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Abstract: We consider real trigonometric polynomial Bernoulli equations of the form A(8)y’ =
B1(6) + B, (0)y" where n > 2, with A, By, B, being trigonometric polynomials of degree at most
u > 1in variables 6 and B,(0) # 0. We also consider trigonometric polynomials of the form
A(0)y" 1y = By(8) + B, (0)y" where n > 2, being A, By, By, trigonometric polynomials of degree at
most ¢ > 1in the variable 8 and B, (6) # 0. For the first equation, we show that when n > 4, it has at
most 3 real trigonometric polynomial solutions when 7 is even and 5 real trigonometric polynomial
solutions when 7 is odd. For the second equation, we show that when n > 3, it has at most 3 real
trigonometric polynomial solutions when 7 is odd and 5 real trigonometric polynomial solutions
when 7 is even. We also provide trigonometric polynomial equations of the two types mentioned
above where the maximum number of trigonometric polynomial solutions is achieved. The proof
method will be to apply extended Fermat problems to polynomial equations.

Keywords: trigonometric polynomial; Bernoulli equations; trigonometric solutions

MSC: Primary 34A05; Secondary 37C10

1. Introduction and Statement of the Main Results

Generalized Bernoulli polynomial equations are equations of the form
a(x)x" = by (x)x" + by(x)x 1)

where 4, b,, by are polynomials in real variables and b, (x) # 0. It goes without saying
the importance of such equations, which appear in all textbooks of ordinary differential
equations as the first examples of nonlinear equations that can be solved. The study of
given polynomial solutions of a differential equation is of main interest for understanding
the set of solutions of a differential system.

There are several previous works asking for polynomial solutions of the above or
more general equations for some values of 7, see, for instance, [1-6] and the references
therein. When n = 2 and a(x) are constant, it is the well-known trigonometric Riccati
equation, and when n = 3 and a(x) are constant, it is the well-known Abel equation. The
question of asking for polynomial solutions of such equations is reminiscent of a similar
one proposed by Poincaré on the number and degree of algebraic solutions of planar
autonomous polynomial differential systems in terms of their degrees. The characterization
of the number of polynomial solutions of Equation (1) was completely solved in [7] where
the authors determine the maximum number of polynomial solutions of Bernoulli equations
of the form in (1), and this maximum is achieved.

In this paper, we go a step further and consider Equation (1) where the functions that
appear are real trigonometric polynomials of a certain degree y. In this case, we will rename
them as trigonometric polynomial Bernoulli differential equations of degree u. We note that the
degree of a trigonometric polynomial is well defined in terms of its Fourier series, since it
is the degree of its corresponding Fourier series. The ring of trigonometric polynomials
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in the variables cos 6, sin § with coefficients in R will be denoted as R;[] := R|cos 8, sin 6].
We note that these equations (especially when n = 2 or n = 3 and a(x) is constant) appear
in the study of the number of limit cycles of planar polynomial differential equations
with homogeneous nonlinearities (see, for example, [8,9] and the references therein). In
particular, periodic orbits surrounding the origin of these planar systems correspond to
27t-periodic solutions of the corresponding Riccati or Abel equations. When a(x) is not
constant, these real trigonometric equations are singular at the zeros of a(x), which implies
that the Cauchy problem has no unique solutions on the zero set of a(x), and so the behavior
of the solutions becomes more and more complex. For example, when n = 2, there are a
large number of trigonometric polynomial solutions of the equation, and the number of
solutions is bounded from above in terms of the degrees of the corresponding trigonometric
polynomials defining the equation. More concretely, we will work with real trigonometric
Bernoulli differential equations of the form

A(0)Y" = B1(0)Y + Bu(0)Y", n>2 @

where the prime denotes the derivative with respect to 6, A(0), B;(0) € R;[0], fori € {1,n}
and By (x) # 0. We also have u = max{1, ji2, pi3 } where i1, uo, u3 are the degrees of A(6),
B1(0) and B, (), respectively. In this case, we say that the real trigonometric Bernoulli
equation has degree y.

Our first result completely solves the problem of Bernoulli trigonometric polynomi-
als (2). The case n = 2 was proved in [10] and the case n = 3 was proved in [11]. We
include them in the next theorem for the sake of completeness.

Theorem 1. Consider real trigonometric Bernoulli differential equations
A0)Y' =B1(0)Y +B,(0)Y", n>2 3)

with A, By, By, € Ry[0] and By, # 0 of degree y. Then

1. For n = 2, Equation (3) has at most 2y real trigonometric polynomial solutions if y > 2
and 3 trigonometric polynomial solutions if y = 1 and there are trigonometric differential
equations of this type that have exactly this maximum number of trigonometric polynomial
solutions.

