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Abstract


This paper deals with the study of mixed variational-like inclusions involving Yosida approximation operator (MVLIYAO) and η-proximal mapping in Banach spaces. It is investigated that (MVLIYAO) is equivalent to fixed point problems in Banach spaces. Using this equivalence, a new iterative algorithm is proposed to find the solution of (MVLIYAO). A numerical example is provided to support our main result by using the MATLAB program.
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1. Introduction


The theory of variational inequality (VI) has come out as a highly useful and potent means for investigating plenty of problems in both pure and applied sciences, for instance, differential equations, control problems, contact problems in elasticity, mechanics, general equilibrium problems in transportation and economics, and unilateral, moving, obstacle and free boundary problems, see [1,2,3,4,5]. Later, Hassouni and Moudafi [6] established and investigated a class of VI known as the variational inclusions problem, and formed a perturbed algorithm that approximates the solution to this problem. Subsequently, Adly [7], Huang [8], Kazmi [9] and Ding [10] have generalized and extended the results in [6] in many directions. Lescarret [11] and Browder [12] first investigated the mixed variational inequality problem (MVIP) due to its numerous uses. Konnov and Volotskaya [13] studied oligopolistic equilibrium and general equilibrium problems, both of which can be expressed as (MVIP). All projection techniques are unable to solve mixed variational inequalities because they include a nonlinear term. The resolvent technique of a maximal monotone operator is appropriate to solve these problems.



The idea of monotone operators (MO) was presented and investigated by Zarantonello [14] and Minty [15] independently. Numerous researchers have shown a significant amount of interest as these operators have close links with the following evolution equation:


        d μ   d t   + A  ( μ )  = 0 ;       μ  ( 0 )  =  μ 0  .      











It serves as a model for a variety of physical problems with practical applications. If the involved function A is not continuous, solving these models is hard. Considering a sequence of Lipschitz functions that roughly approximate A is a natural solution to this problem. This notion was proposed by Yosida. However, the resolvent operator (RO) and the Yosida approximation operator (YAO) associated with a MO are two very effective single-valued Lipschitz continuous operators. Ram and Iqbal [16] investigated the generalized monotone mapping and defined the corresponding resolvent operator. They proved the equivalence of generalized set-valued variational inclusion problems and resolvent equations to develop an algorithm for determining the existence of a solution.



The Yosida approximation method can be used to transform the monotone operators into single-valued monotone operators of the Lipschitzian type on Hilbert spaces. This can be done by regularizing the monotone operators [17,18,19,20]. Likewise, this concept was extended to investigate problems in Banach spaces, see [21,22]. While employing resolvent operators to find the solutions to variational inclusion problems, the Yosida approximation operators are highly useful. Rajpoot et al. [23] investigated (MVIP) involving a generalized YAO. They provided a fixed point formulation to define an iterative algorithm to show the existence and convergence of the solutions of the problem in q-uniformly smooth Banach space. Many authors have recently used YAO to investigate certain variational inclusion problems employing various methods; see, for instance [24,25,26,27], as well as the references therein.



Motivated by the excellent work discussed above, in this paper, we propose and investigate an (MVLIYAO) in Banach spaces. An equivalence between (MVLIYAO) and the fixed point formulation is established. We establish an iterative algorithm that is acquired from the fixed-point formulation for obtaining the solutions of (MVLIYAO). Both the existence and convergence of the problem have been shown. In the end, a numerical example is produced.




2. Formulation and Preliminaries


Let ℜ be a real Banach space with the norm   .  ;   ℜ *   denotes the topological dual of ℜ, d denotes the metric which is generated by the norm   .  ;   2 ℜ   (respectively,   C B ( ℜ )  ) denotes the collection of all nonempty subsets (respectively, all nonempty closed and bounded subsets) of ℜ;   H ( . , . )   denotes the Hausdorff metric on   C B ( ℜ )   expressed as


  H  ( P , Q )  =  max     sup  μ ∈ P   d  ( μ , Q )  ,    sup  ν ∈ Q   d  ( P , ν )    ,  








where   d  ( μ , Q )  =  inf  ν ∈ Q   d  ( μ , ν )    and   d  ( P , ν )  =  inf  μ ∈ P   d  ( μ , ν )  .   Let   . , .   be the duality pairing of   ℜ *   and ℜ and   F : ℜ →  2  ℜ *     given by


  F  ( μ )  =  f ∈  ℜ *  :  μ , f  =  μ   f    a n d    f  =  μ   ,   ∀  μ ∈ ℜ ,  








is the normalized duality mapping.



Definition 1.

