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Abstract: In this paper, we solve a system of mixed variational inclusions involving a generalized
Cayley operator and the generalized Yosida approximation operator. An iterative algorithm is
suggested to discuss the convergence analysis. We have shown that our system admits a unique
solution by using the properties of g-uniformly smooth Banach space, and we discuss the convergence
criteria for sequences generated by iterative algorithm. Two examples are constructed, and an
application is provided.
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1. Introduction

By using the clever transformation, Baiocchi [1] investigated the fact that the free
boundary value problem associated with seepage through an earth dam is equivalent to a
class of variational inequality. Variational inequalities have a tremendous impact in this
field, and consequently variational inequalities are applied rather than other methods.

The study of variational inequality theory is twofold. On the one hand, it reveals
the basic facts regarding the qualitative behaviour of solutions related to many nonlinear
boundary value problems. On the other hand, it produces effective numerical methods to
solve free and moving boundary value problems (see for more details [2-5]).

It is well known that projection methods are not applicable to solve variational inclu-
sion problems and such an issue was solved by Hassouni and Moudafi [6] by using the
resolvent operator technique. Generalized resolvent operators were introduced by several
authors by using accretive operators, H-accretive operators, m-accretive operators, etc.
(see [7-9]). The system of variational inclusions can be regarded as a natural extension of
the system of variational inequalities. Many problems related to mathematical and convex
analysis, biological sciences, image recovery processes, biomedical sciences, elasticity, data
compression, mechanics, computer programming, and mathematical physics, etc., can
be worked out by using the framework of system of variational inclusions. Due to their
applications, system of variational inclusions (inequalities) were considered and studied
by many authors, that is, by Pang [10], Cohen and Chaplais [11], Bianchi [12], Ansari and
Yao [13], Yan et al. [14], etc. For more details on variational inclusions and their systems,
we refer to [15-27] and references therein.

It is well-known that monotone operators can be structured into single-valued Lips-
chitzian monotone operators through a process known as the Yosida approximation process.
The applications of the Yosida approximation operator can be found while dealing with
wave equations, heat equations, linearized equations of coupled sound, and heat flow, etc.
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(see [28-30]). The Cayley transform is a mapping between skew symmetric matrices and
special orthogonal matrices. In real, complex, and quaternionic analysis, many applications
of the Cayley transform can be found (see [31-34]).

Compared with other normed spaces, Banach spaces have the advantage that it is easy
to obtain the convergence of a sequence of vectors. That is why we choose a g-uniformly
smooth Banach space in order to achieve better results.

Conjoining the above facts, in this paper, we study a system of mixed variational inclu-
sions which involve a generalized Cayley operator and a generalized Yosida approximation
operator in a g-uniformly smooth Banach space. To obtain convergence result, we define
an algorithm with error terms to take into account inexact computation. We prove that
our system admits a unique solution, and we discuss convergence criteria for sequences
generated by algorithm.

In support of our system, we provide an example. Moreover, another example is
constructed to show that the generalized Cayley operator is Lipschitz-continuous and the
generalized Yosida approximation operator is Lipschitz-continuous, as well as strongly
accretive. Lipschitz continuity of both the operators is shown in Figures in Section 5,
respectively. An application is also given.

2. Fundamental Concepts

Let E be real Banach space with its topological dual E*. The norm on E is denoted by
|| - ||, duality pairing between E and E* by (-, -) and the class of subsets of E by 2F.
It is well known that generalized duality mapping J, : £ — 2E, is defined by

Jo() = {f € E: (o f) =[xl and ||| = |x]"""}, forallx € E.

For g = 2, generalized duality mapping reduces to normalized duality mapping. Note
that if E is uniformly smooth then J, is single-valued.
A Banach space L is called g-uniformly smooth if

pg(t) < kt1,

where g > 1, k > 0 are constants and pz(t) is the modulus of smoothness.
The following result of Xu [35] is important to prove the main result.

Lemma 1. Let E be a real, uniformly smooth Banach space. Then E is q-uniformly smooth if and
only if there exists a constant C, such that for all x,y € E,

e+ yl7 < Axl17+ay, Jo(x)) + Cally[|7.

