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Abstract: The total heat exchange factor is one of the most important thermal physical parameters
in the heat transfer model for a reheating furnace machine. In this paper, a novel general strategy,
which is combined with the first-optimize-then-discretize (FOTD) approach and an improved hybrid
conjugate gradient (IHCG) algorithm, is proposed to identify the total heat exchange factor by solving
a nonlinear inverse heat conduction problem (IHCP). Firstly, a nonlinear IHCP with the Dirichlet-
type boundary condition Ty, (t) = T(0,¢) is built to determine the unknown total heat exchange
factor w(t). Secondly, the analysis of the Fréchet gradient of the cost functional is given and the
gradient is proved as Lipschitz continuous by the FOTD approach. Thirdly, based on the gradient
information by FOTD, a new IHCG algorithm, whose global convergence is proved by us, is proposed
for fast solving of the optimization problem. Finally, simulation experiments are given to verify the
effectiveness of the proposed strategy. Compared with the first-discretize-then-optimize (FDTO)
approach, the FOTD approach can reduce running time and iteration number. Compared with other
CG algorithms, the proposed IHCG algorithm has better convergence performance. The experimental
data by the thermocouples experiments from a reheating furnace are also given to identify the total
heat exchange factor.

Keywords: first-optimize-then-discretize; hybrid conjugate gradient algorithm; inverse heat conduction
problem; lipschitz continuity; nonlinear PDEs; total heat exchange factor

MSC: 35K05

1. Introduction

The method of total heat exchange factor is often used to build the temperature
prediction model for the reheating furnace, and has been widely used in the online control
due to its simplicity and lower computer cost [1]. The total heat exchange factor is one of
the most important thermal physical parameters. It has significant effects on the accuracy
of temperature fields in the calculation process of the prediction model [2]. However, the
determination of the total heat exchange factor is very complicated due to the complex
environment, in which many various factors (such as: structural parameters, operating
parameters, thermal parameters, etc.) should be considered. Generally, the inverse heat
conduction problem (IHCP), in which some characteristics are unknown, is often used to
determine the unknown parameters. For instance, the unknown temperature-dependent
parameters (such as: local convective heat transfer coefficients [3], surface heat flux [4,5],
thermal conductivity [6], surface heat sources [7], etc.) can be evaluated in the solution of
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IHCP. Thus, a new IHCP is built to determine the total heat exchange factor, and it should
be solved both quickly and accurately in this paper.

Methods for solving the IHCP include the conjugate gradient (CG) method [6], the
maximum entropy (ME) method [8], the neural network (NN) method [9] and so on.
These algorithms can be generally classified into two categories: the stochastic intelligent
algorithms and the gradient-based algorithms [10]. The disadvantage of the stochastic in-
telligent methods is the low computation efficiency. Especially, a large number of iterations
are required and only few parameters can be reconstructed [11]. The advantages of the
gradient-based methods are the fast convergence speed and the high accuracy. However,
it is not easy to obtain the gradient information for real applications. Since we want to
solve the IHCP quickly and accurately, the gradient-based method is chosen to construct
an effective gradient-based algorithm in this paper.

Current gradient-based numerical methods are divided into two groups: the first-
discretize-then-optimize (FDTO) approach with the sensitivity matrix and the first-optimize-
then-discretize (FOTD) approach with the adjoint equation [12]. In the past few decades,
researchers pay more attention to the FDTO approach with the sensitivity matrix, and
proposed a variety of numerical algorithms. For instance, Tseng et al. [13] developed a
direct sensitivity coefficient (DSC) method to solve multidimensional IHCPs. Anderson
et al. [14] determined the effective heat transfer coefficients by using an inverse method, in
which the sensitivity coefficient is solved in an iterative manner. Han et al. [15] used the
finite element method (FEM) to solve the sensitivity matrix, and the sensitivity analysis
of the transient IHCP is carried out in this paper. Cui et al. [16] presented a complex
variable differentiation method (CVDM) for accurately calculating sensitivity coefficients
for a Levenberg-Marquardt (LM) algorithm to solve IHCPs. Zhang et al. [17] calculated the
sensitivity matrix coefficients by the newly developing FEM and CVDM though ABAQUS.
In general, sensitivity coefficients are difficult to accurately calculate. Besides, if the IHCP
has some other properties (such as: multi-dimensions, transient states or nonlinearities),
the calculation process will be a more difficult and challenging work.

Recently, some researchers have proposed a series of FOTD approaches and success-
fully introduced them into IHCPs. For instance, Azar et al. [18] proposed an iterative
regularization method, in which the adjoint equation is given to determine the gradient of
the cost function, to identify the unknown parameter by solving the IHCP. Xiong et al. [5]
proposed a sequential CG method to reconstruct the undetermined surface heat flux for
nonlinear IHCP. The adjoint partial differential equation (PDE) is introduced to describe the
gradient of the objective function. On the bases of our earlier studies [19,20], an improved
hybrid conjugate gradient (IHCG) algorithm based on the FOTD approach is proposed
to determine the unknown total heat exchange factor w(t) by solving the IHCP with the
Dirichlet-type boundary condition T;, = T(0, ).

This paper is composed as follows. In Section 2, mathematical models of reheating
furnace and a nonlinear inverse heat conduction problem are built. Based on the FOTD
approach, the explicit formula for the Fréchet gradient of the cost function is obtained, and
the Lipschitz continuity of the gradient is proved in Section 3. In Section 4, an improved
hybrid conjugate gradient (IHCG) algorithm is given, and a detailed mathematics proof of
global convergence is published. In Section 5, simulation experiment and analysis are given
to verify the effectiveness of the FOTD approach and the proposed IHCG algorithm. The
experimental data by the thermocouples experiments are also given to identify the total
heat exchange factor for the furnace. Finally, the conclusion is summarized in Section 6.

