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1. Introduction

We consider only associative Artinian ring with identity. A local ring is a ring whose
zero divisors form an ideal. It turned out that a ring is a local ring if and only if it has a
unique maximal ideal. For the application of Artinian local rings in different areas, see [1-3].

Suppose R is a finite local ring, then (cf. [4]) [R| = p™, |J(R)| = p(m1s,
R/J(R) = GF(p°) and the characteristic of R is p", where J(R) is the maximal (Jacob-
son) ideal, p is the characteristic of residue field and m, n, s are positive integers with
1 < n < m. The positive integers p, n,s, m are called invariants of R. An interesting case is
whenm = n,

R = Zp[a]/(g(x)),

where g(x) is a monic polynomial of degree s over Z,» and irreducible modulo p. In
such case, R is a commutative chain ring and R = Zu[a], where a is an element of R of
multiplicative order p° — 1, [(R) = pR and Aut(R) is a cyclic group of order s, see [5-7] for
more details on chain rings. These rings have a lot in common with Galois fields, and thus
they are called Galois rings and denoted by GR(p", s) (cf. [8]). Moreover, Galois rings are
uniquely determined by the invariants p, n, r.

Let R be a local ring, a commutative chain subring S of R is called a coefficient
subring if

R=S+]J(R)and R/J(R) = S/pS.

When R is finite local ring, S is a Galois subring of the form GR(p",s) which is maximal
Galois subring of R (cf. [9]). While if R is an Artinian local duo ring ( two-sided ideal
ring) with absolutely algebraic residue field, i.e., algebraic over its prime subfield R/J(R),
then [5] R has a coefficient subring S. Actually, in this case, S is a union of ascending chain
of Galois subrings of R and it is called a generalized Galois ring. It turned out that S plays
an important role in the structure of a local ring.

Assume that R is either a finite local ring or Artinian local duo ring in which its residue
field is absolutely algebraic, and suppose also S is its coefficient subring. The following
facts are in [5,10]. There exist 711, 7o, ..., T in J(R) and 01, 03, . .., 0 in Aut(S) such that
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as S—modules and 7; r = #7irr; foreach rin S and for alli = 1, 2, ..., k. Moreover, the
automorphisms oy, 0, ..., 0} are uniquely determined by R and S. Let us call the set
{m, my, ..., my} a distinguished basis of R over S.

In this study, we assume that R is a local ring which is either finite or Artinian duo in
which the residue field is absolutely algebraic. We also assume that R has a singleton basis,
ie, k =1and S is its coefficient subring. From Equation (1),

R=S®Snr )

In Section 3, we determine fully the structure of R as a quotient of a ring of skew polynomi-
als by a certain ideal. Furthermore, Section 4 gives the classification of finite local rings up to
isomorphism in certain cases. Finally, in Section 5, we obtain the number of non-isomorphic
classes of Artinian local duo rings where the residue field is absolutely algebraic.

2. Preliminaries

This section introduces several notations and some basic facts. During this article, R is
a local ring which is either finite or Artinian duo in which the residue field is absolutely
algebraic. Suppose also R has singleton basis {7t} and ¢ is the associated automorphism
with respect to the coefficient subring S. Since 7 is not a unit in R, then 772 can be written as:

= plud + pui Ay, (3)

where u, 11, A, A1 are units in S and d, e are positive integers. Assume that ¢ is the least posi-
tive integer such that p'7t = 0. If R is finite, then |R| = p("*))% and S = GR(p",s) = Zyn[a],
where g is an element of S with order p* — 1. On the other hand, if R is not finite. Let
S’ = GR(p", s) be the Galois subring of R generated by Zn, u, 1, A and A;. Suppose also

