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Abstract: The generalized Logistic function that solves a first-order nonlinear ODE with an arbitrary
positive power term of the dependent variable is introduced in this paper, by means of which the
traveling wave solutions of a class of nonlinear evolution equations, including the generalized Fisher
equation, the generalized Nagumo equation, the generalized Burgers-Fisher equation, the generalized
Gardner equation, the generalized KdV-Burgers equation, and the generalized Benney equation, are
obtained successfully. In these particular cases, traveling wave solutions of several important model
PDEs in mathematical physics are also discovered.
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1. Introduction

In the present paper, we investigate a class of nonlinear evolution equations with a
nonlinear term of any order in the following;:
The generalized Fisher equation [1] (G-Fisher for short)

U — ayy = pu(l —u"). 1)
The generalized Fitzhugh-Nagumo equation [2] (G-Fitzhugh-Nagumo):
U — atlyy = Bu(l—u")(u" —a). (2)
The generalized Burgers-Fisher equation [3] (G-Burgers-Fisher):
up — atbyy + (n+ D)uuy = Bu(l —u"). (3)
The generalized Gardner equation (G-Gardner):
ur + (au™ + [SuZ”)ux — Oty = 0. 4)
The generalized KdV-Burgers equation [4,5] (G-KdV-Burgers):
Up — YUhyy + Othyxy = (n+ 1)1y (5)

The generalized Kuramoto-Sivashisky equation [6] (G-KS) or the generalized Benney
equation (G-Benney):

Ut + pyx + GUxxx + Mhxxxx + (n + 1)”n“x =0. (6)
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For Equations (2)—(6) above, 7 is an arbitrary positive integer. In particular, when
n = 1, Equations (1)-(6) become the important nonlinear model equations in mathematical
physics. To be more precise, Equations (1)—(6) become the famous Fisher equation [7],
Fitzhugh-Nagumo equation [8], Burgers-Fisher equation [9], Gardner equation [10], Kd V-
Burgers equation [11-13] and Benney equation [14], respectively. Since Equations (1)-(6)
are the generalized forms of the important model equations in mathematical physics, their
investigation is significant both in mathematics and physics.

In recent years, various methods to derive exact solutions of nonlinear PDEs have
been presented and developed, such as Hirota’s bilinear operators [15], the tanh-function
expansion and its extension [16,17], the Jacobi elliptic function method [18], the Exp-function
method [19], the F-expansion method [20,21], the (G’/G)-expansion method [22-24], the
simplest equation method [6,25], sub-ODE method [26], and so on. As far as the Sub-ODE
method is concerned, its core idea is to construct the traveling wave solutions of complex
partial differential equations with simple and solvable ordinary differential equations. In
dealing with a nonlinear differential equation, especially a partial differential equation with
nonlinear terms of any order, finding a suitable Sub-ODE is still the most critical step in the
PDE solution process.

In the present paper, we introduce a first-order nonlinear ODE as follows:

F/(g):_FnJrl(g)_'_F(g)/n:l/Z/"'/ (7)

which admits solution: .

O = (1) ®

This can be proved directly. For convenience sake, hereafter, function (8) is called the
generalized Logistic function, and Equation (7) is the generalized Logistic equation.

In this particular case, when n = 1, function (8) becomes the standard Logistic function,
and Equation (7) is the Logistic equation. It is well-known that the Logistic function has
applications in many fields, including artificial neural networks, bio-mathematics, ecology,
mathematical psychology, chemistry, demography, probability and statistics, and so on.

The main objective of the paper is to look for traveling wave solutions of Equations
(1)—(6) using the generalized Logistic function (8) and Equation (7). The results obtained by
the proposed method will be described in detail in Sections 2—7. In Section 8, the conclusion
is made briefly.

