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Abstract: This paper treats a water flow regularization problem by means of local boundary condi-
tions for the two-dimensional viscous shallow water equations. Using an a-priori energy estimate of
the perturbation state and the Faedo—Galerkin method, we build a stabilizing boundary feedback
control law for the volumetric flow in a finite time that is prescribed by the solvability of the associated
Cauchy problem. We iterate the same approach to build by cascade a stabilizing feedback control law
for infinite time. Thanks to a positive arbitrary time-dependent stabilization function, the control law
provides an exponential decay of the energy.
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1. Introduction

Regularization of free-surface fluid flows is a problem of practical interest for envi-
ronmental and budgetary purposes in the current situation of climate change that rarefies
fresh water sources worldwide. Depending on the specific application, the regularization
of fluid flows is performed through control methodologies of the Navier-Stokes equations
or a system of partial differential equations derived from them, which describe a particular
setting and/or physical properties. Several mechanisms of controlling fluid flows have
been designed in the recent past, see [1-5].

Control and stabilization of fluid flows governed by the Navier-Stokes equations
have been extensively studied in the literature using various approaches. In the three-
dimensional setting, a local stabilization around an unstable stationary state is performed
in [6] by means of a feedback control law. In [7], the existence of time-points values of
boundary feedback laws is achieved by an optimal control problem to alleviate the high
regularity required for the velocity components. One of the widely adopted approaches
formulates the associate optimal control problem in infinite dimensional spaces, which
gives rise to a Riccati equation [8]. Stabilization of the Navier-Stokes equations from the
boundary or from a portion of the boundary is mainly investigated by means of feedback
control laws. In addition to the series of papers [9-13], the inclusive examination in [14]
lists a number of approaches for control by means of feedback laws. It also discusses the
associated challenges, such as start-control, impulse-control and distributed-control laws,
which have been studied for the Oseen and Navier-Stokes equations. Recently, global
solution as well as an optimality system and a second-order sufficient optimality condition
were obtained for the stationary two-dimensional Stokes equations [15,16], while an optimal

Mathematics 2022, 10, 4036. https:/ /doi.org/10.3390/math10214036

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10214036
https://doi.org/10.3390/math10214036
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-0762-7749
https://orcid.org/0000-0001-8859-3004
https://orcid.org/0000-0002-1529-7295
https://doi.org/10.3390/math10214036
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10214036?type=check_update&version=1

Mathematics 2022, 10, 4036

2 of 21

controllability of a stationary two-dimensional non-Newtonian fluid in a pipeline network
is studied in [17].

When the horizontal length scale of the physical domain is much greater than the
vertical one, the flow movement can be captured by the water height and the horizon-
tal velocity field. In that particular setting of shallow water flows, great advances have
been made in the mechanism of controlling free-surface flow parameters by local bound-
ary conditions, despite the challenges associated with the nonlinearity of the governing
equations, see [18,19] for detailed and comprehensive reviews. Global stability of the
two-dimensional water flow has been achieved in L?-norm [20] using the symmetrization
of the flux matrices, in H?>-norm [21], by acting on the tangential velocity. The approach
of tracking the flow energy through the Riemann invariant variables is adopted in [22,23]
in the one-dimensional setting and is explored in [24] for the two-dimensional channel
flow. Besides the provided flexibility in practical experiments, the adding of the viscosity
influence provides regularizing effects in estimating the flow energy, see [25].

In this paper, we address the stabilization of two-dimensional viscous shallow water
around a steady-state, that is, the problem of driving the flow-state variables of viscous
incompressible fluid inside a bounded container to a desired steady state. The control law
acts on the volumetric flow vector along a portion of the boundary. Due to the challenges
inherent in dealing with the nonlinear advection, we alleviate the nonlinearity issues by
processing to the linearization around the steady state for small perturbations of the flow
state. The resulting system of linear partial differential equations is referred to as the
linearized shallow-water model, for which the existence and the uniqueness of solution
is addressed by combining some notions of compactness and an a-priori energy estimate
using the Faedo-Galerkin method. Subsequently, the stabilization of the nonlinear model
around the steady state is rearranged as the stabilization of the linearized model around
zero. In a short time, prescribed by the existence of a solution to the Cauchy problem
associated with the weak formulation in an Hilbertian basis, the control building process
explores only the estimation of the non-viscous energy of the linearized model and relies
on a continuous time-dependent stabilization rate. The global-time stabilization result is
established by cascading over a sequence of intervals.

The content of this paper is organized as follows: Section 2 introduces the equations
governing the flow of a viscous shallow water in a three-dimensional domain with a given
bathymetry. In Section 3, we detail the problem setting: we present the steady-state model,
discuss the linearization, set the notations and the assumptions of the function spaces, and
state the stabilization problem. Section 4 is devoted to the design of the small-time feedback
control law. The main result of the stabilization of the linearized shallow-water model
through the exponential decay of the energy is presented in Section 5. We conclude by
giving some perspective directions of improvement of the presented method in Section 6.

