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Abstract: The main objective of this paper is concerned with the convergence of the boundary
parameter for the large-scale, three-dimensional, viscous primitive equations. Such equations are
often used for weather prediction and climate change. Under the assumptions of some boundary
conditions, we obtain a prior bounds for the solutions of the equations by using the differential
inequality technology and method of the energy estimates, and the convergence of the equations on
the boundary parameter is proved.
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1. Introduction

The primitive system of equations is a classic model for studying climate change
and weather prediction. Studying the equations is of great significance, because the ever-
changing flow phenomena are all determined by the equations. Firstly, L.F. Richardson [1]
introduced the primitive equations of the ocean and atmosphere, the models mainly include
hydrodynamic equations with Coriolis force, thermodynamic equations and equations of
state, as can be easily deduced in Animasaun et al. [2]. In view of this, researchers have
started using various strategies to simplify the model since the equations are too complex.

Lions et al. [3] established the primitive equation model for dry atmosphere by intro-
ducing some technical treatments, such as viscosity, and established the primitive equa-
tions of the ocean in [4,5], as well as introducing some mathematical theories of coupled
atmospheric—oceanic models in [6]. For more information on the development of the primi-
tive equations of the atmosphere and ocean, readers may refer to [7]. the three-dimensional
viscous primitive equations of large-scale are used to describe the turbulent behavior of
long-term weather prediction and climate changes, researchers are first concerned about
whether these equations have inherent logical unity in mathematics, that is, well-posedness.
For example, Guo et al. [8] obtained the global existence of smooth solutions in the primitive
system of equations for dry atmospheres using refined energy estimates. Guo et al. [9]
obtained the problem of global well-posedness for the primitive system of equations for
moist atmospheres. More results on the well-posedness of the primitive equations can be
found in [10-16]. This field of research is developing rapidly, and some researchers have
been attracted to it in recent decades.

These equations are too complex to be handled, both theoretically and computationally.
The most common physical simplification is that researchers have taken a static approxima-
tion based on hydrostatics due to the observation that the vertical dimensions are often
much smaller than the horizontal dimensions. Therefore, in the process of establishing
mathematical models for weather forecasting and climate changes, and in the process of
model simplification, some errors will inevitably arise. We need to know whether these
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errors will cause huge changes in the solutions of the equations. This kind of research is
called stability research.

Recently, attention has been paid to the research on the stability of the primitive
equations. Li [17] proved the continuous dependence of a large-scale, oceanic, 3D primi-
tive equation system under oscillating random forces on the viscosity coefficient. Li [18]
proved continuous dependence on the boundary parameters for the 3D viscous primitive
equation of large-scale ocean and atmosphere dynamics by using the technique of differ-
ential inequality and the method of energy estimation. The convergence of this paper is
different from continuous dependence. The main content of this paper is the influence
of the coefficient, boundary parameter or known function of the equations approaching
zero. Being able to obtain the continuous dependence of the system of equations does
not necessarily mean that the convergence of the system of equations can be obtained.
For example, we can obtain the continuous dependence of the system of equations on
the viscosity coefficient, but its convergence cannot be deduced. There have been many
articles on convergence in fluid equations (see [19-32]). At present, there are no relevant
results about the convergence of the coefficients and parameters of the primitive equations.
In this paper, the convergence results were obtained by using the differential inequality
technology and a prior bounds. The method we used will provide a reference for research
on other types of primitive equations.

2. Preliminary

In this section, we provide some our preliminary work, which will be used frequently.
M denotes a bounded, smooth region on R?, ) = M x (0,1) denotes a columnar domain
inR3, Ty := {(x1,x,x3)[(x1,%2) €M, x3 =0}, Tq := {(x1,x2,%3)|(x1,%2) €M, x3 =1},
I's := {(x1,x2,x3)|(x1,x2) € 9M,0 < x3 <1}, and n denotes the outer unit normal vector
onTs. % denotes the outer unit normal derivativeonT's, and 9, = % is the partial derivative

toz. V := (0x,,0x,), A = aa—; + %. Commas are used to denote derivation, repeated
1 2
Greek subscripts denote summation from 1 to 2, and repeated English subscripts denote

) 2 2 3 2
summation from 1to 3. e.g., U gl o = 3, (887”) JUU; =) (37”) .
a=1 " i=1
This paper studies the 3D viscous primitive equations defined on Q) x (0, o) as follows