Let   P : ℜ → C B (  ℜ *  )   be a multivalued function, and let   η : ℜ × ℜ → ℜ ,   and   g : ℜ → ℜ   be the functions. Then








	(i)

	
P is called   λ P  -Lipschitz continuous with Lipschitz constant    λ P  ≥ 0 ,   if


   H  ( P μ , P ν )  ≤  λ P   μ − ν  ,   ∀  μ , ν ∈ ℜ ;   












	(ii)

	
g is called   λ g  -Lipschitz continuous, if ∃ a constant    λ g  > 0   satisfying


   g ( μ ) − g ( ν )  ≤  λ g   μ − ν  ,   ∀  μ , ν ∈ ℜ ;  












	(iii)

	
g is called k-strongly accretive   ( 0 < k < 1 ) ,   if for some   μ , ν ∈ ℜ ,  ∃  j ( μ − ν ) ∈ F ( μ − ν )   such that


    j ( μ − ν ) , g μ − g ν  ≥ k   μ − ν  2  ;   












	(iv)

	
η is called Lipschitz continuous with constant   τ > 0 ,   if


    η ( μ , ν )  ≤ τ  μ − ν  ,   ∀  μ , ν ∈ ℜ ;   












	(v)

	
η is called δ-strongly monotone, if ∃ a constant   δ > 0   satisfying


   η ( μ , ν ) , μ − ν  ≥ δ   μ − ν  2  ,   ∀ μ , ν ∈ ℜ .  



















Definition 2.

Let   ψ : ℜ → R ∪  + ∞    and   η : ℜ × ℜ → ℜ  . An element   w ∈ ℜ   is called η-subgradient of ψ at   μ ∈  d o m  ψ   if


    w , η ( ν , μ )  ≤ ψ  ( ν )  − ψ  ( μ )  ,   ∀  ν ∈ ℜ .   











Every ψ can be linked to the η-subdifferential mapping    ∂ η  ψ   defined by


    ∂ η  ψ  ( μ )  =       w ∈ ℜ :  w , η ( ν , μ )  ≤ ψ  ( ν )  − ψ  ( μ )  ,  ∀  ν ∈ ℜ  ,       μ ∈  d o m  ψ ,       ϕ ,       μ ∉  d o m  ψ .        













Definition 3.

Suppose   ψ : ℜ → R ∪  + ∞    be an η-subdifferential, proper functional and   η : ℜ × ℜ → ℜ   be a function. If for a given   ρ > 0  , there is a unique point   μ ∈ ℜ   satisfying


    μ − ϰ , η ( ν , μ )  + ρ ψ  ( ν )  − ρ ψ  ( μ )  ≥ 0 ,   ∀  ν ∈ ℜ ,   








then the mapping   ϰ → μ ,   denoted by    J ρ   ∂ η  ψ    ( ϰ )    is called η-proximal mapping of ψ. We have   ϰ − μ ∈ ρ  ∂ η  ψ  ( μ )   , as a result


    J ρ   ∂ η  ψ    ( ϰ )  =   I + ρ  ∂ η  ψ   − 1    ( ϰ )  ,   








where I denotes the identity mapping on ℜ.





Definition 4.

The Yosida approximation operator (YAO) associated with   J ρ   ∂ η  ψ    is defined as


    Y ρ   ∂ η  ψ    ( μ )  =  1 ρ   I −  J ρ   ∂ η  ψ     ( μ )  ,   ∀  μ ∈ ℜ ,   








where   ρ > 0   denotes a constant.





Definition 5.

A functional   f : ℜ × ℜ → R ∪  + ∞    is called 0-diagonally quasi-concave (0-DQCV) in ν, if for a finite set     μ 1  ,  μ 2  , . . . ,  μ n   ⊂ ℜ   and for some    ν =  ∑  i = 1  n   λ i   μ i     with    λ i  ≥ 0   and     ∑  i = 1  n   λ i  = 1 ,        min  1 ≤ i ≤ n   f  (  μ i  , ν )  ≤ 0 .   





Definition 6.

A mapping   F : ℜ → C B ( ℜ )   is called  H -Lipschitz continuous if,   ∀  μ , ν ∈ ℜ ,  ∃   a constant    λ  H F   > 0  , satisfying


   H  ( F  ( μ )  , F  ( ν )  )  ≤  λ  H F    μ − ν  .   













Let   P , Q , R : ℜ →  ℜ *  ,  g : ℜ → ℜ ,  η : ℜ × ℜ → ℜ   be the functions and   A , B , C : ℜ → C B ( ℜ )   be the multivalued functions. Let   ψ : ℜ → R ∪  + ∞    be a lower-semicontinuous (l.s.c.) functional on ℜ such that   g  ( ℜ )  ∩  dom   (  ∂ η  ψ )  ≠ ϕ ,   where    ∂ η  ψ   is  η -subdifferential of  ψ . Let   Y ρ   ∂ η  ψ    be the YAO. We investigate the following problem.



Find   μ ∈ ℜ ,  ξ ∈ A ( μ ) ,  ϑ ∈ B ( μ )   and   ζ ∈ C ( μ )   such that   g  ( μ )  ∈  dom   (  ∂ η  ψ )    and


     P  ( ξ )  −  Q ( ϑ ) − R ( ζ )  , η  g   Y ρ   ∂ η  ψ    ( ν )   , g   Y ρ   ∂ η  ψ    ( μ )       ≥    ψ  g   Y ρ   ∂ η  ψ    ( μ )          −    ψ  g   Y ρ   ∂ η  ψ    ( ν )    .     