2. 2-D Viscous Shallow-Water Equations

Consider a three-dimensional domain with a non-flat bottom in which a viscous
water flows with a free-surface denoted by ), a bounded subset of R?, with boundary
0Q) = I'1 u I'y. The SWE (shallow-water equations) are a set of partial differential equations
derived by depth integrating the Navier-Stokes equations, see [26-29], with the assumption
that the horizontal length scale of the domain is much greater than the vertical one. In
the absence of Coriolis, frictional, and wind effects, the 2D viscous SWE with a viscosity
coefficient y in [m?.s 1] are given by
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& (HV;) + 0 (HVZ) + gHow(H + 1) + 0, (HV,V,) = pA(HV,) in Q,
{ a(HV,) + 0x(HV,V,) + 0, (HV2) + gHoy(H + 1) = pA(HV,)  in Q, (1)

(Hr Vll Vz)(ol/) = (HO/ Vlol VZO) (/) in Q,

boundary conditions to be specified,

where Q = (0,T) x Q), T > 0 denotes the duration of the study, H the height of the water
column, (V,, V,) the velocity vector with reference to (Ox, Oy), 17 the bathymetry describing
the bottom elevation, and g is the constant of the acceleration due to the gravity force.
The symbol ¢; designates the time derivative while dy and J, are the space derivatives
in the x-direction and y-direction, respectively. The differential operator A represents the
diffusion field A = 0y + dyy. The triplet (H,V,,V,) varies with (t,x,y) and forms the
solution of (1) while the bathymetry 7(x, y) is independent of the time variable because
there is no sediment transport. For the unidirectional propagation, an alternative approach
to describing the waves at the free surface of shallow water under the influence of gravity is
to consider the Korteweg—de Vries equation, see [30], where notions in differential geometry
help to establish the existence of global solutions, see [31].

The diffusion effects have been modeled in several ways in the literature. It is shown
in [32] that the formulation pHAV, on the right hand side of (1) is not consistent with
the primitive form of the equations for the energy norm and an energetically consistent
formulation is given therein. This is deeply analyzed through the existence of weak
solutions to the SWE in [33], where, by looking for (V,,V,) bounded in L2(0, T, H'(Q0)),
He L*(0,T,L(Q)) and Hlog H € L*(0, T, L'(Q)) to induce the dissipation, the term HV,
stands as an obstacle for the existence of solutions. That is why there is a constraint of small
data to guarantee the existence of time-local weak solutions.

For the diffusion formulation pA(HYV), as used here on the right hand side of (1), the
existence of weak solutions and its stability are described in [26]. In that case, the diffusion
provides regularizing effects due to an entropic inequality on the height variable H. It is
important to notice that the stability result is restricted to the models where capillarity and
friction are taken into account. For the 1-D model, a clearer result for the existence of weak
global solutions can be elaborated with much less restrictive data [33].

Using the volumetric flow variable vector Q = (Q,, Q,) = (HV,, HV,), the system (1)
is rewritten for further analysis in the following conservative form:

o H + divQ = 0, in Q, 2
6:Q + divF(H,Q) + gHV(H + 1) — uAQ = 0, in Q,

where Q = (Q,,Q,) i (the superscript T is the transpose operator), the matrix 7 (H, Q) =
Q- Q'/H, the differential operator V is the gradient field, and div(-) stands for the di-
vergence operator, div(f) = V - f for a sufficiently regular vector function. Although the
non-conservative formulation, see [20], is known to provide a better mass conservation
of the volumetric quantity of water, it does not hold across a shock or a hydraulic jump
since velocities do not generate fundamental conservation equations. On the other hand,
the conservative formulation (2) supports front discontinuities such as shock waves at a
fluid’s interface and irregular source terms, and appeals to Riemann solver for numerical
resolution, see [22,23,34,35]. Therefore, the conservative form (2) is well-suited for our
stabilization problem, which we state in the next section.

3. Statement of the Problem

In this section, we lay out the stabilization problem from the linearization around the
steady state to the setting of finding the boundary feedback control law.
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3.1. Steady-State, Linearization

The objective of the stabilization is to bring the variables of the flow to a given steady
state that is the reference state. In practice, this consists of finding a controller (inflows,
outflows) allowing to adjust the flow parameters to keep the flow state variables near this
reference state. We denote the steady state by U = (,4,,4,)" and it is stationary and
given by:

divg =0, in Q, )
ghv (h+n) = 3F(hq)-Vi+ 1(Vq)-g—pdg=0 inQ.

The hydrodynamical variable vector (H, Q,, Q,) is formed by the equilibrium state
(h,q,,3,) and a perturbation state denoted by (%, q,,4,). Hence, the linearization consists
of using

H(t,x,y) = h(x,y) + h(t, x,y),
Q,(txy) =q,(xy) +4q,(txy), 4)
Q,(tx,y) =q,(x,y) +q,(t x, ).

We proceed to the linearization of the system (2) by replacing the state variables H, Q, and
Q, by their above expressions. In addition, we consider the following assumption |h| < h,
|l9,| « |7, and |q,| « |7, | to justify keeping only the first-order terms in the perturbation
state because we neglect higher order terms. We denote by

= 1.1 1,1
'01 06(1) ﬁ 0 ,)/0 0(1 0(2
o= , wy = , A= , and B= ,
2 % G o
where the coefficients are given by:

al = gouh+ goy, a2 = gyl + 8oy,

1 _ - . s 1 .=
ﬁg = ﬁ (2(9qu — 2'01 axh + ayqz - vzayh)/ ,33 = ﬁ (ax% - vgaxh)/

1/, .= 1 _ . a7
7 = 7 (8~ 7,0,h), 7 = 5 (208, 20,0+ 00, — 0,037),
DC} = C2 - ’(7%, ‘X; = *271’52/
& = —0,0,, a2 =c*— 72

The constant ¢ = 4/gh is the wave speed at the equilibrium. The linearization gives rise to
the model governing the evolution of the residual state. This is the following linearized 2D
shallow-water system

Oth+divg = 0 in Q,

o + (divg)o+Vq-5—uAq+B-Vh+A-g+hey, = 0in Q,
g(t=0) = 4" inQ, ©)
h(t=0) = K in Q.