R' =S a&ns.
Then, R’ is a finite local ring with singleton basis. We call R’ the associated ring of R. The set
I(s) =<a>U{0}={0,a,d?...,a" "1}

is called the Teichmuller set of S if R is finite and of S’ otherwise. In either case, we call the
integers p, n, s, t invariants of R. Note thatt =n — 1, u,u; € I'(s) and A, A; arein 1 + pS or
in 1+ pS’ depending on wither R is finite or not, respectively.
Suppose S[x, 0] is the skew polynomials ring over S determined by ¢. The elements of
S[x, o] are of the form:
Z rixi ’
1

r; € S and xr = r“x for every r in S. We also denote K the residue field; K = S/pS. Let
S7,(S")7 are the fixed Galois subring of S and S’ by ¢, respectively. Assume that each S”
and (S')7 has the form Zy: [b] = GR(p",s’), where b €< a > of order p* —1ands's. Let
Tr denote all (S, 7r) that satisfies the aforementioned conditions.

All notations mentioned above keep their meaning throughout the paper.

Definition 1. Let R be a commutative local ring and R = R/J(R). For any g(x) in R[x], let
g(x) denote the natural image in R[x|. The ring R is called a Hensel ring if it has the following
property: Given any monic polynomial g(x) in Rx], if g(x) = A(x)u(x) for some relatively prime
polynomials A(x), u(x) in R[x], then there exist monic polynomials f(x), h(x) in R[x] such that

8(x) = f(x)h(x), f(x) = A(x) and h(x) = p(x).

Remark 1. By Hensel Lemma [11], any commutative Artinian local ring is a Hensel ring.
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Lemma 1. Let R be a local ring with singleton basis with invariants p, n, s, t and n > 1. Then
(S, 0) € T ifand only if
0=w(p" "y +n),

where w is an element of < a >, v = Zf;(l) p'a; and a; are elements of T'(s) with p" '+ is zero if R

is non-commutative.

Proof. Suppose that (S,60) € Tg, then R = S + S6. Also 0 can be written as 6 = s + 5,7,
where s; and s, are elements of S. Since p'0 = 0, then s; = p"~'s for some s € S. Moreover,
sy & pS or otherwise § € pR which is impossible. By the same reasoning, we have
Sp =w €< a > .Thus,

0=p"""'s+wn.

Now if R is non-commutative, we get

p"tas + wam = af = p"'a"s + wa .

n—t

As p"tas = p"'a’s and a # a’, then p"~'s = 0. Therefore,

o — w(p"ty+m), ifRiscommutative, @
- \wr, otherwise,

where y = w1s. O

Conversely, let  be as in Equation (4), then one can see that R = S @ S and s76 = 0s
which means that (S, 0) is a distinguished basis, and hence (S, 0) in Tg.

3. The Structure of a Local Ring with Singleton Basis

Proposition 1. Let R be a local ring with singleton basis with invariants p, n, s, t. Then, an
associated polynomial of R with respect to S is either x> or x> — p*uA or x> — p*ugAyx — pPul,
where u, uy are elements of < a >, and A, Ay are elements of 1 + pS, and d, t, e are positive integers
suchthatd +t > nande < t.

Proof. Let (S, 1) be an element of Tg. Then, R = S @ S7, ms = s”m for each s in S.
Assume 712 = p{ + {171, where { and {; are elements of S. If {; is a unit in S, then
7 = p(rr — 1)1 is an element of pR. Now,

R =54+St=S+pR=S+p(S+Sm1)=S+pS+pSn
=S+ p°R
=S+ p*(S+Sm)
=S+ p’R=...

We continue in this way until we get R = S + p"R = S which contradicts to the assumption
that R has a singleton basis. Hence, {; is an element of pS and subsequently 7> is an
element of pR. Thus, 712 = p*uA + p°ui A1 7. Now,

m2a = (pPud + prus My)a = pura 4 p°ui e

But

e =a" 1% = a"z(pdu/\ + plughm) = p"lu/\a‘fz + peul)\lagz T.

We distinguish the following cases:

(1) puyAmr =0and 72 = p?ur = 0, and hence the order of ¢ is not specified. Thus, in
such case x? is the associated polynomial of R.