(1)







Problem (1) is called mixed variational-like inclusion involving YAO (MVLIYAO).



It is noted that, depending on how the operators are chosen, there are many different types of problems that can be obtained from the problem (1) that can be seen in the literature. for example, problems studied by Ding [28], Rajpoot et al. [23], Verma [29], Lee et al. [30], Ahmad et al. [31], Ahmed and Siddiqi [32], etc. can be acquired from problem (1).



Theorem 1

([31]). Suppose that ℜ is a reflexive Banach space and   ψ : ℜ → R ∪  + ∞    is a l.s.c., η-subdifferential, proper functional. Let   η : ℜ × ℜ → ℜ   is continuous and δ-strongly monotone with   η ( μ , ν ) = − η ( ν , μ )  ,   ∀  μ , ν ∈ ℜ   and for any   μ ∈ ℜ  , the function   h  ( ν , μ )  =  ϰ − μ , η ( ν , μ )    is 0-DQCV in ν. Then for any   ρ > 0  , and for any   ϰ ∈ ℜ  , ∃ a unique   μ ∈ ℜ   satisfying


   μ − ϰ , η ( ν , μ )  + ρ ψ  ( ν )  − ρ ψ  ( μ )  ≥ 0 ,   ∀  ν ∈ ℜ .  











That is,   μ =  J  ρ    ∂ η  ψ    ( ϰ )    and thus the η-proximal mapping of ψ is well-defined.





We now present certain results that are necessary for the subsequent stage.



Proposition 1.

Suppose   ψ : ℜ → R ∪  + ∞    is a proper, l.s.c., η-subdifferential, functional. Let   η : ℜ × ℜ → ℜ   be a δ-strongly monotone and τ-Lipschitz continuous with   η ( μ , ν ) = − η ( ν , μ )  ,   ∀  μ , ν ∈ ℜ   and for any   μ ∈ ℜ  , the function   h  ( ν , μ )  =  ϰ − μ , η ( ν , μ )    is 0-DQCV in ν and   ρ > 0   be a constant. Then   J  ρ    ∂ η  ψ    is   τ δ  -Lipschitz continuous.





Proof.

By Theorem 1,   J  ρ    ∂ η  ψ    is well-defined. For some    ϰ 1  ,  ϰ 2  ∈ ℜ  , we get    μ 1  =  J  ρ    ∂ η  ψ    (  ϰ 1  )    and    μ 2  =  J  ρ    ∂ η  ψ    (  ϰ 2  )    are such that


    μ 1  −  ϰ 1  , η  ( ν ,  μ 1  )   + ρ ψ  ( ν )  − ρ ψ  (  μ 1  )  ≥ 0 ,  ∀ ν ∈ ℜ ,  



(2)






    μ 2  −  ϰ 2  , η  ( ν ,  μ 2  )   + ρ ψ  ( ν )  − ρ ψ  (  μ 2  )  ≥ 0 ,  ∀ ν ∈ ℜ .  



(3)







By taking   ν =  μ 2    in (2) and   ν =  μ 1    in (3), and adding the resultant inequalities, we have


    μ 1  −  ϰ 1  , η  (  μ 2  ,  μ 1  )   +   μ 2  −  ϰ 2  , η  (  μ 1  ,  μ 2  )   ≥ 0 .  











Using the τ-Lipschitz continuity and δ-strongly monotonicity of η and   η  (  μ 1  ,  μ 2  )  = − η  (  μ 2  ,  μ 1  )   , we have


     δ    μ 1  −  μ 2   2     ≤    η  (  μ 1  ,  μ 2  )  ,  μ 1  −  μ 2        ≤    η  (  μ 1  ,  μ 2  )  ,  ϰ 1  −  ϰ 2        ≤     η (  μ 1  ,  μ 2  )    ϰ 1  −  ϰ 2         ≤    τ   μ 1  −  μ 2     ϰ 1  −  ϰ 2   .     











It follows that


    J  ρ    ∂ η  ψ    (  ϰ 1  )  −  J  ρ    ∂ η  ψ    (  ϰ 2  )   =   μ 1  −  μ 2   ≤  τ δ    ϰ 1  −  ϰ 2   ,  








that is,   J  ρ    ∂ η  ψ    is   τ δ  -Lipschitz continuous.    □





Proposition 2.

Assume that all of the mappings and conditions are the same as in Proposition 1. Then the YAO   Y  ρ    ∂ η  ψ    is   λ Y  -Lipschitz continuous, where    λ Y  =  ( δ + τ )  / ρ δ .  





Proof.

