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Abstract: A local ring is an associative ring with unique maximal ideal. We associate with each
Artinian local ring with singleton basis four invariants (positive integers) p, n, s, t. The purpose of this
article is to describe the structure of such rings and classify them (up to isomorphism) with the same
invariants. Every local ring with singleton basis can be constructed over its coefficient subring by
a certain polynomial called the associated polynomial. These polynomials play significant role in
the enumeration.
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1. Introduction

We consider only associative Artinian ring with identity. A local ring is a ring whose
zero divisors form an ideal. It turned out that a ring is a local ring if and only if it has a
unique maximal ideal. For the application of Artinian local rings in different areas, see [1–3].

Suppose R is a finite local ring, then (cf. [4]) |R| = pms, |J(R)| = p(m−1)s,
R/J(R) ∼= GF(ps) and the characteristic of R is pn, where J(R) is the maximal (Jacob-
son) ideal, p is the characteristic of residue field and m, n, s are positive integers with
1 ≤ n ≤ m. The positive integers p, n, s, m are called invariants of R. An interesting case is
when m = n,

R ∼= Zpn [x]/(g(x)),

where g(x) is a monic polynomial of degree s over Zpn and irreducible modulo p. In
such case, R is a commutative chain ring and R = Zpn [a], where a is an element of R of
multiplicative order ps − 1, J(R) = pR and Aut(R) is a cyclic group of order s, see [5–7] for
more details on chain rings. These rings have a lot in common with Galois fields, and thus
they are called Galois rings and denoted by GR(pn, s) (cf. [8]). Moreover, Galois rings are
uniquely determined by the invariants p, n, r.

Let R be a local ring, a commutative chain subring S of R is called a coefficient
subring if

R = S + J(R) and R/J(R) ∼= S/pS.

When R is finite local ring, S is a Galois subring of the form GR(pn, s) which is maximal
Galois subring of R (cf. [9]). While if R is an Artinian local duo ring ( two-sided ideal
ring) with absolutely algebraic residue field, i.e., algebraic over its prime subfield R/J(R),
then [5] R has a coefficient subring S. Actually, in this case, S is a union of ascending chain
of Galois subrings of R and it is called a generalized Galois ring. It turned out that S plays
an important role in the structure of a local ring.

Assume that R is either a finite local ring or Artinian local duo ring in which its residue
field is absolutely algebraic, and suppose also S is its coefficient subring. The following
facts are in [5,10]. There exist π1, π2, . . . , πk in J(R) and σ1, σ2, . . . , σk in Aut(S) such that
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R = S⊕k
i=1 Sπi (1)

as S−modules and πi r = rσi πi for each r in S and for all i = 1, 2, . . . , k. Moreover, the
automorphisms σ1, σ2, . . . , σk are uniquely determined by R and S. Let us call the set
{π1, π2, . . . , πk} a distinguished basis of R over S.

In this study, we assume that R is a local ring which is either finite or Artinian duo in
which the residue field is absolutely algebraic. We also assume that R has a singleton basis,
i.e., k = 1 and S is its coefficient subring. From Equation (1),

R = S⊕ Sπ (2)

In Section 3, we determine fully the structure of R as a quotient of a ring of skew polynomi-
als by a certain ideal. Furthermore, Section 4 gives the classification of finite local rings up to
isomorphism in certain cases. Finally, in Section 5, we obtain the number of non-isomorphic
classes of Artinian local duo rings where the residue field is absolutely algebraic.

2. Preliminaries

This section introduces several notations and some basic facts. During this article, R is
a local ring which is either finite or Artinian duo in which the residue field is absolutely
algebraic. Suppose also R has singleton basis {π} and σ is the associated automorphism
with respect to the coefficient subring S. Since π2 is not a unit in R, then π2 can be written as:

π2 = pduλ + peu1λ1π, (3)

where u, u1, λ, λ1 are units in S and d, e are positive integers. Assume that t is the least posi-
tive integer such that ptπ = 0. If R is finite, then |R| = p(n+t)s and S = GR(pn, s) = Zpn [a],
where a is an element of S with order ps − 1. On the other hand, if R is not finite. Let
S′ = GR(pn, s) be the Galois subring of R generated by Zpn , u, u1, λ and λ1. Suppose also

R′ = S′ ⊕ πS′.