(2) p°ugAimr = 0 and n? = pdu/\ # 0. Hence, 02 = Idg and n > 1. Also in such case

72 = pul is in the center of R, and hence p?ur = p?u’A’. Thus, x> — p?uA is an
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associated polynomial of R, where u is an element of < 2’ > and p?A is an element of

s,
(3) pusAim # 0 and pdu)\ # 0, then pfuiAa’m = peul)\laazn. Which implies that
a’ = a‘72, and consequently ¢ = Ids. Moreover, R is commutative with n > 1,

and therefore x> — p°ujA1x — p?uA is an associated polynomial of R. Note that in
Cases (2)and (3) p'm? = p'™uA and p'n? = p'*tPud + p'teui A implies that
pt+du = 0,and hence t +d > n. Also in Case (3) if e > t, then 1% = pdu)\ + prui M =
p?u). Thus, we can assume in such case that e < t.

O

Construction A

Assume the following;:

Ty = S[x, 5]/ (%, p'x), ()
T, = S[x,0]/(x® — p®ud, p'x), where u and p? A are elements of S°, (6)
Tz = S[x]/ (x> — p°us A1 x — pPuA, p'x). )

Furthermore, suppose that

01 = x + (¥, p'x),
0, = x + (2% — pluA, p'x),
03 = x + (x2 — pPug Ayx — pud, pix).

It is easy to see that T; = S @ S6;. Since S is a subring of T;, Char (T;) = p". Obviously,
pS @ SO; is nilpotent and T;/ ( pS & S6;) = GR(p",s). Thus, J(T;) = pS & Sb;, and subse-
quently T;’s are local rings with singleton basis with invariants p, n, s, t.

Theorem 1. The ring R is a local ring with singleton basis with invariants p, n, s, t if and only if
it is isomorphic to one of the rings given by Construction A.

Proof. Let us define the following maps 9, ¢ and 5 from R to T7, T, and T3, respectively
(given by Construction A) as follows

so+s10;, if =0,
P, (s0+517) = < so+510;, if pPus Ayt = 0and = pdu/\ #0,
so+s10;, if 12 = peurAm + pduA with pduA # 0 and pfui A # 0,

where i = 1,2, 3. Then, it is obvious that ¢, ¢, and ¢, are isomorphisms from R to Ty, T»
and T3, respectively. O

We call the polynomial g(x), mentioned in Construction A, the associated of R with
respect to S and if p is an element of Aut(S), then p(g(x)) is a polynomial over S with p
affecting only the coefficients of g(x).

where a is an element of

Example 1. Let S = Zai[a] be a Galois ring of the form GR(3%, 5),
[x,n]/(x?, 3%x), where 1 is the

S of multiplicative order 3° — 1 and consider the ring R = S
automorphisms of S of order 5, i.e., 1 is the Frobenius map,

n(a0 + a1p + axp® + azp®) = af + alp + abp? + ak p®,

where ag, a1, a, a3 € T'(s). Then, the unique maximal ideal of R is (3, x); which means R is local.
As the order of 11 is 5, then R is non-commutative. By Theorem 1, R is with singleton basis and has
invariants p = 3, n =4, s = 5, t = 3, and associated polynomial x2.
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Example 2. Suppose that S = Z3[a] = GR(3%, 2), where a is an element of S of multiplicative
order 3% — 1. Consider
R = S[x,0]/(x? — 3a,3%x),

where o is the automorphisms of S of order 2, i.e., the Frobenius automorphism. By the same
reasoning as in the Example 1, R is a non-commutative local ring with singleton basis with
invariants p = 3, n = 3,s = 2, t = 2 with d = 1. Moreover, x2 — 3a is an associated polynomial
of R over S.