By Definition 4 and Proposition 1, we have


      Y ρ   ∂ η  ψ    ( μ )  −  Y ρ   ∂ η  ψ    ( ν )     =     1 ρ    I  ( μ )  −  J ρ   ∂ η  ψ    ( μ )   −  I  ( ν )  −  J ρ   ∂ η  ψ    ( ν )          =     1 ρ     J ρ   ∂ η  ψ    ( μ )  −  J ρ   ∂ η  ψ    ( ν )   −  I ( μ ) − I ( ν )         ≤     1 ρ    J ρ   ∂ η  ψ    ( μ )  −  J ρ   ∂ η  ψ    ( ν )   +  1 ρ   I ( μ ) − I ( ν )        ≤     τ  ρ δ    μ − ν  +  1 ρ   μ − ν        =     λ Y   μ − ν  ,  ∀  μ , ν ∈ ℜ ,     



(4)




where    λ Y  =  ( δ + τ )  / ρ δ .      □





Proposition 3.

Assume that all of the mappings and conditions are the same as in Proposition 1. Then the YAO   Y  ρ    ∂ η  ψ    is strongly accretive with constant   δ Y  , where    δ Y  =  ( δ − τ )  / ρ δ .  





Proof.

By Definition 4 and Proposition 1, we have


      Y ρ   ∂ η  ψ    ( μ )  −  Y ρ   ∂ η  ψ    ( ν )     =     1 ρ   I  ( μ )  − I  ( ν )  −   J ρ   ∂ η  ψ    ( μ )  −  J ρ   ∂ η  ψ    ( ν )   , j  ( μ − ν )         =     1 ρ    I ( μ ) − I ( ν ) , j ( μ − ν )  −   J ρ   ∂ η  ψ    ( μ )  −  J ρ   ∂ η  ψ    ( ν )  , j  ( μ − ν )          ≥     1 ρ     μ − ν  2  −   J ρ   ∂ η  ψ    ( μ )  −  J ρ   ∂ η  ψ    ( ν )    μ − ν         ≥     1 ρ    μ − ν  2  −  τ  ρ δ     μ − ν  2        =      δ − τ   ρ δ     μ − ν  2        =     δ Y    μ − ν  2  ,   ∀  μ , ν ∈ ℜ ,     



(5)




where    δ Y  =  ( δ − τ )  / ρ δ   and   δ > τ .      □





Proposition 4.

Suppose that ℜ is a real Banach space and   F : ℜ →  2  ℜ *     is the normalized duality mapping. Then, for any   μ , ν ∈ ℜ  ,


     μ + ν  2  ≤   μ  2  + 2  ν , j ( μ + ν )  ,   ∀  j  ( μ + ν )  ∈ F  ( μ + ν )  .   














3. An Iterative Algorithm and Convergence Result


Now, we state an equivalence of a fixed point problem and (MVLIYAO) that is simple to prove using Definition 3.



Lemma 1.

  ( μ , ξ , ϑ , ζ )  , where   μ ∈ ℜ ,  ξ ∈ A ( μ ) ,  ϑ ∈ B ( μ )   and   ζ ∈ C ( μ )  , is a solution of (MVLIYAO) if and only if it agrees to the following equation:


   g   Y  ρ    ∂ η  ψ    ( μ )   =  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    ( μ )   − ρ  P  ( ξ )  −  Q ( ϑ ) − R ( ζ )    .   



(6)









Proof.

Let   ( μ , ξ , ϑ , ζ )   satisfies (6), i.e.,


  g   Y  ρ    ∂ η  ψ    ( μ )   =  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    ( μ )   − ρ  P  ( ξ )  −  Q ( ϑ ) − R ( ζ )    .  











Since    J ρ   ∂ η  ψ   =   I + ρ  ∂ η  ψ   − 1   ,   the above equality holds if and only if


  −  P  ( ξ )  −  Q ( ϑ ) − R ( ζ )   ∈  ∂ η  ψ  ( g   Y  ρ    ∂ η  ψ    ( μ )   )  .  











By Definition 3, the above condition holds if and only if


  ψ  ( g   Y  ρ    ∂ η  ψ    ( ν )   )  − ψ  ( g   Y  ρ    ∂ η  ψ    ( μ )   )  ≥ −   P  ( ξ )  −  Q ( ϑ ) − R ( ζ )   , η  g   Y  ρ    ∂ η  ψ    ( ν )   , g   Y  ρ    ∂ η  ψ    ( μ )     ,  











implies that


    P  ( ξ )  −  Q ( ϑ ) − R ( ζ )   , η  g   Y  ρ    ∂ η  ψ    ( ν )   , g   Y  ρ    ∂ η  ψ    ( μ )     ≥ ψ  ( g   Y  ρ    ∂ η  ψ    ( μ )   )  − ψ  ( g   Y  ρ    ∂ η  ψ    ( ν )   )  .  











Hence,   ( μ , ξ , ϑ , ζ )   is a solution of (MVLIYAO).    □





Remark 1.

Equation (6) can be expressed as


   μ =  ( 1 − λ )  μ + λ  μ − g   Y  ρ    ∂ η  ψ    ( μ )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    ( μ )   − ρ  P  ( ξ )  −  Q ( ϑ ) − R ( ζ )     .   



(7)









Now, the following iterative algorithm is proposed by using the above fixed point formulation.



