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Abstract: This paper treats a water flow regularization problem by means of local boundary condi-
tions for the two-dimensional viscous shallow water equations. Using an a-priori energy estimate of
the perturbation state and the Faedo–Galerkin method, we build a stabilizing boundary feedback
control law for the volumetric flow in a finite time that is prescribed by the solvability of the associated
Cauchy problem. We iterate the same approach to build by cascade a stabilizing feedback control law
for infinite time. Thanks to a positive arbitrary time-dependent stabilization function, the control law
provides an exponential decay of the energy.
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1. Introduction

Regularization of free-surface fluid flows is a problem of practical interest for envi-
ronmental and budgetary purposes in the current situation of climate change that rarefies
fresh water sources worldwide. Depending on the specific application, the regularization
of fluid flows is performed through control methodologies of the Navier–Stokes equations
or a system of partial differential equations derived from them, which describe a particular
setting and/or physical properties. Several mechanisms of controlling fluid flows have
been designed in the recent past, see [1–5].

Control and stabilization of fluid flows governed by the Navier–Stokes equations
have been extensively studied in the literature using various approaches. In the three-
dimensional setting, a local stabilization around an unstable stationary state is performed
in [6] by means of a feedback control law. In [7], the existence of time-points values of
boundary feedback laws is achieved by an optimal control problem to alleviate the high
regularity required for the velocity components. One of the widely adopted approaches
formulates the associate optimal control problem in infinite dimensional spaces, which
gives rise to a Riccati equation [8]. Stabilization of the Navier-Stokes equations from the
boundary or from a portion of the boundary is mainly investigated by means of feedback
control laws. In addition to the series of papers [9–13], the inclusive examination in [14]
lists a number of approaches for control by means of feedback laws. It also discusses the
associated challenges, such as start-control, impulse-control and distributed-control laws,
which have been studied for the Oseen and Navier-Stokes equations. Recently, global
solution as well as an optimality system and a second-order sufficient optimality condition
were obtained for the stationary two-dimensional Stokes equations [15,16], while an optimal
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controllability of a stationary two-dimensional non-Newtonian fluid in a pipeline network
is studied in [17].

When the horizontal length scale of the physical domain is much greater than the
vertical one, the flow movement can be captured by the water height and the horizon-
tal velocity field. In that particular setting of shallow water flows, great advances have
been made in the mechanism of controlling free-surface flow parameters by local bound-
ary conditions, despite the challenges associated with the nonlinearity of the governing
equations, see [18,19] for detailed and comprehensive reviews. Global stability of the
two-dimensional water flow has been achieved in L2-norm [20] using the symmetrization
of the flux matrices, in H2-norm [21], by acting on the tangential velocity. The approach
of tracking the flow energy through the Riemann invariant variables is adopted in [22,23]
in the one-dimensional setting and is explored in [24] for the two-dimensional channel
flow. Besides the provided flexibility in practical experiments, the adding of the viscosity
influence provides regularizing effects in estimating the flow energy, see [25].

In this paper, we address the stabilization of two-dimensional viscous shallow water
around a steady-state, that is, the problem of driving the flow-state variables of viscous
incompressible fluid inside a bounded container to a desired steady state. The control law
acts on the volumetric flow vector along a portion of the boundary. Due to the challenges
inherent in dealing with the nonlinear advection, we alleviate the nonlinearity issues by
processing to the linearization around the steady state for small perturbations of the flow
state. The resulting system of linear partial differential equations is referred to as the
linearized shallow-water model, for which the existence and the uniqueness of solution
is addressed by combining some notions of compactness and an a-priori energy estimate
using the Faedo-Galerkin method. Subsequently, the stabilization of the nonlinear model
around the steady state is rearranged as the stabilization of the linearized model around
zero. In a short time, prescribed by the existence of a solution to the Cauchy problem
associated with the weak formulation in an Hilbertian basis, the control building process
explores only the estimation of the non-viscous energy of the linearized model and relies
on a continuous time-dependent stabilization rate. The global-time stabilization result is
established by cascading over a sequence of intervals.

The content of this paper is organized as follows: Section 2 introduces the equations
governing the flow of a viscous shallow water in a three-dimensional domain with a given
bathymetry. In Section 3, we detail the problem setting: we present the steady-state model,
discuss the linearization, set the notations and the assumptions of the function spaces, and
state the stabilization problem. Section 4 is devoted to the design of the small-time feedback
control law. The main result of the stabilization of the linearized shallow-water model
through the exponential decay of the energy is presented in Section 5. We conclude by
giving some perspective directions of improvement of the presented method in Section 6.

2. 2-D Viscous Shallow-Water Equations

Consider a three-dimensional domain with a non-flat bottom in which a viscous
water flows with a free-surface denoted by Ω, a bounded subset of R2, with boundary
BΩ “ Γ1 Y Γ2. The SWE (shallow-water equations) are a set of partial differential equations
derived by depth integrating the Navier–Stokes equations, see [26–29], with the assumption
that the horizontal length scale of the domain is much greater than the vertical one. In
the absence of Coriolis, frictional, and wind effects, the 2D viscous SWE with a viscosity
coefficient µ in rm2¨s´1s are given by
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BtH ` Bx
`

HV1

˘

` BypHV2q “ 0 in Q,

Bt
`

HV1

˘

` Bx

´

HV2
1

¯

` gHBxpH ` ηq ` By
`

HV1 V2

˘

“ µ ∆
`

HV1

˘

in Q,

BtpHV2q ` Bx
`

HV1 V2

˘

` By

´

HV2
2

¯

` gHBypH ` ηq “ µ∆pHV2q in Q,

`

H, V1 , V2

˘

p0, ¨, ¨q “
´

H0, V0
1

, V0
2

¯

p¨, ¨q in Ω,

boundary conditions to be specified,

(1)

where Q “ p0, Tq ˆΩ, T ą 0 denotes the duration of the study, H the height of the water
column,

`

V1 , V2

˘

the velocity vector with reference to pOx, Oyq, η the bathymetry describing
the bottom elevation, and g is the constant of the acceleration due to the gravity force.
The symbol Bt designates the time derivative while Bx and By are the space derivatives
in the x-direction and y-direction, respectively. The differential operator ∆ represents the
diffusion field ∆ “ Bxx ` Byy. The triplet

`

H, V1 , V2

˘

varies with pt, x, yq and forms the
solution of (1) while the bathymetry ηpx, yq is independent of the time variable because
there is no sediment transport. For the unidirectional propagation, an alternative approach
to describing the waves at the free surface of shallow water under the influence of gravity is
to consider the Korteweg–de Vries equation, see [30], where notions in differential geometry
help to establish the existence of global solutions, see [31].

The diffusion effects have been modeled in several ways in the literature. It is shown
in [32] that the formulation µH∆Vi on the right hand side of (1) is not consistent with
the primitive form of the equations for the energy norm and an energetically consistent
formulation is given therein. This is deeply analyzed through the existence of weak
solutions to the SWE in [33], where, by looking for pV1 , V2q bounded in L2p0, T, H1pΩqq,
H P L8p0, T, L1pΩqq and H log H P L8p0, T, L1pΩqq to induce the dissipation, the term HVi

stands as an obstacle for the existence of solutions. That is why there is a constraint of small
data to guarantee the existence of time-local weak solutions.

For the diffusion formulation µ∆pHViq, as used here on the right hand side of (1), the
existence of weak solutions and its stability are described in [26]. In that case, the diffusion
provides regularizing effects due to an entropic inequality on the height variable H. It is
important to notice that the stability result is restricted to the models where capillarity and
friction are taken into account. For the 1-D model, a clearer result for the existence of weak
global solutions can be elaborated with much less restrictive data [33].