2. Forn = 3, Equation (3) has at most 7 real trigonometric polynomial solutions, and there are
real trigonometric differential equations of this type having exactly these maximum number of
trigonometric polynomial solutions.

3. Forn > 4, Equation (3) has at most 3 real trigonometric polynomial solutions when n is even
and 5 real trigonometric polynomial solutions when n is odd, and there are real trigonometric
differential equations of this type having exactly these maximum number of trigonometric
polynomial solutions.

Theorem 1 is proved in Section 2. As we shall see, the case of trigonometric polynomi-
als is much more involved than the case of polynomials because the proofs of the maximum
number of solutions are based on divisibility arguments. In contrast to the ring of poly-
nomials, which is a Unique Factorization Domain, the ring of trigonometric polynomials
is not a Unique Factorization Domain, as we will see in the next section. This causes the
difficulty in proving that such results are much higher than in the case of polynomials.

Notice that the question we are interested in is also reminiscent of a similar one
proposed by Poincaré about the number and degree of algebraic solutions of planar au-
tonomous polynomial differential systems in terms of their degrees.

Our second objective in the paper is on equations of the form

AO) Y"1 = By(0)Y + B,(0)Y", n>2,
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where again the prime denotes derivative in the variable 6, A, B; € R¢[f] fori € {0,n}
with B, # 0. These types of equations will be called real trigonometric Bernoulli equations
of the first kind. In this case neither the case A(f) not constant nor the case A(6) constant
have been studied anywhere for n > 3. The case n = 2 has been studied in [11], but we
introduce it here for the sake of completeness.

Theorem 2. Consider real trigonometric Bernoulli differential equations of the first kind
A(0)Y" 1Y = By(0) + B,(0)Y", n>2 4)

with A, By, By € Ry[0] and By, # 0 of degree y. Then

1. Forn = 2, Equation (4) has at most 7 real trigonometric polynomial solutions and there are
trigonometric differential equations of this type that have exactly this maximum number of
trigonometric polynomial solutions.

2. Forn > 3, Equation (4) has at most 5 real trigonometric polynomial solutions when n is even
and 3 real trigonometric polynomial solutions when n is odd, and there are real trigonometric
differential equations of this type having exactly the maximum number of trigonometric
polynomial solutions.

Theorem 2 is proved in Section 2.

2. Preliminaries

We first observe that the proofs of Theorems 1 and 2 are based on divisibility arguments
and that the ring of polynomials is not a Unique Factorization Domain. This can be seen
for instance using the identity cos?§ 4 sin?6 = (1 —sin8)(1 +sinf). So, cosf divides
the right-hand side expression but does not divide the left-hand side. This difficulty is
overcome using the isomorphism ®: R;(8] — R(x) given by

1—x2 2
(cosQ,sin())»—)( o a >

14x2"14x2

between the two fields R(6) = R(cos 0, sin6) and R(x), being R(x) the ring of rational
functions with coefficients in R.
The following result is well-known

Lemma 1. Let P(0) € R¢[0] with degree ji. Then

@(P(6)) = T2

where gcd(p(x),1+x?) = Land deg(p(x)) < 2u. Conversely, any rational function g(x) /(1 + x> )¥

with g(x) an arbitrary polynomial of degree at most 2y can be written as a trigonometric polynomial
through the inverse change ®~1.

The following result is an extension of Fermat’s theorem for polynomials. For a proof
of it, we refer the reader to [12].

Theorem 3. Equation p* + g = r* where p,q,r € C[x] has polynomial solutions not pairwise
similar if and only if k = 1,2.
In particular when k > 3 there are no solutions of the equation p* + ¢* = r*.
Now we write (3) in terms of a(x), b (x) and by, (x) with a, by, b, € R[x].
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Lemma 2. Let Y(0) be a nonconstant real trigonometric polynomial solution of Equation (3)
and set

y(o) = Y1) A©) = ¢ a(x)

(1+x2)ko’ 1+ x2)m’
by(x b, (x
By (6) = (1;;2))%2 Bu(0) = m(xz))%

with deg(y) < 2ug, deg(a) < 2uy, deg(by) < 2uy, deg(by) < 2u3 and ged(y, 1+ x?) = 1,
ged(a, 14 x?) =1, ged(by, 1+ x?) = 1 and ged(by, 1 + x?) = 1. Then Equation (3) becomes

a(x .
S () (1) ~ 20y ()
@)
_ bl (x) by (x> n
= T ! gy )
where the dot denotes the derivative in the new variable x.
Proof. It follows from & that
2 : 2\
x' = Z—g _ 1 —;x yielding Y(0)' = y) 1+ x7) Zyoxy(x), (6)

2(1 4+ x2)Ho

where the dot denotes the derivative in the variable x and the prime denotes the derivative
in the variable . Using this, it is clear that Equation (3) becomes (5). O

In the same manner, using (6) we have the following lemma, which we state without
proof.