2. Traveling Wave Solution of G-Fisher Equation (1)

Let us begin with Equation (1) and look for its traveling wave solution in the form

u(x,t) = u(g), & = k(x = Vi), ©)

where k and V are constants to be determined. Substituting (9) into Equation (1) yields an
ODE for u = u(¢),
— kv’ — ak®u"” + pu™tt — Bu = 0. (10)

Considering the homogeneous balance between the highest order term 1" and the nonho-
mogeneous term 1"+ via the generalized Logistic Equation (7) (1 + 2n = m(n + 1) = m = 2),
we can suppose that the solution of Equation (10) is of the form:

u= AFZ, (11)

where A be a constant to be determined later, F = F({) is given by (8), which solves
Equation (7).
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From (11) and using Equation (7), it is derived that:
u' = —2AF"2 41 2AF?, (12)

u" =2A(n+2)F?"2 —2A(n+4)F"2 + 4AF?. (13)
~ Substituting (11-13) into the left-hand side of Equation (10), collecting all terms with
F'(i = 2n+2,n+ 2,2) together, and equating the coefficients of F'(i = 2n+2,n+2,2) to
zero, yields a set of algebraic equations for A, k and V as follows:
F2 2. _2(n+2)Aak? + BA™H! =0,
F'*2:  2AkV +2(n+4)Aak* =0,
F?: —2AkV —4Aak? — AB = 0.

Solving the algebraic equations above yields:

A:<2(n;2)“>’11,k:ﬂ:<2(nﬁ2)a>;,V=qt(n+4)1/2(:ﬁz). (14)

Substituting (8) and (14) with (9) into (11), we have traveling wave solutions of
Equation (1) as follows

C/2n+2a\T/ 1 \»

u(x,t) = ( 5 ) (1 —}—e”‘:) , (15a)
where )

_ B : ap

¢ = i(Z(n—i—Z)oc) (xj:(n+4)t 2(”‘*‘2)> (15b)
In particular, when n = 1, (15) becomes:
b 1 2 _ B 2 up

u(x, t) = ﬂ(l—}—e‘5> '€_i<6(x> (x:I:S 6t>, (16)

which is the traveling wave solution of Fisher’s equation:
Uy — ayy = pu(l —u). (17)

When n = 2, (15) becomes:

st = () e=2(£) (seeB). ow

which is the traveling wave solution of Huxley’s equation:
U — tlyy = Pu(1l —u?). (19)

For the travelling wave solutions of Equation (17), when n = 1, & = —1.8, the
corresponding graphs of § = —4.4, —2 and —0.5 are given as follows (Figure 1):
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Figure 1. When n =1, fix « = —1.8 and take 8 as —4.4, —2 and —0.5 respectively.

For the travelling wave solutions of Equation (17), when n = 1, B = —1.5, the
corresponding graphs of « = —4.2, —1.5 and —0.5 are given as follows (Figure 2):

Figure 2. When n =1, fix = —1.5 and take « as —4.2, —1.5 and —0.5 respectively.

For the travelling wave solutions of Equation (19), when n = 2, « = —3, the corre-
sponding graphs of § = —4.6, —1 and —0.3 are given as follows (Figure 3):

Figure 3. When n = 2, fix « = —3 and take B as —4.6, —1 and —0.3 respectively.

For the travelling wave solutions of Equation (19), when n = 2, B = —2, the corre-
sponding graphs of « = —5, —1.5 and —0.3 are given as follows (Figure 4):

Figure 4. When n = 2, fix = —2 and take a as —5, —1.5 and —0.3 respectively.
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3. Traveling Wave Solution of G-Fitzhugh-Nagumo Equation (2)
To look for the traveling wave solution of Equation (2), we suppose that:
u(x,t) =u(f), ¢ =k(x—Vt), (20)

where k and V are constants to be determined.
The traveling wave variables (20) permit us to reduce Equation (2) into an ODE for

u=u(g):
—kVu' — ak?*u" + B {uz’i” —(a+1D)u" 4 au} =0. (21)
Considering the homogeneous balance between the highest order term u” and the

nonhomogeneous term w21 yia Equation (7) (m+2n =m(2n+1) = m = 1), we can
suppose that the solution of Equation (21) is of the form:

u = AF, (22)

where A be a constant to be determined later, F = F({) is given by (8), which solves
Equation (7).
From (22) and using Equation (7), it is derived that:

u = —AF"1 4 AF, (23)

u' = An+1)FP" — A(n42)F! + AF. (24)

~ Substituting (22)-(24) into the left-hand side of Equation (21), collecting all terms with
F'(i =2n+1,n+1,1) together, and equating the coefficients of F'(i =2n+1,n+1,1) to
zero, yields a set of algebraic equations for A,k and V as follows:

FHl. —ak?(n+1)A + BAZHL =,
Fitly kVA+ (n+2)ak’?A — B(a+1)A =0,
F: —kVA — ak®>A + BaA = 0.