Definition 1 ([36]). Let P : E — E be a mapping. Then, P is called

(i) accretive, if
(P(x) = P(y),Js(x —y)) >0, forallx,y € E,

(ii) strictly accretive, if
(P(x) — P(y),Js(x —y)) >0, forallx,y € E,

and the equality holds if and only if x =y,
(iii) strongly accretive, if there exists a constant r > 0 such that

(P(x) = P(y), Jy(x —y)) > rllx =y, forallx,y € E,
(iv) Lipschitz-continuous, if there exists a constant Ap > 0, such that

IP(x) = P(y)ll < Apllx —y], forallx,y € E,
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(v) Cp-expansive, if there exists a constant p > 0 such that
IP(x) = P(y)ll = ¢pllx —yll, forallx,y € E.
Definition 2 ([36]). A multi-valued mapping M : E — 2F is said to be accretive ifforall x,y € E,

(u—0v,Js(x—y)) >0, forallu € M(x), v € M(y).

Definition 3 ([7]). Let P : E — E be a mapping. A multi-valued mapping M : E — 2E is said to
be P-accretive if M is accretive and [P + AM|(E) = E, forall A > 0.

Definition 4 ([7]). Let P : E — E be single-valued mapping and M : E — 2 be P-accretive
multi-valued mapping. The generalized resolvent operator RM. : E — E is defined as

R%A(x) = [P+)\M]71(x),for all x € E.

Theorem 1 ([36]). Let P : E — E be strongly accretive operator with constant r and M : E — yki
be P-accretive multi-valued mapping. Then,

R ~ R < S eyl foratt xy € E
That is, the generalized resolvent operator RIA{I/A is Lipschitz-continuous.
Definition 5 ([36]). The generalized Cayley operator Cf‘,/fA : E — E is defined as
Cply = {ZRII\)/I,A — P} (x), forallx € Eand A > 0.

Definition 6 ([36]). The generalized Yosida approximation operator YL, : E — E is defined as

1 -
Yp) = 1 [P - R%A} (x), forallx € Eand A > 0.
Now, we prove that the generalized Cayley operator is Lipschitz-continuous and
the generalized Yosida approximation operator is strongly accretive as well as Lipschitz-
continuous.

Proposition 1. The generalized Cayley operator is Ac-Lipschitz-continuous, where

2+ A - -
Ac = ( +r P r),)\p,?’ > 0 are constants and P : E — E is Ap-Lipschitz-continuous map-
ping.

Proof. For any x,y € E and using the Lipschitz continuity of R}, and P, we evaluate

|t -t = ||[2RM\) - Pe)] - 2REN W) - Pw)] |
= 2[R - REL )] = 1)~ P

2|[REA ) = REL) | + 1P() — Pw)

IN

IA

2
“lle =yl + Aplx gl

2+/\p1’
= = x -yl
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Thus,
et (x) = )| < Aclx =yl

That is, the generalized Cayley operator is Ac-Lipschitz-continuous. [

Proposition 2. The generalized Yosida approximation operator YII)VI/\ :E—Eis

)\p}’ +1
Ar

(i)  Ay-Lipschitz-continuous, where Ay = ( ),/\p, r,A > 0 are constants and P is

A p-Lipschitz-continuous,

21
(ii) Oy-strongly accretive, where oy = (r = >,r,A > 0 are constants, 1> > 1 and P is

r-strongly accretive.

Proof. (i) For any x,y € E,A > 0 and using the Lipschitz continuity of P and Rlﬁd)\,

we have
i) -yt )| = AH[ —RY <>}—[P<y>—R%<y>}H
= 2P P+ 5 [ R ) - REL )|
< Myl ol
()\pr-l—l)n il
that is,

e -y < Avlix-yl.