Lemma 3. Let Y(0) be a nonconstant real trigonometric polynomial solution of Equation (4)
and set

(o) = Y 4 = )

(14 x2)Mo” (14 x2)m’
bo(x b,
Bo(6) = (1 4(—)(352));42’ Ba(9) = (1 +(xxz));¢3

with deg(y) < 2ug, deg(a) < 2uy, deg(by) < 2uy, deg(by) < 2uz and ged(y, 1+ x?) = 1,
ged(a, 14 x%) =1, ged(by, 1 + x?) = 1 and gcd(by, 1 + x*) = 1. Then Equation (3) becomes

a(x)
21+ 2)m?
bo(x)

= (1 + 22k ko y(x) +

TN @01+ 2%) = 207y (x)

by (x) n
Wt O

where the dot denotes the derivative in the new variable x.

Proof of Theorem 1.

Let Yp(0) # 0 be a solution of (3). First we note that if Y(6) is solution of (3) then
«Yy(0) is also a solution for all « € C such that a” = 1. It follows from the fact that when n
is even the identity a” ~! = 1 has a unique real solution « = 1 while it has two real solutions
a« = 1 when n is odd, that if Yy(0) is a solution of Equation (3) then —Y;(0) is also a
solution of (3) which is different from Yy (6) when 7 is odd.

Now we claim the following: Let Yy (), Y1(6), Y2(6) be different polynomial solutions
of Equation (3) with Yy(68) # 0, Y1(0) # 0, Y2(6) # 0and Y,(6) # —Y1(0) (When n is odd).
Set Y;(0) = y;(x)/ (1 + x?)¥i fori = 0,1,2 where y; = deg(Y;), deg(y;) < 2u;, 1 < pp and
ged(y;, 1+x2) = 1fori = 0,1,2. Write y;(x) = g(x)7;(x) fori = 1,2 where ¢ = ged(y1, ).
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Then except the solution Y (6) = 0, all other polynomial solutions of Equation (3), if they
exist, can be expressed as Y (0) = y(x)/(1 + x?)# where yo = deg(Yy), deg(yo) < 240,

) — (1) 71(%)72(x)8(x)
y(x,c) - (:l:l) (c]]?il(x)(l + xZ)(n—l)(Vz—P‘l) + (1 — C)]]gfl (x))l/(”*l), @

being ¢ a constant with ¢ ¢ {0,1} and
(e ()1 4+ 2) ) 4 (1 ) ()

is a polynomial.
Now we prove the claim. Let Y() be a nonzero real trigonometric polynomial solution
of Equation (3). The functions

Zo(0) =1/Y7710), Z1(6) =1/YI"1(6), and Z»(0) =1/Y3(6)
are solutions of a linear differential equation and satisfy

—A(0)Z/(8) = (n—1)By(8)Z:(8) + (n — 1)By(0), i=0,1,2.

1

Therefore, we have

Z'(0) — 71(6) _ Z3(6) — Z;(6)
Z(0) —Z1(8)  Za2(8) — Z1(6)

Integrating the above equality, we obtain
Z(0) = Z1(0) + c(22(6) — Z1(6)),
where c is an arbitrary constant. So, the general solution of Equation (3) is

1 1
Z(8) ~ Z1(8) + c(2>(8) — Z1(8))
i e)Tie)
N9 + (1- )Yy (e)

Y*(0) =

or equivalently

) g )7 (B (v)
1+ xz)(nfl)(P’O*P’l) C(l + xz)(”*l)(HZ*Pll)yT*l(x) + (1 _ 0)9371 (x)

. 8)

Since the right-hand side of Equation (8) is not divisible by 1 + x?> we must have
Mo > M1, butif py > pq then taking into account that neither j, nor yo (and when y1 = u»
also 7/;) do not divide 1 + x?, we get a contradiction with (8). In summary, we have py = i1
and Equation (8) becomes

() = SN 61 W 69/ A &)
Y c(1+ xz)(”—l)(ﬂz—ﬂl)g?*l(x) +(1- C)yg*l (x)’

being c an arbitrary constant not equal ¢ = 0 (otherwise y(x) = y;(x)) and not equal to
¢ =1 (in which case y(x) = y2(x)). This concludes the proof of the claim.