With given initial state (h°, 4°), the control problem consists of providing suitable boundary
conditions V = (V;, V») on a portion of the boundary, I';, so that the state (h, ) converges
in time towards (0, 0,0) with the assumption that the physical domain is uniformly convex
with a Lipschitz boundary. Note that the advection, in the linearized system (5), runs
with constant flux matrices depending only on the steady state oy F(U) and 0, F (U). The
controlled boundary portion I'; is defined in the next section.
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3.2. Notations and Function Spaces

Physically, the domain Q) is a regular (it provides the required smoothness for a
Lipschitz boundary) open-bounded subset of R? with boundary 0Q). We remind the reader
that there is no sediment movement; the bathymetry is, therefore, a time-invariant function,
see Figure 1.

T~
—
T

T~
mﬁace/—_;_\
J—

nix,y)

Figure 1. Domain representation.

For the sake of clarity, we specify the following two statements:

(S1) The boundary portion, where the control action is applied, is given by

I ={(x,y) €0Q: 20,ny +,ny <0 and 7,ny + 20,1, < 0}.
The boundary portion I'; exists (is nonempty) and is included in the boundary portion
given by (,,7,) " - i < 0, where the vector i = (1y, ny)—r is the external normal unit
vector at the boundary. The uncontrolled boundary portion I'; = 0O\I';.

(S2) The flux variation is bounded at the boundary ¢Q). This follows naturally because of
the sub-critical flow regime considered here, and is stated for the sake of clarity. It
means that the limit when (x, y) tends to the boundary Q) of the term || V4| 12(0) 18

bounded, that is,

max lim HVq(x,y)HLZ(Q) for (xp, yp) € 0Q) } is finite.
(xy) )

—(xp¥p

The regularity of the steady-state (1, 7,,7,) depends on the nature of the bathymetry 7; for
instance, h, 7, and 0, are constant if the bathymetry is constant (flat bottom tomography).
We, therefore, consider a sufficiently regular bathymetry 7, such that , 9, and 9, are
differentiable in Q: h e H}(Q), 3, € H(Q) and 3, € H(Q).

For Q = (0,T) x ), we consider the space 12 (0, T,H 1(Q)) In the same setting, we
introduce also the space L2 (0, T; H%l (Q)) , where the Hilbert space H%l (Q)) is given by

HE (Q) = {u e 13(Q): Vue I2(Q) and u) - o}.

The space H'(Q) and its subspace Hll-1 (Q2) are equipped with the norm | - | ;1) defined
2
L2(0)

W the space given by W = 12 (0, T; Hl(Q)) x [2 (O, T; H}l (Q)) x L2 (O, T; H%l (Q))

for a function u by HuHiﬂ(Q) = HuH%Z(Q) + | Vu| . In the rest of this paper, we denote by
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3.3. The Stabilization Problem

With the conditions (4), the task of stabilizing the nonlinear state (H, Q1, Q,) around
the steady state (h,7,,4,) is reformulated as a stabilization problem of the perturbation
state (I, q) around (0,0, 0). The objective is to find suitable local boundary conditions on g
that take the flow-state variables as quickly as possible to the steady-state equilibrium. We
formulate this goal as a stabilization problem in the following way

Oth+divg = 0 in Q,
orq + (divg)o+Vq-o—uAq+B-Vh+A-g+he, = 0in Q,
gt=0) = ¢° in O, (6)
hit=0) = K in Q,
q VY on (0,00) xT',
g = 0on (0,00)xT,.

Concretely, we look for V such that (1, ) from (6) converges to (0,0, 0). In that sequel,
we state the weak formulation associated with (6) that consists in writing (6) as a system
of ordinary differential equations depending only on the variable ¢ by using the Green’s
formula of integration by parts: for all (¢, ¢, ) € W, find (h, q,,4,) in W satisfying

J-Q @0thdQ) — JQ qVedQ) = — fr ¢q -ndo, (7)
1

J (divgo, )pdQ — J ¢, div(¢a) dQ + J Vg, VdQ — J hdiv(¢B, ) dQ)
[@) Q Q [@)

J ‘B(l)qlcpd0+J 7;q2¢dQ+J hoc;<pd0

Q QO QO

|, @0 ndo | (Vo mgde— | np(s, wdo, ®)
T 1“1 1"1

1
J (divgd,)pdQ — f q,div (o) dQ2 + yj Vg, VpdQ — f hdiv(pB, ) dQ)
QO le) Q 0
2 2 2
JQ Bya, ¥ dQ + fﬂ Voq,pdQ + L hatyp dQ)

f (qzlp)ﬁ-ndﬂuf (quﬂ)llﬂdtf—f hy(B,. -n)do. 9)
T 1"1 rl

1

From now, the weak formulation of the stabilization problem (6) refers to (7)—(9),
which are obtained by integration by parts of (6) multiplied with the test function (¢, ¢, ).

4. Preliminary Result: Small-Time Control Design

The stabilization problem (6) is constrained by the existence of a solution. In this
section, we examine the existence of a solution to the dynamical system resulting from the
representation of the weak formulation in an Hilbertian basis and we address the short-time
stabilization problem.

Lemma 1 (Existence of small-time weak solutions). There exists a time T such that the
ordinary differential Equations (7)—(9) with the Cauchy condition admit a solution on the time
interval [0, T1].

The above lemma addresses the existence of local weak solutions. The proof is elabo-
rated in two steps: the first one consists of writing the weak form as a system of differential
equations using a Hilbertian basis of finite dimensions of W. The second step deals with
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the existence of a solution of the resulting system of differential equations thanks to the
Cauchy-Peano theorem, see [36,37].