Example 3. Let S = Zys and consider the ring R = Zys[x]/ (x> — 2u1x — 2u, 22x). Since (2, x)
is unique maximal ideal of R, then R is a commutative local ring with singleton basis with invariants
p=2n=23,s=11t=2uwithd = e = 1 and with an associated polnomial x2 — 2uqx — 2u over
S. Actually there are two non-isomorphic local rings with singleton basis with invariants p = 2,
n=23,s =1, t = 2 and with an associated polnomial x2 — 2uyx — 2u; namely when u = uy =1
andu = —1,u; = 1.

4. The Enumeration of Finite Local Rings with Singleton Basis

First, we introduce the following proposition.

Proposition 2. Let R, T be local rings with singleton basis with the same invariants p, n, s, t and
assume that they are constructed over the same coefficient subring S. Let o, T be the associated
automorphisms of R, T with respect to S respectively and 7t be an element of R satisfying an
associated polynomial g(x) of R over S with (S, i) € Tr. Then, R = T if and only if there exists
an automorphism p of S such that p(g(x)) has a root 7’ in T with (S, ') € Tr.

Proof. Let ¢ be the isomorphism between R and T. Suppose p be the restriction of ¢ on
S. Then, 7' = ¢(71) is a root of p(g(x)). Moreover, (S, 7') € Tr. Conversely, if p(g(x)) has
aroot 77’ in T for some p € Aut(S). Then, the map ¢(s1 + s271) = p(s1) + p(sp)7r’ is an
isomorphism from Ronto T. O

By using the last proposition and the fact that Aut(GR(p",s)) is a cyclic group of order
s, it is easy to deduce the following result.

Corollary 1. Finite local rings with singleton basis with the same invariants p, n, s, t and with the
same associated polynomial x? are uniquely determined by p,n, s, t.

Remark 2. Let R be a local ring with singleton basis with invariants p, n, s, t with n > 1 and

n? = pu. Taking into consideration that | = pS @& St and d + t > n; then we distinguish the

following cases:

(i) If rwis element of | \ J? and p is an element of ] \ J? . Then, > = p*ud and t > n — 2.

(ii) If 7t is element of | \ J? and p is an element of J' \ J'*1 with i > 2. Then, 7> = p®uA implies
that p* € J?. But p ¢ J. Thus, p € J?, and hence ©°> = pudand t > n — 1.

(iii) If v is element of J* \ J'*1 with i > 2. Then, p is an element of | \ J?, hence 7> = p*uA and
t>n—2i

Proposition 3. Let R be a finite local ring with singleton basis with invariants p, n, s, t with
n > 1and x> — p*uA be associated polynomial of R with respect to S. Then,

(i) Ifsisodd, then R is commutative.

(ii) If p is odd, then x> — p®u is an associated polynomial of R with respect to S.

(iii) If p is even, then x> — p“ A is an associated polynomial of R with respect to S.

Proof.

(i) Let o be the associated automorphism of R with respect to S, then ¢ = Ids. But s, the
order of Aut(S), is odd. Hence o = Ids, and thus R is commutative.
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(ii) Since (2, p) = 1, let y be an element of 1 + pS” such that A~! = 42. Put § = 7, then
(S,6) € Tr and 62 = ()% = ¥?1% = pu.
(iii) Since (2,25 —1) = 1, let § be an element of < b > such that u~! = §2, where s’ = s /K’
and K’ is the order of o. Put 6 = 7, then (S, §) € Tg and 62 = (67)? = §°71> = pA.
O

Proposition 4. Let R, T be finite local rings with singleton basis with the same invariants p, n, s, t
with n > 1 and assume that they have the same coefficient subring S. Assume o, T be the associated
automorphisms of R and T respectively, and x> — p?ul, x> — p?ou be associated polynomials of
R and T respectively, where u, v and p?A, p®u are elements of S7. Then, R = T if and only if
xk — uP'v1 has a root in S” mod p for some 1 < i < s if p is odd, where k = p* +1,5' = s/
and k' is the order of o; while A° =  in GR(p" 4, s') if p is even, where p is the element of
Aut(S7) determined by bP = b,