In view of the claim, if Y1 (6), Y>(8) are real trigonometric polynomial solutions of (3)
such that Y;(0) # 0 fori = 1,2, Y1(0) # (£1)"Y2(0), then any other real trigonometric
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polynomial solution of Equation (3), say Y3(0), different from them is of the form given
in (7) for some appropriate constant ¢ with ¢ # 0 and ¢ # 1. In particular

ey (@) (12?0 (1= o) () = ey () + (L - o7

where 73 = y1(1 + x?)#271 is the (n — 1)-th root of a polynomial g and g divides g. This
implies that

("Vegs ()" + (VT = cga(x))" 7 =g(x)"!

for some polynomial g(x). It follows from Theorem 3 that this last equation has no non-
similar polynomial solutions for n > 4, and as a consequence, such polynomial g does
not exist, implying that such real trigonometric polynomial Y3(0) does not exist unless
the polynomial solutions are similar. However, in this last case taking into account that
B, (8) # 0, we conclude that it is also not possible.

In short, among the solution Yy(0) = 0, there can only be two sets of solutions
Y1(0), Y2(0) if n is even and Y1 (0), —Y1(0), Y2(0), —Y2(0) if n is odd.

Now we show that there are equations of the form (3) with this number of real
trigonometric polynomial solutions. Note that y1(x) = (£1)"x and y»(x) = (£1)"x? are
polynomial solutions of equation

a(x)y" = b1 (x)y + by (x)y"

with
a(x) — y2n—1 _— bl(x) — y2n-2 —anfl, bn(x) -1

Therefore, in view of Lemmas 1 and 2 if we set

o 2a(x)  xPln
A(e) - (1+x2)n - (1+x2)n ,
Bi(0) = by (x)(1+ xz) — 2xa(x) B $21=2 _ pyn—1 _ 42n

(1+x2)" B (1+x2)n ’
Bn(0) = bu(x) =1,

then the solutions

x 2

Yi(0) = (£1)" =,

x
Y2(0) = (£1)"——, Yo(8) =

2(0) = ( )1+x2, 0(0) =0

are real trigonometric polynomial solutions of Equation (3). This concludes the proof of the
theorem. [J

Proof of Theorem 2.

Let Yp(6) # 0 be a solution of (4). First we note that if Y(6) is a solution of (4) then
aY((0) is also a solution for all & € C such that " = 1. It follows from the fact that when n
is odd the identity a” = 1 has a unique real solution « = 1 while it has two real solutions
a = £1 when # is even, that if Y{(6) is a solution of Equation (4) then —Y{ () is also a
solution of (4) which is different from Yy(6) when n is even.

Now we claim that if Yy(6), Y1(0),Y2(0) are different polynomial solutions of
Equation (3) with Yp(0) # 0, Y1(0) # 0, Y2(0) # 0 and Y(6) # —Y1(0) (When n is odd)
then setting Y;(0) = y;(x)/ (1 + x?)# fori = 0,1,2 where y; = deg(Y;) and deg(y;) < 2pu;,
1 < pp and ged(y;, 1+ x2) = 1 fori = 0,1,2 and writing y;(x) = g(x)7;(x) fori = 1,2
where ¢ = gcd(y1,12) then except the solution Y(0) = 0, all the other polynomial so-
lutions of Equation (3), if they exist, can be expressed as Y (0) = y(x)/(1 + x?)* where
po = deg(Yp), deg(yo) < 2o and

y(x;c) = (:I:l)nﬁlg(x)((l —o)(1+ xz)(”*l)(ﬂzﬂﬁ)]ﬁfl (x) + Cygfl(x))l/(nfl) )
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being ¢ a constant with ¢ ¢ {0,1} and
(1= ) (1)) ) ey () 1)
a polynomial.
Now we prove the claim. Let Y(6) be a nonzero real trigonometric polynomial solution
of Equation (3). The functions
Zo(6) =Yg '(6), Z:(6) =Y{7'(6), and Zy(6) = Y;71(6)
are solutions of a linear differential equation and satisfy
—A(0)Zi(6) = (n —1)By(0) + (n —1)Bn(0)Z;(0), i=0,1,2.
Therefore, we have

Z'(0) - 21(0)  Zy(0) — Z1(0)
Z(0) —Z1(6)  Z2(0) — Z1(6)