2. Problem Formulation
2.1. Mathematical Model for the Reheating Furnace

The heat transferred to the slab is extremely complicated. It is mainly in the form of
heat convection, heat conduction and thermal radiation, as shown in Figure 1. To solve
the model in practical engineering applications, some assumptions are given to build
a low-dimensional mathematical model: 1. The heat conduction inside the slab is only
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transferred along the slab’s thickness direction. Because the temperature difference along
the length and width direction is much smaller than the slab’s thickness direction [19].
2. Thermal radiation is the only considered mode of heat exchange between the slabs
and their environment. Other heat transfers such as conduction, skid marks, oxide scale
layer, etc., are omitted [21]. 3. A half part of the slab is considered for the mathematical
model. As the slab is symmetrically heated approximately in the furnace [4]. Finally, the
1-dimensional transient nonlinear mathematical model with the temperature-dependent
material parameters is considered and shown as Equation (1). In this analysis, neither
source term nor phase change inside the solid are considered.

pc(T) 2L (y, 1) — %(A(T)%(y,t)) =0,(y,t) € Qys = [o,ﬂ % [to, t]

~MT)3L(0,1) =0, ™

A(T) 3T (%,t) = q(t) = ow(t) [u4(t) - T4(§,t)]

Here, T(y, t) is the temperature field in the slab along the thickness dimension y with
yE {0, ﬂ . The symbol [ is the thickness of the slab (), and t( and t; are the charging and
discharging time of the slab. Tj(y) is the slab’s charging temperature (K), and ¢ is the Stefan-
Boltzmann constant, 5.67 x 10~8 (W/m?- K*). The symbol g(t) defines the heat flux density,
which is determined by the total heat exchange factor w(t), upper furnace temperatures
u(t), and slab’s upper surface temperature T(%, t). Furthermore, p is density (kg/m?),
c(T) and A(T) are the specific heat (J/(kg-K)) and the thermal conductivity (W/(m-K)),
respectively. According to the paper [22], ¢(T) and A(T) are temperature-dependent and
shown in Figure 2 for the 20MnSi steel slab.
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Figure 1. The structure of the reheating furnace.
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Figure 2. Temperature dependent material parameters for steel slab 20MnSi.
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T
As verified in [23,24], a time-invariant transformation function, T(T) = Ty + % [e(t)dr
T

0
is chosen to isolate the nonlinear material characteristics in Equation (1). Then, after utilization
of the transformation law into PDEs (1), the new PDE equations are obtained:

T -H(FEDOFEH) =0
T(y, to) — To(y) 0, ,
KT) 5 (0,t) = k)
K (1) =0 =i 743

Here, k(T) = %/ AMT) = AC( Tj?)b’ o1 = ogi q(t) still defines the heat flux density,

which does not depend on y.

2.2. Inverse Heat Conduction Problem

To obtain more accurate measurement data, the slab is equipped with a set of ther-
mocouples to go through the reheating process [20]. The center temperatures in the slab
are seldom affected by the environment relative to the surface temperatures. Thus, the
measured output data can be used as the Dirichlet-type boundary condition T, (¢) = T(0, t)
in this paper. Then, the IHCP can be described by the following PDEs-constrained opti-
mization problem:

min | = ftgl (T(0,w) — Tm(t))2dt

w0 -5 (D5wn) =0
; T(y,to) — To(y) =0, 3)
T k()0 =0,

k(T)%G f) =q(t) = qw(t) [u‘*(t) -~ T4<%,t)}.

3. The Fréchet Gradient Based on the FOTD Approach

In this section, the FOTD approach based on the adjoint equation is introduced to
obtain the Fréchet gradient of the cost functional. Afterward, the Lipschitz continuous
is proved.

3.1. The Adjoint PDEs Based on Weak Solutions

To derive the adjoint PDEs, the Lagrange function-based approach [12] is applied.
p(y, t) is introduced to transfer all constraints into cost functional and formulate the strong
version of the Lagrange function, which is shown as:

ty 2 .
L(T,pw) = | (70, trw) = Tt + [ [ (30,0~ & (KT 0,0)) ) plo )y
to 0ty (4)

+f( K(T)3L(0,1)) p(0,1) dt+f< ()3 (4t) —a(0) p(5.t)dt

(S5
&y

From the book [12], the adjoint equation is obtained by solving AL = 0 for T. It is

shown as:
.t +aay(k(~)ay(3// )) 0
p(y,t1) =0, )
K(T)32(0,6) = 2(T(0,1) = Tu(1)),
K(T)3E(5t) = —aorw(OT (4,t)p(bot).
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Denote by T(y, t;w), T(y, t; w + Aw) are the solutions of problem (2). Then, AT (y, t; w)
= T(y, b w + Aw) — T(y, t; w) will be the weak solution of the following parabolic problem:

K(T)%I(y,1)) =0,

AT( ,t) -0, (6)

o>
=2
~~
<
N
-
—
I
Q|
o
/N

3.2. Fréchet Gradient of the Cost Functional
The first variation AJ(w) of the cost functional (3) is obtained as:
=2 [ (T(0, w) — T (1)) AT(0, t;w)dt + [;1 AT?(0, ;w)dt @)

By the FOTD approach, an explicit formula for the gradient of the cost functional will
be defined by the solution p(y, t) of the adjoint Equation (5). A simple derivation for the
first term of the right-hand of Equation (7) is given in Lemma 1.

