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1. Introduction

The stochastic linear—quadratic (SLQ) optimal control problem plays an extremely
important role in modern control theory and methodology, because of its elegant structure
of solutions and wide applications in engineering, finance, networks, etc. More importantly,
SLQ optimal control problems can also reasonably approximate some nonlinear stochastic
optimal control problems. In the literature for SLQ optimal control problems, refer to
Wonham [1], Bismut [2], Bensoussan [3], Peng [4], Chen et al. [5], Chen and Zhou [6],
Chen and Yong [7], Ait Rami et al. [8], Tang [9], Yu [10], Tang [11], Sun et al. [12], Sun and
Yong [13], and Sun et al. [14], for journal papers and Davis [15], Anderson and Moore [16],
Yong and Zhou [17], and Sun and Yong [18] for monographs.

In the above work, stochastic systems are modelled by Brownian motions. However,
in reality, Brownian noises are usually inadequate in a mathematical modeling sense.
For example, it is particularly appropriate to use stochastic systems with Poisson jumps or
Lévy jumps to describe the large fluctuations in the stock market (Merton [19], Kou [20],
Cont and Tankov [21], Oksendal and Sulem [22], Lim [23], Hanson [24]). Moreover, from a
mathematical point of view, there exist essential differences between stochastic systems
with and without jumps.

SLQ optimal control problems with Poisson jumps (SLQP optimal control problems)
are also researched by many authors. Tang and Hou [25] studied an optimal control
problem of partially observed linear—quadratic stochastic systems with a Poisson process
and obtained an explicit solution of this problem by the partially observed maximum
principle. Wu and Wang [26] studied a kind of SLQP optimal control problem, the explicit
form of optimal controls is obtained by the solutions to a forward-backward stochastic dif-
ferential equation with Poisson jumps (FBSDEP) and a generalized Riccati equation system.
Hu and Oksendal [27] studied an SLQP optimal control problem with partial information.
Meng [28] considered an SLQP optimal control problem with random coefficients. The state
feedback representation was obtained for the open-loop optimal control by a matrix-valued
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backward stochastic Riccati equations with jumps (BSRE]), and the solvability of it in a
special case was discussed. The solvability of BSRE] in the general case was studied in
Zhang et al. [29]. Note that Li et al. [30] gave the concept of relax compensator, which is
used to describe indefinite BSRE], then they investigated the solvability of BSRE] and gave
the optimal control. Moon and Chung [31] studied the indefinite SLQP optimal control
problem with random coefficients by a completion of squares approach.

Our interest in this paper is the closed-loop solvability of the SLQP optimal control
problem, which, as far as we know, is not researched in the literature. In 2014, the notions of
open-loop and closed-loop solvabilities for SLQ optimal control problems were introduced
in Sun and Yong [32], where they concentrated on the LQ zero-sum stochastic differential
game, in which SLQ optimal control problem is a special case when there is only one
player/controller is considered. Sun et al. [12] further gave more detailed necessary and
sufficient conditions of the open-loop and closed-loop solvability for SLQ optimal control
problems. Sun and Yong [13] studied the open-loop and closed-loop solvability of SLQ
optimal control problems in the infinite horizon and showed that open-loop and closed-
loop solvabilities are equivalent in the infinite horizon. For more details and complete
content, please also refer to their book [18]. Li et al. [33] studied the SLQ optimal control
problem of mean-field type and gave the characterization of the closed-loop optimal
strategy. Lv [34,35] researched the closed-loop solvabilities of SLQ optimal control problems
for systems governed by stochastic evolution equations (SEEs) and SEEs of mean-field
type, respectively. Tang et al. [36] studied the open-loop and closed-loop solvability
for indefinite SLQP optimal control problem of mean-field type and its application in
finance. Sun et al. [14] considered the indefinite SLQ optimal control problem with random
coefficients and investigated the closed-loop representation of open-loop optimal controls.

Our work differs from the existing results in the following respects. (1) We consider
an SLQP optimal control problem with deterministic coefficients in a general framework
(problem (SLQP) in Section 2), where the weighting matrices in the cost functional are
allowed to be indefinite. Moreover, cross-product terms in the control and state processes
are present in the cost functional. Non-homogenous terms also appear in the controlled
state equation and cost functional. The model considered in this paper is a nontrivial
generalization of those in [12,32]. (2) Characterization of the closed-loop solvability for the
SLQP optimal control problem is obtained, via the Riccati integral-differential equation
(RIDE). For the SLQ optimal control problem without Poisson jumps, Sun et al. [12] first
found two matrix-valued SDE of X(-), Y(-), then they applied It6’s formula to find X~!(-).
The solution to the related Riccati equation is defined as P(-) = Y(-)X~!(-). However, this
method fails in our SLQP optimal control problem, as the Poisson jumps appear in the
controlled system and difficulty is encountered. In detail, when we take the inverse of
the matrix-valued SDEP as that of the matrix-valued SDE in [12] and apply It6—Wentzell’s
formula (Oksendal and Zhang [37]), terms such as [F(e) + G(e)©® + 1] ! will appear in
X~1(-). Because we do not have any restrictions on the coefficients in our system and ©(-)
is the closed-loop optimal strategy that we are going to seek, there is no reason to arbitrarily
presume that F(e) + G(e)® + 1 is invertible. From Lv [34,35], we overcome this difficulty
by transforming the original problem (SLQP) into a problem of solving the open-loop
optimal control of problem (SLQP)% in Section 2. Thus, a Lyapunov integral-differential
Equation (25) is given first and then the RIDE (29) is obtained. Note that the technique
used in this paper is also different from that in Tang et al. [36], where a matrix minimum
principle by Athans [38] was used when dealing with the SLQP problem of mean-field type.

The rest of this paper is organized as follows. Section 2 begins with the preparation
work, including giving some basic knowledge and presenting the formulation of the SLQP
optimal control problem. In Section 3, characterizations of closed-loop solvability of SLQP
optimal control problems are presented and the concrete proofs are given. Section 4 gives
an example to demonstrate the effectiveness of the main result. Finally, in Section 5, some
concluding remarks are given.
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2. Problem Formulation and Preliminaries

First, let us introduce some notations that will be used throughout this paper.

Let T > 0 be a constant, and [0, T} is a finite time duration. Let R"*™ be the collection
of all (n x m) matrices, and S"*" be the collection of all (n x 1) symmetric matrices. We
let I be the identity matrix with a suitable size. We use (-, -) to denote inner products
in possibly different Hilbert spaces and | - | to denote the norm induced by these inner
products. Let M" and R(M) be the transpose and range of a matrix M, respectively.
For M,N € §"*", M > N (respectively, M > N) implies that M — N is a positive semi-
definite matrix (respectively, positive definite matrix). Let M' denote the pseudo-inverse
of a matrix M € R™*"_1f the inverse M~ of M € R"*" exists, then the pseudo-inverse
is equal to the inverse. See Penrose [39] for the definition and some basic properties of
the pseudo-inverse.