Proof. Let ¢ be the isomorphism between R and T. then by the last proposition ¢ = T,
and there exists an automorphism p of S” such that x? — p?uf if p is odd (x2 — p?A? in the
case that p is even) has a root 7’ in T with (S, 7') € Tr. Let (S, §) € Tr with 6> = pvif p
is odd (with 62 = p?A if p is even). Thus, 7/ = w(p"~+'7 + 0), where  is an element of
< a > U{0} and w is an element of < a >, with p"~*! is zero if R is non-commutative.
Since the order of ¢ is either lor 2, ¢ is the only automorphism of S of such order and

s/ .
hence ¢ is the automorphism of S which sends a either to a or to a” . Since u €< b >, then
uP = uP' forsome1 < i <s'. Let (S, ) € Tg. Now in the case that p is odd,

plur' = plup = o(2) = (¢(n))? = (1')?
= w(p" M+ Ow(p"HI +6)
= whwh = (ww’6?)

= plwwv = plwko.

Therefore, w is a root of xk — uP' o= for some 1 <i < s’. While in the case that p is even,
P = PN = () = (p())? = () = w(p" L+ O)(p" T +0) = p .

Therefore, A’ = pin GR(p"~%, '), where p is the element of Aut S” determined by b° = b
Conversely, in the case that p is odd, assume that x* — u”'v~! has a root in S” mod p for
some 1 < i < s'. This root may be lifted to af in S7 (see Theorem 3-12 in [12] because
finite commutative local rings are Hensel rings), where « is an element of < b > and  an
element of 1 + pSY. Sincew €< b >, a = wk, where w €< a >. Let 7’ = w6 and 6 is a root
of x2 — plvwith (S,0) € Tr. Now,

()2 = (w)? = w(w)8 % = p(w)v = plav = p'u?’ = p'ue,

for some automorphism p of S. Assume that (S, 7r) € Tg such that 772 = p?u and let ¢ be a
mapping from R to T defined by ¢(so + s177) = sf + s{ 7/, where p is the automorphism of S
determined by af = a?' forsome 1 < i < ¢'. Now, it is easy to check that R = T. Conversely,
in the case that p is even, assume that A = p in GR(p" ¢, s') and 6 is a root of x> — py
with (S, 0) € Tr. Then, 62 = p?u = p?AP for the automorphism p of S” determined by
bP = b for some 1 < i < s'. Assume that (S, ) € Tg such that 712 = pd)\ and let p be a
mapping from R to T defined by ¢(so + s171) = sf) + s16, where p is the automorphism p of
S determined by af = ab' for some 1 <i < s'. Now, it is easy to checkthat R=T. [
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Theorem 2. Let N( p, n, s, t) be the number of mutually non-isomorphic finite local rings with
singleton basis with the same invariants p, n, s, t with n > 1 and with an associated polynomial of
the form x> — p“uA. Then,

Zm\z fgzgr ifp #2,
N(p,n,s,t) =
Ly plisin=d=l ifp =2,

where z = (p* — 1,k), where ¢ is Euler function and T(m) is the order of p in Zy,.

Proof.

(1) Letp =2 ForA, u € 1+ pSY, define A ~ pifand only if A = y, where S” = GR(p" ¢,
s'). This relation is equivalent to the action of the group Aut(S”) on the set I'*(s’ )n_d_l,
where T*(s') = {1,b, b2, ..., b”sl _1}. According to Proposition 4, it suffices to compute
the equivalence classes. There are (p' — 1, p° — 1) + 1 elements of I*(r) fixed by p.
Thus, the number of elements fixed by p is

(P =1,p —1)+1) 7,
but [(p' —1,p" — 1) + 1] = p{i"), hence,
[(p'—1,p" = 1) 4 1]n41 = plisHin—d=1, ®)

Therefore, by Burnside Lemma, the total number of equivalence classes is
1 2 (i, s yn—d—1
P :
=l

(2) Letpbeodd, F2 GF(p*) and K = GF(p®). For u, v € F, define u ~ v if and only if

xk — uP'v1 has a root in K, for some 0 < i < s'. This is easily seen to be equivalence

relation. In view of the last proposition, the required number of such rings is the
same as the number of equivalence classes of this equivalence relation. By a similar
argument in [5,7], we conclude that N (p, n,s, t), in this case, is

Z ¢(m)

T(m)

m|z

O

Next, we give full classification of local rings with singleton basis and associated
polynomial x% — p?u.