Thus, the generalized Yosida approximation operator Y} A is Ay-Lipschitz-continuous.
(ii) Forany x,y € E and using the Lipschitz continuity of R}, , we have

(B - Y@L I -0) = ([P~ RE)] - [P) — R )] Jolx— )
= L[(P) - P Jylx - )
—(RY\(x) = R\ (1), Ja (x = )]
> <[l -yl R )~ R )]
> |x—y||q—||x—y|ﬂ

Al

2 _
— —yll4
(5 e,

(VM () = Y (), Jy(x = 9) ) > By [lx — g7

Thus, the generalized Yosida approximation operator Y2}, is dy-strongly accretive.
O

that is,

Lemma 2 ([37]). Let {a,};>_ be a non-negative real sequence satisfying

app1 < (1 - "‘n)an + 0y,
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where oy, € [0,1], Y574 &y = coand 0, = O(ay,). Then nlgrgo a, = 0.
3. Framework of the Problem and Fixed-Point Formulation

Let E be real Banach space. Let A, B, g, Py, P> : E — E be single-valued mappings and
M, N : E — 2" be multi-valued mappings. Let for A,p > 0, Cp! , : E — E be a generalized
Cayley operator associated with the generalized resolvent operator RIAJA], L =[P+ AM] !
and YIZ)\ZJ, o E — E be a generalized Yosida approximation operator associated with the
generalized resolvent operator RIIEIZ o = [P, + pN]~1. We consider following system of
mixed variational inclusions involving generalized Cayley operator and generalized Yosida

approximation operator.
Find (x,y) € E x E, such that

0 € CHL(AW)+M(g(y),
0 € YN, (By)+N(g(x).

For suitable choices of operators involved in system (1), one can obtain many previ-
ously studied systems of variational inclusions and variational inequalities.

The following Lemma ensures the equivalence between system of mixed variational
inclusions involving generalized Cayley operator and generalized Yosida approximation
operator (1) and a system of equations.

)

Lemma 3. The system of mixed variational inclusions involving generalized Cayley operator and
the generalized Yosida approximation operator (1) admits a solution (x,y) € E x E if and only if
the following equations are satisfied:

g) = RYA[Pi(gv) —ACH  (A()], @
() = RY,[P(3(x) — pYH,(B1)))]. G)
Proof. From Equation (2), we have
3(y) = RY A [Pr(g() — ACH A (A())].
By using the definition of generalized resolvent operator Rlﬁf, ), We obtain
3(y) = [P+ AM] 7! [Pi(2(y)) — ACK A (A(x))],

Pi(g(y) + AM(g(y)) = Pi(8(y)) — ACH 1 (A(x)),
AM(g(y)) = —ACB A (A(x)),

—

which impies that
0. € CYLA(A(X)) + M(g(y)):

In a similar way, by using Equation (3) and definition of generalized resolvent operator
Rg,p , We obtain
0 € Ypy,(B(y)) + N(8(x)).
O

Theorem 2. Let E be a g-uniformly smooth Banach space. Let A, B, g, Py, P> : E — E be single-
valued mappings such that A is A a-Lipschitz-continuous, B is Ap-Lipschitz-continuous and
{p-expansive, § is Ag-Lipschitz-continuous, Py is Ap,-Lipschitz-continuous and ry-strongly ac-
cretive, P, is Ap,-Lipschitz-continuous and ry-strongly accretive. Suppose that M,N : E — 2F
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[ PA(x1,y1) —

1 1
be multi-valued mappings and generalized resolvent operators R p A and RP2 p are — and "

" 2
Lipschitz-continuous, respectively. Suppose that generalized Cayley operator C! py A I8 Ac-Lipschitz-
continuous, generalized Yosida approximation operator YII;\ZI o 18 Ay-Lipschitz-continuous and dy-

strongly accretive with respect to B. Suppose that the following conditions are satisfied:

Agt1 +Ap A
0< (M) + (}2(/[2\% — qodyE} +ququ¥?\%1> <1

AACA ! Agra + Ap,A ’ @)
0< CA+<g 2g><1,
&} )
247 A . -
where Ac = hi rp 10 sy = rz/\—;l and Ay = PZA:H. Then, the system of mixed variational

inclusions involving generalized Cayley operator and the generalized Yosida approximation operator
(1) admits a unique solution.