Using the volumetric flow variable vector Q “ pQ1 , Q2q “ pHV1 , HV2q, the system (1)
is rewritten for further analysis in the following conservative form:

BtH ` divQ “ 0, in Q,
BtQ` divFpH, Qq ` gH∇pH ` ηq ´ µ∆Q “ 0, in Q,

(2)

where Q “
`

Q1 , Q2

˘J (the superscript J is the transpose operator), the matrix FpH, Qq “
Q ¨QJ{H, the differential operator ∇ is the gradient field, and div(¨) stands for the di-
vergence operator, div( f ) = ∇ ¨ f for a sufficiently regular vector function. Although the
non-conservative formulation, see [20], is known to provide a better mass conservation
of the volumetric quantity of water, it does not hold across a shock or a hydraulic jump
since velocities do not generate fundamental conservation equations. On the other hand,
the conservative formulation (2) supports front discontinuities such as shock waves at a
fluid’s interface and irregular source terms, and appeals to Riemann solver for numerical
resolution, see [22,23,34,35]. Therefore, the conservative form (2) is well-suited for our
stabilization problem, which we state in the next section.

3. Statement of the Problem

In this section, we lay out the stabilization problem from the linearization around the
steady state to the setting of finding the boundary feedback control law.
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3.1. Steady-State, Linearization

The objective of the stabilization is to bring the variables of the flow to a given steady
state that is the reference state. In practice, this consists of finding a controller (inflows,
outflows) allowing to adjust the flow parameters to keep the flow state variables near this
reference state. We denote the steady state by Ū “ ph̄, q̄1 , q̄2q

J and it is stationary and
given by:

divq̄ “ 0, in Ω,
gh̄∇

`

h̄` η
˘

´ 1
h̄Fph̄, q̄q ¨∇h̄` 1

h̄ p∇q̄q ¨ q̄´ µ∆q̄ “ 0 in Ω. (3)

The hydrodynamical variable vector pH, Q1 , Q2q is formed by the equilibrium state
ph̄, q̄1 , q̄2q and a perturbation state denoted by ph, q1 , q2q. Hence, the linearization consists
of using

Hpt, x, yq “ h̄px, yq ` hpt, x, yq,
Q1pt, x, yq “ q̄1px, yq ` q1pt, x, yq,
Q2pt, x, yq “ q̄2px, yq ` q2pt, x, yq.

(4)

We proceed to the linearization of the system (2) by replacing the state variables H, Q1 and
Q2 by their above expressions. In addition, we consider the following assumption |h| ! h̄,
ˇ

ˇq1

ˇ

ˇ !
ˇ

ˇq̄1

ˇ

ˇ and |q2 | ! |q̄2 | to justify keeping only the first-order terms in the perturbation
state because we neglect higher order terms. We denote by

v̄ “

¨

˝

v̄1

v̄2

˛

‚, α0 “

¨

˝

α1
0

α2
0

˛

‚, A “

¨

˝

β1
0

γ1
0

β2
0

γ2
0

˛

‚, and B “

¨

˝

α1
1

α1
2

α2
1

α2
2

˛

‚,

where the coefficients are given by:

α1
0
“ gBx h̄` gBxη, α2

0
“ gBy h̄` gByη,

β1
0
“

1
h̄

´

2Bx q̄1 ´ 2v̄1Bx h̄` By q̄2 ´ v̄2By h̄
¯

, β2
0
“

1
h̄

´

Bx q̄2 ´ v̄2Bx h̄
¯

,

γ1
0
“

1
h̄

´

By q̄1 ´ v̄1By h̄
¯

, γ2
0
“

1
h̄

´

2By q̄2 ´ 2v̄2By h̄` Bx q̄1 ´ v̄1Bx h̄
¯

,

α1
1
“ c2 ´ v̄2

1
, α1

2
“ ´v̄1 v̄2 ,

α2
1
“ ´v̄1 v̄2 , α2

2
“ c2 ´ v̄2

2
.

The constant c “
b

gh̄ is the wave speed at the equilibrium. The linearization gives rise to
the model governing the evolution of the residual state. This is the following linearized 2D
shallow-water system

Bth` divq “ 0 in Q,

Btq` pdivqqv̄`∇q ¨ v̄´ µ∆q` B ¨∇h` A ¨ q` hα0 “ 0 in Q,

qpt “ 0q “ q0 in Ω, (5)

hpt “ 0q “ h0 in Ω.

With given initial state
`

h0, q0˘, the control problem consists of providing suitable boundary
conditions V “ pV1,V2q on a portion of the boundary, Γ1, so that the state ph, qq converges
in time towards p0, 0, 0q with the assumption that the physical domain is uniformly convex
with a Lipschitz boundary. Note that the advection, in the linearized system (5), runs
with constant flux matrices depending only on the steady state BxFpŪq and ByFpŪq. The
controlled boundary portion Γ1 is defined in the next section.
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3.2. Notations and Function Spaces

Physically, the domain Ω is a regular (it provides the required smoothness for a
Lipschitz boundary) open-bounded subset of R2 with boundary BΩ. We remind the reader
that there is no sediment movement; the bathymetry is, therefore, a time-invariant function,
see Figure 1.

Figure 1. Domain representation.

For the sake of clarity, we specify the following two statements:

(S1) The boundary portion, where the control action is applied, is given by

Γ1 “
 

px, yq P BΩ : 2v̄1 nx ` v̄2 ny ă 0 and v̄1 nx ` 2v̄2 ny ă 0
(

.

The boundary portion Γ1 exists (is nonempty) and is included in the boundary portion
given by pv̄1 , v̄2q

J ¨~n ă 0, where the vector~n “ pnx, nyq
J is the external normal unit

vector at the boundary. The uncontrolled boundary portion Γ2 “ BΩzΓ1.
(S2) The flux variation is bounded at the boundary BΩ. This follows naturally because of

the sub-critical flow regime considered here, and is stated for the sake of clarity. It
means that the limit when px, yq tends to the boundary BΩ of the term }∇q}L2pΩq is
bounded, that is,

max

#

lim
px,yqÑpxb ,ybq

}∇qpx, yq}L2pΩq for pxb, ybq P BΩ

+

is finite.

The regularity of the steady-state ph̄, v̄1 , v̄2q depends on the nature of the bathymetry η; for
instance, h̄, v̄1 and v̄2 are constant if the bathymetry is constant (flat bottom tomography).
We, therefore, consider a sufficiently regular bathymetry η, such that h̄, v̄1 and v̄2 are
differentiable in Ω: h̄ P H1

0pΩq, v̄1 P H1pΩq and v̄2 P H1pΩq.
For Q “ p0, Tq ˆΩ, we consider the space L2`0, T; H1pΩq

˘

. In the same setting, we

introduce also the space L2
´

0, T; H1
Γ1
pΩq

¯

, where the Hilbert space H1
Γ1
pΩq is given by

H1
Γ1
pΩq “

!

u P L2pΩq : ∇u P L2pΩq and u|Γ2
“ 0

)

.

The space H1pΩq and its subspace H1
Γ1
pΩq are equipped with the norm } ¨ }H1pΩq defined

for a function u by }u}2H1pΩq “ }u}
2
L2pΩq ` }∇u}2L2pΩq. In the rest of this paper, we denote by

W the space given by W “ L2`0, T; H1pΩq
˘

ˆ L2
´

0, T; H1
Γ1
pΩq

¯

ˆ L2
´

0, T; H1
Γ1
pΩq

¯

.
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3.3. The Stabilization Problem

With the conditions (4), the task of stabilizing the nonlinear state pH, Q1, Q2q around
the steady state

`

h̄, q̄1 , q̄2

˘

is reformulated as a stabilization problem of the perturbation
state ph, qq around p0, 0, 0q. The objective is to find suitable local boundary conditions on q
that take the flow-state variables as quickly as possible to the steady-state equilibrium. We
formulate this goal as a stabilization problem in the following way

Bth` divq “ 0 in Q,

Btq` pdivqqv̄`∇q ¨ v̄´ µ∆q` B ¨∇h` A ¨ q` hα0 “ 0 in Q,

qpt “ 0q “ q0 in Ω, (6)

hpt “ 0q “ h0 in Ω,

q “ V on p0,8qˆ Γ1 ,

q “ 0 on p0,8qˆ Γ2 .