Theorem 2.

Let ℜ be a reflexive Banach space. Let   A , B , C : ℜ → C B ( ℜ )   be  H -Lipschitz continuous functions with Lipschitz constants    λ A  ,   λ B    and   λ C  , respectively. Let   P , Q , R : ℜ →  ℜ *    be Lipschitz continuous with Lipschitz constant    λ P  ,   λ Q    and   λ R   respectively. Let   g : ℜ → ℜ   be Lipschitz continuous with Lipschitz constant   λ g  . Suppose that   η : ℜ × ℜ → ℜ   is δ-strongly monotone and τ-Lipschitz continuous such that   η ( μ , ν ) = − η ( ν , μ ) ,  ∀  μ , ν ∈ ℜ   and for all given   ϰ ∈ ℜ  , the function   h  ( μ , ν )  =  ϰ − μ , η ( ν , μ )    is 0-DQCV in ν. Suppose   ψ : ℜ → R ∪  + ∞    is proper, l.s.c., η-subdifferential functional satisfying   g  ( μ )  ∈  d o m   (  ∂ η  ψ )   . Let YAO   Y  ρ    ∂ η  ψ    is Lipschitz continuous with constant   λ Y   and   g ∘  Y  ρ    ∂ η  ψ     is strongly accretive with constant   δ  g Y   . Suppose that a constant   ρ > 0   is such that the following condition is satisfied


   0 <   1 − 2  δ  g Y   +  λ g 2   λ Y 2    +  τ δ    λ g   λ Y  + ρ  λ P   λ A  + ρ  λ Q   λ B  + ρ  λ R   λ C   < 1 .   



(8)







Then, the iterative sequences     μ n   ,   ξ n   ,   ϑ n     and    ζ n    generated by Algorithm 1 converges strongly to   μ , ξ , ϑ   and ζ, respectively.





Proof.

Using Algorithm 1, we have


      μ  n + 1   −  μ n     =     ( 1 − λ )   μ n  + λ   μ n  − g   Y  ρ    ∂ η  ψ    (  μ n  )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ n  )               − ρ  P  (  ξ n  )  −  Q  (  ϑ n  )  − R  (  ζ n  )      −  ( 1 − λ )   μ  n − 1   − λ   μ  n − 1             − g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )   − ρ  P  (  ξ  n − 1   )  −  Q (  ϑ  n − 1   )                 − R (  ζ  n − 1   )           ≤     ( 1 − λ )    μ n  −  μ  n − 1    + λ   μ n  −  μ  n − 1   −  g   Y  ρ    ∂ η  ψ    (  μ n  )   − g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )             + λ   J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ n  )   − ρ  P  (  ξ n  )  −  Q  (  ϑ n  )  − R  (  ζ n  )               −  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )   − ρ  P  (  ξ  n − 1   )  −  Q  (  ϑ  n − 1   )  − R  (  ζ  n − 1   )      .     



(9)







By Proposition 1, Proposition 1 and using the Lipschitz continuity of   g ,  P ,  Q ,  R  , and  H -Lipschitz continuity of   A , B   and   C ,   we have


          J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ n  )   − ρ  P  (  ξ n  )  −  Q  (  ϑ n  )  − R  (  ζ n  )     −  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )                   − ρ  P  (  ξ  n − 1   )  −  Q  (  ϑ  n − 1   )  − R  (  ζ  n − 1   )           ≤     τ δ   g   Y  ρ    ∂ η  ψ    (  μ n  )   − ρ  P  (  ξ n  )  −  Q  (  ϑ n  )  − R  (  ζ n  )    − g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )                  + ρ  P  (  ξ  n − 1   )  −  Q  (  ϑ  n − 1   )  − R  (  ζ  n − 1   )          ≤     τ δ   g   Y  ρ    ∂ η  ψ    (  μ n  )   − g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )    +   τ ρ  δ   P  (  ξ n  )  − P  (  ξ  n − 1   )               +   τ ρ  δ   Q  (  ϑ n  )  − Q  (  ϑ  n − 1   )   +   τ ρ  δ   R  (  ζ n  )  − R  (  ζ  n − 1   )         ≤     τ δ   λ g   λ Y    μ n  −  μ  n − 1    +   τ ρ  δ   λ P    ξ n  −  ξ  n − 1    +   τ ρ  δ   λ Q    ϑ n  −  ϑ  n − 1    +   τ ρ  δ   λ R    ζ n  −  ζ n   .       ≤     τ δ   λ g   λ Y    μ n  −  μ  n − 1    +   τ ρ  δ   λ P   1 +  1 n   H  A  (  μ n  )  , A  (  μ  n − 1   )           +   τ ρ  δ   λ Q   1 +  1 n   H  B  (  μ n  )  , B  (  μ  n − 1   )   +   τ ρ  δ   λ R   1 +  1 n   H  C  (  μ n  )  , C  (  μ  n − 1   )   .       ≤      τ δ   λ g   λ Y  +   τ ρ  δ   λ P   λ A   1 +  1 n   +   τ ρ  δ   λ Q   λ B   1 +  1 n   +   τ ρ  δ   λ R   λ C   1 +  1 n      μ n  −  μ  n − 1    .     