Corollary 2. Assume that R is a local ring with singleton basis and associated polynomial x> — p®u.
Then,

(i) If p = 2, then there is only one ring up to ismororphism, i.e.,
N(2,n,s,t) = 1.

(ii) Ifp # 2, thenk = 2, and thus z = (p¥ —1,2) = 2. Which implies

oom) _,
2

T(m)

This means there are only two isomorphism classes of such rings.
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If the associated polynomial is x> — p?uA, then by Theorem 2, we have the following
remark.

Remark 3. Note that

(i) Ifpiseven, thenu =1land A € 14+ pSo\{1+pc? :1 <i < m}, where Sy = Zyn-alc] =
GR(p"~%, m) is a Galois subring of S” and c is an element of So of order p™ — 1 for all
divisors m of s'.

(i) If pis odd and R is commutative, then A = land u =1 or u = a.

(iii) If p is odd and R is noncommutative, then A = 1 and u is equal to one of the k-roots in

K = GF(p®) of the polynomial x* — ub'v=1 over F = GF(p*).
In case when g(x) = 712 = p?ud + p°uiA1 7, we have the following notes.

Remark 4. Tnking into consideration that | = pS ® Smand d +t > n, then we distinguish the
followings cases:

(i) If rtis element of |\ J* and p is an element of ] \ J?. Then, ©* = p?ur + p*ui Ay with
e>landt>n—2or m> = ptud + pusAyr with d > 2.

(ii) If 7t is element of | \ J* and p is an element of J' \ J'* with i > 2. Then, > = p?ul +
pCuy A7t implies that p? € J2. But p ¢ J. Thus, p € J?, and hence > = puA + plug A7
withe > landt > n — 1.

(iii) If 7 is element of J' \ J*! with i > 2. Then, p is an element of | \ J? and hence
% = pPud + pPuy My with e > iand t > n —2i or 7 = plul + plui Ay with
d>2i.

The following remark links local rings with singleton basis to chain rings.

Remark 5. Lef R be a local ring with singleton basis given in case (ii) of the last remark. Then,
p = T (uA + p*Lug A7), and subsequently pR = 7>R. By using R is a local ring, then it is
obvious that R is a commutative chain ring with invariants p, n,s, k =2,t > n —1withn > 1.
The classification up to isomorphism of such chain rings with the same invariants p, n, s, k, t is
already known (cf. [7]).

Next, we classify all commutative local rings with singleton basis and associated
polynomial n? = pdu/\ + pPug AT

Remark 6. Let R be a commutative local ring with singleton basis with invariants p, n, s, t
withn > 1and m> = phud + puy M. If d < e, then 2 = pru(A 4+ p*= % u=lugAymr). If
o= ulA+p~% ulug A7), then 7 = p? up. In the case that p # 2, then there exists
& € 1+ J(R) such that & = y. Now, put 0 = &5t then 62 = (&7 1m)2 = (&71)?n? = pu.
Then, obviously (S, 0) € Tr with 62 = pd u. Thus, we can assmue that R in such case is a
commutative local ring with singleton basis with invariants p, n, s, t with n > 1 and 7> = pu
and the classification up to isomorphism of such local rings with singleton basis with the same
invariants p, n, s, t with n > 1 is already known according to the last theorem.