Lemma 1. Let w(t), w(t) + Aw(t) be given functions. If T(y, t; w) is the corresponding solution

of the direct problem (2), and p(y, t;w) is the solution of the adjoint Equation (5), for all Aw(t), the
following identity holds:

2 [ (T(0 5w) = Tu()) AT(O, )t = —r fi1 (uwt()) = T*(4,1) ) p (4 t) Acw(t)at ®)

Proof. From the boundary conditions of Equation (5), the left-hand side of Equation (8)
can be rewritten as:

2ff1(~ tw) — T (t)) AT(0, ffl( (T) 35 ( ,t))AT(O,t,w)dt
I LO y (k(T >3—;’<y,t>AT<y, >)dtdy+f;;( 2 (4,6))AT(4,¢)ae
= Ji S 2 (KT 2y, ) ATy, Dty — [ [ K(T) Ly, 02 (y, Dty )
+ [ ( (~)g—§(%,t))AT(%,t)dt
= — [t (K(T) L (5,4) ) p (4 ) de+ [ (R(T) 35 (5,8) ) AT (4t )at

Introducing the boundary conditions of Equations (5) and (6) into Equation (9), we
can obtain:

2 [} (T(0,;0) — Tu(D) AT(0, w)dt = —oy ! (u4(t) - T4(§,t))p(§,t)Aw(t)dt (10)
Lemma 1 is proved. [

Then, Lemma 2 is given and proved for the second term of the right-hand of Equation (7).

Lemma 2. Let AT = AT(y, t;w) € H'0(Qy4) be the solution of the parabolic problem (6) for a
given w € W. Then, the following equation with a constant L1 > 0 is obtained:

t ~
"AT2(0,1)dt < Li|Aw| (11)

to

where Ly = [ - +W},O<’y < 8T w, = min(w(t)), Ts :min(T3<é,t)>,

k. = min(k(T)), r*:max<u4—T4(%,t)) and || Aw||?, = ftl Aw?(t)dt.
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Proof. Multiply both sides of aAT (y,t) = (k(T) Ty, )) by AT(y,t), and integrate
over (), we can obtain the followmg equatlon

LG 0 5 (0T iy = [ 0 3 (K1) B0 )aT@w 0y (12)

By AT(y, to) = 0, the left-hand of Equation (12) can be transferred as:

t
2/ /1 O (AT(y, 1)) dtdy = & / AT2(y, t)dy (13)
to

The right-hand of Equation (12) can be converted to the following equation:

I 2 (KDY (y,0)) AT (y, Dty
T( ))dt—fttl ( (T)%5L(0,1)AT(0,#) )dt—fo S k(T )(aAT y,t ))zdtdy (14)
)Aw(t)AT (4, t)dt - [i1 aorewo(t) T3 (4, 1) AT (4,1)dt - I S k(T) (%L ))zdtdy

Integrating Equations (13) and (14), we can obtain:

L[ ATy, )y + [ S k(T )(a” y,t ))Zdtderftff 4fflw(t)T3(§,t)AT2(§,t)dt
=0 (u (t )7T4<%,t))A (t )AT(%,t)dt

Then, the e-inequality: af < e% + 2€,V0¢ B € R, Ve > 0 is introduced for the right-
hand side of Equation (15), which is converted to the following inequality:

o1 fi (wh(e) = T4(5,1) ) (AT (5, #)dt < B2 [ <u4(t)—T4(%,t))2AT2<%,t)dt+ [l awr(tar - (16)

Combining Equations (15) and (16), we can obtain:

(15)

2f0 AT2(y, dy+f0 ft k(T )(aAT(y, ))zdtdy—i-ftgl {401w(t)T3(%,t> 7101’ }ATZ(é,t)dt <o ft“ Aw?(t)ydt  (17)

Equation (17) requires 0 < 7 < %%:I= Then, with k, = min(k(T)), we can obtain
two inequalities:

Lot ) t
2D (BAT(y, )) ddy < 77 [ Aw(t)dt,

toag2( 1 2 (18)
S AT (§4)dt < e [ A (1),
2
Finally, with |AT(0,1)|" = fz E’AT (y, t)dy — AT( ) < 2 fo W (v, )) y
N 2
—i—Z’AT (%, t) , we obtain the following estimate:
t AT 2 t _
Jig AT0.0dt <[5 + gtz S AP0t = Lalwlfy, (9)

Therefore, Lemma 2 is proved. Thus, the second term in the right-hand of Equation (7)
is obviously bounded by the term o (||Aw||%,v) . By definition of the Fréchet -differential,
Equations (8) and (11), we can conclude the following Theorem 1.
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I (w + Aw) — J'(w

Theorem 1. Let Lemmas 1 and 2 hold. Then the cost functional is the Fréchet -differential
J(w) € CY(W). Moreover, the Fréchet derivative of the cost functional J(w) at w € W can be
defined by the solution p(y, t) of the adjoint Equation (5) as follows:

Fw) = -or[ut) - 1(51) |p (51 20)

3.3. Lipschitz Continuous

Using lemmas in the previous section, we can show that the gradient J'(w) of the cost
functional is Lipschitz continuous.