(10)







Using the   δ  g Y   -strongly accretiveness of   g ∘  Y ρ   ∂ η  ψ    ,   λ g  -Lipschitz continuity g and   λ Y  -Lipschitz continuity of   Y ρ   ∂ η  ψ   , we obtain


       μ n  −  μ  n − 1   −  g   Y  ρ    ∂ η  ψ    (  μ n  )   − g   Y  ρ    ∂ η  ψ    (  μ  n − 1   )     ≤   1 − 2  δ  g Y   +  λ g 2   λ Y 2      μ n  −  μ  n − 1    .     



(11)







From (9)–(11), it follows that


       μ  n + 1   −  μ n   ≤   ( 1 − λ )  + λ   1 − 2  δ  g Y   +  λ g 2   λ Y 2    + λ   τ δ   λ g   λ Y  +   τ ρ  δ   λ P   λ A   1 +  1 n             +   τ ρ  δ   λ Q   λ B   1 +  1 n   +   τ ρ  δ   λ R   λ C   1 +  1 n       μ n  −  μ  n − 1        



(12)




i.e.,


    μ  n + 1   −  μ n   ≤  θ n    μ n  −  μ  n − 1    ,  



(13)




where


      θ n  =   ( 1 − λ )  + λ   1 − 2  δ  g Y   +  λ g 2   λ Y 2    + λ   τ δ   λ g   λ Y  +   τ ρ  δ   λ P   λ A   1 +  1 n             +   τ ρ  δ   λ Q   λ B   1 +  1 n   +   τ ρ  δ   λ R   λ C   1 +  1 n     .     








Letting   θ =   ( 1 − λ )  + λ   1 − 2  δ  g Y   +  λ g 2   λ Y 2    + λ   τ δ   λ g   λ Y  +   τ ρ  δ   λ P   λ A  +   τ ρ  δ   λ Q   λ B  +   τ ρ  δ   λ R   λ C     , as a result    θ n  → θ   as   n → ∞  . From (8), it follows that   θ < 1 ,   and hence    μ n    is a Cauchy sequence in ℜ. We know that ℜ is a Banach space so ∃  μ ∈ ℜ   such that    μ n  → μ   as   n → ∞  . We also know that the functions   A , B   and C are  H -Lipschitz continuous, from (15)–(17) it is evident that    ξ n   ,    ϑ n    and    ζ n    are also Cauchy sequences, we suppose that    ξ n  → ξ  ,    ϑ n  → ϑ   and    ζ n  → ζ  .









	Algorithm 1: Iterative Algorithm.



	
For any    μ 0  ∈ ℜ ,   ξ 0  ∈ A  (  μ 0  )  ,   ϑ 0  ∈ B  (  μ 0  )    and    ζ 0  ∈ C  (  μ 0  )  ,   from (7), let


   μ 1  =  ( 1 − λ )   μ 0  + λ   μ 0  − g   Y  ρ    ∂ η  ψ    (  μ 0  )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ 0  )   − ρ  P  (  ξ 0  )  −  Q  (  ϑ 0  )  − R  (  ζ 0  )      .  













	
Since    ξ 0  ∈ A  (  μ 0  )  ,  ϑ 0  ∈ B  (  μ 0  )    and    ζ 0  ∈ C  (  μ 0  )   , by Nadler’s theorem [33],   ∃   ξ 1  ∈ A  (  μ 1  )  ,  ϑ 1  ∈ B  (  μ 1  )    and    ζ 1  ∈ C  (  μ 1  )    such that


      ξ 0  −  ξ 1     ≤     ( 1 + 1 )  H  A  (  μ 0  )  , A  (  μ 1  )   ,        ϑ 0  −  ϑ 1     ≤     ( 1 + 1 )  H  B  (  μ 0  )  , B  (  μ 1  )   ,        ζ 0  −  ζ 1     ≤     ( 1 + 1 )  H  C  (  μ 0  )  , C  (  μ 1  )   ,     








where  H  denotes the Hausdorff metric. Let


   μ 2  =  ( 1 − λ )   μ 1  + λ   μ 1  − g   Y  ρ    ∂ η  ψ    (  μ 1  )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ 1  )   − ρ  P  (  ξ 1  )  −  Q  (  ϑ 1  )  − R  (  ζ 1  )      .  