Proof. The existence of a local weak solution is elaborated using the Cauchy-Peano the-
orem. Let {4;};~; (respectively, by {¢;},~) denote an Hilbertian basis of the space H!((2)
(respectively, H%l (Q))). We consider a positive integer n such that the finite dimensional
space span{a; : 1 <i < n} contains the term 1) of a sequence of functions (1)), that
converges toward the initial condition 1 (respectively, span{e; : 1 < i < n}) containing the
terms q?n and qgn sequences of functions (q?n)n>1 and (qgn),gl converging, respectively, to
q? and qg). For a sufficiently large 7, the projection of i, g, and g, allows us to write

n n n
~ 2 eBaxy), q~ Y B(Me(xvy), and g~ Y 7, (be(x
i=1 i=1

i=1

where («,(t))1<i<n, (B;(t))1<i<n and (7, (t))1<i<n are, respectively, the unknown coordi-
nates of /1, 4, and ¢, at time t. Replacing test functions (¢, ¢, §) by the (a,,¢;, ¢,) for the i
dimension, the weak formulation becomes:

n n
Z 0tzxi(t)f a,e,dQ) — Z ,Bl(t)f a,0xe,dC) — Z 7:( J g, 0ye,dC) = ff e,V -ndo,
i=1 0 i=1 0

i=1 rl

+

WA

i=1

- Zﬁ ed1vede+Z,B yJ Ve, Ve.dQ

),

> h0 ), -
),
W),

i;&tﬁi(t) L e,e,d0)

veo e, dQ) + jﬁe,a e.dQ)
x 12117 Ql]]/z

— Na

a,div(e; B, dQ+Z,B J A, ee,dQ)
=1

-]

Z(?t'yi(t) eriede + Zﬁl

i=1

n
1
Alzele]dQ Z (1) JQ ocoaiede
i=1

(Vye,)-ndo + p ,; B, (1) frl (Ve, -n)e;do — .[r he;(B,. -n)do,

1 1

7,e,0xe,d) + Z 7,( J 7,e,0ye,dC)
i=1 0

Il
-

=1 i=1

= Mag

i=1

a,div(e; B, ) dQ+Z,B JAZ]ele]dQ

n
Ay ee,dQ) + Z a,(t) JQ a%aiejd()

),

_ 271 JedlvedeJrZ'y yf VengQ
),
e,

= —L (V,e,)0 -ndo + p i 7, (t) J (Ve, -n)e;do — Ll he;(B,. -n)do.

1 i=1 I

Let us introduce the matrices M for k = 1,---,11 as well as the vectors m; for
l=1,---,3 as follows
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Mlj,, = J aie].dQ, szl. =J aiaxejd(), M3],l. =J aiayede
Q 0 0
My, = J e,e,dQ),  Ms, :J ﬁ]ejaxeidﬂ—f eidiv(ejﬁ)dﬂ—&-yf VeiVe],dQ—&-f A, ee,dQ),
0 0 0 0 0
Me;, = J 5lej6’yeid0+f A, ee,dQ), My, = —f eidiv(e].Bl')dQ+f oc;e,.ede,
0 0 o) 0
ngi = JQ ¢ Oxe,dQ) + JQ A, eie].dQ,
My, = J 0,e,0ye,d() — J e, div(e,d)d() + yf Ve, Ve dQ) + J Aye.e.dQ)
j Q 2 o i o j o j
My, = —J e, div(e.B, )dQ) +J aﬁeie.dﬂ, My, = yj (Ve, -n)e do,
j o j a j j r, j
and
my, = —L e].nxda, my, = _fr ejnyda, ms, = —fr e].ﬁ-nda,
1 1 1
my = —L he (B, -m)do  ms; = —L he,(B,, -n)do.
1 1

We now count the n components; this yields the following system of matrix equations
M 0ra(t) — Mob(t) — Mzc(t) = V,my + V,my,
My0ib(t) + Msb(t) + Mec(t) + Mza(t) = V,m3 + My1b(t) + my,
M, 0re(t) + Mgb(t) + Moc(t) + Mypa(t) = V,m3 + Myic(t) + ms,
where the vectors a, b and c are given by the coordinates of the state variables /1, g, and

q,, respectively, ie, a = (v, -~ ,«,), b= (B,,---,B,),and ¢ = (7,,--- ,7,). To introduce
the matrices:

M, 0 0 0 M, Msj 0 0 0
P1 = 0 M4 0 ’ P2 = M7 M5 M6 ’ and P3 = 0 M11 0 ’
0 0 M, Myy Ms My 0 0 My

and the vectors

a mq my 0
y= b |, p1= mz |, p2= 0 and p3 = my |,
c 0 ms ms

we write the weak form of Equations (7)—(9) together as an ordinary differential equation,
with the initial condition yy associated with (hO, qo), in the form

(0 f0n

where

f(ty(t)) = =P Poy(t) + P ' Psy(t) + V, (HP; p1 + V()P ' pa + Py ' pa(t).
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It remains now to prove the continuity of the functional f. For that, we consider the matrix
norm |-|, given by:

IMl, =
We have
Il = |=PrPay(®) + P Py () + V(0P py + V(P 2 + P pat)|
< [-prtryo], « [Prpye], + opT], + ore], [P0,

Yet, we know that
PPy, = |-PURy w0+,
=P Paty =), + | =P Paw]

=B o, (ly — woll + ol

N

N

Similarly, we bound the quantity H —P1_1P3yH2. The terms ‘ V, (t)Pl_lpl H2 and ‘ V, (t)Pl_lsz2

contain the control actions (V,, V,); their majoration follows from the statement (S2). As
the perturbation state for the height is supposed to be small compared to & and given
the definition of the space W, the term HP{ Lps(t) H2 is bounded. Therefore, there exists a

constant K, such that

[ £l < K- (11)

It is clear that ||y — yo||, < E(0) because the control law acts to decrease the initial total
energy E(0). Denoting T, = E(0)/K,, it yields that f is bounded according to (11). Moreover,
f is continuous because it is a composition of a linear function followed by a translation.
Therefore, the Cauchy—-Peano theorem ensures the existence of solutions to (10) in the time
interval [0, T,]. O

The proof below is enough for the infinite dimensional setting in Lemma 1 because
for the drift function f satisfying the Lipschitz condition in the variable y, the Cauchy-
Picard theorem, see [38], transmits the result from the finite dimensional case to an infinite
dimensional case. Yet, the drift f fulfills the Lipschitz condition because of (11) and its
affine structure.