For any Banach space H (for example, H = R",R"™ §"*") and t € [0,T), let
LP(t,T; H) (1 < p < o0) be the space of all LP-integrable functions valued from H on [t, T],
C([t, T]; H) be the space of all continuous functions valued from H on [t, T|, and L*(¢, T; H)
be the space of Lebesgue measurable, essentially bounded functions from [t, T] into H.

Let (O, F,F,P) be a completed filtered probability space, where ' = {F;}> is
filtration generated by the following two mutually independent stochastic processes and
augmented by all the P-null sets in F:

e A standard one-dimensional Brownian motion W = {W(#);0 < t < oo}.

e A Poisson random measure N defined on E x R, where E C R/ is a nonempty
open set and its Borel field is B(E). The compensator of N is N(dedt) = r(de)dt,
satisfying 71(A) < oo, such that N(A x [0,#]) = (N — N)(A x [0,#])=0 is a martingale
forany A € B(E); 7t is assumed to be a o-finite measure on (E, B(E)) and is called the
characteristic measure.

For t € [0, T), we introduce some notation for spaces of random variables and stochas-
tic processes:

L% (L H) = {§ : O — H| ¢ is Fs-measurable random variable, s.t., E|&? < oo}, selt, T,

L2(t, T;H) = {f [t,T] x QO — H| f is F-progressively measurable, s.t., E/ (s)|°ds < oo}

L%F,p(t, T;H) = {f [t,T] x Q — H| f is F-predictable, s.t., E/ (s)|?ds < oo}

FX(t T;H) = {f [t,T] x E — H| f satisfies sup |f(s,e)| < oo},

t<s<T,ecE

T
Fﬁp(t, T;H) = {f :Qx [t,T] x E— H| f is F-predictable, s.t., E/t /E|f(',s,e)|27'[(de)ds < oo}.

We consider the following controlled linear SDEP on [t, T]:

dX(s) = [A(s)X(s) + ( Ju(s) +b(s)]ds + [C(s)X(s) + D(s)u(s) + o(s)|dW(s)
/E (s,e) )+ G(s,e)u(s) + f(s,e)|N(deds), se[tT], (1)
X(t)

) is the initial time and x € L%Tt((),' R") is the given initial state; A(-),
are given deterministic matrix-valued functions of proper dimensions,
)

where t € [0,T
)
,+) are independent of w. The expressions b(-), o(-) are F-progressively

B(:), C(), D(:
and F(-,-),G(-
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measurable processes and f (-, -) is also random; u(+) is the control process. We define the
admissible control set:

T
Ult, T = {u :[t, T] x Q@ — R™ | u is F-predictable, ]E/ lu(s)|*ds < oo}. ()
t

The control process u(-) € U[t, T] is called an admissible control.
Then we define the cost functional:

J(t, x;u(-)) = IE{ /tT {<Q(s)X(s),X(s)> +2(S(s)X(s),u(s)) + (R(s)u(s),u(s))

®3)
+2(q(8),X(59) + 2{p(6),1(6)) s+ (HX(T), X(T)) + 2(g,X()) |,

where H is a symmetric matrix and Q(-),S(-), and R(-) are deterministic matrix-valued
functions of proper dimensions that satisfy Q(-) " = Q(-), R(:)T = R(-). The expression g
is an Fr-measurable random variable, q(-) is an [F-progressively measurable process, and
p(-) is an F-predictable process.

In order to make the given (1) and (3) meaningful, we adopt some assumptions for
coefficients as follows.

Hypothesis 1. The coefficients of the state Equation (1) satisfy the following:

A(-) € L®(t, T;R™"), B(-) € L*(t, ;R™™), b(-) € L&(t, T;R"),
C(-) € L®(t, T;R™™"), D(-) € L™®(t, T;R™™), ¢(-) € L&(t, T;R"),
F(-,-) € FP(t, T;R™™), G(-,-) € F>(t, T;R™™), f(-,-) € Fﬂ%,p(t, T;R™).

Hypothesis 2. The weighting coefficients of the cost functional (3) satisfy the following:
Q(-) € L=(t, T;S"*"), S(-) € L®(t, T;R™*"), R(-) € L®(t, T;S™*™),
q(-) € L&(t, T;R"), p(-) € L%,p(t, T;R™), g € L% ((UR"), H € S™.

For simplicity, we denote the above Hypothesis 1 and Hypothesis 2 as (H1) and (H2),
respectively.

Under (H1) and (H2), for any given x € L2;f (GR")andu(-) e U[t, T] = L%,p(t, T;R™),
state Equation (1) admits a unique adapted solution X(-) € LZ(t, T;R") and the cost
functional is well-defined. Therefore, the following problem is meaningful.

Problem 1. (SLQP). For given initial pair (t,x) € [0, T] x L% (O R"), find a i(-) € U[t, T|
such that
t,x; () = inf t,x;u(s)) =Vt x). 4
Hexa() = inf () = Ve @

Any i(-) € U[0, T| satisfying (4) is called an open-loop optimal control of problem (SLQP)
for (t,x), the corresponding X(-) = X(-;t,x,i(-)) is called an open-loop optimal state, and
(X(-),u(-)) is called an open-loop optimal pair. The map V(-,-) is called the value function of
problem (SLQP).

In particular, when b(-), o(-), f(-,-), q(-), p(-), and g are all zero, we refer to the above
problem as the problem (SLQP)°.

Definition 1. For given initial pair (t,x) € [0,T] X L%(Q; R™), if there exists a (unique)
i(-) € U[t, T] such that (4) holds, then we say that problem (SLQP) is (uniquely) open-loop
solvable for (t, x).
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Next, take () € L?(t, T; R™") = Q[t, T] and v(-) € U[t, T]. For given initial pair
(t,x) €0, T) x L%Tt (€C;R™), let us consider the following equation (some time variables are
usually omitted):

dX = [(A+ BO)X + Bv+b]ds + [(C+ DO)X + Dv + c]dW
+ /E [(F(e) + G(e)®)X_ + G(e)v+ f(e)] N(deds), 5)
X(t) =x,

which admits a unique solution X(-) = X(+;t,x,0(-),v(-)), depending on the O(-) and v(+);
(O(-),v(+)) € QJt, T] x U]t, T] is called a closed-loop strategy and the above Equation (5)
is called a closed-loop system of the original state Equation (1) under (©(-), v(-)). We point
out that (©(-),v(+)) is independent of the initial state x € L%_-t (C;R™). With the above
solution X(-), we define

J(tx0()X () + () ZE{ /tT K( (sg SRT )( @XX+v )( G)XX—l—v )>

#{(1) (o )errxn. oy 2000

- E{ /tT [((Q+©075+57@+0RO)X,X) +2((S + RO)X,0) + (Ro,0)

(6)

+2(q+07p,X) +2(p,0)]ds + (HX(T), X(T)) +2(s, X(T))}.
We now introduce the following definition.