(see [19]):

v+ (v V)0 + wdyyv + Vp + for — u1Av — y2dy0,0 = 0, 1)
dy,p+T =0, 2

V- v+ 0w =0, (3)

Ti+0- VT +wdy, T — ki AT — k*0x3x, T = 0. (4)

where v = (v1,v?) denotes the horizontal velocity field, w denotes the vertical velocity, T
denotes temperature, p denotes pressure, 31 and #? denote the viscosity coefficients in the
horizontal and vertical directions, respectively, k1 and k, denote the thermal diffusivity
in the horizontal and vertical directions, respectively, and f is the Coriolis parameter:
vt = (—vy,v1). Equations (1)-(4) satisfy on the boundary of Q. Because the direction of
heat transfer is opposite to the direction of the gradient of the temperature, the gradient of
the temperature at the boundary is negative.

0x,0 =0,w =0,0,,T = —AT, on T x (0,00), (5)
0x,0 =0, w=0, d,T =0, on Iy x(0,0c0), (6)

v oT
v'nzo,%xnzo,wzo,gzo, on Ts x (0,00). (7)
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T+ (T V)o— (B V- 0(x1, %2, & 8)d) g0+ (0 - V)T — ([ V - 0* (x1, X0, &, 1) ATy D

where A is a constant greater than zero. In addition, the system of Equations (1)—(4) has the
following initial conditions:

v(x,0) = vo(x), T(x,0) = Tp(x), on Q x {0}. 8)

where vy(x), To(x) are nonnegative, continuous functions. Using Equation (3), we have
X3 X3
w(x1,X2,x3,t) = w(x1,x2,0,t) +/O dzw(x1,x2,8,£)dg = f/O V -o(x1,x2,¢,t)dG. (9)

because, again, w’ro = w|1-1 =0,

/01 V- 0(x1, x2, & 1)dE = 0. (10)

Similarly, integrating Equation (2) from 0 to x3, we have

x3
p(xll X2, X3, t) = PO(xL X2, O/ t) - /O T(xl/x2/ 6/ t)dc == 0/ (11)

where po(x1, x2,0, t) represents the approximation of the pressure on the earth’s surface.
Substituting Equations (9) and (11) into Equations (1)—(4), we have

v+ (0 V)o— (fo2 V- 0(x1,x0, &, 1)dE)dx,v + for + Vg

—f0x3 VT(x1,x2,&)dE — p1A0 — p?0y,0,0 = 0, (12)

X
Ty+0-VT — (/0 V- v(x1, %, & 0dE)d, T — ki AT — K294, T = 0. (13)

To prove the convergence of problems (1)—(8) to the boundary parameter A, we suppose
that (v*, T*, p§)) is another solution of the system of Equations (12) and (13) with boundary
conditions (5)—(7) and initial conditions (8), when A = 0. Let

d=v—0,T=T—T"m=py—pS,

then, (7, T, ) satisfies the system of equations:

0 s N _ 14
+va +Vmr— f0x3 VT(x1,x2,8,t)dE — 1AV — 0xyx,0 = 0, (14)
Ti+0-VT = ([g® V- 0(x1,%,§,1)dE)0x, T +0* - VT (15)
—(f? V-0 (x1,x2,&,)dE)0x, T — ki AT — kpdy, T = 0,

with the following initial boundary value conditions:
05,0 = 0,05, T = —AT —AT*,  on T x (0,00), (16)
A0 = 0,04, T = 0, on Tq x (0,00), (17)

. 07 oT

v-n:O,Exnzo,ﬁzo, on I's x (0,00), (18)
7(x,0) = T(x,0) =0, on Q x {0}. (19)

Next, we provide some our preliminary work, which will be used in this paper frequently.

Lemma 1 ([33-35]). If w(x3) € C1(0,1), and w(1) = w(0) = 0, then

1 1 1 dw ?
2 <7/ — .
/0 wdxz < g (dX3) dxs
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Lemma 2 ([36]). Assuming w € H'(Q), then
4 3
lwlly < Cllwll,[Velly,

where C is a constant greater than zero.

3. Main Results

We are now in the position to formulate the main results of this article.

Theorem 1. (the convergence of the equations on the boundary parameter). Assume that
(v, T, i) is the solution of Equations (14)—(19). When A — 0,

(v, T, po) — (0", T", p5),

the following inequality holding:

t t _ t
/ / ‘5’2dxd17—|—/ / T?dx < A/ bz(s)gfstbl(ﬁ)dﬂdsl
0o Ja 0 Ja 0

where by (t) and by (t) are non-negative functions that depend on t. Their definitions will be given
below.