4.1. Energy Estimate

Here, we define and estimate the energy of the perturbation state at a time ¢ € [0, T1].

Definition 1 (Energy). For t € [0, T, ], we consider the energy defined as :

e

t
O JO IV9(0) B2y,

E(t)

2 ¢
2 2 2

+ + + T dt 12

) |0 22y + 19720 P‘J;” V(D120 (12)

where EY(t) is the non-viscous energy and T, is the time bound given in Lemma 1.
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To establish an estimate on the energy, we replace the test functions (¢, ¢, ) by (ghh, q)
in the variational form (7)-(9), to obtain

J ghoh? dQ — J gq - V(hh) dQ) f ghhq -ndo,

+

n [ IValBdo+ | @ivao-gdo - | gdivig,0)d0
Q Q Q

f q,div(q,0) dﬂ—f hdiv(B - q) dQJrJ (A~q)~qdﬂ+f ha, - qdQ)
o) Q o) Q

1
5 JQ at(qf + qf) a0

—fr (qlz+qf)z7~nda+yfr (9, Vg, +172Vc/2)~nd(7—J.r h(B-q) -ndo.
1 1

1
Adding the two equalities yields

1 -
EatEl(t)erJ HVqH%dQ = I1+Iz+13+14*J ghhq~ndo'—f (qf+q§)5~nda
o) r, r

1

+‘uf1“ (qlvql +qzqu) ~nd¢77L h(B'q) ~nda,
1

1

where the quantities I, are given by
I, = J gq-V(fzh)dQ—l—J hdiv(B-q)dQ, I, = —f divgd - qdQ,
O (@) Q
I, = J q,div(q,7) dQ +J q9,div(q,7)dQ), I, = —f (A-q)-qdQ —J ha - qdQ).
o) 0 o) o)

We now investigate how to isolate the nonlinear terms in each I, with the purpose
of having no derivative terms on the boundary. For that, we apply the Green formula
in an adaptive manner. Afterward, we take the maximum bound over the steady-state
variables, which allows us to obtain a bound estimate for each quantity. For the quantity I,,

it comes that

I < max <gHV H J\thquQ—kmax )J \[\hax%‘dﬂ

! Q

N E
+m8x( \x/,;l )L\/E|hql|dn+max % f\ﬂhayqzwo
+max |dQ+max vl 2 f \/>|h6xq2|d0

x(0,9,) ; \ : z! ;
+m£x( NG JQ \/ﬁ|hq2\d0+m£x NG JQ Vh|hé,q,|d0
+max (M) J \/ﬁ|hq] A0 + J ghhq -ndo. (13)
O Vh 0 o0
Similarly, we bound the quantities I,, I,, and I, as follows

I, < 1max (|ox7,| j qde+ max J q2d0+max |771|)f 19,044, |4
Q

4 — e - 22,2
+max (19,]) fg|q26qu|d0 LQ qunxda LQ > 1 ydo, (14)
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1 _ _ _
L < 3 mgx(}@xvlb J;_) qfdﬂ + mgx(laxsz fﬂ‘%qzwn + méax(|vz|) fn|%axq2|d0

2
i i 1 i
#max(88) | [0,0:1402 + max(o,]) [ 9,009,402 + 5 max((ay0.)) | g2ao
I | P2
LQ qunxda LQ zqznyda, (15)
and

I, < max ‘[Sl qudﬂ—kmax(

7+ p2)) J‘qlzmd()—f—max 2) f 7240
ol
+max<‘ ’)J \[‘hq]}dﬁ—kmax( )f Vh|hg,|dQ. (16)

We now apply the Young inequality to separate the nonlinear terms (in the perturbation
state) for the upper bound of each of the inequalities (13)—(16). That implies the existence
of ¢; for (i =1,---,18), such that

1 ~
~OEN(t) + f IVq|3dQ < T,.(t)+C, J hhde+Cq1f qfdQ+Cq2J qun
2 o) Q Q Q

+( e max

+ €11 mgx(\z}ﬂ)) JQ ((}qu)de
) + €15 max(]v })) JQ (6yq1)2d0

%\ @'

Qil
Q!l

(
+(eomex

(

(

27 ?7 2
+( €6 max )+ €3 max (|9, |)> JQ (Oxg,) A2
+( €4 max )+ €10 max (|7,]) ) JQ (6y49,)°d0,
where
1 g| V| 1 2 1 |02 1 o2\
C, = amgx(7>+5mgx(ﬁ>+amgx( N7 +amgx(ﬁ),
1 |é’y5§| 1 |Z71772| 1 |ax(5152)| 1 ‘5152|
+£mgx(\/ﬁ)+gm£x(\/z)+;mgx( \/z )+£mgx(\/z>
1 o3|