Then, R′ is a finite local ring with singleton basis. We call R′ the associated ring of R. The set

Γ(s) =< a > ∪{0} = {0, a, a2, . . . , aps−1}

is called the Teichmuller set of S if R is finite and of S′ otherwise. In either case, we call the
integers p, n, s, t invariants of R. Note that t = n− 1, u, u1 ∈ Γ(s) and λ, λ1 are in 1 + pS or
in 1 + pS′ depending on wither R is finite or not, respectively.

Suppose S[x, σ] is the skew polynomials ring over S determined by σ. The elements of
S[x, σ] are of the form:

∑
i

rixi,

ri ∈ S and xr = rσx for every r in S. We also denote K the residue field; K = S/pS. Let
Sσ, (S′)σ are the fixed Galois subring of S and S′ by σ, respectively. Assume that each Sσ

and (S′)σ has the form Zpn [b] = GR(pn, s′), where b ∈< a > of order ps′ − 1 and s′|s. Let
TR denote all (S, π) that satisfies the aforementioned conditions.

All notations mentioned above keep their meaning throughout the paper.

Definition 1. Let R be a commutative local ring and R = R/J(R). For any g(x) in R[x], let
g(x) denote the natural image in R[x]. The ring R is called a Hensel ring if it has the following
property: Given any monic polynomial g(x) in R[x], if g(x) = λ(x)µ(x) for some relatively prime
polynomials λ(x), µ(x) in R[x], then there exist monic polynomials f (x), h(x) in R[x] such that
g(x) = f (x)h(x), f (x) = λ(x) and h(x) = µ(x).

Remark 1. By Hensel Lemma [11], any commutative Artinian local ring is a Hensel ring.
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Lemma 1. Let R be a local ring with singleton basis with invariants p, n, s, t and n > 1. Then
(S, θ) ∈ TR if and only if

θ = ω(pn−tγ + π),

where ω is an element of < a >, γ = ∑t−1
i=0 piai and ai are elements of Γ(s) with pn−tγ is zero if R

is non-commutative.

Proof. Suppose that (S, θ) ∈ TR, then R = S + Sθ. Also θ can be written as θ = s1 + s2π,
where s1 and s2 are elements of S. Since ptθ = 0, then s1 = pn−ts for some s ∈ S. Moreover,
s2 /∈ pS or otherwise θ ∈ pR which is impossible. By the same reasoning, we have
s2 = w ∈< a > . Thus,

θ = pn−ts + wπ.

Now if R is non-commutative, we get

pn−tas + waπ = aθ = pn−taσs + waσπ.

As pn−tas = pn−taσs and a 6= aσ, then pn−ts = 0. Therefore,

θ =

{
w(pn−tγ + π), if R is commutative,
wπ, otherwise,

(4)

where γ = w−1s.

Conversely, let θ be as in Equation (4), then one can see that R = S⊕ Sθ and sσθ = θs
which means that (S, θ) is a distinguished basis, and hence (S, θ) in TR.

3. The Structure of a Local Ring with Singleton Basis

Proposition 1. Let R be a local ring with singleton basis with invariants p, n, s, t. Then, an
associated polynomial of R with respect to S is either x2 or x2 − pduλ or x2 − peu1λ1x− pduλ,
where u, u1 are elements of < a >, and λ, λ1 are elements of 1+ pS, and d, t, e are positive integers
such that d + t ≥ n and e < t.

Proof. Let (S, π) be an element of TR. Then, R = S ⊕ Sπ, πs = sσπ for each s in S.
Assume π2 = pζ + ζ1π, where ζ and ζ1 are elements of S. If ζ1 is a unit in S, then
π = p(π − ζ1)

−1ζ is an element of pR. Now,

R = S + Sπ = S + pR = S + p(S + Sπ) = S + pS + pSπ
= S + p2R
= S + p2(S + Sπ)
= S + p3R = . . .

We continue in this way until we get R = S + pnR = S which contradicts to the assumption
that R has a singleton basis. Hence, ζ1 is an element of pS and subsequently π2 is an
element of pR. Thus, π2 = pduλ + peu1λ1π. Now,

π2a = (pduλ + peu1λ1π)a = pduλa + peu1λ1aσπ.

But
π2a = aσ2

π2 = aσ2
(pduλ + peu1λ1π) = pduλaσ2

+ peu1λ1aσ2
π.