Remark 1. This theorem shows that the solutions of Equations (1)—(8) converge with the boundary
parameter. This shows that small changes in the boundary parameter will not have a significant
impact on the solution.

Proof. Step 1, mark

:/Ot/Q’ﬁ‘dediy.

So, taking the derivative of E(f) and using Equation (14), we have

E/ = 2[0 fQ 'U'Undxdﬂ - _zfo fQ U V)U - ( ()x3 v.’?j(xlleI (f,, t)d(f)ax3v]dxd;7
ZfO f() x3 VT Xlr X2, 5’, t)dé’)’(?jdXdi’] (20)
~2m fQIVvlzdxdn — 203 [ [e)]0x5T]2dxdyy,

where we have used the following two Equations (21) and (22):

// (0" - V)7 - / V0" (x1, %2, &, 1)) Dy Bldxdy = 0, @)

A ./Q fot vy = [ [ wr-adxiy =0 -

Using the divergence theorem and boundary conditions, Equations (21) and (22) can
be proved. Using the Holder inequality, Lemma 1, Lemma 2, and arithmetic-geometric
mean inequality, we can obtain

—2f0 Jaol@-V)o—(f;° V 0(x1,x2, &, t)d§)8x3v]dxd17
1§ 2( fo Ja |U|4dx‘7l’7 ) fo Ja |Vol*dxdy)*
+2(f()t Ja \5|4dxd17)1(f0t Ja |8x3vl|4dxd17 ) ( fo Jal oxz V- 0(x1,x2,¢, t)dc’jl)zdxd;y)
< 2VC(Jy Jo [0Pdxen)* [y Joy [V dxdn)* (g Joy [Vl dxdy)”
+2V/C(Jy Jo oxsol*dxdn)* ([ Jal [ dxdn)® (fy Joy |V dxdi)
< {36°C) fol Voldxan)® + e} folomoladxan)” | Ex(e)
+[3e1 + Ze2] fo Ja|Voladxdy,

Nl—

(23)

7
8
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EL(t) = zfj Jo TTydxdy = 2]0 [o T[T VT —( 0x3 V-0(x1, x2, ¢, £)dE)0x, T]dxdy

2klfo fn‘v

< VE([!

where g1 and ¢ are arbitrary constants greater than zero. Using the divergence theorem,
Holder inequality, and Lemma 1, we have

zfo fn 33 VT (x1,x0, & t)dgdxdn
2(Jo fQ odxdn)* ( [y fQ o VT(x1,%2,, t)dC) 2 dxdy)
fo fn Azdxd’? fo fQ‘Vledxdq
B0 el fo |VT[ dxay,

Nf—=

(24)

IA :HN

7'[8

where ¢3 is an arbitrary constant greater than zero. Substituting Equations (23) and (24)
into Equation (20) and choosing

&1 = *1]/1 weéy = |
1 3 1, 2 7 1
we have

2
Ei(t) < {%813C2(f()t Jo|Vol2dxdn)” + n8£27C2 fo Jo|9x0|*dxdy) gt 28 }El()

—ylfot fQ|V?7|2dxd17 — Zyzfot f0|8x3v| dxdn + 83f0 fQ‘Vledxdiy.
(25)

H = /Ot/nfzdxdq. (26)

Step 2, mark

Using Equation (15), we have

27
T 2dxd17 Zszo fQ ( )

0x, T adxdy — 20k fy fy, T2 Adn—2ko [y [y, TT*dAdy.
Similar to the derivation of (23), we can obtain

—fot Ja T[7-VT — (]fx3V v(xl,xz,g )dE)0x, Tdxdy 1
< (fot fQ|VT|2dxd17])E fo Ja T4dxd11 fo fQ|v\40lxd11)Z ]
+1(Js fQ|V5|2dxd17 ) (fu fo THdxdn)? fo f0|8x3T|4dxd17)4

1 1 ,
fQWT’zdde)z[ J5( fo fQ‘VT‘ﬂXd’? ) [Ei(t) fO fQ|VU|2dxd;7 8 o8
3

LLYT(! [l Tladxdn) fo fQ|VU|2dxd17 (B fo fQ’VT’zdxdq

< [3e4

—3¢( fo fQ|VT|2dxd11) + 5C( f f0|8x3T|4dxd17) g6 *e7 3] Ex(t)
+ €4+€7 fO erVT‘zdxdﬂ

&5 C%( fo Ja WT‘dedﬂ) E1(t) + [3es5 + he6) fot Ja |Vo|*dxdy.