Integrating the above equality, we obtain
Z(0) = Z1(0) + c(Z2(0) — Z1(9)),
where c is an arbitrary constant. So, the general solution of Equation (3) is
Y'H(0) = Z(0) = Z1(0) + c(Z2(0) — Z1(9)) = (1= )71 (0) +cY3 7 (6)
where c is an arbitrary constant. Therefore,

yl -0 ® | e
(14 x2)n=Dpo (14 x2) (=D~ (1 4 x2) (=D
(1 — C)(]. + X2)(n71)(ﬂ27}41)y71171 (X) + Cyiélfl(x)

(1 + x2)(n71)y2

4

or equivalently

y" (%)
(1+ x2)(n—1)(ﬂo—m)

= g(0)* (1= o)1+ ) DI gi 1 x) 4 ey (x). (10)

Since the right-hand side of Equation (10) is a polynomial that is not divisible by 1 + x2,
we must have pog < up, but if yg < yp then, taking into account that 7, does not divide
14 x% we get a contradiction to (10). In summary, we have yp = pp and Equation (10)
becomes

YN = g 01— o) (14 )T g () ey~ (1)),

being c an arbitrary constant not equal ¢ = 0 (otherwise y(x) = y;(x)) and not equal to
¢ =1 (in which case y(x) = y2(x)). This concludes the proof of the claim.

In view of the claim, if Y1 (6), Y2(0) are real trigonometric polynomial solutions of (4)
such that Y;(0) # 0 fori = 1,2, Y1(0) # (£1)"~1Y5(0), then any other real trigonometric
polynomial solution of Equation (4), say Y3(0), different from them is of the form given
in (9) for some appropriate constant ¢ with ¢ # 0 and ¢ # 1. In particular

(1= )71 (x) (1 + x2) =D 02=m) et =1(x) = (1 — o) 7a~ L (x) + g,
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where 73 = y1 (1 + x?)#27#1 is the (n — 1)-th root of a polynomial g. This implies that
(VI e ()" + (e ()" = ()]

for some polynomial g(x). It follows from Theorem 3 that this last equation has no non-
similar polynomial solutions for n > 4, and as a consequence, such polynomial g does
not exist, implying that such real trigonometric polynomial Y3(0) does not exist unless
the polynomial solutions are similar. However, in this last case taking into account that
B, (8) # 0, we conclude that it is also not possible.

In short, among the solution Yy(0) = 0, there can only be two sets of solutions
Y1(0), Y2(0) if n is odd and Y1 (0), —Y1(0), Y2(0), —Y2(8) if n is even.

Now we show that there are equations of the form (4) with this number of real
trigonometric polynomial solutions. Note that y1(x) = (£1)"*!x and yp(x) = (£1)"+1x?
are polynomial solutions of equation

a(x)y" "y = bo(x) + bu(x)y"

with
a(x) — xn o x2n, bo(X) _ x3n—1, bn(X) — xn—l o 2x2n—l

Therefore, in view of Lemmas 1 and 2 if we set

2a(x) X — x2
A(9) = (1—|—x2)” = (1+x2)2n71’
B bo(x) B y3n—1
Bo(6) = (14221~ (14 22)2n- 1
By (0) = by(x)(1+x2) —2ax  x"71—xl —2x2n-1
n - (1 + x2)2n - (1 + x2)2n /
then the solutions
x x?

Yi(6) = ()" Y2(6) = (£1)"*

Yo(6) =0

1+ x2’ 1+ x2’

are real trigonometric polynomial solutions of Equation (4). This concludes the proof of
the theorem. [

3. Conclusions

In this paper, we consider real trigonometric polynomial equations of a certain degree
u that are called trigonometric polynomial Bernoulli differential equations of degree p. The
form of the real trigonometric polynomial Bernoulli equation is A(6)y’ = B1(6) + B, (0)y"
with n > 2, B,(0) # 0, A(0),B1(6), B(#) being trigonometric polynomials of degree at
most y. With the same conditions but with By(6) instead of B (0) is considered also the
trigonometric polynomials having the form A(8)y" 'y’ = By1(#) + B, (#)y". For the first
equation, it is shown that for n > 4, it has at most 3 real trigonometric polynomial solutions
when #n is even, at most 5 real trigonometric polynomial solutions when 7 is odd and
these upper bounds are reached. For the second equation, it is proved that for n > 3,
it has at most 3 real trigonometric polynomial solutions when 7 is odd, at most 5 real
trigonometric polynomial solutions when # is even and these upper bounds are reached.
This paper solves completely for these trigonometric polynomial Bernoulli differential
equations the question about the number and degree of trigonometric solutions of planar
trigonometric polynomial differential systems in terms of their degrees (similar to the one
given by Poincaré for polynomial differential systems).
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