We distinguish the following cases:

(1) peu1λ1π = 0 and π2 = pduλ = 0, and hence the order of σ is not specified. Thus, in
such case x2 is the associated polynomial of R.

(2) peu1λ1π = 0 and π2 = pduλ 6= 0. Hence, σ2 = IdS and n > 1. Also in such case
π2 = pduλ is in the center of R, and hence pduλ = pduσλσ. Thus, x2 − pduλ is an
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associated polynomial of R, where u is an element of < aσ > and pdλ is an element of
Sσ.

(3) peu1λ1π 6= 0 and pduλ 6= 0, then peu1λ1aσπ = peu1λ1aσ2
π. Which implies that

aσ = aσ2
, and consequently σ = IdS. Moreover, R is commutative with n > 1,

and therefore x2 − peu1λ1x − pduλ is an associated polynomial of R. Note that in
Cases (2) and (3) ptπ2 = pt+duλ and ptπ2 = pt+duλ + pt+eu1λ1π implies that
pt+du = 0, and hence t+ d ≥ n. Also in Case (3) if e ≥ t, then π2 = pduλ+ peu1λ1π =
pduλ. Thus, we can assume in such case that e < t.

Construction A

Assume the following:

T1 = S[x, η]/(x2, ptx), (5)

T2 = S[x, σ]/(x2 − pduλ, ptx), where u and pdλ are elements o f Sσ, (6)

T3 = S[x]/(x2 − peu1λ1 x− pduλ, ptx). (7)

Furthermore, suppose that
θ1 = x + (x2, ptx),
θ2 = x + (x2 − pduλ, ptx),
θ3 = x + (x2 − peu1λ1x− pduλ, ptx).

It is easy to see that Ti = S⊕ Sθi. Since S is a subring of Ti, Char (Ti) = pn. Obviously,
pS⊕ Sθi is nilpotent and Ti/( pS⊕ Sθi) ∼= GR(pn, s). Thus, J(Ti) = pS⊕ Sθi, and subse-
quently Ti’s are local rings with singleton basis with invariants p, n, s, t.

Theorem 1. The ring R is a local ring with singleton basis with invariants p, n, s, t if and only if
it is isomorphic to one of the rings given by Construction A.

Proof. Let us define the following maps ψ1 , ψ2 and ψ3 from R to T1, T2 and T3, respectively
(given by Construction A) as follows

ψi (s0 + s1π) =


s0 + s1θi, if π2 = 0,
s0 + s1θi, if peu1λ1π = 0 and π2 = pduλ 6= 0,
s0 + s1θi, if π2 = peu1λ1π + pduλ with pduλ 6= 0 and peu1λ1π 6= 0,

where i = 1, 2, 3. Then, it is obvious that ψ1 , ψ2 and ψ3 are isomorphisms from R to T1, T2
and T3, respectively.

We call the polynomial g(x), mentioned in Construction A, the associated of R with
respect to S and if ρ is an element of Aut(S), then ρ(g(x)) is a polynomial over S with ρ
affecting only the coefficients of g(x).

Example 1. Let S = Z34 [a] be a Galois ring of the form GR(34, 5), where a is an element of
S of multiplicative order 35 − 1 and consider the ring R = S[x, η]/(x2, 33x), where η is the
automorphisms of S of order 5, i.e., η is the Frobenius map,

η(a0 + a1 p + a2 p2 + a3 p3) = ap
0 + ap

1 p + ap
2 p2 + ap

3 p3,

where a0, a1, a2, a3 ∈ Γ(s). Then, the unique maximal ideal of R is (3, x); which means R is local.
As the order of η is 5, then R is non-commutative. By Theorem 1, R is with singleton basis and has
invariants p = 3, n = 4, s = 5, t = 3, and associated polynomial x2.
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Example 2. Suppose that S = Z33 [a] = GR(33, 2), where a is an element of S of multiplicative
order 32 − 1. Consider

R = S[x, σ]/(x2 − 3a, 32x),

where σ is the automorphisms of S of order 2, i.e., the Frobenius automorphism. By the same
reasoning as in the Example 1, R is a non-commutative local ring with singleton basis with
invariants p = 3, n = 3, s = 2, t = 2 with d = 1. Moreover, x2 − 3a is an associated polynomial
of R over S.