Aswell as

t _ t - 1 rt
TT*dAdy < / / T2 Ady + = / / T*V2d Ady, 29
/Ofrl 1= )0 ) 1740r1() 1 (29)

where g4, €5, €6, and €7 are arbitrary constants greater than zero. Combining with (27), (28),
and (29) and choosing

2
€y = &7 = §k1 (30)
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we have

EJ(t) < [3esSC2(JY foy IVTPdxd)” + SCCJE iy 02T  ddy) e e, Ea(t)
+3e573C2( (fy Ja |VT|2dxd17) Eq(t )—;[gs5+§£6 fo Jo | V3| dxdy (31)
kv fy Jo [VT| dxdy =2k [y o [0, T| dxdy + 3 g Jr, (T dAdy.

Step 3, mark

E(t) = E1(t) + Ex(2).
Combining (25) and (30), and choosing

4
€3 = kl/£5 = §}41166 = ‘1/11
we have
E'(t) < bi(t)E(t) + ba(t)A, (32)

where

2
bi(t) = % 3¢ fé Jo IVoPdxdy) +n8ez—7c2 Ji Jo 8xyo )" + 1
3

ey
+1(es HC2( [y fQ\VT\zdxdﬂ) +3 c (fy f0|8x3T|4dxd17) g6 4673

bz —szo fl" T* dAd?]

Using the Gronwall inequality again, we can obtain
t
E(t) < )t/ bz(s)efst bu(ndy gs, (33)
0

combining with the definition of E(t), Theorem 1 is proved. [J

Note: In order to make (32) meaningful according to the definitions of b;(t) and by(t),
we must estimate the upper bound of fot o |VolPdxdy, fot oy |9x;0[*dxdry, fg Jo IV TPdxdy,
fot ey |95, T| *dxdy, fot Jr, (T )*d Ady. We will give the derivation process in the next section.

4. A Prior Estimates
We first derive a prior estimates on the L2 norm for Vo and VT.

4.1. L? Estimates for Vo and VT

We take the inner product of Equation (12) with v in Q x (0,¢), and using the integral
by parts and the initial boundary value conditions (5)—(8), we obtain

Jo vPdx = [ vo*dx — ZfOt Jo (0 V)o = (f3? V - v(x1,x2, &, t)dE)0x,v]vdxdy
—2f0t Ia fot - vdxdny + Zfot Ja ( Ox3 VT(xq,x,¢& t)dE) - vdxdn
—Zfot Ja Vo - vdxdy + Zfot Jom Vv - vdxdy + ZfOt Jo M20x3x50 - vdxdyy (34)
< Javo?dx —2p [y [o| Vol dxdy —2u [ [o)]0x0| dxdy
+ob Jo JovPdxdy + 2k [y [o VT Pdxdy.

Similarly, we take the inner product of Equation (13) with T in Q) x (0, t), and using
integral by-parts and initial boundary value conditions (5)—(8), we obtain

t t t
/ T2dx = / To2dx — 2k; / / VT dxdn—2k, / / 10, T2 dxdy — 2ko A / / T2d Ady. (35)
o) o) 0 Jo 0 Jo 0 Jr,

It is easy to determine from Equation (34) that
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t t t
/ T2dx, 2k, / / VT dxdy, 2%, / / 105, T dxdy, 2k / / T2d Ady< / To2dx := my. (36)
Q 0 Ja 0 Ja 0 Jn, Q

Combining Equation (35), from Equation (33), we obtain

t . ot 1 t .
2 2 2 < / / 2 / 2 '
/Qv dx+2],t1/0 ./Q|Vv| dxd11+2pt2/0 /Q|ax3v| dxdn < %1 o Jo? dxdn + Qvoderml

Finally, by Gronwall inequality, we can obtain

t t
/szdx—i—Zyl/O /Q|Vv|2dxd17+2y2/0 /Q|E)xsv|2dxd17§m2(t), (37)

1
where my (t) = [ [ vo®dx + my]e? ‘

42. 1% Estimates for 0x,v and 0y, T

Lemma 3, which follows, will be used frequently in this section.