Vh 002 dy(9,9,)
Cqy = €rmax (g}\/z ”) +e x(|x\/}:11|) + €9 max (| y\/%z |) + max (}(%ﬂhD
1 _
+a max(|7,|) + o max(|0x7,]) + o max(|,|) + - max(|0,7,|) + max(ﬁé)
1 1 p2 %]
+amgx( Y, + B ) —&—817mgx<\/z ,
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i = emg (S0 weame (17 werme (G20 e ()
o max(,) + ex2 max(12:0,1) + era max( 240, ) + - max([o, )+ max([17])
+€16 mgx( Ve + B2 ) + €18 mgx(@),
and
To(t) = _Jr (771 Tony + z7zq§ny) do — Jr (4> +q2)7 -ndo

1 1

+VL (171 vq] + qzqu) -ndo — .[I‘ h(B ’ q) -ndo.
1 1
Note that C,, C;; and C, are constant while T, is time variable. Let us denote

Ci; = max ((;‘,qu,cqz)

€6 max (— 2|)+£13max(\z7 ) S4max(v—2)+810max(‘z§ R
o Vi o 2o W o !

Since the ¢; can be chosen arbitrarily, we then take ¢, €4, €6, €3, €10, €11, €13 and €15 such
that % > Cyp. Therefore, it comes that

B0+ 5 | Va0 < TL0+ ')
t
AV () + & f IVql2d < Tbmd(t)+cmE1(t)+cmﬁf f |Vql2dQt.
2 Jo 2 Jo Ja

Finally, with (12), the energy E of the stabilization problem (6) satisfies
OtE(t) — CuE(t) < T, ,(t). (17)

4.2. Short-Time Control Building Process

In this section, we address the existence and the design of the boundary feedback
control law in the time interval [0, T1], which stabilizes the perturbation state in the sense
that the energy decreases.

Lemma 2. Let r be a continuous time function for which the integral diverges when t tends to +oo;
there exists a nonlinear control law V1 = (u1,,u1,) to set as the boundary condition on I, such
that, for all t € [0, Ty], the energy E satisfies the following estimate:

t

t
El(t) + fo HVqH%z(Q)ds < El(O) exp (J

—r(s)ds) vt e [0, T1]. (18)
0

This lemma is an intermediate result that proves the existence of a boundary control
law in the time interval [0, T} ].
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Proof. We have shown the existence of a solution in the time interval [0, T;] in Lemma 1.
Let us now consider the energy estimate (17) with T, ,(¢) expressed in terms of the control
commands

T () = a1, () + by ()un, (1) + @213, (1) + ba(M)uz, (1),

where

a, = —J (20,ny + 0,n,)do, a, = —f (0,11 + 20,n)do,

r1 1

b(h) = —f ((cz—ﬁf)nx—ﬁlﬁzny)hda+yf Vg, -ndo,
rl 1—‘1

oy
N
—~
=
~—
I

= f (2 = o2)my — 0,0, ) hder+ f Vg, ndo.
rl rl
The energy estimate can then be written in terms of the control command as follows
1
SOE() = CuE(t) < avuif, (1) + by (), (1) + agu3, (+) + ba(R)uz, (8).

Now we introduce the positive and continuous function » which stands for the stabilization
rate. We also denote by F, the positive function given by

F,(t) = E(0) exp (— Jt r(s)ds)

such that

10F,

ayuf, (£) + by (h)u, () + agui5, (£) + ba(h)uy, (1) < 33 ~ Culo

(19)
Furthermore, we denote by G, = %(% F, — C,,F,, and we set the following two inequalities

1
—-Gp <0,

1
SGo <0 and ayuj (t) + by(h)u, (t) - 5

il (1) + b (), (1) — 5

so that the inequality (19) holds. The solutions of the associated second-order polynomials

are, respectively,
—b, —4/b? +2a,G, —b, +4/b? +2a,G,

g1, = ;G = ,
! 2a, 2 2a,
c —by — q/b%-l—zazco c —by + qxb%+2a2Go
21 = 2a 4 22 = 2 4
2 a

because 4, and a, are negative by construction (see statement (51)). The coefficients b, and
b, depend on the perturbation height # and on the limit, towards the boundary, of the L?
norm of the gradient of the perturbation flow; therefore, to guarantee the boundedness of
the control command, we define u;, (for i=1;2) using the following combination

u;, = max(—sign(b,),0)¢;, + max(sign(b,),0)¢;,. (20)

1
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The function sign(x) returns the sign of the real x. The control laws defined at (20) guarantee
that the boundary condition V1 = (uy,, u2,) is bounded and decreases the energy of the
perturbation system thanks to

t

EL(t) +Lth|§2(Q)ds < E10) exp (J —r(s)ds) vte[0,T,].

0
O

It is important to note that the control V; does not act on the system after the energy
reaches E(T)).

5. Stabilization Result

In this section, we establish the existence and uniqueness of the weak solution of the
linearized system (6) equipped with the feedback control law, which is devised by cascade
and achieves an exponential convergence of the state variables (%, ) towards (0,0, 0). We
start by the existence of a sequence of intervals by replicating Lemma 1. For that, we adapt
the energy definition for all time ¢ > 0.

Definition 2 (Energy). We consider the following definition of the energy:

o

t
EYNt) + J; va&z(n)d@
k

E(t)

2 t
2 2 2

+ + + do 21

o) |9: 72y + 1. 172y + 1 Lk IVallt2 (o (21)

where EX(t) is the non-viscous energy and T, is the lower bound of the time interval [T, T,,,],
which is defined in the next lemma.

Lemma 3. There exists a sequence of intervals ([T,, T, such that

K’ k+1])k;0

1. Ineach interval [T,, T, |, there exists a stabilizing boundary control command V,

2. Forallte|[T,T,,, |, the energy satisfies

E(t) < EY(0)exp ( JTHI r(s)ds). (22)
0

Proof. for the sake of clarity, we proceed by induction to prove Lemma 3.