Proof. For each (x,y) € E x E, we define the mappings
Pr(xy) = g(y) = RYA[Pi(g(w) = ACK 1 (A())],
and  Py(x,y) = g(x) = RN, [Pa(g(x) = oY} ,(B(y))].

By using the Lipschitz continuity of g, R} |, P1, A, Cp! | and strong accretiveness of
Py, for (x1,y1), (x2,2) € E x E, we obtain

[ (sm) — RY [Pr(g(yn) — AC (4 D
—(8(v2) — R, [Pr(g(2)) - AC% x2))])
= s~ s) — (RYA[P << 1) —ACH (A
—RY, [Pr(g(2)) ~ ACH, (4 >DH
)

0))

Py (x2,y2)|]

|
(x1))]

IN

() — g2l + |[RY., [P << ) = ACH (A(x1))]
_R%,A[Pl(g(l/z)) ACH (A }H
I3) — ga)l| + - [PrGs yn) ~ Pi(3(y2))
—A[CH\ (A(x)) - CY L (A(02))]| 5)
18(y1) = 8(w2)ll + [P (g(v1)) = Pr(g(y2))ll
+2 ek A - (At
Al =2l + 22 80) — ()
+2E ) AGx) - A |

)‘18

IN

IN

IN

IN

Aglly1r —yal| + llyr — y2|\+ Alx1 — x|

(Agrl + )\pl)\g) Iyt

ol + ||x1—xz||.

By using the same arguments as for (5), we obtain
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| Po(x1,41) —

PP(XZryZ)H

= [ (sen) = RY,, [Pa30)) pypzp m)))

—(3(x2) = RY, ,[Pa(g(x2)) — oY , (B(12))])
= ||sx) — glx2) - (pzp[ << D) - pr2p<B
~RY,, [Pa(g(32)) — 0}, (B DH
) -
)

|
()]

IN

Ig(x1) — g(x2) |+HRp2p{ <<1 oY ,(B(n))]

RN, [ P2(3(x2)) ~ 1R (Bl H

lg(x) - g(x2) ||+—HP2 (x1)) =
Il
) — Pa(g(x2))

—p[ Y}, (B(y)) pz,, 1))
= lgtx1) —g(x)ll + - \Pz (x1)
+[B(y1) — B(y2)] — [(yl) B(y2)] (6)
—p YN, (B()) = YN, (Bw2))]
I3(x) — gl + - IP2(g(x0)) ~ Pa(gx2))]
2B~ Blya)|
o B - B - o[V, (B) — Y, (B)] |
Mgl =32l + 52 lg(x1) = )| + 52 s = v

7“ (y1) (yz)] P[YPzP(B(yl))_YII’\ZJ'P(B(W))M
)\pz/\g

IN

Py(g(x2))

IN

IN

IN

1 = 32l + 22 31— e
B - <y2>1—p[sz,pw(yl))—Yg,pw(yz))m.

Agllx1 — xof| +

Applying the Lipschitz continuity and expansiveness of B, Lipschitz continuity and
strongly accretiveness of YII?'\ZI P with respect to B, we evaluate

IN

I VARVAN

|B) = Bly2) — o[ YB, (B)) — YB,(Ba)) ||

1B(y) = Ba)|I" — ap (YR o(B(y1) = YBL o (B(y2)), Iy (B(y1) — B(32)) )
+0Cq [ Y, (By)) = Y, (B(y2)) |

Abllyr = v21|" — qody | B(y1) — B(y2) 1" + pCaAY[IB(y1) — B(y2) |’

ALllya = vall? — qodv&bllyr — 2 l|? + pCALAL ly1 — 27
(AL — qo8vEh + pCaA Y AL ly1 — ya|”-

It follows that

[Bn) = Bly2) = p[YE o (Bly) = B, (B(y2) | | = {/2% — apoveh + oAb Iy — wall )

Combining (6) and (7), we obtain
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ApA Ag
|Po(x1, 1) = Po(x2,42) || < Agllxn — xal + ;2 £ lx1 — x| + EHyl =yl
1
+ [\q/}\?a —qpdyEh + pCoAT AL Iy —}/2||}
Agra + Ap,Ag ®)
e [[x1 — xa|

