. When z =5 km
and r = 0-10 km, the maximum error between the first-order approximate solution and
the exact solution is about 13.2%, while the maximum error between the second-order
approximate solution and the exact solution is about 3.1%. When r = 0, the first-order
approximate solution and the second-order approximate solution are transformed into the
exact solution, so the three lines of electric field coincide completely. When r = 5 km and
z = 0-7 km, the error between the first-order approximate solution and the exact solution
increases from 0 to 15.1%, while the error between the second-order approximate solution
and the exact solution increases from 0 to 4.1% with the increase of height. By comparison,
it is found that the error between the second-order approximate solution and the exact
solution is significantly smaller than that between the first-order approximate solution and
the exact solution.
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Figure 1. (a) Electric field distribution calculated with exact solution. (b) Electric field distribution
calculated with the first-order approximate solution. (c) Electric field distribution calculated with the

second-order approximate solution.
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Figure 2. (a) Comparison of the first-order approximate solution, second-order approximate solution,
and exact solution, while z = 0. (b) Relative error of first-order approximation and second-order

approximation while z = 0.
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Figure 3. (a) Comparison of the first-order approximate solution, second-order approximate solution
and exact solution while z = 5 km. (b) Relative error of first-order approximation and second-order
approximation while z = 5 km.
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Figure 4. (a) Comparison of the first-order approximate solution, second-order approximate solution
and exact solution while » = 0. (b) Relative error of first-order approximation and second-order
approximation while 7 = 0.
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Figure 5. (a) Comparison of the first-order approximate solution, second-order approximate solution
and exact solution while r = 5 km. (b) Relative error of first-order approximation and second-order
approximation while r = 5 km.

The computation time which is spent on calculating the electrostatic field generated
by a thunderstorm cloud are 15,655 s (4.27 h), 0.01 s, and 0.03 s relatively by using the
exact solution, the first-order approximate solution, and the second-order approximate
solution by the same version of MATLAB (R2021b) on the same configured computer
(Inter(R) Core (TM) i5-10210U CPU @ 1.6 GHz 2.11 GHz). It can be seen that compared with
the computation time using the exact solution, the computation time using the first-order
approximation and the second-order approximation are both greatly reduced, and the
computation time is in the same order of magnitude and much less than 1 s. Although
the calculation time is slightly longer than that of the first-order approximation solution,
the error of the second-order approximation is much smaller than that of the first-order
approximation. Therefore, from the perspective of balancing computational accuracy and
computational time, the second-order approximate solution should be used in the example
calculation of the electrostatic field generated by a thunderstorm cloud.

4. Example Calculation and Analysis

A large number of electric field soundings and charged particle soundings [18-21]
within a thunderstorm cloud confirm that a thunderstorm cloud has a simplified tripolar
charge structure [22-24] (a positive charge region in the upper part, a negative charge
region in the middle part, and a small positive charge region in the lower part). A typical
three-level charge structure thunderstorm cloud is selected as the excitation source, and its
charge structure and parameters are shown in Figure 6. The electric field distribution and
electric field contours of a thunderstorm cloud in the longitudinal section of ¥ = 0, 16 km,
22 km, 30 km and 40 km are shown in Figures 7-11. It can be seen from the figure that the
spatial electric field is axially symmetrically distributed at different distances due to the
centrosymmetric distribution of the tripole charge pile of the thunderstorm cloud.
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Figure 6. Typical tertiary charge structure of a thunderstorm cloud.
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Figure 7. (a) Electric field distribution on the longitudinal section while y = 0. (b) Contour of potential

distribution on the longitudinal section while y = 0.
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Figure 8. (a) Electric field distribution on the longitudinal section while y = 16 km. (b) Contour of
potential distribution on the longitudinal section while y = 16 km.
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Figure 9. (a) Electric field distribution on the longitudinal section while y = 22 km. (b) Contour of
potential distribution on the longitudinal section while y = 22 km.
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Figure 10. (a) Electric field distribution on the longitudinal section while y = 30 km. (b) Contour of
potential distribution on the longitudinal section while y = 30 km.
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Figure 11. (a) Electric field distribution on the longitudinal section while y = 40 km. (b) Electric field
distribution on the longitudinal section while y = 40.