Definition 2. Ifa closed-loop strategy pair (O(+),3(-)) € Q[t, T| x U[t, T| satisfies the following
inequality
J(t,50()X(-) +3(-) < J(t,x0()X(-) +o()),

Vx € L% (4R"), ©(-) € Q[t,T], o(-) € U[t,T],
where X(-) = X(;;t,x,0(:),3(-)) on the left and X(-) = X(-;t,x,0(-),v(-)) on the right,
then(©(+),d(-)) is called a closed-loop optimal strategy of problem (SLQP) on [t, T|, and we say
that problem (SLQP) is closed-loop solvable on [t, T].

@)

We emphasize that the pair (O(-),9(+)) is required to be independent of the initial
state x € L% (Q; R™). We have the following equivalence theorem.

Theorem 1. Let (H1) and (H2) hold and let (©(+),3(-)) € Q[t, T] x U[t, T|. Then the following
statements are equivalent:
(i) (©(-),0(+)) is a closed-loop optimal strategy of problem (SLQP) on [t, T].
(ii) For any given x € L% ((;R") and o(-) € U[t, T},
J(t,x;00)X() +3(-) < J(tx00)X() +0(-),
where X(-) = X(+;t,x,0(-),0(-)) on the right.
(iii) For any given x € szt(Q; R")and u(-) € U[t, T],

J(t,,0()X () +0() < J(tx;u(-))- ®)
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Proof. (i) = (ii). From the definition of closed-loop optimal strategy, it can be proved.
(ii) = (iii). For given x € L%rt (C;R") and u(-) € U[t, T], X(-) is the adapted solution to the
following SDEP:

4X(s) = [A()X(s) + B(s)u(s) + b(s)]ds + [C)X() + D(s)u(s) + 0(s)]dW(s)
E [F(s,e)X(s—) + G(s,e)u(s) + f(s,e)| N(deds), se[t,T],
X(t)
Taking v(-) = u(-) — ©(-)X(-), it is easy to see that v(-) € U[t, T]. Thus
u(-) = 0()X () +o().
From the existence and uniqueness of the adapt solution to SDEP, we obtain that
X() = X('}f,X,M(')) = X(-;t,x,@(-), ( )) = X( )
Therefore, by (ii), one has
J(t, 5:0()X() +8() < J(t,50()X() +o()) = J(t, xu(-)),
proving (iii). (iii) = (i). For a given x € L%_-t(Q;R”), u(-) € U[t, T] and (O(-),v(+)) €
Olt, T) xU[t, T], let X(-) = X(-;t,x,0(-),v(+)). Taking
u(-) = 00)X() +o(),

from the existence and uniqueness of the adapt solution of SDEP, we know that

X(it,x,0(-),0() = X(5t,x,u(")).

Therefore, by (iii), we have

J(t,x00)X() + () <J(txu(-) =]t x0()X() +o(-).
O

For the closed-loop optimal strategy (O(-),7(-)) of problem (SLQP) on [t, T| and the
corresponding closed-loop optimal state X(-) = X(-;t,x,0(-),9(-)), we can define the
outcome

a(-) =O()X(-) +o() € U[t, T].

From the third part of Theorem 1, we see that for any given initial state x € L%_-t (O;R™)
and u(-) € U[t, T], ii(-) is an open-loop optimal control of problem (SLQP) for x. Therefore,
if problem (SLQP) is closed-loop solvable on [t, T], it must also be open-loop solvable,
and the outcome of the closed-loop optimal strategy is the open-loop optimal control for
any x € L%(Q;R”).

The following result is concerned with open-loop solvability of problem (SLQP) for
given initial state.

Proposition 1. Let (H1) and (H2) hold. For given initial pair (t,x) € [0,T] x L% (O, R"),
a control 1i(-) is an open-loop optimal control of problem (SLQP) if and only if the followmg hold:

(i) The stationarity condition holds:

B'"Y+D'Z+ / G(e)"R(e)m(de) + SX+ Ri+p =0, ae, P-as., 9)
E
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where (X(-),Y(-),Z(-),K(-,-)) € L&(t, T;R") x L&(t, T;R") x L%,P(t,T;R”) x Fﬁp
(t, T;R™) is the adapted solution to the following FBSDEP:

dX = [AX + Bi+b|ds + [CX + Dii + c]dW
+/ e)X_ + G(e)i + f(e)| N(deds),
iy = — [ATY+CTZ+/FT R(e)m(de) + QX +STa+qlds  (10)

W+ / deds

X(t) =x Y(T)=HX(T) +g.

(ii) The convexity condition holds: For any u(-) € U[t, T],

T
E{(HxO(T),xO(T)> —|—/t {<Qx0, x0) +2(Sxo,u) + <Ru,u>}ds} >0, (11)
where xo(+) € L%(t, T;R") is the adapted solution to the following SDEP:
dxo(s) = [A(s)xo(s) + B(s)u(s)]ds + [C(s)xo(s) + D(s)u(s)]dW(s)
—i—/E (s,e)xo(s—) + G(s,e)u(s)|N(deds), s€[t,T], (12)
xo(t) = 0.

Proof. Forany u(-) € U[t,T]and € € R, let u®(-) = ii(-) + eu(-), thus X°(-) = X(-;t,x,1(-)
+ eu(-)) is the corresponding state that satisfies

dX¢ = [AX® 4+ B(i1 + €u) + b]ds + [CX + D(i1 + eu) + o ]dW
+/ €)XE + G(e) (i + eu) + f(e)] N(deds),
X€(t) =

Then M satisfies the following SDEP:
d(X _X) = [A(X _X> +Bu}ds+ {c(x _X) —|—Du}dW
€ € €
+/ [ ( >+G( Ju ]N(deds),

From the existence and uniqueness of the solution to SDEP, we know that xy = X X.

Then

J(t, 2 0(c) +eu(-)) = (¢, x;a(-))
= 2eE{<HX(T) + g, x0(T)) + /tT [(on,)'Q +(SX,u)

+ (Sxo, ) + (Rit, u) + {g,x0) + <p,u>]ds}

+ ezE{<on(T),x0(T)) + /tT {(on, x0) + 2(Sxo, u) + <Ru,u>]ds}.
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Applying Itd’s formula to (Y(-), xo(+)), we get

J(t,xa(-) +eu()) — J(t,x;a(-))
:ZeE/tT<BTY+DTZ+/EG(6)TK(6)7T(116)+SX+Rﬁ+p,u>ds

+ eQ]E{<Hx0(T),x0(T)) + /tT {(on, xg) +2(Sxp,u) + <Ru,u>}ds}.