Example 3. Let S = Z23 and consider the ring R = Z23 [x]/(x2 − 2u1x− 2u, 22x). Since (2, x)
is unique maximal ideal of R, then R is a commutative local ring with singleton basis with invariants
p = 2, n = 3, s = 1, t = 2 with d = e = 1 and with an associated polnomial x2 − 2u1x− 2u over
S. Actually there are two non-isomorphic local rings with singleton basis with invariants p = 2,
n = 3, s = 1, t = 2 and with an associated polnomial x2 − 2u1x− 2u; namely when u = u1 = 1
and u = −1, u1 = 1.

4. The Enumeration of Finite Local Rings with Singleton Basis

First, we introduce the following proposition.

Proposition 2. Let R, T be local rings with singleton basis with the same invariants p, n, s, t and
assume that they are constructed over the same coefficient subring S. Let σ, τ be the associated
automorphisms of R, T with respect to S respectively and π be an element of R satisfying an
associated polynomial g(x) of R over S with (S, π) ∈ TR. Then, R ∼= T if and only if there exists
an automorphism ρ of S such that ρ(g(x)) has a root π′ in T with (S, π′) ∈ TT .

Proof. Let ϕ be the isomorphism between R and T. Suppose ρ be the restriction of ϕ on
S. Then, π′ = ϕ(π) is a root of ρ(g(x)). Moreover, (S, π′) ∈ TT . Conversely, if ρ(g(x)) has
a root π′ in T for some ρ ∈ Aut(S). Then, the map ϕ(s1 + s2π) = ρ(s1) + ρ(s2)π

′ is an
isomorphism from R onto T.

By using the last proposition and the fact that Aut(GR(pn, s)) is a cyclic group of order
s, it is easy to deduce the following result.

Corollary 1. Finite local rings with singleton basis with the same invariants p, n, s, t and with the
same associated polynomial x2 are uniquely determined by p, n, s, t.

Remark 2. Let R be a local ring with singleton basis with invariants p, n, s, t with n > 1 and
π2 = pduλ. Taking into consideration that J = pS⊕ Sπ and d + t ≥ n; then we distinguish the
following cases:

(i) If π is element of J \ J2 and p is an element of J \ J2 . Then, π2 = p2uλ and t ≥ n− 2.
(ii) If π is element of J \ J2 and p is an element of Ji \ Ji+1 with i ≥ 2. Then, π2 = pduλ implies

that pd ∈ J2. But p /∈ J. Thus, p ∈ J2, and hence π2 = puλ and t ≥ n− 1.
(iii) If π is element of Ji \ Ji+1 with i ≥ 2. Then, p is an element of J \ J2, hence π2 = p2iuλ and

t ≥ n− 2i.

Proposition 3. Let R be a finite local ring with singleton basis with invariants p, n, s, t with
n > 1 and x2 − pduλ be associated polynomial of R with respect to S. Then,

(i) If s is odd, then R is commutative.
(ii) If p is odd, then x2 − pdu is an associated polynomial of R with respect to S.
(iii) If p is even, then x2 − pdλ is an associated polynomial of R with respect to S.

Proof.

(i) Let σ be the associated automorphism of R with respect to S, then σ2 = IdS. But s, the
order of Aut(S), is odd. Hence σ = IdS, and thus R is commutative.
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(ii) Since (2, p) = 1, let γ be an element of 1 + pSσ such that λ−1 = γ2. Put θ = γπ, then
(S, θ) ∈ TR and θ2 = (γπ)2 = γ2π2 = pdu.

(iii) Since (2, 2s′ − 1) = 1, let δ be an element of < b > such that u−1 = δ2, where s′ = s/k′

and k′ is the order of σ. Put θ = δπ, then (S, θ) ∈ TR and θ2 = (δπ)2 = δ2π2 = pλ.

Proposition 4. Let R, T be finite local rings with singleton basis with the same invariants p, n, s, t
with n > 1 and assume that they have the same coefficient subring S. Assume σ, τ be the associated
automorphisms of R and T respectively, and x2 − pduλ, x2 − pdvµ be associated polynomials of
R and T respectively, where u, v and pdλ, pdµ are elements of Sσ. Then, R ∼= T if and only if
xk − upi

v−1 has a root in Sσ mod p for some 1 6 i 6 s′ if p is odd, where k = ps′ + 1, s′ = s/k′

and k′ is the order of σ; while λρ = µ in GR(pn−d, s′) if p is even, where ρ is the element of
Aut(Sσ) determined by bρ = bpi

.