It can be seen from Figure 7 that a small peak appears in the area close to a thunder-
storm cloud on the central axis directly under the thunderstorm cloud, which is caused
by the lower positive charge area of the thunderstorm cloud. Due to the small amount of
charge in the lower positive charge area, the resulting fluctuations are small. At longer dis-
tances, the electric field excited by the lower positively charged region of the thunderstorm
cloud is smaller, so no small peaks appear. It can be seen from the above figure that the
electric field has a large change rate of distance under the thunderstorm cloud. However, as
the distance increases, no matter in the x-direction or the z-direction, the change rate of the
electric field to the distance gradually decreases. In other words, the electric field gradient
decreases with the increase of the distance. Figure 7 is the electric field distribution and
electric field contour on the longitudinal section of y = 0, which is the area directly under
the thunderstorm cloud. The electric field is less than 0, which shows that the electric field
excited in the negative charge region of a thunderstorm cloud is stronger than that excited
in the positive charge region. Figure 8 shows the electric field distribution and electric
field contour on the longitudinal section of ¥ = 16 km. It can be seen that at a distance of
more than ten kilometers, the electric field has both positive and negative polarities. It
shows that the electric field intensity excited by the positive charge region and the negative
charge region of a thunderstorm cloud is evenly matched in this region. Figures 9-11 are
the electric field distribution and electric field contour on the longitudinal section when
y > 20 km. It can be seen that when the distance is more than 20 km, the electric field is
always greater than 0 which shows that the electric field excited by the positive charge
region of the thunderstorm cloud is stronger than that of the negative charge region in the
long-distance region. From the variation trend of the electric field in the above figures, it
can be found that the electric field excited by different charge regions of the thunderstorm
has different rates of change relative to the distance between the observation point and
the thunderstorm cloud. This is the reason for the reversal of the electric field polarity
when the distance between the observation point and the thunderstorm cloud changes.
The variation trend of the electric field at different distances is observed by comparing
the electric field strength at several points. The points with coordinates (0,0), (0,2.5), and
(—10,1.25) in the above figure are called point A, point B, and point C. In Figure 7, Ec > Ep
> Eg. In Figure 8, Ec > Eg > EA. In Figure 9, Eg > Ec > EA. In Figure 10, Eg > EA > Ec. In
Figure 11, Ep > Eg > Ec. It can be found that the electric field excited by different charge
regions has different magnitudes of increase or decrease with the change of distance. Point
A, point B, and point C are three typical location points in the calculation area, and through
the comparison of the above figures, it is found that the farther the observation point is
from the thunderstorm cloud, the closer the electric field of point A, point B, and point C is.
It can be inferred that at infinity, the electric field of point A, point B, and point C are equal,
and are all 0, which conforms to the law of electrostatic field, which is consistent with the
actual observation data of an electric field excited by a thunderstorm cloud [15].
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5. Conclusions

In this paper, the electrostatic field excited by a thunderstorm cloud in space is de-
rived, and the second-order approximate solution of the electrostatic field is obtained by
approximation. The calculation of the electrostatic field for different distances and heights
reveals that the error between the second-order approximation and the exact solution
is significantly smaller than the error between the first-order approximation and the ex-
act solution. The computation time of the electrostatic fields excited by a thunderstorm
cloud is of the same order of magnitude and much less than 1 s when the same version
of MATLAB is used on the same configuration of computers. By comparison, it is found
that the difference in computation time between the second-order approximation and the
first-order approximation is small but the error is greatly reduced, which greatly improves
the computational accuracy without sacrificing computational efficiency. The electric field
excited by a thunderstorm cloud with a typical tertiary charge structure is calculated by
using the second-order approximation solution, and the calculated results match with the
actual observations, which verifies the correctness of the derivation and the validity of the
approximation.
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