Lemma 3. Let the condition of Theorem 1 hold. Then, there is a constant Ly to make the following
inequality hold:
|7 (w + Aw) — J' (w)||3, < La||dw|3, (21)

2 % 2 (TH\2 %
oir 1607 (T*)*p Zw* * 3 *
T22Tews—1aTeps) — 11 BwiTe—71r*]’ 7 = max(T b=

max(p2<%,t>>, Px = min(pz(é,t)), and,

where, Ly = 0< 7 <

13 = o [ut )~ (4, t)] ap?(4t)de+1602 i1 [T0(5, )2 (h,t) [AT2 (4 t)dt (22)

The process of proof is shown in Appendix A.

4. The Improved Hybrid Conjugate Gradient Algorithm

In Section 3, the gradient J'(w) can be calculated by the formula (20) based on the
FOTD approach. This suggests an idea of constructing a new gradient-based optimization
algorithm based on the FOTD approach.

There are many innovative CG algorithms with different values of i, such as the LS
algorithm [25], HS algorithm [26], MCD algorithm [27], the variant Flétcher—Reeves (VFR)
algorithm [28], the modified Polak-Ribiere-Polyak (MPRP) algorithm [29], the spectral
conjugate gradient (SCG) algorithm [30], the Nonlinear three-term conjugate gradient
(NTTCG) algorithm [31]. In the past few years, some hybrid algorithms [32-35] have
been developed based on the above algorithms. Inspired by these CG algorithms, this
paper presents an improved hybrid conjugate gradient (IHCG) algorithm, which is given

as follows:
die = s 23
¢ {—Wkgk+[3kdk1, k>0 (23)
where,
2 _ llgell T
gl - max{o, B helg ) e gL sl
- = e @
max{ ~ 8t i 1(gk—gk_1)} 8k k-1

Here, g represents the gradient J/, by Equation (20). The flowchart of IHCG algorithm
is shown in Algorithm 1.
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Algorithm 1: THCG algorithm based on the FOTD approach.

Begin

1:  Set parameters 6 = le=? € (0,0.5),0 = 0.2 € (5,0.5),eps = le™*, kyax = 2000,
k = 0. Choose an initial point wy.

2: Solve the direct problem (2) to determine the temperature distribution Ty (y, t),
and estimate the cost function J(wy);

3: Solve the adjoint problem (5) to determine the gradient of the cost function gj. If

|gk| < eps or k = kyax, stop the algorithm.

Estimate the descent depth dy based on g, and Equation (23).

5:  Determine a step length a; by the standard Wolfe line search method.

b

J(wi + agdy) < J(wy) + gy di, §(wi + agddy) T dye > ol dy. (25)

6:  Update wy 1 = wy + apdy, k :== k+ 1 and go to Step 2.
end

4.1. Property of the Proposed Algorithm

In this section, the global convergence of Algorithm 1 is proved under the Wolfe
line search condition (25). Sufficient descent property is very important for the global
convergence of the iterative method [36]. The following lemmas are given to state that the
search directions in Algorithm 1 are all of descent.

Lemma 4. If sequences dy and gy are generated by Equations (23) and (20), for all k > O the
following equation holds:
grd; < 0. (26)

Proof. Obviously, gfdy = —||g0/|*> < 0 when k = 0. When k > 0, we divide the proof into
the two situations by By.

Situation 1: If k > 0 and By = 0, we can obtain g/ dy = —7 | g[|> < 0.

Situation 2: If k > 0 and By # 0, the proof is divided by the following four cases:

Case 1: If gk Sk—1 < 0and g; Td,_1 >0, we can obtain that Br = % Then, the
1

following inequality is derived:

_ 2
gl = —(1+ lasiall 4 ”gk”,p | g 12 +87 (Bii1)

Mg lseal? | o
- _ 2 _ _ 2 _ I8k 8k T
= = [l gk I = llgx gl;—l” TP+ a . 58k dk-1 (27)
<_ 2 lgel? 7 Hng
<~ lsll +d;z,1(gk*gk71)gk A1 < Ay (8k—8k— 1)gk 11

From d,@1 (gk — 8k—1) > 0by Equation (25) and induction assumption of Equation (27),
we can notably conclude that g/ dj < 0.

Case 2: If gkgk 1 < 0 and gkdk 1 < 0, we can obtain that B; = g\\ﬁ#ﬁl{i The
T ok—1%-1
following inequality is derived:
T 2
gl = —(1+ B8l o Il | gy |2 g (B 1)
= — 11 8 P~ — el — ity + gy, 28)

— 2 Hng Tg < _Sia%at8idion) o
I8 I — T a k-1 S g llgxll* <0

IN
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2 gkl
gk~ Ter_ 1Hgkgk 1

iy (8k—8k-1)
Notice, that we have 0 < cosf; < 1, where 0 is the angle between g and 8k—1- The

following inequality is derived:

Case 3: If g{gk_l > 0 and g{dk_l > 0, we can obtain that ; =

gldy = —(14 le8cal® oy 8l vy o112 40T (B, 1)

llgkl? llgk—11
< || ”2 +H8kH2 H(!fk!”gkgk 1 Td || ||2gk71dk,1fg,?dk,1cos(9k (29)
- ng T, 1(8k—8k-1) Sk k=1 = 118k a1 (8k—8k-1)
d dy_1 cos b, 1—cos 6)
< 2 8k—19k—1— 8191 ko lgill*( WD oT 4 - <0
< gl . (8k—8k-1) . (8k—8k— 1) Sk-17k-1
T T . llgkll?— Héy:k‘llugkgk 1
Case 4: If g, gx—1 > 0 and g, dy_; < 0, we can obtain f; = T
T 8k—1%k-1
ng1 dr_1 < 0. The following inequality is derived:
T llgx—8k-11 gkl 2
Sk dk ( + gl + I Hz) ” 8k ” +gk (,Bkdk 1)
8k Il 8k—
llgxll>— SF8k-1 2
2 kale k T _ 2 _ llgkll*(1—cosby) T
< — g P - Ty o gy | el et g o)
dy_1+gld (1—cos ;)
= sttt (o) 12 <

Finally, for all k > 0, g/ dj < 0 always holds. [

Meanwhile, we can easily obtain the following important property.
Lemma 5. Forany k > 0, the relation 0 < i < always holds.
kfl

Proof. From the definition of B in Equation (23), one knows B > 0. Next, we divide the
proof into the two situations by B.