Lemma 3. (see [37]). Assuming that Q) is a bounded convex region, then

(/t/ 4dxd );<k[(1+15)/t/ 2dxd +35*%/t/|v Pdxdy)
u*dx - u-dx - u|*dxdn],
0 Jo no= 4 "Jo Jo Ty 0 Jo 1
where k is a constant greater than zero, and ¢ is an arbitrary constant greater than zero.

By using Lemma 3 (6 = 1), we can obtain

t A 2 5 t ) 3 gt )
(/O /Q|8x3v| dxdy) gk[Z/O /Q|8x3v| dxd;y+1/0 /Q|va,53v| dxdyl,  (38)

t 4 % 5 rt 2 3 rt 2
(| [Jostiiarn) <ii; [ [ o TPaxdy+3 [ [ [VoxTPdxdy), (39

It can be seen from Equations (37) and (38) that we must first derive L? estimates for
them in order to obtain L* estimates for 0x,v and 9y, T. Firstly, taking the derivative of
Equation (12), we have

0x;0t + (05,0 V)U — V - 005,00 + (v V)00 — ( Ox3 V - v(x1,%x2,E,t)dE)0x3x50

40
+f0x, 0" — VT — f1A0x,0 — 420xyr3x,0 = 0. (40)

Taking the inner product of Equation (39) and d,,v on Q) x (0,t), and discarding zero
items, we have

fQ |ax30|2dx = fQ |ax300|2dx - zfot fQ [(axsv ’ V)U -V Z]89530]83630"-13“177

(41)
2y [ VT - 0y, vdxd — Zylfot Jo| Va0 dxdy — 2p5 [ [o)]0x,0,0 2 dxdy.
Using the Holder inequality, Lemma 3, and Equation (36), we can obtain
21 [ [(0x,0 - V)v — V - 00, 0]0x, vdxdyy < 4([fy [oy |Vo2dxdy)* ([ [ |0x,0] dxdn)?
< 4k, /200 [(1 +160) J! [y |owyoPdxdy + 36,73 [ [, |vaxgv|2dxdﬂ (42)

_1
<4k /B0 (14 o) B + §0173 [y Jo | Vaso Py,
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where 47 is an arbitrary constant greater than zero. Similarly, we can obtain

1 1
t p t 2 t r 2 mim (t)
. < 2 // 2 < 1M (t)
2/0 /QVT 8x3vdxd17_2(/0 /Q|VT| aviy) ([ [ owoPavy) < \["IED. 43)

Inserting (41) and (42) into (40), and choosing the appropriate 6; so that

ny(t)

_1
3k ﬁél 3 —]/l].

we have

Ja |axsv|2dx + ylfot Ja |V8xsv|2dxd17 + Zyzfot Ja |8x3x30|2dxd17

44

< Jo 10,00 Pdx +4C /T2 (1 4 Joy) el o [ ), #4)
Similarly, from Equation (13), we have

oy 19 Tdx = [, |02, To|*dx — 2f0t Jo (0230 - VT — V - 00y, T|0y, Tdxdy (45)

—2ky fy Joo| VO, TP dxdy — 2k fy [0, TP dxdn+2Ks fy [, Dy T, TdAdy

Applying the Holder inequality, Lemma 3 (6 = 1), Equations (35), (36) and (43), we
can obtain

_zf()t fQ [0x,0 - VT — V - 00y, T]0x, Tdxdy
1 1 |
z(fot fQ|VT|2dxd;7)2(fOt fQ|8,1¢3v|4dxd;7 )4 fo fQ|ax3T| dxdy)’

+2 fot fQ|VU|2dxd17 2 fot f0|8x3T| dxdy)?
<k 2k1 [4f0 Ja |03,0| dxdry + 4f0 fn |V, 0| dxdn]

+k [(1+ 15) fo Jo 19+, T dxd17+3(5 Sfo Jo IV, T| dxdn} (46)
+2k mzz(t) [( % fo fQ |aX3T| dxdn + 3‘5 3f0 fQ |Var3T| dxd;y}

sk 2"‘1 [(Z ”122}52) 1 Zﬂ(l)} th [(1 + 1(52) §57§f5 Ja |V8x3T|2dxd17}

+2k U {(1+ 153)2k2 + 36, Sfo f0|vax3ir| dxdq}

where J; and 3 are arbitrary constants greater than zero. Now, we can deal with the last
term of Equation (44). Taking x3 = 0 in Equation (13) and using boundary conditions,
we have

2k, [, Jr, Bxsxs Toxs TdAdyy = =27k, N Jr, dxss TTdAdy
= -2Mf; Jp, [Ty +0- VT =k AT|Td Ady (47)
t t 2
= “2A [ TPAA+2A [ ToPdA+Afy fp, V- 0T?dAdy —2A [y [r [VT|*dAdy.