1
T (AB + {/Ah —apoveh + PCqA@A%) lv1 — val.
Adding (5) and (8), we have

[Pr(x1,y1) — Pa(xz, y2) | + || Po(x1, 1) — Po(x2,12) |

Aef1 4+ Ap, A AACA
< (PR Iy - ol + A s —
" "
Aoty + Ap,A
+<82rp28) llx1 — 22
2

1
+ (AB + /AL — qpoyEh + quA@A%) lya = yall

Agry + Ap A 1
= {(8711g> + 2 ()\B + </)‘% — qodyGh + PCinAqB)] ly1 —v2|

AAcA Aoty 4+ Ap, A
+[ CA+( g 2g)pxl—xzu.
r ry

It follows that

[1PA(x1,y1) — Pa(x2,y2) || + || Po (31, 1) — Po(x2,y2) || < V(O)[[|x1 — x2|| + [ly1 — v2ll],

where

Agrt + Ap A
V(o) = max{ KM) +r12()\3 + {/AL — qpoyE] +pch§MB)],

"

AAcA g n Agry + Ap,Ag
1 2 '

Because E x E is a Banach space, we define P)W : E x E — E x E, such that

Py o(x,y) = (Pr(x,y), Pp(x,y)), forall (x,y) € E x E.
Condition (4) implies that 0 < V() < 1. Thus,
|Prp(x1,y1) = Prp(x2,y2) || S V(O (x1, y1) — (x2,42) - )

From (9) it is clear that P, , is a contraction mapping. By using the Banach contraction
principle, it follows that there exists a unique (x,y) € E x E, such that

Pro(x,y) = (x,y).
That is,
sy) = RE[Ps(y) —ACH (AR)],
() = RN, [P(g(x)) — pYB,(B)))-
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By Lemma 3, we conclude that (x,y) is the unique solution of system of mixed
variational inclusions involving the generalized Cayley operator and the generalized
Yosida approximation operator (1). O

4. Algorithm and Convergence Result

An algorithm is designed to establish convergence result for system of mixed varia-
tional inclusions involving the generalized Cayley operator and the generalized Yosida
approximation operator (1).

By using Lemma 3, we suggest the following iterative algorithm for solving system (1).

Now, we prove convergence of sequences {x, } and {y,} generated by Algorithm 1.

Algorithm 1 Iterative algorithm for solving system (1).

For initial points xo, o € E, let
gy1) = (1—an)g(yo) +anRp 1 [P1(8(v0)) — ACH A (A(x0))], (10)
glx) = (1—an)g(x0) +anRY, ,[Pa(g(x0)) — YR ,(B(yo))]- (11)
For next iterative points x1,y1 € E, let
gy2) = (1—an)g(yr) +aunRp [P1(g(y1)) = ACE 1 (A(x1))], (12)
g(2) = (1—an)g(x1) +anR  [P2(g(x1)) = YR, (B(y1))]. (13)
Continuing in the same manner, compute sequences {xy } and {y, } by the scheme:
8Wns1) = (1—an)8(yn) + “WR%I,A[Pl (8(yn)) — )‘CII;/II,A(A(xn))] + anen,  (14)
8(xny1) = (1= an)g(xn) + &R [P2(g(xn)) — 0YE o (B(yn))] + anrn, (1)

where A, p > 0 are constants, {e,} € E and {r,} € E are sequences introduced as error terms
for inexact computation such that 1i_1>n llex|| =0 = 1i_r>n |7n|| and {a,} is a sequence such that
n—oo n—oo

0<a, <1,Vn>0and) ;a, = co.

Theorem 3. Let all the conditions of Theorem 2 be satisfied and additionally if the following
conditions are satisfied:

() Tim fles) =0 = Lim [,

(ii) 0<ay, <land), ja, = oo, foralln,

(iii) Ag < dgand dg > 1,

(iv) g is dg-strongly accretive,

then sequences {x, } and {y,} defined by Algorithm 1 converge strongly to x and y, respectively,
where (x,y) is the unique solution of system of mixed variational inclusions involving the general-
ized Cayley operator and the generalized Yosida approximation operator (1).