T
Situation 1: If By = 0, by Lemma 4, we can obtain o gk:}’: >0 = B
k—17k—=
Situation 2: If Br > 0, the proof is divided by the followmg four cases:

Case 1: If gk Sk—1 < 0and g, Td,_1 >0, from Lemma 4.1 Sk Td, <0and Equation (27),
we have:

2 Td
polmlP sl
di_1(8k —8k-1) ~ Gp_19k1
Case 2: If g,z k-1 < 0and g,fdk_1 < 0, from Lemma 4.1 and Equation (28), we have:

T T
T4, < i1k 118; A1
gk k= 7g]-£71dk71

(31)

lgxll? < (8{,1dk71 + g,zdk,l) B, then the following inequality is

T
S k-1 S
< |1 < 32
Br < ( + g;{lqu)ﬁk = o (32)

Case 3: If g,fgk,l > 0 and g,{dk,l > 0, from Lemma 4.1 and Equation (29), we have:

obtained.

g, = lslP(0—cosb) - sidy

< (33)
di (k= 8k-1) ~ 8191

Case 4: If gk Sk—1 > 0and g Td,_1 <0, from Lemma 4.1 and Equation (30), we have
g{ e < (gk,ldk—l + 8 Tdi_1(1— cos Gk)> B, and the following inequality is obtained.

Td, (1 —cos6 Tq
By < <1+gk k 1T( k)>,3k§ Tgk k (34)




Mathematics 2022, 10, 4074

10 of 20

Finally, Lemma 5 is proved. [

4.2. Global Convergence

As demonstrated in [34], the following assumptions are needed to prove the global
convergence:

1. The objective function J(w) is bounded from below on the level set A, where
A= {w e W"|J(w) < J(wp)}, and wy is the initial point.

2. The gradient of the cost functional J'(w) is Lipchitz continuous and a constant
exists, which has been given by Lemma 3.

Lemma 6. Suppose that Assumptions 1 and 2 hold. Considering the iteration g = J'(w), the
direction and step length satisfy the Wolfe line search condition (25), we can obtain:

I8 II*
(35)
Z ol di |I°

Proof. If sequences {d;} and {wy} are calculated by Equations (23) and (25), the following
equation holds:
liminf ||gx]| =0 (36)
k—ro0

By contradiction, if Equation (36) does not hold, there exists a positive constant A; > 0
satisfying ||gx[|> > Aq for all k > 0. From dy = —m;gx + Brdr—1 and Lemma 5, we can
obtain:

T 2
8 dk
Il < =Pl gell® — 2mesgidic + | —— | Nkl (37)
gk_1dk71

Divided both sides of Equation (37) by (g{ dy)?, the following equation is obtained:

2 2 lldi_1]12 1 [l i1 12
< _;72 lgell® — 2mc + k=1 < + = 38
> S 2 T 2 = 2 2
k(g[dk) Sk (g di1) gl (8f-14k-1) %)

By a recurrence of Equation (38) and ||g¢||*> > A1, we can have:

=YiopE S a4 (9

el o« 1y ldiall? > <Yk,

(sfar)” = I8l 7 (sl 1)’ i "l

e 4
It concludes that ) Hgi H > = 00, which contradicts with Equation (35), so Lemma 6 is
k=0

proved. [

5. Simulation and Analysis

In this section, some simulations are made to verify the proposed IHCG algorithm
based on the FOTD approach. Firstly, the comparison between the FDTO approach and
FOTD approach is given. Secondly, the comparison between IHCG and other popular vari-
ant CG algorithms (LS [25], HS [26], MCD [27], VER [28], MPRP [29], SCG [30], NTTCG [31])
is given. Finally, the application of the reheating furnace with actual measured data is
considered to identify the total heat exchange factor. All simulations are programmed by
MATLAB R2018b and implemented on a computer with Intel i5-11400F GPU, 2.60 GHz,
16GB RAM.

5.1. FOTD Approach vs. FDTO Approach

Here, the FDTO approach is introduced as the comparative object. In the FDTO ap-
proach, the explicit finite difference method [37] is used to discretize the direct PDEs (2). By
the FDTO approach with the sensitivity method [12], the gradient gy is obtained in terms of

oL o .. o |_|9LoT 9 or . 9] T
Jdw;  Jdwy dwy | — | 9T ow; 9T ow, JdT owy |’

the Jacobian matrix: gy = J'(w) = {
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where, w is the discrete form of w(t): w = [wl wy - wn] , and n is the total number
of discrete points. Generally, n + 1 times solution of nonlinear PDEs (2) are required to
calculate the Jacobian matrix.