However,

t t 1
/\//V~UT2dAd;7:A// TZ[/ V-0p0(x1, 10, E)dE — V - 0]dAdy.  (48)
0 JIh 0 JI X3
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Integrating Equation (47) from 0 to 1, and by using the Holder inequality, the arithmetic—
geometric mean inequality, and Equation (35), we have

1
My Jo, V -0T?dAdy < Al fy [o |Voldxdn + [y [ |Voxol*dxdy)( [y [r, T*dAdy)®
_1
< Ak[g + ” (1+ 1) [y Jr, TZdAdry 4 354 o S, INTdAdy) (49)
< k[ ) Jr, [VTI*dAdy,

_"_1113()](1_'_%54)2 35 3k[2":¢]1

21

choosing the appropriate d4 in (48), so that

e =2, 50
2 1 ] (0)

inserting (49) into (46), we can obtain

m3(f) 1..m
Hl " ](1+454)2k2 (51)

2k, / / dvyx, Ty, TdAdy < 20 / T3AA + K-

Choosing appropriate 6, and 3 in (50), so that

my3 % 3” _1
\/ 2k, 4 0y =2k 2;41 1% =3k 52)

then, inserting Equations (50) and (51) into Equation (44), we can obtain

t t
2 2 2
/Q|ax3T| dx+k1/0 /Q|vax3T| dxdiy+2k2/0 /()\8x3x3T| dxdy < ma(t),  (53)

where
1) = 20Jp, TR+ Jo 0 Tol"dx + k[ 5% 2+% 0 4k [+ 10
+2ky /T2 (14 Log) gL+ k[ 4+ T (1 4 Loy

Inserting (44) and (45) into (37) and (38) and combining (35) and (36), we have

5 my(t) 3m3 / / 4 5 my 3m4(t)
< < .
/ / |8x3v| dXdﬂ k[4 2#2 4 1 |ax3T| dXdU k[4 2k2 4 kl ]

4.3. Estimate offot I, (T*)*dAdy

From the second section, when A = 0, under the same initial condition (8) as (v, T, po),
(v*, T*, p§) is another solution of Equations (12) and (13) with boundary conditions (5)—(7);
so, taking x3 = 0 and using the boundary conditions, Equation (13) can be written as

Tf +0-VT" — kAT —kp0xy, T" =0,
Then,

Jr, (T*V?dA+2ky [y [o VT PdAdy +2ky [y [ [0, T*dAdy

54
= Jr, (To)dA+ [y . ¥ -o(T*)*dAdy. (54)

Similar to the derivation of (47), we can obtain
fot fr V- Z) T*)szdx < [fot fQ\VU|2dxd17 -|—f0t fQ‘vahv‘zdxdﬂ](f(; frl (T*)4dAd1’])E (55)

_1
< k(g 4+ U [(1+ L5 fy fr, (T*)*dAdy + 365 ° 5 [, IVT*PdAdy).
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1
Choosing 65 in (54), so that %k[%1 + malt) 165 3 = 2kq, Equation (53) can be written as

%2 2 mq m3(t)
/r](T)dAg/rl(To) dA+ k[ 4

1 f %\ 2
- ](1+155)/0 /r] (T*VdAdy.  (56)

Integrating (55) from O to ¢, we have

/Ot/rl (T*)%d Ady S/rl (To)sz./Ofexp{/sfc[ﬂ+m;(117)](1+155)d;7}ds,

5. Conclusions

In this paper, firstly, we obtained estimates on the L2 norm of Vv and VT of the solu-
tions of the 3D viscous primitive equations by using the differential inequality technology
and method of the energy estimates. Next, we obtained estimates on the L* norm of 9.,v
and 0y, T of them by using the same method. Under the assumption of some boundary
conditions and initial conditions, we also obtained the estimate of fot ffl (T* )ZdAdiy. Finally,
the convergence of the equations on the boundary parameter was proved. At present, this
kind of research has not appeared in the literature, and it can also extend to primitive
equations with random forces, ocean primitive equations, atmosphere primitive equations,
coupled oceanic and atmosphere primitive equations, and even dry atmosphere primitive
equations. We hope that the research in this paper can bring some inspiration to the next
research project, which is also a key direction of our forthcoming research.
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