Concretely, we look for V such that ph, qq from (6) converges to p0, 0, 0q. In that sequel,
we state the weak formulation associated with (6) that consists in writing (6) as a system
of ordinary differential equations depending only on the variable t by using the Green’s
formula of integration by parts: for all pϕ, φ, ψq P W, find ph, q1 , q2q in W satisfying

ż

Ω
ϕBthdΩ´

ż

Ω
q∇ϕdΩ “ ´

ż

Γ1

ϕq ¨ ndσ, (7)

ż

Ω
Btq1 φ dΩ `

ż

Ω
pdivqv̄1qφ dΩ´

ż

Ω
q1divpφv̄q dΩ` µ

ż

Ω
∇q1∇φ dΩ´

ż

Ω
hdivpφB1¨q dΩ

`

ż

Ω
β1

0
q1 φ dΩ`

ż

Ω
γ1

0
q2 φ dΩ`

ż

Ω
hα1

0
φ dΩ

“ ´

ż

Γ1

pq1 φqv̄ ¨ n dσ` µ

ż

Γ1

p∇q1 ¨ nqφ dσ´

ż

Γ1

hφpB1¨ ¨ nq dσ, (8)

ż

Ω
Btq2 ψ dΩ `

ż

Ω
pdivqv̄2qψ dΩ´

ż

Ω
q2divpψv̄q dΩ` µ

ż

Ω
∇q2∇ψ dΩ´

ż

Ω
hdivpψB2¨q dΩ

`

ż

Ω
β2

0
q1 ψ dΩ`

ż

Ω
γ2

0
q2 ψ dΩ`

ż

Ω
hα2

0
ψ dΩ

“ ´

ż

Γ1

pq2 ψqv̄ ¨ n dσ` µ

ż

Γ1

p∇q2 .nqψ dσ´

ż

Γ1

hψpB2¨ ¨ nq dσ. (9)

From now, the weak formulation of the stabilization problem (6) refers to (7)–(9),
which are obtained by integration by parts of (6) multiplied with the test function pϕ, φ, ψq.

4. Preliminary Result: Small-Time Control Design

The stabilization problem (6) is constrained by the existence of a solution. In this
section, we examine the existence of a solution to the dynamical system resulting from the
representation of the weak formulation in an Hilbertian basis and we address the short-time
stabilization problem.

Lemma 1 (Existence of small-time weak solutions). There exists a time T1 such that the
ordinary differential Equations (7)–(9) with the Cauchy condition admit a solution on the time
interval r0, T1s.

The above lemma addresses the existence of local weak solutions. The proof is elabo-
rated in two steps: the first one consists of writing the weak form as a system of differential
equations using a Hilbertian basis of finite dimensions of W. The second step deals with
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the existence of a solution of the resulting system of differential equations thanks to the
Cauchy–Peano theorem, see [36,37].

Proof. The existence of a local weak solution is elaborated using the Cauchy–Peano the-
orem. Let taiuiě1 (respectively, by teiuiě1) denote an Hilbertian basis of the space H1pΩq
(respectively, H1

Γ1
pΩq). We consider a positive integer n such that the finite dimensional

space spantai : 1 ď i ď nu contains the term h0
n of a sequence of functions ph0

nqně1 that
converges toward the initial condition h0 (respectively, spantei : 1 ď i ď nu) containing the
terms q0

1n
and q0

2n
sequences of functions pq0

1n
qně1 and pq0

2n
qně1 converging, respectively, to

q0
1

and q0
2
). For a sufficiently large n, the projection of h, q1 and q2 allows us to write

h «
n
ÿ

i“1

αiptqaipx, yq, q1 «

n
ÿ

i“1

βiptqeipx, yq, and q2 «

n
ÿ

i“1

γiptqeipx, yq,

where pαiptqq1ďiďn, pβiptqq1ďiďn and pγiptqq1ďiďn are, respectively, the unknown coordi-
nates of h, q1 and q2 at time t. Replacing test functions pϕ, φ, ψq by the paj , ej , ejq for the jth

dimension, the weak formulation becomes:

n
ÿ

i“1

Btαiptq
ż

Ω
ai ej dΩ´

n
ÿ

i“1

βiptq
ż

Ω
aiBxej dΩ´

n
ÿ

i“1

γiptq
ż

Ω
gaiByej dΩ “ ´

ż

Γ1

ejV ¨ n dσ,

n
ÿ

i“1

Btβiptq
ż

Ω
ei ej dΩ `

n
ÿ

i“1

βiptq
ż

Ω
v̄1 ejBxei dΩ`

n
ÿ

i“1

γiptq
ż

Ω
v̄1 ejByei dΩ

´

n
ÿ

i“1

βiptq
ż

Ω
ei divpej v̄qdΩ`

n
ÿ

i“1

βiptqµ
ż

Ω
∇ei∇ej dΩ

´

n
ÿ

i“1

αiptq
ż

Ω
ai divpej B1¨qdΩ`

n
ÿ

i“1

βiptq
ż

Ω
A11 ei ej dΩ

`

n
ÿ

i“1

γiptq
ż

Ω
A12 ei ej dΩ`

n
ÿ

i“1

αiptq
ż

Ω
α1

0
ai ej dΩ

“ ´

ż

Γ1

pV1 ejqv̄ ¨ ndσ` µ
n
ÿ

i“1

βiptq
ż

Γ1

p∇ei ¨ nqej dσ´

ż

Γ1

hej

`

B1¨ ¨ n
˘

dσ,

n
ÿ

i“1

Btγiptq
ż

Ω
ei ej dΩ `

n
ÿ

i“1

βiptq
ż

Ω
v̄2 ejBxei dΩ`

n
ÿ

i“1

γiptq
ż

Ω
v̄2 ejByei dΩ

´

n
ÿ

i“1

γiptq
ż

Ω
ei divpej v̄qdΩ`

n
ÿ

i“1

γiptqµ
ż

Ω
∇ei∇ej dΩ

´

n
ÿ

i“1

αiptq
ż

Ω
ai divpej B2¨qdΩ`

n
ÿ

i“1

βiptq
ż

Ω
A21 ei ej dΩ

`

n
ÿ

i“1

γiptq
ż

Ω
A22 ei ej dΩ`

n
ÿ

i“1

αiptq
ż

Ω
α2

0ai ej dΩ

“ ´

ż

Γ1

pV2 ejqv̄ ¨ ndσ` µ
n
ÿ

i“1

γiptq
ż

Γ1

p∇ei ¨ nqej dσ´

ż

Γ1

hejpB2¨ ¨ nqdσ.

Let us introduce the matrices Mk for k “ 1, ¨ ¨ ¨ , 11 as well as the vectors ml for
l “ 1, ¨ ¨ ¨ , 3 as follows
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M1ji “

ż

Ω
ai ej dΩ, M2ji “

ż

Ω
aiBxej dΩ, M3ji “

ż

Ω
aiByej dΩ

M4ji “

ż

Ω
ei ej dΩ, M5ji “

ż

Ω
v̄1 ejBxei dΩ´

ż

Ω
ei divpej v̄qdΩ` µ

ż

Ω
∇ei∇ej dΩ`

ż

Ω
A11 ei ej dΩ,

M6ji “

ż

Ω
v̄1 ejByei dΩ`

ż

Ω
A12 ei ej dΩ, M7ji “ ´

ż

Ω
ei divpej B1¨qdΩ`

ż

Ω
α1

0
ei ej dΩ,

M8ji “

ż

Ω
v̄2 ejBxei dΩ`

ż

Ω
A21 ei ej dΩ,

M9ji “

ż

Ω
v̄2 ejByei dΩ´

ż

Ω
ei divpej v̄qdΩ` µ

ż

Ω
∇ei∇ej dΩ`

ż

Ω
A22 ei ej dΩ

M10ji “ ´

ż

Ω
ei divpej B2¨qdΩ`

ż

Ω
α2

0
ei ej dΩ, M11ji “ µ

ż

Γ1

p∇ei ¨ nqej dσ,

and

m1j “ ´

ż

Γ1

ej nxdσ, m2j “ ´

ż

Γ1

ej nydσ, m3j “ ´

ż

Γ1

ej v̄ ¨ ndσ,

m4j “ ´

ż

Γ1

hej

`

B1¨ ¨ n
˘

dσ m5j “ ´

ż

Γ1

hejpB2¨ ¨ nqdσ.