Solving the algebraic equations above, we have four solutions:

Ay =1,k = ‘/(nfm' Vv, = (g— 2(’;131) + 5(”;1)>,/(n+1)aﬁ, (252)

P (1 n+3 | Bla+1)
(ﬂ+1)’2_<2_2(n+1)i 5 >(ﬂ+1)aﬁ, (25b)

1
Ay =an, ky=a

n+3 irB(a—H)

kg P (.1
A3—ﬂ,k3— a V3—( 2+2(Tl+1) )

(n+1)a’

Ay =1, kg = _’/(nfm’ V, = <—; n 2(’;131) + ﬁ(u;1)>q/(n+l)oc[3. (25d)

Substituting (8) and (25) with (20) into (22), we have traveling wave solutions of
Equation (2) as follows:

) (n+1)ap, (25¢)

1

u(x,t) = (i)

N e Y

(26a)
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) 1
u(x, t) =an <1+§—”c> 7 (26b)
n 1
¢ =0\t {x - (% ~ sty * @) (n+ 1)“/5’5}
1
e =)
C
n a+1
¢=-a (n-fl)a {x o (Z(n—i——i-?’l) o % + & 2 )) (n+ 1)“:84
1
u(vt) = ()" (26d)
_ 3 (a+1)
c=- (nfl)a [x - (2(:[111) —3* £ 2 ) (n+ 1)“51‘]
In particular, when n = 1, (26) becomes:
1 _ /B, (a Bla+1)
u(x, t) = Tre? &= o {x <2 1+ — 2upt|. (27a)

u(x,t):%,gza 2[x—<1—a:|:ﬁ(a+1)> (n—l—l)vcﬁt} (27b)

u(x, t) = ﬁ, {=—a % {x — (a - % + Mﬂ;”) (n+ 1)rxﬁt} (27¢)

u(x, t) = ﬁ F= —\/g[x— (1 - g + W;”) Zaﬁt} 27d)

Each one of the expressions (27) is the traveling wave solution of the Nagumo equation:
Uy — atlyy = Pu(l —u)(u—a). (28)

4. Traveling Wave Solution of G-Burgers-Fisher Equation (3)

To look for the traveling wave solution of Equation (3), we suppose that:
u(x,t) =u(), ¢ =k(x—Vt), (29)

where k and V are constants to be determined.
The traveling wave variables (29) permit us to reduce Equation (3) into an ODE for

u=u(g):
—kVu' — ak?u"” — (n + 1ku"u' — pu™t + Bu = 0. (30)

Considering the homogeneous balance between the highest order term 1" and the nonhomo-
geneous term "1’ via the generalized Logistic Equation (7) (m +2n = m(n+ 1) +n = m = 1),
we can suppose that the solution of Equation (30) is of the form:

u = AF, (31)

where A be a constant to be determined later, F = F(¢) is given by (8), which solves
Equation (7).
From (31) and using Equation (7), it is derived that:
u' = —AF"! + AF,
u" = A(n +1)F?"*1 — A(n +2)F"1 + AF,
uy = 7An+11:2n+1 + An-‘,—an—HI

uhtl — Antlpn+tl

(32)
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Sgbstituting (31) and (32) into the left-hand side of Equation (30)', collecting all terms
with F'(i = 2n+1,n+ 1, 1) together, and equating the coefficients of F'(i =2n+1,n+1,1)
to zero, yields a set of algebraic equations for A, k and V as follows:

P4l —ak?(n+1)A+k(n+1)A"H =0,
F'tl: kVA+ (n+2)ak’A — (n+1)kA" ! — BA" 1 =,
F: —kVA — ak®?A + BA = 0.