	
Following the above approach inductively, we get, for any    ϰ 0  ∈ ℜ ,  ξ 0  ∈ A  (  μ 0  )  ,  ϑ 0  ∈ B  (  μ 0  )    and    ζ 0  ∈ C  (  μ 0  )   , compute     ω n   ,   μ n   ,   ξ n   ,   ϑ n     and    ζ n    by iterative process such that


      μ  n + 1   =  ( 1 − λ )   μ n  + λ   μ n  − g   Y  ρ    ∂ η  ψ    (  μ n  )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ n  )             − ρ  P  (  ξ n  )  −  Q  (  ϑ n  )  − R  (  ζ n  )      ;     



(14)






   ξ n  ∈ A  (  μ n  )  ,     ξ n  −  ξ  n + 1    ≤  1 +  1  n + 1    H  A  (  μ n  )  , A  (  μ  n + 1   )   ;  



(15)






   ϑ n  ∈ B  (  μ n  )  ,     ϑ n  −  ϑ  n + 1    ≤  1 +  1  n + 1    H  B  (  μ n  )  , B  (  μ  n + 1   )   ;  



(16)






   ζ n  ∈ C  (  μ n  )  ,     ζ n  −  ζ  n + 1    ≤  1 +  1  n + 1    H  C  (  μ n  )  , C  (  μ  n + 1   )   ;  n = 0 , 1 , 2 , … ,  



(17)




and   ρ > 0   and   λ ∈ ( 0 , 1 ]   are constants.










At last, we show that   ξ ∈ A ( μ )  ,   ϑ ∈ B ( μ )   and   ζ ∈ C ( μ )  . Moreover, since    ξ n  ∈ A  (  μ n  )    and


     d   ξ n  , A  ( μ )      ≤     max    d   ξ n  , A  ( μ )   ,  sup   q 1  ∈ A  ( μ )    d  A  (  μ n  )  ,  q 1           ≤     max     sup   q 2  ∈ A  (  μ n  )    d   q 2  , A  ( μ )   ,  sup   q 1  ∈ A  ( μ )    d  A  (  μ n  )  ,  q 1           =    H  A  (  μ n  )  , A  ( μ )   .     











We have


     d  ξ , A ( μ )     ≤     ξ −  ξ n   + d   ξ n  , A  ( μ )         ≤     ξ −  ξ n   + H  A  (  μ n  )  , A  ( μ )         ≤     ξ −  ξ n   +  λ A    μ n  − μ  → 0    a s  n → ∞ ,     








which suggests that   d  ξ , A ( μ )  = 0 .   Since   A ( μ ) ∈ C B ( ℜ ) ,   as a result   ξ ∈ A ( μ ) .   Likewise, we can show that   ϑ ∈ B ( μ )   and   ζ ∈ C ( μ )  . By Lemma 1, we get the required results. □






4. Numerical Example


We present the following numerical example using MATLAB, R2021a, to support our result.



Example 1.

Suppose   ℜ = R =  ℜ *   ,   g : R → R   and   η : R × R → R   are the functions such that,   ∀  μ , ν ∈ R  ,


   g  ( μ )  =  3 5  μ ,   



(18)






    a n d    η ( μ , ν ) = μ − ν .   



(19)







Clearly   η ( μ , ν ) = − η ( ν , μ )  ,








	(i)

	
the function g is Lipschitz continuous with constant    λ g  =  6 5   . i.e.,


      g ( μ ) − g ( ν )    =     3 5  μ −  3 5  ν       =     3 5   μ − ν        ≤     6 5   μ − ν  .      



(20)








	(ii)

	
Let   ψ : R → R ∪  + ∞    be defined as


   ψ  ( μ )  = 2  μ 2    ∀  μ ∈ R .   



(21)







Then, the η-subdifferential of ψ, which is,    ∂ η  ψ  ( μ )  = 4 μ  .



Now, for   ρ = 1  , we compute the η-proximal operator and YAO:


       J ρ   ∂ η  ψ    ( μ )     =      I + ρ  ∂ η  ψ   − 1    ( μ )        =      I + 4 I   − 1    ( μ )        =      5 I   − 1    ( μ )        =     1 5  μ ,      



(22)




and


       Y ρ   ∂ η  ψ    ( μ )     =     1 ρ   I −  J ρ   ∂ η  ψ     ( μ )        =     1 1   μ −  1 5  μ        =     4 5  μ .      



(23)







Clearly,   J ρ   ∂ η  ψ    is   (  τ δ  )  -Lipschitz continuous, where   δ = τ = 1   and   Y ρ   ∂ η  ψ    is   λ Y  -Lipschitz continuous, where    λ Y  =   δ + τ   ρ δ   = 2  .




	(iii)

	
  g ∘  Y ρ   ∂ η  ψ     is strongly accretive with constant    δ  g Y   =  1 3   . As


      g ∘  Y ρ   ∂ η  ψ    ( μ )     =    g   Y ρ   ∂ η  ψ    ( μ )         =    g   4 5  μ        =     3 5    4 5  μ        =     12 25  μ ,      



(24)




therefore,


      g ∘  Y ρ   ∂ η  ψ    ( μ )  − g ∘  Y ρ   ∂ η  ψ    ( ν )  , μ − ν    =     12 25  μ −  12 25  ν , μ − ν       =     12 25   μ − ν , μ − ν        =     12 25    μ − ν  2        ≥     1 3    μ − ν  2  .      