In this case, the total heat exchange factor of PDEs (2) is defined as the functional form:
w(t) = 0.7+ 0.2 x sin(2.17 x 7w x t/t;). Furthermore, other parameter values of the PDE
Equation (2) are shown as: I = 0.2 (m), To(y) = 298 (K), p = 7850 (kg/m?), to = 0,t; = 180
(min). Then, the accurate measured values Ty, (t) = T(0, t) of the center temperature are
obtained by solving the direct PDEs (2) with w(t). The initial value of wy(t) is given as
wo(t) = 0.6 + 0.4 x sin(2.17 x 7w x t/t1). The details of w(t), wy(t) in forms of the sine
function are illustrated in Figure 3. The same numerical algorithm (LS [25]) is applied for
both the FDTO and FOTD approaches. The numerical values of the computational results
are given in Figure 4 and Table 1.

The total heat exchange factor in forms of the sine function
T T T T

T
. Given w(t)
. Initial WO(I) -

Total heat exchange factor
o N o o I o
w B o ()] ~ ©

o
N}

0.1 I I I I
0 20 40 60 80 100 120 140 160 180

Reheating time (min)

Figure 3. The total heat exchange factor in forms of the sine function.

Comparison of convergence process by FOTD and FDTO
T T T T i : i

i —#— LS-FOTD
14 ¢ —8— LS-FDTO |

Cost function log(J)

0 100 200 300 400 500 600 700 800
Iterative number

Figure 4. Comparison of convergence process by FOTD and FDTO approaches.

Table 1. Comparison of simulation performance between FOTD and FDTO approaches.

Simulation Time (s) Iteration Steps Final Cost Functional (J)
FOTD 300.92 713 0.6761
FDTO 42035.76 317 0.3710

Combing Figure 4 and Table 1, it is clear that the FDTO approach yields less iteration
steps than the FOTD approach; meanwhile, the value of the final cost functional ] is a little
smaller than the FOTD approach. However, the simulation time of the FDTO approach is
42035.76 s, which is 140 times larger than the 300.92 s by the FOTD approach because it
wastes exceedingly large computation time to obtain 7 + 1 times the solution of nonlinear
PDE:s for the Jacobian matrix of the FDTO approach.
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In general, the FOTD approach takes less time to obtain the almost same value of the
final cost functional than the FDTO approach.

5.2. Comparisons between IHCG and Other CG Algorithms

The proposed IHCG algorithm is compared with other popular variant CG algorithms
(LS [25], HS [26], MCD [27], VER [28], MPRP [29], SCG [30], NTTCG [31]). Here, the
comparisons are shown in the following two cases.

Case 1: In this case, the physical parameters of Section 5.1 are used. The numerical
performances of the computational results are given in Figures 5-7 and Table 2. Notice, the
Y-coordinate direction is a logarithmic function of the cost function in Figure 6.

9 «10% Comparison of convergence process by different CG algorithms
T T T

—%—VFR
—6—SCG 7
—8B—HS
—*—1LS 7
—6—MCD
—&— MPRP b
—bB—NTTCG
—8—IHCG B

Cost function J

0 200 400 600 800 1000 1200
Iterative number

Figure 5. Comparison of convergence process | by different CG algorithms.

Comparison of convergence process by different CG algorithms
T T T T i

—*—VFR
—&—SCG
—8B—HS
—*—LS
—Oo— MCD
—&— MPRP
—B—NTTCG | |
—8—IHCG

14

12

10

Cost function log(J)
o
T

0 200 400 600 800 1000 1200
Iterative number

Figure 6. Comparison of convergence process log(]) by different CG algorithms.

«10°3 Comparison of performance |w(t)-w(t)| by different CG algorithms
T T T T T T T T

4.5
—*%—VFR
4r |—e—sce ]
—B—HS
351 |—%—Ls 7
—Oo—MCD
3 |—B—MPRP b
—pB—NTTCG

259 —8—IHCG ‘ b
ZJ

Error

15

q
1

054

0 20 40 60 80 10 120 140 160 180

Reheating time(min)

Figure 7. Comparison of performance |w®(t) — w(t)| by different CG algorithms.
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Table 2. Comparison of simulation performance by different CG algorithms.

Algorithms VEFR SCG HS LS MCD MPRP NTTCG IHCG

Iteration steps 708 896 971 713 783 1044 791 334
Simulation time (s)  306.72 409 456.44 30092 334.64 47474 331.32 140.38

Figure 5 shows that the performance of our proposed IHCG is better than other
CG algorithms in the early stage of the converged process, and Figure 6 shows that our
proposed IHCG needs less iteration steps (only 334) to satisfy the convergence criteria,
which is much lower than all the other CG algorithms. Combining Table 2, the running
time by our proposed IHCG is 140.38 s, which is lower than all the other CG algorithms.

The symbol |w°(t) — w(t)| in Figure 7 means the absolute prediction errors by different
CG algorithms. In Figure 7, the smallest two prediction errors are obtained by by the VFR
algorithm and our IHCG algorithm. However, the iteration steps and simulation time by
the VER algorithm are much bigger than that by the IHCG algorithm as shown in Table 2.
Notice, there is a phenomenon in Figure 7 that the prediction errors near the final time
t = t; are relatively higher than other periods. This phenomenon may be caused by the
FOTD approach, in which the Fréchet gradient J'(w) = —oy {u‘*(t) —T* (%, t)} p (%, t) at
the final time t = #; is strongly effected by p(y, t1) = 0 from the weak solution of the adjoint
PDE (2).

Compared with other CG algorithms, the proposed IHCG algorithm can solve the
IHCP quickly and accurately.