Therefore, (X(-),(+)) is an open-loop optimal pair of problem (SLQP) if and only if
(9) and (11) hold. [

On the other hand, from the second part of Theorem 1, we can see that (O(-),7(+))
being a closed-loop optimal strategy of problem (SLQP) is equivalent to 3(-) being an open-
loop optimal control of the SLQP optimal control problems (5) and (6) with O(-) = O(+),
which we denote by problem (SLQP)g,. In particular, when b(-), o(-), f(-,-), q(-), p(-) and
g are all zero, we refer to it as problem (SLQP)O(:). Similar to Proposition 1, we can give the
following result.

Proposition 2. Let (H1) and (H2) hold. For any given x € L%(Q; R™), 4(+) is an open-loop
optimal control of problem (SLQP)¢, if and only if the following stationarity condition holds:

B'Y+DTZ+ / Gle)TR(e)m(de) + (S+ ROVX+Ro+p=0, ae,P-as, (13)
E

where (X(-),Y(-), Z(-),K(-,-)) € L&(t, T;R") x LA(t, T;R") x L%F,p(t, T;R") x Flg,p(t, T;R")
is the adapted solution to the following FBSDEP:

dX—[(A+B® X+Bv+b] + [(C+DO®)X 4+ Do+ c|dW
+ [ 1(F@)+ Ge)®)X- + G(e)o+ £(e)] N(deds),

qy = [(A+BG))TY+ (C + DO) z+/ ¢) + G()®) T (e) m(de)
(14)
+(Q+S"TO+0"S+O'RO)X+(S+RO) ' 5+g+0O"p|ds

+ ZdW + / K(e)N(deds),

X(t)=x, Y(T)=HX(T)+yg,

and the following convexity condition holds: For any v(-) € U[t, T],
T
E{ / [<(Q +0'S+5'@+0TRO)X, X) +2((S + RO)X,v)
t
+ (Ro,0) ] ds + <HX(T),X(T)>} >0,

where X(-) € L2(t, T;R") is the adapted solution to the following SDEP:

dX = [(A+B®)X+Bv]ds+ [(C+ DO)X + Dv]dW
+ / )©)X_ + G(e)v] N(deds),
X(t) =
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3. Main Results

In this section, we will study the necessary and sufficient conditions for problem
(SLQP) to be closed-loop solvable.
Making use of (13), we may rewrite the BSDEP in (14) and obtain

dX = [(A+B® X+Bv+b]ds+ [((C+ DO®)X + Do + o]dW
A )O)X_ + G(e)3 + f(e)| N(deds),
dY = —[ATY—FCTZ—F/F(e)TK(e)rc(de)+(Q+ST@)X+ST5—H] ds  (15)
+ZdW+/K N(deds), s € [T,
X(t)=x, Y(T)=HX(T)+g.

We first have the following result.

Theorem 2. Let (H1) and (H2) hold. If (©(-),3(-)) € Qlt, T| x U[t, T| is an optimal closed-loop
strategy of problem (SLQP) on [t, T|, then (©(-),0) is an optimal closed-loop strategy of problem
(SLQP)® on [t, T).

Proof. By Proposition 2, we can see that (©(-),9(+)) is an optimal closed-loop strategy
of problem (SLQP) on [t, T] if and only if for any x € L% ((;R"), the stationarity condi-
tion holds:
B'Y+D'Z+ / G(e)TR(e)m(de) + (S + RO)X + Ro+p =0, ae, P-as,  (16)
E

where (X(),Y(+), Z(-),K(-,-)) is the adapted solution to the following FBSDEP:
dX—[(A+B®)X+Bv+ blds + [(C+ DO)X + Do + o |dW
+ / )O)X_ + G(e)a+ f(e)] N(deds),

dy = {(A+B@)W+ (C+ DO) Tz+/ e) + G(e)®) "R (e)m(de)
(17)
+(Q+S"TO+0"S+O"RO)X+ (S+RO) 5+q+0Tpl|ds
+ZdW+/K N (deds),
X(tH)=x, Y(T)=HX(T)+g

and the following convexity condition holds: For any v(-) € U[t, T],
T
]E{ / [<(Q +@'S+ST@+O"RO)Xp, Xo) +2((S + RO)Xp, v)
t
+ <Rv,v>}ds + <HX0(T),X0(T)>} >0,

where Xy () is the adapted solution to the following SDEP:
dXo = [(A+ B@)XO + Bv] ds + [(C+ DO®)Xo + Dv|dW
+/ )®)Xo_ + Gle)o] N(deds), s € [t,T],
Xo(t) =
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Since the FBSDEP (17) admits a solution for each x € L%(Q,‘ R") and (©(-),o(-))
is independent of x, by subtracting solutions corresponding x and 0, the latter from the
former, we see that, for any x € L% (C; R"), the following FBSDEP:

dX = [(A+ B®)X]ds + [(C+ DO)X]dW + /E [(F(e) + G(e)®)X_] N(deds),
dY = —|(A+BO)TY +(C+DO)TZ+ / (F(e) + G(e)®) TK(e) t(de)

JE (18)
+(Q+S"T@+0'Ss + @TR(;))X} ds + ZdW + /EK(e)N(deds),

X(t) =x, Y(T)=HX(T),
and in this time (X(+), Y(-), Z(-), K(-, -)) satisfies
BTY+D'Z+ /E G(e)TK(e)mr(de) + (S + RO)X =0, ae., P-as.

It follows, again from Theorem 1 and Proposition 2, that (©(-),0) is an optimal closed-
loop strategy of problem (SLQP)° on [t, T]. O

To summarize the relationship between problem (SLQP), problem (SLQP)°, problem
(SLQP)g, and problem (SLQP)Y, we plot the following diagram in Figure 1:

Problem (SLQP) is closed-loop solvable Problem (SLQP)" is closed-loop solvable
(©,7) (©,0)

Problem (SLQP)g is open-loop solvable Problem (SLQP)U@ is open-loop solvable
7 =0

Figure 1. The relationship among problems.

It is clear that when we want to study the necessary conditions for the closed-loop
solvability of problem (SLQP), we can transform the original problem into the open-loop
solvability of problem (SLQP)% where the open-loop optimal control is 7(-) = 0. Thus

from Proposition 1, we can know that the optimal system of problem (SLQP)% is the
following FBSDEP:

d% = [(A+ BO)X]ds + [(C+ DO)X]dW + /E [(F(e) + G(e)®)X_ | N(deds),
ay — — [ATY +CTZ 4 [ Fo)TRE)R(de) + (Q + sT@))x} s )
4 ZdW + /E R(e)N(deds),

X(t)==x, Y(T)=HX(T),
and in this time (X(+), Y (), Z(+), K(-,-)) satisfies

B'Y+D'Z+ / G(e)"K(e)rt(de) + (S+RO®)X =0, ae., Pas. (20)
E
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In the light of Y(T) = HX(T), we assume that
Y(-) = P()X(), (21)

where P(-) : [t, T] — S"™*" is a matrix-valued differential function satisfying P(T) = H.
Applying It6—-Wentzell’s formula to (21), we have

dY = PXds + PdX

o 22)
— [PX + P(A + BO)X ]ds+P(C+D®)XdW+/ ¢) + G(e)®)X_ N (deds).