5. The Enumeration of Artinian Local Rings with Singleton Basis and with Absolutely
Algebraic Residue Field

First we introduce the following important result.

Theorem 3. Let R and T be Artinian local rings with singleton basis and with the same invariants
p,n,s, t,and R, T' be their associated subrings respectlively with K, K’ be their absolutely algebraic
residue fields, respectively. Then, R = T if and only if R" = T' and K = K'.
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Proof. By using Hensel Lemma, the isomorphism F = F/ can be lifted to an isomorphism
1 between coefficient subrings of R and T. Let us define the map ¢ from R to T as follows:

¢ (so +s171) = 9(s0) + ¢(s1)9(7),

where ¢ is the isomorphism between R’ and T’. Now, it is easy to see that ¢ is an isomor-
phism. The converse is direct. [

Note that the previous proof can be generalized to prove the theorem under general
condition, i.e., not necessarily singleton.

Theorem 4. Artinian local rings with singleton basis, with isomorphic absolutely algebraic residue
fields, with the same invariants p, n, s, t and with same associated polynomial x* are uniquely
determined by p,n,s, t.

Proof. Since every Artinian ring R with singleton basis has an associated subring R’
which is finite local with singleton basis and invarinats p, n, s, t. Thus, by Theorem 3, the
enumeration is reduced to that of finite local rings with singleton basis. By Theorem 2,
these rings are uniquely determined by their invariants. [J

Theorem 5. The number N( p, n, s, t) of mutually non- isomorphic Artinian local rings with
singleton basis, with isomorphic absolutely algebraic residue fields, with the same invariants p, n, s,
t, with n # 1 and with the same associated polynomial x> — p*uA is

(i) Ifp=2,
1 -
_ (i, )n—d-1
N(2,n,s,t) 5 E p .

(i) Ifp # 2, then

N(p,n,s,t) = 24) m)

(
o T(m)

Proof. Let E(p,n,s,t) be the number of non-ismomorphic classes of Artinian local rings
with invariants p, 1, s, t and associated polynomial x> — p?uA. From Theorem 3,

E(p,n,s,t) = N(p,n,s,t).
and Theorem 2 concludes the results. [

Corollary 3. Let R be an Artinian local ring with singleton basis with absolutely algebraic residue
field and with the same associated polynomial x> — pu.

(i) If R is commutative and p is even, N(2,n,s,t) =1, and then u = 1.

(ii) If R is commutative and p is odd, N(p,n,s,t) = 2, and thus u = 1 or u = a.

. ) s/2
(iii) If R is non-commutative, then u =1, a, a2, .., aP"",

Remark 7.

(1) Asa particular case if the ring R is isomorphic to T3 given by construction A, let us assume
that pu # 0. Then, p = rru~" (7t — pul/?) and hence p is an element of tR. As R is local,
then R is a commutative chain ring of characteristic p* (cf. [7]).

(2) If the ring R is finite and isomorphic to T, given by construction A, we note the following:

(i)  Supposed = n —1. Then, R is of order p"*1)", R/J(R) = GF(p") and of characteristic
p". Such ring is called near Galois ring (cf. [9]).



Mathematics 2022, 10, 4040 10 of 10

(i) Ifwisaunitin S. Then, ©°> = pu implies p = w*u~"' is an element of T*R. Thus,
J(R) = Rr. But R is local, and therefore, R is a chain ring of characteristic p* (not

necessarily commutative) (cf. [5]).
(3) If Ris finite and isomorphic to Ty, note the following:

(i) Ifn =1, then R is a ring with few zero divisors (cf. [13]).
(ii) Assume that n = 1 or n = 2, then R is a particular case of a finite ring in which the
multiplication of any two zero divisors is zero.

6. Conclusions

In this article, we have fully determined the structure of local rings with singleton
basis. Moreover, we investigated enumeration of local rings with singleton basis with fixed
invariants p, n, s, t. Under certain conditions on Eisenstein polynomials, we classified these
rings up to isomorphism.
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