Proof. It follows from Theorem 2 that the system of mixed variational inclusions involving
the generalized Cayley operator and the generalized Yosida approximation operator (1)
has a unique solution (x,y) € E x E. By Lemma 3, we have

gy = (1—an)gy*) +auRp A [PL(g(y*)) — ACH \(A(x¥))], (16)
and g(x*) = (1—an)g(x") +anRE ,[Pa(g(x*)) — YR ,(B(y))). (17)

By using (14) of Algorithm 1, (16) and Lipschitz continuity of g, RII‘,/I1 v P A, Clﬁf A7
we evaluate
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18(Yn+1)

18 (xnt1)

=gl

—g(x)|l

IN

IN

IN

IN

IN

(1= @a)g(yn) + anRYL, [Pr(g () — ACH (A ( ))} + tne
[ w)g(y) +aaRY [Pr(g(y) = ACK (AG))] ]
(1= an)llgyn) = &) +an | RYL, [Pr(g(ya)) — A%( (xn))]
—RY [Pi(2(y)) = ACK (AG))] | + el

(1= an)Aglyn =yl + 7 [ [Pr(g(m)) — Pa((y))]

— M (ACen)) = B (AGD] || + aulleall

(= eelyn 'l + P (3(m)) ~ Pr(3()]

7] CHLA(AGk) = CHLAAG) | + anllenl a8
(1= an)Agllyn =yl + T Ar l18wn) — ()]

+%AAC||A(xn) — A(X)|| + anllen]]

(1= an)Aglyn =yl + Z* A Aglyn — v

—I—D:—r)LACAAHxn — x|+ en]

14 *
[(1 - rfwg} —

14
+7:)t)\c)\A||xn — X*H + DénHEn”.

By using (15) of Algorithm 1, (17) and Lipschitz continuity of g, Rg o P2 B, we evaluate

IN

IN

IN

IN

IN

(1 = @) (xu) + @aRY,, [Pa(g(x)) —p m( <yn>>}+anrn
[ = ang) +anRY , [Pa(2(x) — oY, (B ] |
(1= ) lIg(xr) = 80"+ e | R, [Pa(g(x)) — 0¥, (B(y) ]

—RY [ Pa(g(x") —p a(® )]
(1= ) Agllen =" + 7 | Pa( () — Pa(g(x"))]
—p [ YR, (Bya)) = Y, (B ) ||| + anlral
(= ) Agllen ="+ T2Ap g () — 8(x7)]
+72 Bl — Bly™) — [Blyn) ~ BG)]

—p | YR, (Blyn)) = YR, (By )] || + aulirul
il R {CORCl
+2By) — B + 32| (Blym) — By*)]

p[Yg,x () = YE,(B(y")]
(1 — ) Agl|n — 2| + 22

+‘X”

(19)

+ an [|7a]|

A gl — x° ||+;AB||yn all
B(yn) = B(y") = p [ YR, (B(y)) = Y ,(By )] || + il ull

By using the same arguments as for (7), we have

B = By*) = o[ Y, (Blyn)) — YR, (B )] | = /2% — apoveh +oCiAYA Iy — vl (20)

By combining (19) and (20), we have
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* o *
ICn0) =8GO <= atg + 2 AmAg =]

x a q q 944
(824 22 3~ 00y + CALAG I — v+l

(21)

By accretiveness of ¢ with constant (Sg, we have

18 (Wn+1) — W) INTq(Yns1 — o)l
(&Wn+1) —8W"), Ja(Wur1 —¥"))
Sgllynr1 —y*II%,

18(yns1) — 8 ) I ynsr — v )77

AVANAY,

which implies that
* 1 *
[Yns1 =7l < g||g<]/n+1> =8l (22)

Similarly,

* 1 *
%01 — 7| < gllg(xnﬂ) =8I (23)

From (18) and (22), we have

. 1 N 1 x X
s =y < 5 l8men) =80 < 5 (0= ms + Zanag o =)
8 8 1
1« " 1
—i—(s——")\)\c/\AHxn—x | + —anllen (24)
e 11 dg