Comparing the diffusion coefficient of the above equation and of the second equation
in (19), we can see

{z =P(C+ DO)X, 23

K(e) = P(F(e) + G(e)©)X
Plugging (21) and (23) into (20), we obtain

[BTP+DTP(C+D®)+/EG(3>TP( (¢) + G(e)®)r(de) + (S+RO) | =0.  (24)

Now comparing the drift coefficient of (22) and of the second equation in (19), noting
that (21), (23) and (24), we have

0= {P+P(A+B®)+ATP+CTP(C+D@)
+/ e) +G(e)®)r (de)+Q+ST®}
= {P+P(A+B®)+ATP+CTP(C+D®)+Q+ST®
+/ ¢) + G(e)®) (de)+®T(BTP+DT (C+DO) +5
+R@+/Ec(e)Tp(p(e)+G(e)®)n(de)>]>‘<
= {P+P(A+B®)+(A+B®)TP+(C+D®)TP(C+D@)+Q+ST®
+®Ts+®TR@+/ ¢) + G(e)®) T P(E(e) + G(e)®) (de) | X

Thus, we let P(-) satisfy the following Lyapunov integral-differential equation:
0=P+P(A+BO®)+(A+BO)'P+(C+DO)'P(C+DO)+Q+S'®@+0'S
+@TR®+/ ¢) + G(e)®)TP(E(e) + G(e)®) t(de), (25)
P(T) = H.

Proposition 3. Let P(-) be the solution to (25). Then for any s € [t, T], we have
R+D'PD+ / G(e) " PG(e)rt(de) >0,
0= {R+ DTPD+/ )TPG(e)7t (de)]@ 26)

+BP+D'PC+S+ / G(e)T PF(e)t(de).
E
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Proof. Let us consider problem (SLQP)O@. For any v(-) € U[t, T], the state equation and the
cost functional are:

dX = [(A+B®)X+Bv]ds+[(C+D®)X+Dv]dw
+/ 0©)X_ + G(e)v| N(deds), (27)
X(t)
and
J(t,x;0(-) = IE{ /tT [<(Q+®TS+S®+®TR®)X,X> +2((S+RO)X, )

(28)
+ (Ro,0)|ds + <HX(T),X(T)>}.

Applying Ito-Wentzell’s formula to (PX(-), X(+)), we get

d(PX,X) = < — P(A+B®)X — (A+BO) PX — (C+ DO®)TP(C + DO)X
- /E [(F(e) + G()®) T P(F(e) + G(¢)®)X] 7(de)
—(Q+07S+570+OTRO)X, X )ds +2(P[(A + BO)X + Bo], X) ds

+ (P [C+D® X—l—Dv] (C+DO)X + Dv) ds
/ @)X + G(e)v], (F(e) + G(e)®)X + G(e)v)(de)ds
[--

JdW + / N (deds)

+
{ ([Q+075+5"®+0'RO|X, X)+2([B"P+D'P(C + DO)]X,v)
+/ ([2G(e) "P(F(e) + G(e)®) X + G(e) ' PG(e)v], v) 7 (de) + <DTPDv,v>}ds
dW+/ N(deds).

Thus, we have
E(HX(T), X(T)) — E(P(t)x,x)
—E/ { Q+®TS+ST®+®TR@} >+<[DTPD+/ G(e)TPG(e)n(de)]v,v>
—|—2<[BTP+DTP(C+D®)+/EG P(F(e) + G(e)®) (de)] X, >}ds.
Putting the above equation into the cost functional, we have
J(t,x;0(-)) = B(P(t)x, x) +E/tT{<[R+DTPD+/EG(e)TPG(e)n(de)]v,v>
+2<[BTP+DTPC+S+/ G(e)T PF(e)rt(de)

+ (R+DTPD+/ (e)"PG(e) (de))@]X,v>}ds.
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From the previous analysis, we know that 7(-) = 0 is the open-loop optimal control
for problem (SLQP)O(:), ie.,

J(t,%0() > J(t,x:0) = E(P(t)x, x),
then
0< J(tx0() —E(P(t)x,x) = ]E/tT{< [R+D'PD + /E G(e)TPG(e)n(de)]v,v>
+2([B"P+DTPC+5+ /E G(e)T PF(e)e(de)
+(R+D'PD + /E G(e) ' PG(e)r(de))®] X,U>}ds.
For simplicity, we give the following notations:

R:=R+D'PD+ /E G(e) TPG(e)nt(de),
L:=BTP+DTPC+5+ /E G(e)TPE(e) n(de),

thus, .
E/t [(Ro,0) +2((£+RO)X,0)]ds >0, ¥o() U[t,T).

Choose the initial pair (f,x) = (0,0) and v(-) = volj,4py(-), 0 <7 <r+h < T,
vg € R™. In this time, v(-) is a deterministic function, thus

T T
E /0 [(Ro,0) +2((£ + RO) X, v)|ds = /0 [(Ro,0) +2((£ + RO)EX, 0) | ds
r+h _
= / [<RU(),U()> +2<(£+R@)EX,00>]dS,
p
where EX(-) is solution to the following ordinary differential equation (ODE):
dEX(s) = {[A(s) +B(5)0(5)|EX(s) + B(s)00ly 4 (s)}ds, selo,T),
EX(0) = 0.
Then
EX(t) = /()tB(S)UOI[r,r+h] (s)e™ S5 (A +BMOW) )dr g . Iy (A(r)+B(r)®(r))dr’ teo,T].
It is easy to see that
EX(t) -0, ash—0, t €[0,T],
thus h
lim 1 / [(R(s)vo, vo) +2((L(s) + R(s)@(s))EX(s),v())}ds > 0.
h—0 h r
We know

(R(r)vo,v9) 20, r € [0,T], Voo e R" = R(r) >0, re[0,T].
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Thus, the first inequality in (26) is obtained, and now let us prove the second equa-
tion. We take the initial pair (t,x) € [0,T) x R” and v(-) = U—r?I[r,Hh}(), v € R™,
t<r<r+h<T.Inthis time,

B[ [(Ro.o) +2((£+ RO)X,0)]ds =5 [ [mf,fwz((un@)x,% ds
_/”h[ (Rog,00) + i<(c+n@)m,vo>}ds

where EX(-) is solution to the following ODE:

B(s)

dEX(s) = { [A(s) + B(s)O(s)|EX(s) + Tvol[r,ﬂrh] (s)}ds, setT],

EX(t) = Ex.