We now count the n components; this yields the following system of matrix equations

$

’

’

’

’

&

’

’

’

’

%

M1Btaptq ´M2bptq ´M3cptq “ V1 m1 ` V2 m2,

M4Btbptq `M5bptq `M6cptq `M7aptq “ V1 m3 `M11bptq `m4,

M4Btcptq `M8bptq `M9cptq `M10aptq “ V2 m3 `M11cptq `m5,

where the vectors a, b and c are given by the coordinates of the state variables h, q1 and
q2 , respectively, i.e., a “ pα1 , ¨ ¨ ¨ , αnq, b “ pβ1 , ¨ ¨ ¨ , βnq, and c “ pγ1 , ¨ ¨ ¨ , γnq. To introduce
the matrices:

P1 “

¨

˝

M1 0 0
0 M4 0
0 0 M4

˛

‚, P2 “

¨

˝

0 M2 M3
M7 M5 M6
M10 M8 M9

˛

‚, and P3 “

¨

˝

0 0 0
0 M11 0
0 0 M11

˛

‚,

and the vectors

y “

¨

˝

a
b
c

˛

‚, p1 “

¨

˝

m1
m3
0

˛

‚, p2 “

¨

˝

m2
0

m3

˛

‚ and p3 “

¨

˝

0
m4
m5

˛

‚,

we write the weak form of Equations (7)–(9) together as an ordinary differential equation,
with the initial condition y0 associated with ph0, q0q, in the form

"

y1ptq “ f pt, yq,
ypt “ 0q “ y0,

(10)

where

f pt, yptqq “ ´P´1
1 P2yptq ` P´1

1 P3yptq ` V1ptqP
´1
1 p1 ` V2ptqP

´1
1 p2 ` P´1

1 p3ptq.
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It remains now to prove the continuity of the functional f . For that, we consider the matrix
norm }¨}2 given by:

}M}2 “ sup
ζ

}Mζ}2
}ζ}2

, where }ζ}2 “

g

f

f

e

n
ÿ

i

|ζ i|
2.

We have

} f }2 “

›

›

›
´P´1

1 P2yptq ` P´1
1 P3yptq ` V1ptqP

´1
1 p1 ` V2ptqP

´1
1 p2 ` P´1

1 p3ptq
›

›

›

2

ď

›

›

›
´P´1

1 P2yptq
›

›

›

2
`

›

›

›
P´1

1 P3yptq
›

›

›

2
`

›

›

›
V1ptqP

´1
1 p1

›

›

›

2
`

›

›

›
V2ptqP

´1
1 p2

›

›

›

2
`

›

›

›
P´1

1 p3ptq
›

›

›

2
.

Yet, we know that
›

›

›
´P´1

1 P2y
›

›

›

2
“

›

›

›
´P´1

1 P2py´ y0 ` y0q
›

›

›

2

ď

›

›

›
´P´1

1 P2py´ y0q
›

›

›

2
`

›

›

›
´P´1

1 P2y0

›

›

›

2

ď

›

›

›
´P´1

1 P2

›

›

›

2

`

}y´ y0}2 ` }y0}2
˘

.

Similarly, we bound the quantity
›

›

›
´P´1

1 P3y
›

›

›

2
. The terms

›

›

›
V1ptqP

´1
1 p1

›

›

›

2
and

›

›

›
V2ptqP

´1
1 p2

›

›

›

2
contain the control actions pV1 ,V2q; their majoration follows from the statement (S2). As
the perturbation state for the height is supposed to be small compared to h̄ and given
the definition of the space W, the term

›

›

›
P´1

1 p3ptq
›

›

›

2
is bounded. Therefore, there exists a

constant K1 such that

} f }2 ď K1 . (11)

It is clear that }y´ y0}2 ď Ep0q because the control law acts to decrease the initial total
energy Ep0q. Denoting T1 “ Ep0q{K1 , it yields that f is bounded according to (11). Moreover,
f is continuous because it is a composition of a linear function followed by a translation.
Therefore, the Cauchy–Peano theorem ensures the existence of solutions to (10) in the time
interval r0, T1s.

The proof below is enough for the infinite dimensional setting in Lemma 1 because
for the drift function f satisfying the Lipschitz condition in the variable y, the Cauchy–
Picard theorem, see [38], transmits the result from the finite dimensional case to an infinite
dimensional case. Yet, the drift f fulfills the Lipschitz condition because of (11) and its
affine structure.

4.1. Energy Estimate

Here, we define and estimate the energy of the perturbation state at a time t P r0, T1s.

Definition 1 (Energy). For t P r0, T1s, we consider the energy defined as :

Eptq “

›

›

›

›

b

gh̄h
›

›

›

›

2

L2pΩq
`
›

›q1

›

›

2
L2pΩq ` }q2}

2
L2pΩq ` µ

ż t

0
}∇qpτq}2L2pΩqdτ (12)

“ E1ptq ` µ

ż t

0
}∇qpτq}2L2pΩqdτ,

where E1ptq is the non-viscous energy and T1 is the time bound given in Lemma 1.



Mathematics 2022, 10, 4036 10 of 21

To establish an estimate on the energy, we replace the test functions pϕ, φ, ψq by pgh̄h, qq
in the variational form (7)–(9), to obtain

1
2

ż

Ω
gh̄Bth2 dΩ´

ż

Ω
gq ¨∇ph̄hq dΩ “ ´

ż

Γ1

gh̄hq ¨ n dσ,

1
2

ż

Ω
Bt
`

q2
1
` q2

2

˘

dΩ ` µ

ż

Ω
}∇q}22 dΩ`

ż

Ω
pdivqqv̄ ¨ q dΩ´

ż

Ω
q1divpq1 v̄q dΩ

´

ż

Ω
q2divpq2 v̄q dΩ´

ż

Ω
hdivpB ¨ qq dΩ`

ż

Ω
pA ¨ qq ¨ q dΩ`

ż

Ω
hα0 ¨ q dΩ

“ ´

ż

Γ1

pq2
1
` q2

2
qv̄ ¨ n dσ` µ

ż

Γ1

pq1∇q1 ` q2∇q2q ¨ n dσ´

ż

Γ1

hpB ¨ qq ¨ n dσ.

Adding the two equalities yields

1
2
BtE1ptq ` µ

ż

Ω
}∇q}22 dΩ “ I1 ` I2 ` I3 ` I4 ´

ż

Γ1

gh̄hq ¨ n dσ´

ż

Γ1

pq2
1
` q2

2
qv̄ ¨ n dσ

`µ

ż

Γ1

pq1∇q1 ` q2∇q2q ¨ n dσ´

ż

Γ1

hpB ¨ qq ¨ n dσ,

where the quantities Ii are given by

I1 “

ż

Ω
gq ¨∇ph̄hq dΩ`

ż

Ω
hdivpB ¨ qq dΩ, I2 “ ´

ż

Ω
divqv̄ ¨ q dΩ,

I3 “

ż

Ω
q1divpq1 v̄q dΩ`

ż

Ω
q2divpq2 v̄q dΩ, I4 “ ´

ż

Ω
pA ¨ qq ¨ q dΩ´

ż

Ω
hα0 ¨ q dΩ.