Case 2: In this case, the physical parameters of Section 5.1 are also used. Furthermore,
some errors are added for the measured values Ty, (t) = T(0,¢). It assumes that the
temperature values at 10 points are known with random errors:

Ty (£) = Tyu(t) + 0 x rand(100) (40)

Considering the measured values with errors, the IHCG and other CG algorithms
are used to identify the given w(t), and the simulation results are given in Table 3 and
Figures 8-10. In Table 3, S denotes the standard deviation, and Smax is the maximum
standard deviation [35]. They are defined as:

=/ () s = e (VO5))

i€[1.Ny]

where T, (i) is the calculated value by solving the IHCP (3), T, (i) is the true measured
value with random errors, and Nj, is the total number of cells for the whole reheating time.

Table 3. Comparison under different error levels by different CG algorithms.

5 =001 5 =10.03 5 =0.05
Algorith
gorthms s Smax s Smax s Smax
VFR 273x107%  148x107% 652x107° 352x107* 4.15x107* 1.13x1072
SCG 3.18x1076  172x107* 574x107¢ 3.10x107* 3.89x10~* 8.05x107°
HS 316x107¢  170x107* 590x107® 3.19x10"* 3.88x10°* 8.07x10°°
LS 310x1076  1.67x107* 573x107¢ 3.09x10"* 3.89x10~* 8.07x107°

MCD 312x107%  1.68x10~% 5.72x107% 3.09x10~% 3.88x10°% 7.99x1073
MPRP 295x107%  1.59x10~* 9.62x107¢ 5.19x10~* 3.89x10~%* 8.07x1073
NTTCG 715x107% 3.86x10~% 651x107® 3.52x10~% 1.48x10~3 3.23x102
THCG 294x107¢ 158x107% 5.71x107° 3.08x10~% 3.85x10~% 7.98x103

The best values are shown in bold.

In Table 3, the best values are shown in bold. The smallest values of S and Spyax are
obtained by the VFR algorithm when the random errors are given by 6 = 0.01. Except for
the VER algorithm, the IHCG algorithm performs better than all the other CG algorithms.
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With the increase of the random errors 6 = 0.03,0.05, the smallest values of S and Smax
are obtained by the IHCG algorithm, which means the proposed IHCG algorithm can
overcome the bad affect caused by random errors for the inverse heat conduction problem.

In contrast to other CG algorithms, the IHCG algorithm needs the smallest iteration
step to accelerate the convergence rate as shown in Figures 8-10. This goes to prove that
the IHCG algorithm can solve the proposed IHCP quickly.

Comparison of convergence process by different CG algorithms
T T T T T T T T T

i
o

—*—VFR
—6—SCG Bl
—8—HS
—*%—LS
—6—MCD
—H&— MPRP
—B—NTTCG | |
—&—I|HCG

[N
'S

[N
N
I

N
o

Cost function log(J)
©

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
Iterative number

Figure 8. Comparison of convergence process log(]) by different CG algorithms (6 = 0.01).

Comparison of convergence process by different CG algorithms
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—%—LS
12 3 —6— MCD -
: —&— MPRP

—B—NTTCG
10

—H&—IHCG

Cost function log(J)

0 100 200 300 400 500 600
Iterative number

Figure 9. Comparison of convergence process log(]) by different CG algorithms (6 = 0.03).

168 Comparison of convergence process by different CG algorithms
. T T T T T
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14 @8 —8—Hs 8
1 —%—LS

—&—MCD
—5—MPRP |
—B—NTTCG
—B5— IHCG

N
N

Cost function log(J)
© 5
T T
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Figure 10. Comparison of convergence process log(]) by different CG algorithms (6 = 0.05).

Finally, the IHCG algorithm can effectively eliminate the ill-posedness of the inverse
problem.
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5.3. Application in Reheating Furnace

In this case, the measured values of the center temperature were obtained from a
walking beam reheating furnace. The charging state and discharging state of the trial steel
slab, whose thickness is 0.23 m, is shown in Figure 11. The slab enters into the reheating
furnace at 15:40, and is discharged from the furnace at 18:13. Thus, the total reheating time
is 153 min. In the trial steel slab, the thermocouples (Type K, ¢ = 15 mm) are set to record
the center and surface temperatures of the slab. The center temperatures are shown in
Figure 12 and defined as Dirichlet type boundary condition Ty, () to obtain and identify
the total heat exchange factor. The identified total heat exchange factor will be introduced
into the transient nonlinear heat conduction model in Section 2. The measured surface
temperatures in Figure 12 will be compared with the calculated surface temperatures to
verify the necessity and accuracy of identifying the total heat exchange factor.

Figure 11. Charging and discharging state of the trial steel slab.

140(;rhe measured temperatures of the slab and corresponding furnace temperatures
T : T

1200

=
o
o
=)

Furnace temperatures
Slab center temperatures
Slab surface temperatures

Temperatures (K)
o]
8

(o2}
=]
S
O * +

. . .
0 50 100 150
Reheating time (min)

Figure 12. The measured center and surface temperature of the slab and corresponding furnace
temperatures.

First, the IHCG and other CG algorithms are used to identify the total heat exchange
factor based on actual measured data. The initial guess wy is also defined as the functional
form: w(t) = 0.7+ 0.2 x sin(2.17 x 7t x t/t;). The convergence rate of these algorithms
is shown in Figure 13, and the iterative number and running time are listed in Table 4. In
Figure 13 and Table 4, the VFR and NTTCG algorithm cannot obtain enough small cost
function ] when the convergence process is stopped at |gx| < eps. The IHCG algorithm
performs best among these CG algorithms. It needs 407.42 s to obtain the value of cost
function | is 7.58 when the convergence process is stopped at 781 iteration steps. The
identified total heat exchange factor by IHCG algorithm based on actual measured data is
shown in Figure 14.
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Table 4. Comparison of simulation performance by different CG algorithms with measured data.