As we know, this is an inhomogeneous linear ODE, and we get for s € [t, T],
S
EX(s) = {Ex + /t B(y)%l[wh]( Joo If (A@)+B()0( )dzdy] oI5 (AR)+B()0(2))dz.
It is easy to see

EX(s) — Ex - oi (A2 +BEO() )dz 2 Ex-Y¥(s), as n — oo.

Thus

r+h _
lim [ (Rwo,v0) + = <( s)+R(s )@(s))EX(s),v@]ds

n=co J, o _
= lim o {(Rvo, vo) +2((L(s) + R(s)@(s))EX(s),v(])} ds
- 2/ R(s)(s)) ¥ (s)Ex, vg)ds > 0.

Since vy € R is arbitrary,

/fh ((£(5) + R(5)B(s)) ¥ (s)Ex, vp)ds = 0.
Dividing both sides by & and let 1 — 0, we have
([L(r) +R(O) ¥ (r)Ex,v9) =0, Vr € [t, T].
Since vg € R™ is arbitrary,
L(r)+R(r)O(r) =0, Vr € [t,T].
This is the second equation in (26). O

The following theorem is the main result in this paper, which characterizes the closed-
loop solvability of problem (SLQP).
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Theorem 3. Let (H1) and (H2) hold. Problem (SLQP) admits an optimal closed-loop strategy
(©(+),0(+)) € Q[t, T| x U[t, T if and only if the following RIDE:

0—P+PA+ATP+CTPC+/ (e)TPE(e)t(de) + Q
.
— <BTP+DTPC+/EG(e)TPF(e)n(de)+S> (R+DTPD
t
e T e e T T e T e e
+/G() PG(e)r(d )> <B P+D PC+/EG() PF(e)r(d )+s>, -

R(BTP+DTPC+/ )TPF(e)n (de)+S)

- R<R +D'PD+ /E G(e)TPG(e)n(de)),

R—i—DTPD—f—/EG(e)TPG(e)n(de) >0, P(T)=H,

admits a solution P(-) € C([t, T|;S"*") such that

(R+DTPD+/ (e)TPG(e) (de)>+<BTP+DTPC+/ e) PF(e)m (de)+8) (30)

€ L(t, T;R™™),
and the following BSDEP:
+
dy = {[A B(R+DTPD+/ )TPG(e)7 (de)>

> (BTP +DTPC+ /E G(e)TPF(e)n(de) + S) ] T77

+ [c -D <R +D'PD+ /E G(e)TPG(f—’)ﬂ(de))+

X (BTP+DTPC+/ G(e)TPF(e)n(de)+S)]T(C+PU)

+/ [ (R+DTPD+/G () PG(e) (de))+
. (31)
X (BTP—l—DTPC—i—/ G(e)TPF(e)n(de)+S>] (p(e) + Pf(e))m(de)
+Pb+q—<BTP+DTPc+/ )" PF(e)m (de)+s>T

X <R+DTPD-F/EG(E)TPG(E)TC(de)) }ds%—@dW—i—/gl) N(deds),

BTy +D"(C+Pa)+ [ G(e) (wle) + PF(e)) m(de) +p
6R(R—l—DTPD—I—/EG(e)TPG(e)n(de)), ae., P-as.,

n(T) =g
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admits a unique solution (17(-),{(-), ¥(-)), which satisfies

N
<R +DTPD+ / G(e)TPG(e)n(de))

: (32)
X (BTW + D" ({+Po) + /E G(e) " (y(e) + Pf(e)) m(de) + p) € L%F/p(t, T;R™).

In this case, the closed-loop optimal strategy (O(-),9(-)) of problem (SLQP) admits the
following representation:

0= —(R+DTPD+/EG(e)TPG(e)n(de)>+
x (BTP+DTpc+/EG(e)TpF(e)n(de)+s)
t
+ [1— <R+DTPD+/Ec(e)TpG(e)n(de)>

x <R+DTPD+/Ec(e)TPG(e)n(de))]e,

; (33)
5= (R +DTPD + /E G(e)TpG(e)n(de)>
X {BTU +D"({+Po)+ /E G(e)" (p(e) + Pf(e))rt(de) +p
+
+[1— <R+ D'PD + /E G(e)TPG(e)n(de))
X (R +D"PD + /E G(e)TPG(e)n(de)) ] v,
forsome 0(-) € Q[t, T), v(-) € U[t, T]. Further, the value function V (-, -) is given by
V(t,x) = u(.)iergw J(t,x;u()) = E{(P(t)x,x) +2(5(t),x)
T
+ [ |2 ey+2(@0) 2 [ (90, fleatde) + (po,o)
(34)

’ /E EFE.fledmtde) - ‘ [(R +D P+ /E G(E)TPG(B)n(de)f] |

2

] ds }
Proof. We first prove the necessity. Let (©(-),3(-)) € QJt, T] x U]t, T] be a closed-loop
optimal strategy of problem (SLQP) over [t, T]. The second equation of (26) implies

X [BTU +D"({+Po) + /E G(e)T(tp(e) + Pf(e))t(de) —i—p}

R<BTP +DTPC+ / G(e)T PF(e)rt(de) + s> CR (R +DTPD + / G(e)TPG(e)n(de)>, ae..
E E
Denoting R := R+ D' PD + [; G(e) " PG(e)7t(de), since

RY (BTP+DTPC+/ G(e) " PF(e)rt(de) +s> = -R"RO,
E



Mathematics 2022, 10, 4062 17 of 25

and RTR is an orthogonal projection, we see that (30) holds and

@=-R" (BTP +D'PC+ / G(e) " PF(e)rt(de) + s) +(I-R'R)8,

E
for some 0(-) € Q[t, T|. Consequently,
(PB +C'PD + / (e)TPG(e)m(de) + 5T> Q)
=—0"RO=0"RR! (BTP +D'PC+ / G(e) " PF(e)mt(de) + s)
E
T
=— (BTP +DTPC+ / G(e) " PF(e)r(de) + s) RY
(BTP+DTPC+/ ()T PF(e)t(de) +s>.