*  Verification for k = 0:

Let T, = 0; thanks to Lemma 1, it exists T, such that the differential Equation (10)
admits solutions in the time interval [TO, Tl]. Lemma 2 gives us the existence of a
control command V, satisfying (22). The Lemma 3 is then true for k = 0.

*  Suppose that the statement is true till rank k, and let us show it is true at rank k + 1:
The induction hypothesis gives the existence of T;. We now consider the control
problem (6) with initial data (h(T,),¢(T,)). Similarly to the analysis performed in
Section 4, it yields the following differential equation

T,) =y,
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Applying Lemma 1, it comes that | f, |, < K,,, and T, = E(T,)/K, + T, such that (23)

has a solutionin [T, T, ,, |. Thanks to Lemma 2, it exists a stabilizing control command

k7 T k+1
V,,,,andforallte [T, T,,, | wehave

k+1 k7 T k+1

E(t) < El(Tk)exp<—Jt r(s)ds)

Ty

< E(Ty)exp < Lik r(s)ds).

Since T, € [T,_,,T,|, we have

k=17 "k

which implies that

E(t) < EYTi_1)exp <— Likl r(s)ds) exp <— L; r(s)ds)

< ENTey) (— Jt >
< k—1) €XP r(s)ds
Tx—1

< ;El(O) exp (— fot r(s)ds).

The statement is then true at rank k + 1, and that proves the Lemma 3.
O

We have shown the existence of the sequence of interval ([T,, T, +l])k _, and the exis-

tence of a boundary control command V), in each interval [T,, T, |. We can now design
the feedback control law for all t > 0

Definition 3 (Control law). The boundary control law 'V for the stabilization problem (6) is
given by

V() =Y Vi®liz . (b), (24)

k7 k+1

where the local control command Vi = (uy,, uy,) is defined in [T,, T, ] by

uj = max(—sign(bi),O)g"ff»‘1 + max(sz’grz(bi),o)d‘2 for i=1;2.
The quantities Cf.‘l and Cf.‘z are solutions of second-order polynomials and are written as

* —b, —/b? +2a,G, g" —b, +4/b? +2a,G,
1 = 1;

2a, ’ 2a ’

1

" —b, — 4/b? + 2a,G, % —b, + 4/b? +2a,G,
21 = 2

2a, ’ 2a ’

2
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where the coefficients a, and b, are given in Section 4.2 where the function G, is defined in the time

interval [T,, T, ] as follows:

t

G,(t) = %&Fk(t)—Cka(t), with F,(t) = E(T,) exp (—L

r(s)ds). (25)

The time function r represents the stabilization rate, and C,, is a constant depending on the
steady state.

We can now state our main result.

Theorem 1 (main result). Let r be a continuous time function for which the integral over the
interval [0, t] diverges when t tends to +co. Then, there exists a sequence of intervals ([T,, T,

Kk’ k+1])k;o
such that
+0

1T, T, 01 =10+,

k=0
and the stabilization problem (6) with the boundary conditions (24) admits a unique solution (h, q)
for which the energy E decreases according to the following estimate:

t

E(t) < E}(0) exp (J —r(s)ds). (26)

0
The continuity of the functions x — /x and x — x? and of the hydrodynamic water
level h imply that the control law V built by concatenating the stabilizing control commands

Vy is continuous. It is also worth noticing that the control vanishes when the energy reaches
zero, and that the sequence of the time intervals is well-defined, i.e.,

+00

1T, T,1] =10, 4o
k=0

Proof. The proof is performed using the Faedo-Galerkin method. As outlined at the begin-
ning of the proof of Lemma 1, we consider again {a;}, ;< (respectively, by {e;},<;<,,) by a fi-
nite Hilbertian basis of the space H'(Q2) (respectively H} (Q))). Let Wy, = Vect{a,,--- ,a,} x

Vect{e,,--- ,e,} x Vect{e,,- - ,e,} be the vector space of finite dimension generated by
{a,} x {e;i} x {e,}. Let (19, 49) be a sequence in W, (Q) converging to (h°,4°) in L2(Q).
The weak form associated with the problem (6) in W,,(Q}) is given by:

JQ @0Oth,dQ) — JQ q,VedQ) = —L ¢q, -ndo, (27)
1
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J org, ¢dQ) + J (divqnﬁl)qbd()ff q, div(¢zﬁ)d0+‘uf Vg, V¢dQ

Q n Q Q n Q n

f hndiv(¢B],)dQ+J Bad, 4>dQ+f Vo ¢dQ+f h,algdQ)
Q Q " Q " o)

= J (Lhﬂ $)0-ndo + yf (V‘hn -n)¢ dU’—J h,¢(B, -n)do, (28)
1—‘1 Iﬂl rl

f o, pdQ + f (divg,0,)pdQ — f g, div(ya) dQ + f Vg, VdO
Q " Q o™ Q "

- f hndiv(lsz,)deLf B2q, lpd0+f 724, ¢d0+f h, el dQ)
Q Q " Q " Q

-

Referring to the energy estimate, it comes that

(q,,¥)? ndo + Vfr (Vg, -m)ypdo— L h,y(B, -n)do. (29)

1

t

EN) < E,(1) < EX0)exp ( J ~r(s)ds) vee[oT], (30)

0

with

EL) = /s,

For T > 0 to be sufficiently large, and a steady state U sufficiently regular, the integration
over the time interval [0, T] of (30) gives us the existence of a positive constant C > 0,
such that

2
2 2

2 2
Ih, HLZ(o,T,Q) + anHLZ(O,T,Q) <C.