Proof. Let ϕ be the isomorphism between R and T. then by the last proposition σ = τ,
and there exists an automorphism ρ of Sσ such that x2 − pduρ if p is odd (x2 − pdλρ in the
case that p is even) has a root π′ in T with (S, π′) ∈ TT . Let (S, θ) ∈ TT with θ2 = pdv if p
is odd (with θ2 = pdλ if p is even). Thus, π′ = ω(pn−t+lζ + θ), where ζ is an element of
< a > ∪{0} and ω is an element of < a >, with pn−t+lζ is zero if R is non-commutative.
Since the order of σ is either 1or 2, σ is the only automorphism of S of such order and

hence σ is the automorphism of S which sends a either to a or to aps′
. Since u ∈< b >, then

uρ = upi
for some 1 6 i 6 s′. Let (S, π) ∈ TR. Now in the case that p is odd,

pdupi
= pduρ = ϕ(π2) = (ϕ(π))2 = (π′)2

= ω(pn−t+lζ + θ)ω(pn−t+lζ + θ)
= ωθωθ = (ωωσθ2)
= pdωωσv = pdωkv.

Therefore, ω is a root of xk − upi
v−1 for some 1 ≤ i 6 s′. While in the case that p is even,

pdλρ = pdλρ = ϕ(π2) = (ϕ(π))2 = (π′)2 = ω(pn−t+lζ + θ)ω(pn−t+lζ + θ) = pd µ.

Therefore, λρ = µ in GR(pn−d, s′), where ρ is the element of Aut Sσ determined by bρ = bpi
.

Conversely, in the case that p is odd, assume that xk − upi
v−1 has a root in Sσ mod p for

some 1 6 i 6 s′. This root may be lifted to αβ in Sσ (see Theorem 3–12 in [12] because
finite commutative local rings are Hensel rings), where α is an element of < b > and β an
element of 1 + pSσ. Since α ∈< b >, α = ωk, where ω ∈< a >. Let π′ = ωθ and θ is a root
of x2 − pdv with (S, θ) ∈ TT . Now,

(π′)2 = (ωθ)2 = ω(ωσ)θ 2 = pd(ω)kv = pdαv = pdupi
= pduρ,

for some automorphism ρ of S. Assume that (S, π) ∈ TR such that π2 = pdu and let ϕ be a
mapping from R to T defined by ϕ(s0 + s1π) = sρ

0 + sρ
1π′, where ρ is the automorphism of S

determined by aρ = api
for some 1 6 i 6 s′. Now, it is easy to check that R ∼= T. Conversely,

in the case that p is even, assume that λρ = µ in GR(pn−d, s′) and θ is a root of x2 − pdµ
with (S, θ) ∈ TT . Then, θ 2 = pdµ = pdλρ for the automorphism ρ of Sσ determined by
bρ = bpi

for some 1 6 i 6 s′. Assume that (S, π) ∈ TR such that π2 = pdλ and let ϕ be a
mapping from R to T defined by ϕ(s0 + s1π) = sρ

0 + sρ
1θ, where ρ is the automorphism ρ of

S determined by aρ = api
for some 1 6 i 6 s′. Now, it is easy to check that R ∼= T.
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Theorem 2. Let N( p, n, s, t) be the number of mutually non-isomorphic finite local rings with
singleton basis with the same invariants p, n, s, t with n > 1 and with an associated polynomial of
the form x2 − pduλ. Then,

N(p, n, s, t) =


∑m|z

φ(m)
τ(m)

, if p 6= 2,

1
s′ ∑s′

i=0 p(i,s
′)n−d−1, if p = 2,

where z = (ps′ − 1, k), where φ is Euler function and τ(m) is the order of p in Zm.

Proof.

(1) Let p = 2. For λ, µ ∈ 1+ pSσ, define λ ∼ µ if and only if λρ = µ, where Sσ = GR(pn−d,

s′). This relation is equivalent to the action of the group Aut(Sσ) on the set Γ∗(s′)n−d−1,

where Γ∗(s′) = {1, b, b2, . . . , bps′−1}. According to Proposition 4, it suffices to compute
the equivalence classes. There are (pi − 1, ps′ − 1) + 1 elements of Γ∗(r) fixed by ρ.
Thus, the number of elements fixed by ρ is

[(pi − 1, pr − 1) + 1]n−d−1,

but [(pi − 1, pr − 1) + 1] = p(i,r), hence,

[(pi − 1, pr − 1) + 1]n−d−1 = p(i,s
′)n−d−1. (8)

Therefore, by Burnside Lemma, the total number of equivalence classes is

1
s′

s′

∑
i=0

p(i,s
′)n−d−1.