Plugging the above into the Lyapunov Equation (25), we obtain the RIDE in (29).
To determine 3(-), we define

U
g:Z (C+D®)X—PD5—PU,
ple) (F(e) +G(e)®) X — PG(e)o — Pf(e),

where (X(+),Y(+), Z(-),K(-,-)) is the adapted solution to the FBSDEP (17). Then
dy = dY — PXds — PdX

= { —A'Y-C"Z- /Ep(e)TK(e)n(de) —(Q+S"TO)X-5"o—g+ATPX
+ PAX +CTPCX + (PB +C'PD + /E F(e) "PG(e)mt(de) + 5T> OX
X+/ ¢)T PF(e)Xrt(de) —P(A—i—B@)X—PBz?—Pb}ds
+[Z-P(C+ D@)X PD% — Po]dW
/ F(e) + G(e)®) X_ — PG(e)d — Pf(e)] N(deds)
{AT (PX +n)+C"[{+P(C+ D®@®)X + PD5 + Pc] + /E F(e)' [y(e)
+P(F(e) + G(e)®)X + PG(e)d + Pf(e)] t(de) + (Q+S @)X +STo+¢
_ ATPX — PAX —CTPCX — (PB+CTPD+/ ()T PG(e)(de) +5T>®X
_ QX - / ¢)T PF(e)Xr(de) + P(A + BO)X + PBo + Pb}ds
+ gdw+/ (e) N (deds)

—{ATU +CT§+/ F(e) "w(e)rt(de) + <PB +C'PD +/ (e) "PG(e) 7 (de)

+sT>v+Pb+cha+/ () Pf(e)r (de)+q}ds+gdw+/¢ N(deds).
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According to the stationarity condition (16), we have

0= BTY+DTZ+/EG(e)TK(e)n(de)+(S+R®)X+R5+p
—BT(PX+;7)+DT[g+P(c+D®)X+PDz7+Pa] +(S+RO)X+Ro+p
+/ Gle F(e) + G(e)®) X + PG(e)a + Pf(e)] m(de)

—BTy+ DT€+/E Ty(e)re(de) + D Po+p + /E G(e)TPf(e)m(de)
+ <R+ DTPD +/ G(e)TPG(e)rc(de)>z7+ {BTP—i— DTPC (35)
+/G 7(de) +s+<R+DTPD+/G () TPG(e) 7 (de))@}}_(
— BTy +DT5+/ ¢) 1p(e)n(de)+DTP(7+p+/EG ()T PF(e)e(de)
+ <R+DTPD+/ () TPG(e)7 (de)>z7.
Hence,
BTy +D7C+ [ Ge) p(e)(de) + D Pr+p+ | G(e)  Pf(e)m(de)
c R<R+ DTPD + /E Gle TPG(e)n(de)), ae., P-as. 0
Since
Rt [BT17+DT§+/EG(6)T¢(e)7T(de)+DTPa+p+/EG(e)TPf(e)7r(de)} — _R'Ro
and R*R is an orthogonal projection, we see that (32) holds and
o=-R" {BTW +D'(¢+Po) + /E G(e)" ((e) + Pf(e))(de) + p} +(I=R"R)v,
for some v(-) € L ,(t, T;R™). Consequently,
{PB +CTPD +/ ()T PG (e)(de) + ST}ﬁ
—_ PB—i—CTPD—l—/ (e)TPG(e)r(de) + 5|
< R8Ty + DT+ Po) + [ G(e) (9le) + PF) () + ]

+ PB+CTPD+/ ()T PG(e)m(de) + ST | (I - R'R)o

=— PB+CTPD+/ (e) " PG(e)rt(de )+ST_ RY [BT17+DT(§+PU)
+/ e) + Pf(e)) (de)—l—p] —O"R(I-R'R)v
[pB+CTPD+/ (¢)TPG(e)rr(de) + 7]

x RY {BTW +D' (¢ +Po) + /E Gle)" (p(e) + Pf(e))m(de) +p].
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Therefore, (7(-), £(-), 9(-, -)) is the unique solution to the following BSDEP:
iy =~{ ATy 4w [F@) plentae)
+ {PB—#CTPD—#/ ()T PG(e) (de)—I—ST]z?
+Pb+cha+/ TPf(e)m (de)+q}ds+gdw+/¢ N (deds)
~{ AT+ Mo RO plente) + Ph+CTPo+ [ FO)TPFe)n(de) +q
[PB+CTPD+/ (e)"PG(e)m (de)—i—ST}R* [BTU—FDT(C—FPU)

+/ e) + Pf(e)) (de)+p] }ds—i—édW—F/lP N(deds),

n(T) =g
To prove the sufficiency, we take any u(-) € U[t, T], and let X(-) = X(-;t,x,u(-)) be

the corresponding state process. Applying Ito—Wentzell’s formula to (PX, X) and (1, X),
we have

d(PX,X) = < —P(A+BO®)X — (A+BO)"PX — (C+D®)"P(C+DO)X

— /E [(F(e) + G(e)®) " P(F(e) + G(e)®)X] rt(de) — (Q+@®'S+ST@ + @TRG)X,X> ds
+2(PAX + PBu + Pb,X)ds + (P(CX + Du +¢),CX + Du + ¢ ds
+ /E (P[F(€)X +Gle)u+ f(e)], F(e)X + G(e)u + f(e) ) m(de)ds
+[---]dw+/E[~~}N(deds)
= { — < [(PB +SN®+O"(B"P+S)+ (C+DO®)"P(C+ DO)
+/E [(F(e) + G(e)®) "P(F(e) + G(e)®)] rr(de) +Q+®TR®]X x>
+2(P(Bu+1b),X)+ (P(CX+ Du+0),CX+Du+0c)
+/ e)X + G(e)u+ f(e)], F(e)X + G(e)u +f(e)>7r(de)}ds

JdW + / N (deds),
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and
d(n, X) = {< ATy—CTg— / )e(de)
- [PB+CTPD+/F(6) PG(e)n(de)+ST]z7—Pb—CTPU
—/ () Pf(e) qX>+<17 AX +Bu+b) + ({,CX + Du +0)
+/<¢ €)X + G(e)u + f(e))r(de }ds+ dW+/ N (deds)
:{ <[pB+chD+/ (e)TPG(e) 7 (de)+ST}z7+Pb+CTPcr
+/ (e)"Pf(e)rt(de) +q, X> (,Bu+Db)+(Z,Du+0)
+/ (e)u+ f(e))re(de }ds—i— dW+/ N(deds).
Thus,
It 350()) = B{ (HX(T), X(T)) +2(g, X(T))
+ /t [(QX, X) +2(SX,u) + (Ru,u) +2(q, X) +2(p,u)] ds}

_ E{<P(t)x,x> 200+ [ {(QX,X> £ 2(SX, u) + (Ru, ) +2(q, X)

+2(p,u) —2(B'PX,0X) — (C'PCX,x) —2(D"PCX,0X) — (D' PDOX, OX)
—(QX, X) — 2(SX,0X) — (ROX,0X) +2(B" PX,u) + 2(Pb, X)
+(CTPCX, X) + (D"PCX,u) +2(PCX,0) + (D' PXC,u) + (D" PDu,u)

+2(PDu,c) + (P, o) — 2<{PB+CTPD+/ ()T PG(e) (de)+sqz7,x>
—z<cha+Pb+/ (e) ' Pf(e)m (de)+q,X> +2(B"y,u) +2(y,b) +2(D",u)
+2(g,0 —/ (F(e)TPE(e) X, X) mr(de) —2/ (G(e) T PE(e) X, ©X)(de)