This latter inequality implies that (h,, q,) is bounded in L? (0, T, L*(€2)*), which is a Hilbert
space. Therefore, we can extract a sub-sequence, denoted also by (%,, g, ), converging
weakly to the limit (h, ) in L2(0, T, L>(Q))3). Let us now introduce the following spaces
H}, S¢(T) and S;(T)

HL = {geHl(o, T), such that g(T) =o},
1o
S¢(T) = {q): p(t,x,y) =g1(t) 2 aiei(x,y), suchthat ¢; € H» and a; € R},
i=1
S(T) = {f e H: x H(Q)), such that (T, x,y) = o}.

For the mass equation: the integration over the time interval [0, T] of (27) results in,

T
- jo (hy0@)adt + (1,(0,%,y),9(0,%,1))e, — (hy (T %, ), (T, %))

T T
- J (%ch)adt:—f f ®q, - ndodt, (31)
0 0 JoQ
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where ¢ € H'(Q). Taking ¢ € S4(T) x HY(Q), thatis ¢ = g1(t) X./°; aie;(x,y) = are1(x,y),
the equality (31) becomes

T T
- fo (hyen)adgi (Ddt —  (1,(0,%,),¢1(0,%,y))81(0) — fo (41, Ver)ng1 (Bt

= JOT (gl(t)vl (1) Jrl elnxda) dt — JOT <g1(t)vz(t) Jrl elnyda) dt,

T T
= J elnxdaL gl(t)vl(t)dt—fr elnydUL g1(H)va(t)dt.

I

Since S¢(T) is dense in S;(T), taking the limit when # tends to +c0, we obtain by compactness:

T T
_J;) (fl/el)Qatgl(Odt - (E(le/y)rel(orx/y))le(()) _J(; (‘7/ vel)(‘)gl(t>dt

T T
= — J elnxdaf gl(t)vl(t)dt—f elnydaf g1(H)vy(t)dt,
T 0 I 0

1

where ¢; is taken in H!(Q) and g in H}, respectively.

Since D(0,T) x D(Q) < H'(0,T) x H'(Q) and L?(Q) = D'(Q), we consider from
now on the test function ¢ € D(Q) x D(Q). That allows us to drop the second member
in the equation above because if a function belongs to D(Q), it vanishes at the boundary.
Subsequently, we can write

—(h, af‘l”)(D(O,T)xD(Q))',(D(o,T)xD(Q)) — (4. Vo) (D(0,T)xD(Q)) ,(D(0,T)xD(Q)) — 0.
Finally, we conclude that, in the distributions sense,
oth + dzvq = 0.

For the first equation of the momentum, we have

T
—(@19)y —  (91.00,%,9), (0, 1)), + (thk(T, ), (T, %,y))q +L (adivgy, p))qdt

T T
J (41, div(yD)) odt + ],t Vqlk, Vv,b) dt — J (hk,div(gbBl‘))th
0

n jT (Bbar, ), dt+ f (70512k/¢) dt + f T(zxéhk,w) dt (32)

0

_ LTL (019)3 - ndadH—yf J (Vgy, 'n )wdadt—f f h (B, - n)dodt.
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Taking ¢ € S¢(T), ¥ = g2(t) X1°4 blei(x,y) = g2(t)ea(x, ), the relation (32) becomes

—(@1,9)q —  (31,00,%,y),e2(0,%,y)) 182(0 +f (7, divgy, e2)) 82 (t)dt

T T

— Jo (g1, div(e20)) &2 (£)dt + J(Vqlk,Vez o&2(t)dt
T

— Lh div(e;B,)) ng dt+f ,Boqlk,ez gz()
T

w | (bae), <>dt+j (abh e2) gty
0
T

= J v1()ga(t dtf €7 - nda+yj ot J (Vaqu, -n)eydodt

0 Iy Iy

J Dt f I’ZEQ n) dodt.

Since the test function is in the space S¢(T) that is dense in S;(T), by taking the limit, it
follows that

T
—(29,,9)q — (2,(0,%,y),e2(0,%,Y)) 482(0) + L (,divg, e2)) n82(t)dt

T
— fo (q,,div(e29)) 482 (t dt+yJ (Vaq,, Ver) (&2(t)dt

_ JT b, div(ezB, ) g2t )dt+J (,Boql,ez) go(t)dt

0

fOT (7(1)‘12/ ez) ng(t)dt + JOT (,X(l)h, ez) ng(t)dt

T T
J vl(t)gz(t)dtf ezﬁnda+yf gz(t)J (Vg,n)ey dodt
0 r 0 r

_l’_

1

T
- J () | hea(B, m)dodt,
0 I,

with e; € HY(Q) and g5 € HE.
As previously for the mass conservation equation, we obtain in the distributions
sense that

orq, +0,divq + Vq, -5 — uAq + B, Vh + Biq, + viq, + adh = 0.

Following the same process, we establish the existence result for the second equation of the
momentum conservation. Since E(t) < liminfy_,, E, (t), (26) follows from (30). [

6. Conclusions

We presented a methodology for building a local boundary control law for the ex-
ponential stabilization of two-dimensional shallow viscous water flow. The control law
acts only on the volumetric flow parameter in a portion of the boundary and is built by
cascade over a sequence of intervals that are given by the existence of weak solutions of
the perturbation state. The latter state is obtained by neglecting higher orders terms in the
linearization. Nevertheless, it is desirable to address the construction of the control law us-
ing the nonlinear model directly. A prospective direction toward improving the presented
approach, to address in future, is to consider higher order terms in the approximation in
the reformulation of the governing equations of around the equilibrium.
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