We now investigate how to isolate the nonlinear terms in each Ii with the purpose
of having no derivative terms on the boundary. For that, we apply the Green formula
in an adaptive manner. Afterward, we take the maximum bound over the steady-state
variables, which allows us to obtain a bound estimate for each quantity. For the quantity I1 ,
it comes that

I1 ď max
Ω

´ g
›

›∇h̄
›

›

?
h̄

¯

ż

Ω

a

h̄}hq}dΩ`max
Ω

´ v̄2
1?
h̄

¯

ż

Ω

a

h̄
ˇ

ˇhBxq1

ˇ

ˇdΩ

`max
Ω

´

ˇ

ˇBx v̄2
1

ˇ

ˇ

?
h̄

¯

ż

Ω

a

h̄
ˇ

ˇhq1

ˇ

ˇdΩ`max
Ω

´ v̄2
2?
h̄

¯

ż

Ω

a

h̄
ˇ

ˇhByq2

ˇ

ˇdΩ

`max
Ω

´

ˇ

ˇByv̄2
2

ˇ

ˇ

?
h̄

¯

ż

Ω

a

h̄|hq2 |dΩ`max
Ω

´

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

¯

ż

Ω

a

h̄|hBxq2 |dΩ

`max
Ω

´

ˇ

ˇBxpv̄1 v̄2q
ˇ

ˇ

?
h̄

¯

ż

Ω

a

h̄|hq2 |dΩ`max
Ω

´

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

¯

ż

Ω

a

h̄
ˇ

ˇhByq1

ˇ

ˇdΩ

`max
Ω

´

ˇ

ˇBypv̄1 v̄2q
ˇ

ˇ

?
h̄

¯

ż

Ω

a

h̄
ˇ

ˇhq1

ˇ

ˇdΩ`

ż

BΩ
gh̄hq ¨ n dσ. (13)

Similarly, we bound the quantities I2 , I3 , and I4 as follows

I2 ď
1
2

max
Ω

`
ˇ

ˇBx v̄1

ˇ

ˇ

˘

ż

Ω
q2

1
dΩ`

1
2

max
Ω

`
ˇ

ˇByv̄2

ˇ

ˇ

˘

ż

Ω
q2

2
dΩ`max

Ω

`
ˇ

ˇv̄1

ˇ

ˇ

˘

ż

Ω

ˇ

ˇq1Byq2

ˇ

ˇdΩ

`max
Ω

`

|v̄2 |
˘

ż

Ω

ˇ

ˇq2Bxq1

ˇ

ˇdΩ´

ż

BΩ

v̄1

2
q2

1
nxdσ´

ż

BΩ

v̄2

2
q2

2
nydσ, (14)
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I3 ď
1
2

max
Ω

`
ˇ

ˇBx v̄1

ˇ

ˇ

˘

ż

Ω
q2

1
dΩ`max

Ω
p|Bx v̄2 |q

ż

Ω

ˇ

ˇq1 q2

ˇ

ˇdΩ`max
Ω
p|v̄2 |q

ż

Ω

ˇ

ˇq1Bxq2

ˇ

ˇdΩ

`max
Ω

`
ˇ

ˇByv̄2

ˇ

ˇ

˘

ż

Ω

ˇ

ˇq1 q2

ˇ

ˇdΩ`max
Ω

`
ˇ

ˇv̄1

ˇ

ˇ

˘

ż

Ω

ˇ

ˇq2Byq1

ˇ

ˇdΩ`
1
2

max
Ω

`
ˇ

ˇByv̄2

ˇ

ˇ

˘

ż

Ω
q2

2
dΩ

´

ż

BΩ

v̄1

2
q2

1
nxdσ´

ż

BΩ

v̄2

2
q2

2
nydσ, (15)

and

I4 ď max
Ω

´
ˇ

ˇ

ˇ
β1

0

ˇ

ˇ

ˇ

¯

ż

Ω
q2

1
dΩ`max

Ω

´
ˇ

ˇ

ˇ
γ1

0
` β2

0

ˇ

ˇ

ˇ

¯

ż

Ω

ˇ

ˇq1 q2

ˇ

ˇdΩ`max
Ω

´
ˇ

ˇ

ˇ
γ2

0

ˇ

ˇ

ˇ

¯

ż

Ω
q2

2
dΩ

`max
Ω

˜

ˇ

ˇα1
0

ˇ

ˇ

?
h̄

¸

ż

Ω

a

h̄
ˇ

ˇhq1

ˇ

ˇdΩ`max
Ω

˜

ˇ

ˇα2
0

ˇ

ˇ

?
h̄

¸

ż

Ω

a

h̄|hq2 |dΩ. (16)

We now apply the Young inequality to separate the nonlinear terms (in the perturbation
state) for the upper bound of each of the inequalities (13)–(16). That implies the existence
of εi for pi “ 1, ¨ ¨ ¨ , 18q, such that

1
2
BtE1ptq ` µ

ż

Ω
}∇q}22dΩ ď Tbordptq ` Ch

ż

Ω
h̄h2dΩ` Cq1

ż

Ω
q2

1
dΩ` Cq2

ż

Ω
q2

2
dΩ

`

´

ε2 max
Ω

` v̄2
1?
h̄

˘

` ε11 max
Ω
p|v̄2|q

¯

ż

Ω

`

Bxq1

˘2dΩ

`

´

ε8 max
Ω

`

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

˘

` ε15 max
Ω

`ˇ

ˇv̄1

ˇ

ˇ

˘

¯

ż

Ω

`

Byq1

˘2dΩ

`

´

ε6 max
Ω

`

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

˘

` ε13 max
Ω
p|v̄2 |q

¯

ż

Ω

`

Bxq2

˘2dΩ

`

´

ε4 max
Ω

` v̄2
2?
h̄

˘

` ε10 max
Ω
p
ˇ

ˇv̄1

ˇ

ˇq

¯

ż

Ω

`

Byq2

˘2dΩ,

where

Ch “
1
ε1

max
Ω

´ g
›

›∇h̄
›

›

?
h̄

¯

`
1
ε2

max
Ω

´ v̄2
1?
h̄

¯

`
1
ε3

max
Ω

´

ˇ

ˇBx v̄2
1

ˇ

ˇ

?
h̄

¯

`
1
ε4

max
Ω

´ v̄2
2?
h̄

¯

;