From (21) and (23), we have

IN

. 1 X 1 % "
s =1 < Elglman) =gl < 5| A= mdg + A =]
8 &g 2

1 oén (Xn q !7 ‘7 q *
+5g[r2)\3+r2</)\3qp5y§B+qu)Ly)LB lyn — v (25)

+ Ll
= K“n nil-
58

Adding (24) and (25), we have
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Y1 =yl + 1042 = 27|

IN

1 x "
: [(1 A rng} lyn —v*|

1a 1
5 MeAallzn =+ anneu]
8

+ (52 {(1 —an)Ag + “"APMg} e — 27
+518 sz\ 5 —qpéycgwcqm”] lyn =yl
+ ]
8
_ 51g [(1 — ) Ag + ’;‘;’Apl)\g} (26)
e e e [
n %a—")t)xc)u + (51 {(1 —an)Ag + %/\Pz/\g]] |20 — x|
¢ 71 g "
+5e [leal + ]
— gj [(1 — (1 - 9))] lyn =yl
+§gg (1= (1= )]0 — 27
+50 Nl + ]

A A
where § = S + ;1o (/\B + (/Ag — qodyeh +pch@Ag) and 0’ = 52 + 3574

Because Ay < J¢ and 6 > 1, (26) becomes

s =y oer =% < (1= @1 = 0]l — v+ [ — (1= 6))] 00 — 2]

e ([lenl] + [7ul)

Y llyn = v* I+ llw = x* 1] + n(llenll + [[7a])) o

= ZO)[llyn = y* I + llxu = x*[I] + on,

<

where ¢(6) = max{(1 —a,(1—-0)),(1 —a,(1—06"))}and ,, = (1 — G)WHW.
Applying condition (i), we have W — 0,as n — oo. Hence 0, = O[(1 —

6)ay]. Thus, all the conditions of Lemma 2 are satisfied.
We conclude that (x,,y,) — (x,y) € E x E, as n — co. This completes the proof. [

5. Numerical Example

We construct following example in support of system (1). It is shown that (0, 0) is the
unique solution of system (1).

Example 1. Let E =R, A, B, Py, P,, g : R — R be single-valued mappings and M, N : R — oR
be multi-valued mappings such that A(x) = 13x, B(y) = 7y, P1(x) = &x, P>(x) = 3x, M(z) =

{10 } = {2z}, g(x) = 2xand g(y) = 2y, forall x,y,z € R.
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For A = 1 and p = 1, we evaluate the generalized resolvent operators

_ 10 - 12
R%,A(x) =[P+ AM]  (x) = B szp( x) = [P, 4 pN] (x) = FEad forall x € R.

Consequently, the generalized Cayley operators and the generalized Yosida approximation
operators are calculated.

22
ChLA(x) = [2R ) — Pi| () = o,
267

1
and Yg’p(x) = E{Pz RP2 p}( xX) = 120 forall x € R.

Further, we calculate

CH L (A +M(g(y)) = CH,(13%) + M(2y)

%(13961) +15(2y) (28)
T

=z (22x +y),

and Y} (By) + N(3(x))) = i (79) + N(2x)
=15 (7y) +3(20) (29)
= 2260 y+3 ix.

For (28) and (29), we have the following matrix representation.

2 1
{227 2} [x} = Lﬂ,forall x,y €R.

20 31Y

It is clear from above matrix representation that (0,0) is the solution of system of mixed varia-
tional inclusion involving the generalized Cayley operator and the generalized Yosida approximation
operator (1).

In continuation of Example 1, we construct another example showing that the gen-
eralized Cayley operator is Lipschitz continuous and generalized Yosida approximation
operator is Lipschitz-continuous as well as strongly accretive. Lipschitz continuity for both
operators is also shown by graphs.