(2) Let p be odd, F ∼= GF(ps′) and K ∼= GF(ps). For u, v ∈ F, define u ∼ v if and only if

xk − upi
v−1 has a root in K, for some 0 < i 6 s′. This is easily seen to be equivalence

relation. In view of the last proposition, the required number of such rings is the
same as the number of equivalence classes of this equivalence relation. By a similar
argument in [5,7], we conclude that N(p, n, s, t), in this case, is

∑
m|z

φ(m)

τ(m)
.

Next, we give full classification of local rings with singleton basis and associated
polynomial x2 − pdu.

Corollary 2. Assume that R is a local ring with singleton basis and associated polynomial x2− pdu.
Then,

(i) If p = 2, then there is only one ring up to ismororphism, i.e.,

N(2, n, s, t) = 1.

(ii) If p 6= 2, then k = 2, and thus z = (ps′ − 1, 2) = 2. Which implies

∑
m|2

φ(m)

τ(m)
= 2.

This means there are only two isomorphism classes of such rings.
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If the associated polynomial is x2 − pduλ, then by Theorem 2, we have the following
remark.

Remark 3. Note that

(i) If p is even, then u = 1 and λ ∈ 1 + pS0\{1 + p cpi
: 1 ≤ i ≤ m}, where S0 = Zpn−d [c] =

GR(pn−d, m) is a Galois subring of Sσ and c is an element of S0 of order pm − 1 for all
divisors m of s′.

(ii) If p is odd and R is commutative, then λ = 1 and u = 1 or u = a.
(iii) If p is odd and R is noncommutative, then λ = 1 and u is equal to one of the k-roots in

K = GF(ps) of the polynomial xk − upi
v−1 over F = GF(ps′).

In case when g(x) = π2 = pduλ + peu1λ1π, we have the following notes.

Remark 4. Taking into consideration that J = pS⊕ Sπ and d + t ≥ n, then we distinguish the
followings cases:

(i) If π is element of J\ J2 and p is an element of J \ J2. Then, π2 = p2uλ + peu1λ1π with
e ≥ 1 and t ≥ n− 2 or π2 = pduλ + pu1λ1π with d ≥ 2.

(ii) If π is element of J \ J2 and p is an element of Ji \ Ji+1 with i ≥ 2. Then, π2 = pduλ +

peu1λ1π implies that pd ∈ J2. But p /∈ J. Thus, p ∈ J2, and hence π2 = puλ + peu1λ1π
with e ≥ 1 and t ≥ n− 1.

(iii) If π is element of Ji \ Ji+1 with i ≥ 2. Then, p is an element of J \ J2 and hence
π2 = p2iuλ + peu1λ1π with e ≥ i and t ≥ n − 2i or π2 = pduλ + piu1λ1π with
d ≥ 2i.

The following remark links local rings with singleton basis to chain rings.

Remark 5. Let R be a local ring with singleton basis given in case (ii) of the last remark. Then,
p = π2(uλ + pe−1u1λ1π)−1, and subsequently pR = π2R. By using R is a local ring, then it is
obvious that R is a commutative chain ring with invariants p, n, s, k = 2, t ≥ n− 1 with n > 1.
The classification up to isomorphism of such chain rings with the same invariants p, n, s, k, t is
already known (cf. [7]).

Next, we classify all commutative local rings with singleton basis and associated
polynomial π2 = pduλ + peu1λ1π.

Remark 6. Let R be a commutative local ring with singleton basis with invariants p, n, s, t
with n > 1 and π2 = pduλ + peu1λ1π. If d ≤ e, then π2 = pdu(λ + pe−d u−1u1λ1π). If
µ = u(λ + pe−d u−1u1λ1π), then π2 = pd uµ. In the case that p 6= 2, then there exists
ξ ∈ 1 + J(R) such that ξ2 = µ. Now, put θ = ξ−1π then θ2 = (ξ−1π)2 = (ξ−1)2π2 = pdu.
Then, obviously (S, θ) ∈ TR with θ2 = pd u. Thus, we can assmue that R in such case is a
commutative local ring with singleton basis with invariants p, n, s, t with n > 1 and π2 = pdu
and the classification up to isomorphism of such local rings with singleton basis with the same
invariants p, n, s, t with n > 1 is already known according to the last theorem.