`
1
ε5

max
Ω

´

ˇ

ˇByv̄2
2

ˇ

ˇ

?
h̄

¯

`
1
ε6

max
Ω

´

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

¯

`
1
ε7

max
Ω

´

ˇ

ˇBxpv̄1 v̄2q
ˇ

ˇ

?
h̄

¯

`
1
ε8

max
Ω

´

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

¯

`
1
ε9

max
Ω

´

ˇ

ˇBypv̄1 v̄2q
ˇ

ˇ

?
h̄

¯

`
1

ε17
max

Ω

˜

ˇ

ˇα1
0

ˇ

ˇ

?
h̄

¸

`
1

ε18
max

Ω

˜

ˇ

ˇα2
0

ˇ

ˇ

?
h̄

¸

,

Cq1 “ ε1 max
Ω

´ g
›

›∇h̄
›

›

?
h̄

¯

` ε3 max
Ω

´

ˇ

ˇBx v̄2
1

ˇ

ˇ

?
h̄

¯

` ε9 max
Ω

´

ˇ

ˇBypv̄1 v̄2q
ˇ

ˇ

?
h̄

¯

`max
Ω

´

ˇ

ˇBx v̄1

ˇ

ˇ

¯

`
1

ε10
max

Ω
p
ˇ

ˇv̄1

ˇ

ˇq `
1

ε12
max

Ω
p|Bx v̄2 |q `

1
ε13

max
Ω
p|v̄2 |q `

1
ε14

max
Ω

`
ˇ

ˇByv̄1

ˇ

ˇ

˘

`max
Ω

´

β1
0

¯

`
1

ε16
max

Ω

´
ˇ

ˇ

ˇ
γ1

0
` β2

0

ˇ

ˇ

ˇ

¯

` ε17 max
Ω

˜

ˇ

ˇα1
0

ˇ

ˇ

?
h̄

¸

,



Mathematics 2022, 10, 4036 12 of 21

Cq2 “ ε1 max
Ω

´ g
›

›∇h̄
›

›

?
h̄

¯

` ε5 max
Ω

´

ˇ

ˇByv̄2
2

ˇ

ˇ

?
h̄

¯

` ε7 max
Ω

´

ˇ

ˇBxpv̄1 v̄2q
ˇ

ˇ

?
h̄

¯

`max
Ω

´

ˇ

ˇByv̄2

ˇ

ˇ

¯

`
1

ε11
max

Ω
p|v̄2 |q ` ε12 max

Ω
p|Bx v̄2 |q ` ε14 max

Ω

`
ˇ

ˇByv̄1

ˇ

ˇ

˘

`
1

ε15
max

Ω

`
ˇ

ˇv̄1

ˇ

ˇ

˘

`max
Ω

´
ˇ

ˇ

ˇ
γ2

0

ˇ

ˇ

ˇ

¯

`ε16 max
Ω

´
ˇ

ˇ

ˇ
γ1

0
` β2

0

ˇ

ˇ

ˇ

¯

` ε18 max
Ω

˜

ˇ

ˇα2
0

ˇ

ˇ

?
h̄

¸

,

and

Tbordptq “ ´

ż

Γ1

´

v̄1 q2
1
nx ` v̄2 q2

2
ny

¯

dσ´

ż

Γ1

pq2
1
` q2

2
qv̄ ¨ n dσ

`µ

ż

Γ1

pq1∇q1 ` q2∇q2q ¨ n dσ´

ż

Γ1

hpB ¨ qq ¨ n dσ.

Note that Ch , Cq1 and Cq2 are constant while Tbord is time variable. Let us denote

Cm “ max
´Ch

g
, Cq1 , Cq2

¯

and

Cv “ max

˜

ε2 max
Ω

` v̄2
1?
h̄

˘

` ε11 max
Ω
p|v̄2 |q, ε8 max

Ω

`

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

˘

`
1

ε15
max

Ω

`
ˇ

ˇv̄1

ˇ

ˇ

˘

,

ε6 max
Ω

`

ˇ

ˇv̄1 v̄2

ˇ

ˇ

?
h̄

˘

` ε13 max
Ω
p|v̄2 |q, ε4 max

Ω

` v̄2
2?
h̄

˘

` ε10 max
Ω
p
ˇ

ˇv̄1

ˇ

ˇq

¸

.

Since the εi can be chosen arbitrarily, we then take ε2, ε4, ε6, ε8, ε10, ε11, ε13 and ε15 such
that µ

2 ě Cv. Therefore, it comes that

BtE1ptq `
µ

2

ż

Ω
}∇q}22dΩ ď Tbordptq ` CmE1ptq

BtE1ptq `
µ

2

ż

Ω
}∇q}22dΩ ď Tbordptq ` CmE1ptq ` Cm

µ

2

ż t

0

ż

Ω
}∇q}22dΩdt.

Finally, with (12), the energy E of the stabilization problem (6) satisfies

BtEptq ´ CmEptq ď Tbordptq. (17)

4.2. Short-Time Control Building Process

In this section, we address the existence and the design of the boundary feedback
control law in the time interval r0, T1s, which stabilizes the perturbation state in the sense
that the energy decreases.

Lemma 2. Let r be a continuous time function for which the integral diverges when t tends to `8;
there exists a nonlinear control law V1 “ pu11 , u12q to set as the boundary condition on Γ1 such
that, for all t P r0, T1s, the energy E satisfies the following estimate:

E1ptq `
ż t

0
}∇q}2L2pΩqds ď E1p0q exp

´

ż t

0
´rpsqds

¯

@t P r0, T1s. (18)

This lemma is an intermediate result that proves the existence of a boundary control
law in the time interval r0, T1s.
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Proof. We have shown the existence of a solution in the time interval r0, T1s in Lemma 1.
Let us now consider the energy estimate (17) with Tbordptq expressed in terms of the control
commands

Tbordptq “ a1u2
11
ptq ` b1phqu11ptq ` a2u2

21
ptq ` b2phqu21ptq,

where

a1 “ ´

ż

Γ1

`

2v̄1 nx ` v̄2 ny
˘

dσ, a2 “ ´

ż

Γ1

`

v̄1 nx ` 2v̄2 ny
˘

dσ,

b1phq “ ´

ż

Γ1

´

pc2 ´ v̄2
1
qnx ´ v̄1 v̄2 ny

¯

h dσ` µ

ż

Γ1

∇q1 ¨ n dσ,

b2phq “ ´

ż

Γ1

´

pc2 ´ v̄2
1
qny ´ v̄1 v̄2 nx

¯

h dσ` µ

ż

Γ1

∇q2 ¨ n dσ.

The energy estimate can then be written in terms of the control command as follows

1
2
BtEptq ´ CmEptq ď a1u2

11
ptq ` b1phqu11ptq ` a2u2

21
ptq ` b2phqu21ptq.

Now we introduce the positive and continuous function r which stands for the stabilization
rate. We also denote by F0 the positive function given by

F0ptq “ Ep0q exp
´

´

ż t

0

rpsqds
¯

such that

a1u2
11
ptq ` b1phqu11ptq ` a2u2

21
ptq ` b2phqu21ptq ď

1
2
BF0

Bt
´ Cm F0 . (19)

Furthermore, we denote by G0 “
1
2BtF0 ´Cm F0 , and we set the following two inequalities

a1u2
11
ptq ` b1phqu11ptq ´

1
2

G0 ď 0 and a2u2
21
ptq ` b2phqu21ptq ´

1
2

G0 ď 0,

so that the inequality (19) holds. The solutions of the associated second-order polynomials
are, respectively,

ξ11 “

´b1 ´

b

b2
1
` 2a1 G0

2a1

, ξ12 “

´b1 `

b

b2
1
` 2a1 G0

2a1

,

ξ21 “
´b2 ´

b

b2
2 ` 2a2G0

2a2
, ξ22 “

´b2 `

b

b2
2 ` 2a2G0

2a2
,

because a1 and a2 are negative by construction (see statement (S1)). The coefficients b1 and
b2 depend on the perturbation height h and on the limit, towards the boundary, of the L2

norm of the gradient of the perturbation flow; therefore, to guarantee the boundedness of
the control command, we define ui1 (for i=1;2) using the following combination

ui1 “ max
`

´signpbiq, 0
˘

ξi1 `max
`

signpbiq, 0
˘

ξi2 . (20)
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The function signpxq returns the sign of the real x. The control laws defined at (20) guarantee
that the boundary condition V1 “ pu11 , u21q is bounded and decreases the energy of the
perturbation system thanks to

E1ptq `
ż t

0
}∇q}2L2pΩqds ď E1p0q exp

´

ż t

0
´rpsqds

¯

@t P r0, T1s.

It is important to note that the control V1 does not act on the system after the energy
reaches EpT1q.

5. Stabilization Result

In this section, we establish the existence and uniqueness of the weak solution of the
linearized system (6) equipped with the feedback control law, which is devised by cascade
and achieves an exponential convergence of the state variables ph, qq towards p0, 0, 0q. We
start by the existence of a sequence of intervals by replicating Lemma 1. For that, we adapt
the energy definition for all time t ą 0.

Definition 2 (Energy). We consider the following definition of the energy:

Eptq “

›

›

›

›

b

gh̄h
›

›

›

›

2

L2pΩq
`
›

›q1

›

›

2
L2pΩq ` }q2}

2
L2pΩq ` µ

ż t

Tk

}∇q}2L2pΩqdσ (21)

“ E1ptq ` µ

ż t

Tk

}∇q}2L2pΩqdσ,

where E1ptq is the non-viscous energy and Tk is the lower bound of the time interval rTk , Tk`1s,
which is defined in the next lemma.