Algorithms Cost Function (J) Iteration Steps Simulation Time (s)
VER 1308.07 935 508.15
SCG 30.31 948 495.18
HS 13.53 1477 823.55
LS 89.32 360 179.94
MCD 28.56 980 525.86
MPRP 31.6 808 408.31
NTTCG 7258.97 60 29.72
IHCG 7.58 781 407.42

3 «108 Comparison of convergence process J by different CG algorithms

& x10° ‘ ‘
9 —*%—VFR

—O6—SCG
—HB—HS 7
—*—1LS

—6—MCD
—&—MPRP b
—B>—NTTCG
—8—IHCG

Cost function J

0 500 1000 1500
Iterative number

Figure 13. Comparison of convergence process ] by different CG algorithms by actual measured data.

The identified total heat exchange factor based on actual measured data
: T

o o o
~ 0 ©
>

Total heat exchange factor
o
(2]

0.2 I I I
0 50 100 150

Reheating time (min)

Figure 14. The identified total heat exchange factor based on actual measured data.

Second, the PDE model with the identified total heat exchange factor in Figure 14 is
solved to calculate the surface temperature. Here, a new PDE model, in which the total
heat exchange factor is given as constant w = 0.7, is introduced as the comparative object.
The calculated surface temperatures by two PDE models are compared with the measured
surface temperatures, which is shown in Figure 15. In Figure 15, T}, is the measured
surface temperatures, T} stands for the calculated surface temperatures with the identified
total heat exchange factor, and T? represents the calculated surface temperatures with the
constant w = 0.7. The temperature differences |T}* — T3 | with different total heat exchange
factors are shown in Figure 16. It is clear the calculated surface temperatures with the
identified total heat exchange factor are closer to the measured surface temperatures than
that with the constant w = 0.7.
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1400 The measured and calculated surface temperatures of the slab
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Figure 15. The calculated surface temperatures by two PDE models.

The temperature differences with different total heat exchange factors
T T

100 - *  Temperature differences | Té-Tfﬂ | -

%  Temperature differences | Ti-Tfﬂ |
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Figure 16. The temperature differences |TC1’2 — T%,| with different total heat exchange factors.

6. Conclusions

In the present work, a new strategy combined the FOTD approach and a new IHCG
algorithm is proposed to identify the total heat exchange factor for the reheating furnace by
solving a typical inverse heat conduction problem. The main contributions of this paper
are given as follows:

1. A nonlinear IHCP with the Dirichlet-type boundary condition T;,(t) = T(0, ) is
proposed to identify the unknown total heat exchange factor for the reheating furnace.

2. The FOTD approach is applied to obtain the Fréchet gradient g of the cost function,
which can be described by the weak solution p(y, t) of the adjoint equations. Simulation
results prove that the FOTD approach takes less time to obtain nearly the same value of the
final cost functional than the FDTO approach.

3. Based on the Fréchet gradient g, of the cost function by the FOTD approach, a
new IHCG algorithm, which combines the hybrid scalar parameter B with spectrum 7, is
developed for the numerical solution of the proposed IHCP. The simulation results show
that the IHCG algorithm is accurate and can effectively eliminate the ill-posedness of the
inverse problem.

Moreover, the new strategy may provide a theoretical basis for identifying the un-
known thermophysical properties for other applications.
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Appendix A. Proof of Lemma 3

Proof. First, let us consider the first term of Equation (22). It is easy to obtain that
Ap = p(y, t;w+ Aw) — p(y, t;w) will be the weak solution of the following parabolic

problem (A1l):
Tp(y,tH%( (%52 b) =0,
p(y,t1) =0,
( T)%2(0,1) = (AD

k(T #(* )+ et T (5t)ap(st) 40T (501)p (1) det) =

We multiply both sides of Equation (A1) by Ap(y, t;w), integrating over Q)+, and use
the boundary conditions of (A1), the following identity can be obtained:

2f0 to (Ap( y,to))zdtdy+f0% fflk(~)(aAp(y, )) dtdy + 46, ffl T3(l t) ( )Apz(é,t)dt
= 45 [} T3(§,t) ( ) (’ t)Aw( )

Notice, each part of the left hand side of Equation (A2) is positive. Furthermore,

T3<l,t) > 0. Thus, we can obtain p( )Ap(l t)Aw(t) > 0, and the e-inequality

(A2)

af < 8“7 +5 ﬁ is introduced for the right hand side of Equation (A2), we can obtain:

45, [ T3(’ t)p( )Ap(’ t)Aw(t)dt

(A3)
< 28172 fto Té(j, )p ( )Ap ( )dt—I— 2 f:l Aw?(t)dt
Combining Equations (A2) and (A3), we can obtain the following estimate:
L2 (Ap(y, o)) 2ded (T (L “atd
2 Jo fo p(y.t0))” y"’fo to ( ) y.t) y (A4)

+281 [ [2T3(§,t) (£) — 12(T.)?p. | Ap ( )dt< D1 pAw?(t)dt

requiring that 0 < 7, < %. This identity (A4) implies the following inequality in (A5):

o3 [ [ T4(’ t)rAp (’ t)dt§ W#W “AwA(t)dt  (AB)

Second, we have proved in the Lemma 2 that ftl AT? ( ! t) dt < m tgl Aw?(t)dt.
Thus, the following result is obtained:

toet i [ ()12 (b ) aT2 () < TS Sy st (40

According to two inequalities (A5) and (A6), Lemma 3 is proved. O
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