(25)








	(iv)

	
Let   P , Q , R : R → R   be the functions and   A , B , C : R → C B ( R )   be the multivalued functions given by


   P  ( μ )  =  1 4  μ ,   Q  ( μ )  =  1 5  μ ,   R  ( μ )  =  4 7  μ   










   A  ( μ )  =   1 3  μ  ,   B  ( μ )  =   5 4  μ  ,   C  ( μ )  =   1 5  μ  .   








Accordingly,











       ξ n  =  1 3   μ n  ∈ A  (  μ n  )         ϑ n  =  5 4   μ n  ∈ B  (  μ n  )         a n d    ζ n  =  1 5   μ n  ∈ C  (  μ n  )  ,    f o r   a l l   n = 0 , 1 , 2 , … .      



(26)







Using (14) of Algorithm 1 and by taking   λ = 1  , we have


      μ  n + 1     =     μ n  − g   Y  ρ    ∂ η  ψ    (  μ n  )   +  J  ρ    ∂ η  ψ    g   Y  ρ    ∂ η  ψ    (  μ n  )   − ρ  P  (  ξ n  )  −  Q  (  ϑ n  )  − R  (  ζ n  )           =     μ n  −  12 25   μ n  +  J  ρ    ∂ η  ψ     12 25   μ n  − 1   1 12   μ n  −  1 4   μ n  +  4 35   μ n          =     μ n  −  12 25   μ n  +  J  ρ    ∂ η  ψ     12 25   μ n  +  11 210   μ n         =     μ n  −  12 25   μ n  +  J  ρ    ∂ η  ψ     559 1050   μ n         =     μ n  −  12 25   μ n  +  1 5    559 1050   μ n         =     μ n  −  12 25   μ n  +  559 5250   μ n        =     3289 5250   μ n  .      



(27)







Figure 1, Figure 2 and Figure 3 (Table 1) show the convergence of    μ n    for the initial values    μ 0  = 1 , 2   and   − 2  , respectively. In Figure 4, we have drawn a combine graph of    μ n    for the initial values    μ 0  = 1 , 2 , − 2  , and it is shown that the sequence    μ n    converges to 0.






5. Conclusions


In order to establish the existence of the solution of (MVLIYAO), we find the equivalence between fixed point formulation and (MVLIYAO). Further, we proposed an iterative algorithm that is acquired from fixed point formulation to approximate the solution of (MVLIYAO). An existence and convergence result is obtained for (MVLIYAO) in Banach spaces. A numerical example is constructed to show the validity of our main result and the convergence graphs are presented using MATLAB programming. Furthermore, we mention that our results generalize the many existing results in the literature which can be extended to other spaces.
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Figure 1. The convergence of    μ n    with initial value    μ 0  = 1  . 






Figure 1. The convergence of    μ n    with initial value    μ 0  = 1  .
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Figure 2. The convergence of    μ n    with initial value    μ 0  = 2  . 






Figure 2. The convergence of    μ n    with initial value    μ 0  = 2  .
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Figure 3. The convergence of    μ n    with initial value    μ 0  = − 2  . 






Figure 3. The convergence of    μ n    with initial value    μ 0  = − 2  .
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Figure 4. The convergence of    μ n    with initial values    μ 0  = 1 ,   μ 0  = 2   and    μ 0  = − 2 .  . 






Figure 4. The convergence of    μ n    with initial values    μ 0  = 1 ,   μ 0  = 2   and    μ 0  = − 2 .  .
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Table 1. Computational results for different initial values of   μ 0  .






Table 1. Computational results for different initial values of   μ 0  .





	
No. of

	
     μ 0  = 1.0    

	
No. of

	
     μ 0  = 2.0    

	
No. of

	
     μ 0  = − 2.0    




	
Iterations

	
    μ n    

	
Iterations

	
    μ n    

	
Iterations

	
    μ n    






	
1

	
1.0000

	
1

	
2.0000

	
1

	
−2.0000




	
2

	
0.6265

	
2

	
1.2530

	
2

	
−1.2530




	
3

	
0.3925

	
3

	
0.7850

	
3

	
−0.7850




	
4

	
0.2459

	
4

	
0.4918

	
4

	
−0.4918




	
5

	
0.1540

	
5

	
0.3081

	
5

	
−0.3081




	
6

	
0.0965

	
6

	
0.1930

	
6

	
−0.1930




	
7

	
0.0605

	
7

	
0.1209

	
7

	
−0.1209




	
8

	
0.0379

	
8

	
0.0757

	
8

	
−0.0757




	
9

	
0.0237

	
9

	
0.0474

	
9

	
−0.0474




	
10

	
0.0149

	
10

	
0.0296

	
10

	
−0.0296




	
14

	
0.0023

	
14

	
0.0045

	
14

	
−0.0045




	
18

	
0.0004

	
18

	
0.0007

	
18

	
−0.0007




	
22

	
0.0001

	
22

	
0.0001

	
22

	
−0.0001




	
26

	
0.0000

	
26

	
0.0000

	
26

	
0.0000




	
30

	
0.0000

	
30

	
0.0000

	
30

	
0.0000
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