Lemma 3. There exists a sequence of intervals
`“

Tk , Tk`1

‰˘

kě0 such that

1. In each interval
“

Tk , Tk`1

‰

, there exists a stabilizing boundary control command V k

2. For all t P
“

Tk , Tk`1

‰

, the energy satisfies

Eptq ď E1p0qexp

˜

´

ż Tk`1

0
rpsqds

¸

. (22)

Proof. for the sake of clarity, we proceed by induction to prove Lemma 3.

• Verification for k “ 0:
Let T0 “ 0; thanks to Lemma 1, it exists T1 such that the differential Equation (10)
admits solutions in the time interval

“

T0 , T1

‰

. Lemma 2 gives us the existence of a
control command V 1 satisfying (22). The Lemma 3 is then true for k “ 0.

• Suppose that the statement is true till rank k, and let us show it is true at rank k` 1:
The induction hypothesis gives the existence of Tk. We now consider the control
problem (6) with initial data

`

hpTkq, qpTkq
˘

. Similarly to the analysis performed in
Section 4, it yields the following differential equation

"

y1ptq “ fkpt, yq
ypt “ Tkq “ yk .

(23)
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Applying Lemma 1, it comes that
›

› fk

›

›

2 ď Kk`1 and Tk`1 “ EpTkq{Kk ` Tk such that (23)
has a solution in

“

Tk , Tk`1

‰

. Thanks to Lemma 2, it exists a stabilizing control command
V k`1 , and for all t P

“

Tk , Tk`1

‰

, we have

Eptq ď E1pTkq exp
ˆ

´

ż t

Tk

rpsqds
˙

ď EpTkq exp
ˆ

´

ż t

Tk

rpsqds
˙

.

Since Tk P
“

Tk´1 , Tk

‰

, we have

EpTkq ď E1pTk´1q exp

˜

´

ż Tk

Tk´1

rpsqds

¸

,

which implies that

Eptq ď E1pTk´1q exp

˜

´

ż Tk

Tk´1

rpsqds

¸

exp
ˆ

´

ż t

Tk

rpsqds
˙

ď E1pTk´1q exp

˜

´

ż t

Tk´1

rpsqds

¸

...

ď E1p0q exp
ˆ

´

ż t

0
rpsqds

˙

.

The statement is then true at rank k` 1, and that proves the Lemma 3.

We have shown the existence of the sequence of interval
`“

Tk , Tk`1

‰˘

kě1
and the exis-

tence of a boundary control command V k in each interval
“

Tk , Tk`1

‰

. We can now design
the feedback control law for all t ě 0.

Definition 3 (Control law). The boundary control law V for the stabilization problem (6) is
given by

Vptq “
8
ÿ

k“0

V kptq1rTk ,Tk`1 s
ptq, (24)

where the local control command V k “ pu1k , u2kq is defined in rTk , Tk`1s by

uik “ maxp´signpbiq, 0qξk
i1 `maxpsignpbiq, 0qξk

i2 for i “ 1; 2.

The quantities ξk
i1

and ξk
i2

are solutions of second-order polynomials and are written as

ξk
11
“

´b1 ´

b

b2
1
` 2a1 Gk

2a1

, ξk
12
“

´b1 `

b

b2
1
` 2a1 Gk

2a1

,

ξk
21
“

´b2 ´

b

b2
2
` 2a2 Gk

2a2

, ξk
22
“

´b2 `

b

b2
2
` 2a2 Gk

2a2

,
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where the coefficients ai and bi are given in Section 4.2 where the function Gk is defined in the time
interval rTk , Tk`1s as follows:

Gkptq “
1
2
BtFkptq ´ Cm Fkptq, with Fkptq “ EpTkq exp

´

´

ż t

Tk

rpsqds
¯

. (25)

The time function r represents the stabilization rate, and Cm is a constant depending on the
steady state.

We can now state our main result.

Theorem 1 (main result). Let r be a continuous time function for which the integral over the
interval r0, ts diverges when t tends to`8. Then, there exists a sequence of intervals

`

rTk , Tk`1s
˘

kě0
such that

`8
ď

k“0

sTk , Tk`1s “s0,`8r,

and the stabilization problem (6) with the boundary conditions (24) admits a unique solution ph, qq
for which the energy E decreases according to the following estimate:

Eptq ď E1p0q exp
´

ż t

0
´rpsqds

¯

. (26)

The continuity of the functions x ÞÑ
?

x and x ÞÑ x2 and of the hydrodynamic water
level h imply that the control law V built by concatenating the stabilizing control commands
V k is continuous. It is also worth noticing that the control vanishes when the energy reaches
zero, and that the sequence of the time intervals is well-defined, i.e.,

`8
ď

k“0

sTk , Tk`1s “s0,`8r.

Proof. The proof is performed using the Faedo–Galerkin method. As outlined at the begin-
ning of the proof of Lemma 1, we consider again taiu1ďiďn (respectively, by teiu1ďiďn) by a fi-
nite Hilbertian basis of the space H1pΩq (respectively H1

Γ1
pΩq). Let Wn “ Vect

 

a1 , ¨ ¨ ¨ , an

(

ˆ

Vect
 

e1 , ¨ ¨ ¨ , en

(

ˆ Vect
 

e1 , ¨ ¨ ¨ , en

(

be the vector space of finite dimension generated by
 

ai

(

ˆ
 

e1i
(

ˆ
 

ei

(

. Let ph0
n, q0

nq be a sequence in WnpΩq converging to ph0, q0q in L2pΩq.
The weak form associated with the problem (6) in WnpΩq is given by:

ż

Ω
ϕBthn dΩ´

ż

Ω
qn∇ϕdΩ “ ´

ż

Γ1

ϕqn ¨ ndσ, (27)
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ż

Ω
Btq1n

φ dΩ `

ż

Ω
pdivqn v̄1qφ dΩ´

ż

Ω
q1n

divpφv̄q dΩ` µ

ż

Ω
∇q1n

∇φ dΩ

´

ż

Ω
hn divpφB1¨q dΩ`

ż

Ω
β1

0
q1n

φ dΩ`

ż

Ω
γ1

0
q2n

φ dΩ`

ż

Ω
hn α1

0
φ dΩ

“ ´

ż

Γ1

pq1n
φqv̄ ¨ n dσ` µ

ż

Γ1

p∇q1n
¨ nqφ dσ´

ż

Γ1

hn φpB1¨ ¨ nq dσ, (28)

ż

Ω
Btq2n

ψ dΩ `

ż

Ω
pdivqn v̄2qψ dΩ´

ż

Ω
q2n

divpψv̄q dΩ` µ

ż

Ω
∇q2n

∇ψ dΩ

´

ż

Ω
hn divpψB2¨q dΩ`

ż

Ω
β2

0
q1n

ψ dΩ`

ż

Ω
γ2

0
q2n

ψ dΩ`

ż

Ω
hn α2

0
ψ dΩ

“ ´

ż

Γ1

pq2n
ψqv̄ ¨ n dσ` µ

ż

Γ1

p∇q2n
¨ nqψ dσ´

ż

Γ1

hn ψpB2¨ ¨ nq dσ. (29)

Referring to the energy estimate, it comes that

E1
nptq ď Enptq ď E1

np0q exp
´

ż t

0
´rpsqds

¯

@t P r0, Ts, (30)

with

E1
nptq “

›

›

›

›

b

gh̄hn

›

›

›

›

2

L2pΩq
`
›

›q1n

›

›

2
L2pΩq ` }q2n}

2
L2pΩq.

For T ě 0 to be sufficiently large, and a steady state Ū sufficiently regular, the integration
over the time interval r0, Ts of (30) gives us the existence of a positive constant C ě 0,
such that

}hn}
2
L2p0,T,Ωq ` }qn}

2
L2p0,T,Ωq ď C.

This latter inequality implies that phn , qnq is bounded in L2`0, T, L2pΩq3
˘

, which is a Hilbert
space. Therefore, we can extract a sub-sequence, denoted also by phn , qnq, converging
weakly to the limit ph, qq in L2`0, T, L2pΩq3

˘

. Let us now introduce the following spaces
H1

T , StpTq and SlpTq

H1
T “

!

g P H1p0, Tq, such that gpTq “ 0
)

,

StpTq “

#

ϕ : ϕpt, x, yq “ g1ptq
n0
ÿ

i“1

aieipx, yq, such that g1 P H1
T and ai P R

+

,

SlpTq “

!

f P H1
T ˆ H1pΩq, such that f pT, x, yq “ 0

)

.