Example 2. Let E = R and all the mappings remain same as in Example 1. That is,

_ 10
RYA) = [Pi+AM] 1<x>:ﬁx,
- 12
RYo(x) = [Pr+pN| "' (x) = =x
22
CHA() = 2R}, Pi|(x) = 23,
1 267
N - - _ RN =
sz,p(x) = p[Pz RPZ'P}(x)_MOx'

Because Py (x) = &x, we have

1)~ Put) | = | 3 3|
= 2lx—yl

< Dx—y)
=5 vil,
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that is, Py is Ap, = Z—Lipschii.‘z continuous. Moreover,

(Pu(x) ~ Pa(y)x — ) = (2 = oy x =)

= Syl
> -yl

that is, Py is r1 = 1-strongly accretive.
Similarly, for P(x) = %x, one can easily prove that Py is Ap, = 3-Lipschitz continuous and
1y = 2-strongly accretive. Furthermore,

22 22
ICHA) ~ CHA Wl = | 25— T

= Zjx—y]
65 Y
17
<% lx—yll,
A
that is, generalized Cayley operator is Ac = L;'LiPSChitZ'CO”ti””WS' where Ac = Hr%rl -
7
2+71‘5 - g Furthermore,
5
267 267
N _
YR o (x) = YE ,(n) = H140 MOyH
= 27—y
140 Y
< . —_
<3 IIx yll,

that is, the generalized Yosida approximation operator is Ay = %—Lipschitz—continuous, where

.9
Ay = Apz/\rf;l =2 14—;1 = %. Moreover,
1
267 267
M M
<sz,p (x) - sz,p (y)’ X = y> <14:O my’ X = y>
_ 267, >
VT e
= Tl vl
B 140
_ 2
> Oy,
that is, generalized Yosida approximation operator is oy = %—strongly accretive, where
2-1 (9’1 ¢
(SY = %LTZ = 41% = 36"

It is a well-known fact that for a Lipschitz-continuous function, there exists a double cone
whose origin can be moved along the graph so that the whole graph always stays outside the double
cone. The following figures (Figures 1 and 2) demonstrate the Lipschitz continuity of generalized
Cayley operator and generalized Yosida approximation operator calculated above, respectively.
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|
Figure 1. Graph of Lipschitz-continuous of generalized Cayley operator.

267

Yi (z) = 1a0%

Figure 2. Graph of Lipschitz-continuous of generalized Yosida approximation operator.

6. Application

A dynamical system is a system that changes over time according to a set of fixed
rules and determine how one state of the system moves to another state. On the other hand,
a dynamical system describes the disequilibrium adjustment processes which may produce
important transient phenomenon prior to the achievement of steady state.
Dynamical system is a generalization of classical mechanics where the equation of motion
postulated directly and are not constrained to be Euler-Lagrange equations of a least
action principle.

Dynamical system theory has been applied in the field of neuroscience, cognitive de-
velopment, equation of motion, electronic circuits, chaotic system (double pendulum), etc.

As an application of system of mixed variational inclusions involving the generalized
Cayley operator and the generalized Yosida approximation operator (1), we mention a
system of resolvent dynamical systems.
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By using Lemma 3, we suggest the following system of resolvent dynamical systems:

A — & [RY {s(y) — ACH (A(x))} — &(y)| x(to) = to € E over [to, ),

8 (30)
B = & [RY ,{g(0) = oY} ,(B(y) | —2(x) |, y(to) = to € E over [tg,00),

where ¢; and (7 are parameters.

It can be shown easily that by using the techniques of Noor [38], the Gronwall lemma
and Lyapunov function, which are the trajectory of the solution of the system of resolvent
dynamical systems (30), converge globally exponentially to the unique solution of system of
mixed variational inclusions involving the generalized Cayley operator and the generalized
Yosida approximation operator (1).

7. Conclusions

It is well known that the Cayley operator, the Yosida approximation operator, and
a system of variational inclusions are application oriented. This paper is focused on the
study of a system of mixed variational inclusions involving the generalized Cayley operator
and the generalized Yosida approximation operator in g-uniformly smooth Banach space.
We obtain the unique solution of our system, and we discuss the convergence criteria by
suggesting an iterative algorithm. Two examples are provided with an application.

The novelty of work lies in the fact that our results are refinement of previously known
results (see for example [8,9,13,18,26,28,33,36]).

Our results can be extended further and may be useful for other scientists.
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