—/ (G(e) T PG(e)OX, OX) (de) +/ (E(e)T PF(e)X, X) 7t(de)

+2/ Vr(d +2/ (e) ' Pf(e), X)m(de)

+ [{6(e) PGy u)m(de) +2 [ (G(e) PF(e),uyn(de) + [ (PF(e), f(e))m(de)

+z/ 7t(de) +2/<¢ drf)} }
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:E{<P( +/ [ (Ru,u) — (ROX, OX)
+2<BTP+DTPC+/EG(e)TPF(e)n(de)+S,uG)X17>
+2<BT;7+DT§+/EG(e)T¢(e)n(de)+DTPa+p
+ [ Gl TPren(de) 1)+ (Po,0) + [ (PFC), Fle)) i)

+2(y, b>+2ga>+2/<¢ ()7 (de)}ds}
:E{(P( +/ R(u—OX —5),u—OX — ) ds
+/ { (Po,o +/ PF(e), £(e)yr(de) +2(n,b) +2(¢,0) +2 [ (9(e), £(e))(de)
<R*[BT17+DT§+/EG<e> ple)m(de) + DT P+ p-+ [ GRS,
BT17+DT§+/EG(6)T¢(6)7I(de)+DTP¢T+p+/EG(e)TPf(e)n(de)>]ds}

=J(t,x;00)X()+93()) + /tT (R(u—0OX—17),u—OX—d)ds.

Hence, )
J(t,5:00)X() +o(-) <J(txu(-), Vu(-) eUlt,T],
if and only if
R+D'PD+ /E G(e) PG(e)m(de) >0, ae..
O
4. Example

In this section, we will give a simple example. Consider the following controlled linear
SDE with Poisson jumps:

aX(s) = [A()X(s >+B< Ju(s)]ds + [C(s)X(s) + D(s)u(s)] dW(s)
+/ G(s,e)u(s)N(deds), setT], (37)
X(t)

and the cost functional is defined to be

J(txu(-) = E{ /tT [(QX, X) +2(SX, u) + (Ru,u) | ds + <HX(T),X(T)>}. (38)
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Then, for any closed-loop strategy pair (O(-),v(-)) € Q[t, T] x U[t, T], we get the
closed-loop system:

dX = [(A+ BO)X + Bolds + [(C + DO)X + Do]dW
+ / )OX_ + G(e)o] N(deds), s e [t,T], (39)
X(t)

and the closed-loop cost functional

J(tx0()X() +o() = E{(HX(T),X(T)>
(40)
+ /tT [<(Q +0'S+ST@+0'RO)X, X) +2{(S+RO)X,v) + <Rv,v>}ds},

In this case, (0,0,0) is the unique adaptive solution to BSDEP (31). Then, by Theorem 3,
we obtain the closed-loop optimal strategy (O(-), d(-)) admits the following representation:

N
Q= (R+DTPD+/ (e)"PG(e) (de)) (B"TP+D'PC+5)

T [1_ <R+DTPD+/ )" PG(e)m(de )>+ (41)

X (R—|—DTPD—f—/EG(e)TPG(e)n(de)HG,

0=0,
for some 0(-) € Q[t, T|, where P(-) € C([t, T]; S"*™") is the solution to the following RIDE:
0=P+PA+A'P+C'PC+Q

N
- (BTP+DTPC+S)T<R+DTPD+/G(e)TPG(e)rc(de)) (B'TP+D'PC+5),
(42)
R(BTP+DTPC+5) C R(R+DTPD+/ )TPG(e)rt(de )),

R+D'PD +/ G(e)TPG(e)nt(de) >0, P(T)=H,
E
such that
N
<R+DTPD+/ G(e)TPG(e)n(de)> (B'TP+D'PC+S) € L2(t, T;R™™").  (43)
E

Further, the value function V (-, -) is given by

V(t,x)= u(‘)ierg[t,ﬂ J(t,x;u(-)) = E(P(t)x, x). (44)

In this time, the closed-loop optimal control of this problem is ii(-) = ©(-)X(+), where
X(+) admits the following repesentation:

X(s)—xexp{/ts [(A+B@) C+D®

+/ (C+ D®) dw}



Mathematics 2022, 10, 4062

23 of 25

We further make the following assumptions:

Hypothesis 3. The coefficients of the drift and diffusion terms of (37) are time-invariant constants,
and the coefficient of the jump diffusion term G(-) depends only on the variable e, that is, G(-) is
independent of t.

Hypothesis 4. The Poisson process N has jumps of unit size, i.e., E = {1}.
Hypothesis 5. The weighting coefficients of the cost functional (38) satisfy the following:
R>0, Q-SR7's">0, H>0,

Under (H4), the compensated Poisson process N([0,t]) = (N — N)([0,#])=o is a
martingale, where N (dedt) = m(de)dt = mdt and 7t > 0 is the intensity of the Poisson
process N. Then

/ G(s,e) " P(s)G(s,e)m(de)ds = nG(s) ' P(s)G(s)ds, s € [t T].
E
Under (H4)-(H5), the equation of RIDE (42) can be reduced to the following:

0=P4+PA+A"P+C'PC+Q
—(B"P+D'PC+S) (R+DT'PD+nG'PG) ' (BTP+D'PC+5),

where A, B, C, D, G, Q, R, S, and H are all constants.

When we assume that the coefficientsare A =2,B=3,C=1,D=3,G=3,0 =4,
R=2,5=1,H = 3,and 7t = 1, respectively, the solution P(-) of the above Riccati equation
can be shown in the following Figure 2.

160

Riccati equation

140

1200\

100 -
o 80 £

60 | N

40t

20 -

0

. . . .
0 0.2 0.4 0.6 0.8 1

Figure 2. Riccati equation.

5. Concluding Remarks

In this paper, we have investigated the closed-loop solvability of problem (SLQP): the
stochastic linear—quadratic optimal control problem with Poisson jumps. We transform the
initial problem into a new and simple problem and obtain a Riccati integral-differential
equation first. Then we get the characterization of its closed-loop solvability, i.e., the
solvabilities of the RIDE and a BSDEP (Theorem 3). We also give a simple example to prove
the effectiveness of the main result.
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Motivated by [13,14,32,40,41], characterization of the closed-loop solvability for SLQP
optimal control problem in infinite horizon, with random coefficients, and of the closed-
loop saddle points, Nash equilibria for SLQ zero-sum, nonzero-sum differential games,
respectively, are our future research topics. The closed-loop solvability for Stackelberg
stochastic LQ differential game is recently studied by Li and Shi [42,43], and we are also
interested in that for Stackelberg stochastic LQ differential game of mean-field type. We
will consider them in the near future.
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