For the mass equation: the integration over the time interval r0, Ts of (27) results in,

´

ż T

0
phn , BϕqΩdt ` phnp0, x, yq, ϕp0, x, yqqΩ ´ phnpT, x, yq, ϕpT, x, yqqΩ

´

ż T

0
pqn ,∇ϕqΩdt “ ´

ż T

0

ż

BΩ
ϕqn ¨ ndσdt, (31)
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where ϕ P H1pΩq. Taking ϕ P StpTq ˆ H1pΩq, that is ϕ “ g1ptq
řn0

i“1 aieipx, yq “ a1e1px, yq,
the equality (31) becomes

´

ż T

0
phn , e1qΩBtg1ptqdt ´ phnp0, x, yq, e1p0, x, yqqΩg1p0q ´

ż T

0
pqk,∇e1qΩg1ptqdt

“ ´

ż T

0

ˆ

g1ptqv1ptq
ż

Γ1

e1nxdσ

˙

dt´
ż T

0

ˆ

g1ptqv2ptq
ż

Γ1

e1nydσ

˙

dt,

“ ´

ż

Γ1

e1nxdσ

ż T

0
g1ptqv1ptqdt´

ż

Γ1

e1nydσ

ż T

0
g1ptqv2ptqdt.

Since StpTq is dense in SlpTq, taking the limit when n tends to`8, we obtain by compactness:

´

ż T

0

`

h̃, e1
˘

ΩBtg1ptqdt ´
`

h̃p0, x, yq, e1p0, x, yq
˘

Ωg1p0q ´
ż T

0
pq̃,∇e1qΩg1ptqdt

“ ´

ż

Γ1

e1nxdσ

ż T

0
g1ptqv1ptqdt´

ż

Γ1

e1nydσ

ż T

0
g1ptqv2ptqdt,

where e1 is taken in H1pΩq and g in H1
T , respectively.

Since Dp0, Tq ˆ DpΩq Ă H1p0, Tq ˆ H1pΩq and L2pQq Ă D1pQq, we consider from
now on the test function ϕ P DpQq ˆ DpΩq. That allows us to drop the second member
in the equation above because if a function belongs to DpQq, it vanishes at the boundary.
Subsequently, we can write

´
`

h, Bt ϕ
˘

pDp0,TqˆDpΩqq1,pDp0,TqˆDpΩqq ´
`

q,∇ϕ
˘

pDp0,TqˆDpΩqq1,pDp0,TqˆDpΩqq “ 0.

Finally, we conclude that , in the distributions sense,

Bth` divq “ 0.

For the first equation of the momentum, we have

´
`

Btq1k , ψ
˘

Ω ´
`

q1kp0, x, yq, ψp0, x, yq
˘

Ω `
`

q1kpT, x, yq, ψpT, x, yq
˘

Ω `

ż T

0
pūdivqk, ψqqΩdt

´

ż T

0

`

q1k , divpψv̄q
˘

Ωdt` µ

ż T

0

`

∇q1k ,∇ψ
˘

Ωdt´
ż T

0

`

hk , divpψB1¨q
˘

Ωdt

`

ż T

0

´

β1
0q1k , ψ

¯

Ω
dt`

ż T

0

´

γ1
0q2k , ψ

¯

Ω
dt`

ż T

0

´

α1
0hk, ψ

¯

Ω
dt (32)

“

ż T

0

ż

Γ1

pv1ψqv̄ ¨ ndσdt` µ

ż T

0

ż

Γ1

`

∇q1k ¨ n
˘

ψ dσdt´
ż T

0

ż

Γ1

hk ψpB1¨ ¨ nq dσdt.
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Taking ψ P StpTq, ψ “ g2ptq
řn0

i“1 b1
i eipx, yq “ g2ptqe2px, yq, the relation (32) becomes

´
`

Btq1k , ψ
˘

Ω ´
`

q1kp0, x, yq, e2p0, x, yq
˘

Ωg2p0q `
ż T

0

`

v̄1 divqk, e2q
˘

Ωg2ptqdt

´

ż T

0

`

q1k , divpe2v̄q
˘

Ωg2ptqdt` µ

ż T

0

`

∇q1k ,∇e2
˘

Ωg2ptqdt

´

ż T

0

`

hk , divpe2B1¨q
˘

Ωg2ptqdt`
ż T

0

´

β1
0q1k , e2

¯

Ω
g2ptqdt

`

ż T

0

´

γ1
0q2k , e2

¯

Ω
g2ptqdt`

ż T

0

´

α1
0hk , e2

¯

Ω
g2ptqdt

“

ż T

0
v1ptqg2ptqdt

ż

Γ1

e2v̄ ¨ ndσ` µ

ż T

0
g2ptq

ż

Γ1

`

∇q1k ¨ n
˘

e2 dσdt

´

ż T

0
g2ptq

ż

Γ1

hk e2pB1¨ ¨ nq dσdt.

Since the test function is in the space StpTq that is dense in SlpTq, by taking the limit, it
follows that

´
`

Btq1 , ψ
˘

Ω ´
`

q1p0, x, yq, e2p0, x, yq
˘

Ωg2p0q `
ż T

0

`

v̄1divq, e2q
˘

Ωg2ptqdt

´

ż T

0

`

q1 , divpe2v̄q
˘

Ωg2ptqdt` µ

ż T

0

`

∇q1 ,∇e2
˘

Ωg2ptqdt

´

ż T

0

`

h, divpe2B1¨q
˘

Ωg2ptqdt`
ż T

0

´

β1
0q1 , e2

¯

Ω
g2ptqdt

`

ż T

0

´

γ1
0q2 , e2

¯

Ω
g2ptqdt`

ż T

0

´

α1
0h, e2

¯

Ω
g2ptqdt

“

ż T

0
v1ptqg2ptqdt

ż

Γ1

e2v̄ndσ` µ

ż T

0
g2ptq

ż

Γ1

`

∇q1n
˘

e2 dσdt

´

ż T

0
g2ptq

ż

Γ1

he2pB1¨nq dσdt,

with e2 P H1pΩq and g2 P H1
T .

As previously for the mass conservation equation, we obtain in the distributions
sense that

Btq1 ` v̄1divq`∇q1 ¨ v̄´ µ∆q` B1¨∇h` β1
0q1 ` γ1

0q2 ` α1
0h “ 0.

Following the same process, we establish the existence result for the second equation of the
momentum conservation. Since Eptq ď lim infkÑ8 Ekptq, (26) follows from (30).

6. Conclusions

We presented a methodology for building a local boundary control law for the ex-
ponential stabilization of two-dimensional shallow viscous water flow. The control law
acts only on the volumetric flow parameter in a portion of the boundary and is built by
cascade over a sequence of intervals that are given by the existence of weak solutions of
the perturbation state. The latter state is obtained by neglecting higher orders terms in the
linearization. Nevertheless, it is desirable to address the construction of the control law us-
ing the nonlinear model directly. A prospective direction toward improving the presented
approach, to address in future, is to consider higher order terms in the approximation in
the reformulation of the governing equations of around the equilibrium.
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