5. The Enumeration of Artinian Local Rings with Singleton Basis and with Absolutely
Algebraic Residue Field

First we introduce the following important result.

Theorem 3. Let R and T be Artinian local rings with singleton basis and with the same invariants
p, n, s, t, and R′, T′ be their associated subrings respectlively with K, K′ be their absolutely algebraic
residue fields, respectively. Then, R ∼= T if and only if R′ ∼= T′ and K ∼= K′.
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Proof. By using Hensel Lemma, the isomorphism F ∼= F′ can be lifted to an isomorphism
ψ between coefficient subrings of R and T. Let us define the map ς from R to T as follows:

ς (s0 + s1π) = ψ(s0) + ψ(s1)ϕ(π),

where ϕ is the isomorphism between R′ and T′. Now, it is easy to see that ς is an isomor-
phism. The converse is direct.

Note that the previous proof can be generalized to prove the theorem under general
condition, i.e., not necessarily singleton.

Theorem 4. Artinian local rings with singleton basis, with isomorphic absolutely algebraic residue
fields, with the same invariants p, n, s, t and with same associated polynomial x2 are uniquely
determined by p, n, s, t.

Proof. Since every Artinian ring R with singleton basis has an associated subring R′

which is finite local with singleton basis and invarinats p, n, s, t. Thus, by Theorem 3, the
enumeration is reduced to that of finite local rings with singleton basis. By Theorem 2,
these rings are uniquely determined by their invariants.

Theorem 5. The number N( p, n, s, t) of mutually non- isomorphic Artinian local rings with
singleton basis, with isomorphic absolutely algebraic residue fields, with the same invariants p, n, s,
t, with n 6= 1 and with the same associated polynomial x2 − pduλ is

(i) If p = 2,

N(2, n, s, t) =
1
s′

s′

∑
i=0

p(i,s
′)n−d−1.

(ii) If p 6= 2, then

N(p, n, s, t) = ∑
m|z

φ(m)

τ(m)
.

Proof. Let E(p, n, s, t) be the number of non-ismomorphic classes of Artinian local rings
with invariants p, n, s, t and associated polynomial x2 − pduλ. From Theorem 3,

E(p, n, s, t) = N(p, n, s, t).

and Theorem 2 concludes the results.

Corollary 3. Let R be an Artinian local ring with singleton basis with absolutely algebraic residue
field and with the same associated polynomial x2 − pdu.

(i) If R is commutative and p is even, N(2, n, s, t) = 1, and then u = 1.
(ii) If R is commutative and p is odd, N(p, n, s, t) = 2, and thus u = 1 or u = a.

(iii) If R is non-commutative, then u = 1, a, a2, . . . , a ps/2
.

Remark 7.

(1) As a particular case if the ring R is isomorphic to T3 given by construction A, let us assume
that pu 6= 0. Then, p = πu−1(π − pu1/2) and hence p is an element of πR. As R is local,
then R is a commutative chain ring of characteristic p2 (cf. [7]).

(2) If the ring R is finite and isomorphic to T2 given by construction A, we note the following:

(i) Suppose d = n− 1. Then, R is of order p(n+1)r, R/J(R) ∼= GF(pr) and of characteristic
pn. Such ring is called near Galois ring (cf. [9]).



Mathematics 2022, 10, 4040 10 of 10

(ii) If u is a unit in S. Then, π2 = pu implies p = π2u−1 is an element of π2R. Thus,
J(R) = Rπ. But R is local, and therefore, R is a chain ring of characteristic p2 (not
necessarily commutative) (cf. [5]).

(3) If R is finite and isomorphic to T1, note the following:

(i) If n = 1, then R is a ring with few zero divisors (cf. [13]).
(ii) Assume that n = 1 or n = 2, then R is a particular case of a finite ring in which the

multiplication of any two zero divisors is zero.

6. Conclusions

In this article, we have fully determined the structure of local rings with singleton
basis. Moreover, we investigated enumeration of local rings with singleton basis with fixed
invariants p, n, s, t. Under certain conditions on Eisenstein polynomials, we classified these
rings up to isomorphism.
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