Solving the algebraic equations above yields:
1
Azl,k:;,V4:o¢/3—1. (33)

Substituting (8) and (33) with (29) into (31), we have a traveling wave solution of
Equation (3) as follows:

1 V" . 1
) = (1 iz ) €= 2l - @p - 10 @)
In particular, when n = 1, (34) becomes:
t) = ! _! 1)t 35
u(x,)—m,ﬁ—&[x—(ﬂéﬁ—)], (35)

which is the traveling wave solution of Burgers-Fisher’s equation:
Uy — Qilyy + 2utty = Pu(l —u). (36)
When n = 2, (34) becomes:

Vljﬁ’ ¢ = %[x — (e —1)t], (37)

which is the traveling wave solutions of modified Burgers-Huxley’s equation:

u(x,t) =

Up — Aty + 3121y = pu(l— uz). (38)

5. Traveling Wave Solution of G-Gardner Equation (4)

To look for the traveling wave solution of Equation (4), we suppose that
u(x,t) =u(f), ¢ =k(x—Vt), (39)

where k and V are constants to be determined.
The traveling wave variables (39) change Equation (4) into an ODE for u = u({):

— kVu' + k(au™ + Bu)u' — ok3u"" = 0.

Integrating it with respect to ¢ once and taking the constant of integration to zero, and
dividing by k, yields:

aun-&-l IBuZn-&-l

— k™" = 0. (40)

Considering the homogeneous balance between the highest order term 1" and the
nonhomogeneous term u?**! via Equation (7) (m +2n = m(2n+1) = m = 1), we can
suppose that the solution of Equation (40) is of the form:

u= AF({), (41)
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where A be a constant to be determined later, F = F(¢) is given by function (8), which
solves Equation (7).
From (41) and using Equation (7), it is derived that:

u' = —AF"1 + AF,
u" = A(n+1)F"*1 — A(n +2)F"! + AF, (42)
un-}-l — An+1Fn+1, u2n+1 — A2n+1F2n+1'

Substituting (41) and (42) into the left-hand side of Equation (40), collecting all terms
with F'(i = 2n+1,n+1,1) together, and equating the coefficients of F'(i =2n+1,n+1,1)
to zero, yields a set of algebraic equations for A,k and V as follows:

prest BAML 524 1)A =0,
Pl eAN 4 52 (0 4 2)ak?A = O,

F: —VA —5K2A =0.

Solving the algebraic equations above yields:

(2n+1)2a2217k_ i m+1 & 2n+l
(n+sz] S CEE B (n+2P(n+1) @)

Substituting (8) and (43) with (39) into (41), we have traveling wave solutions of
Equation (4) as follows:

[en+1)%2 TN
u(x, t) = (n+2)2‘32] <1+e”5> , (44a)
o« 2n+1 a?(2n+1)
R CERY Bt 22t 1) | .

In particular, when n = 1, (44) becomes:

u(x,t):i2<1+1€_n§>,§:ig\/g(x+g;t>, (45)

which is the traveling wave solution of Gardner’s Equation (10):
ur + (au + /Buz) — SUyyy = 0.

6. Traveling Wave Solution of G-KdV-Burgers Equation (5)

To look for the travelling wave solution of Equation (5), we suppose that:
u(x,t) =u(), ¢ =k(x—Vt), (46)

where k and V are constants to be determined.
The traveling wave variables (46) permit us to reduce Equation (5) into an ODE for
u=u(f):
— kVu' — vk 4 K" — (n 4+ 1)ku"u’ = 0.

Integrating it with respect to ¢ once, taking the constant of integration to zero, and

dividing by k, yields:
— Vu — yku' 4 5K*u” — u"t1 = 0. (47)
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Considering the homogeneous balance between the highest order term " and the non-
homogeneous term 1! via Equation (7) (m +2n = m(n + 1) = m = 2), we can suppose
that the solution of Equation (47) is of the form:

u = AF%(¢), (48)

where A be a constant to be determined later, F = F(¢) is given by function (8), which
solves Equation (7).
From (48) and using Equation (7), it is derived that:

u' = —2AF"2 41 2AF?, (49)

u" =2A(n+2)F?"2 —2A(n+4)F"2 + 4AF?. (50)

~ Substituting (48)-(50) into the left-hand side of Equation (47), collecting all terms with
F'(i = 2n+2,n+ 2,2) together, and equating the coefficients of F'(i = 2n+2,n+2,2) to
zero, yields a set of algebraic equations for A, k and V as follows:

F2+2 . 25k (n+2)A — A =,
F"2:  2kyA—2(n+4)6k*A =0,
F?: —VA — 2kvA +46k*A = 0.

Solving the algebraic equations above yields:

n+4)5" " (n+4)%

2(n+2)2'y2 " o 7 V__Z(n+2)'yz‘ (51)
(n+4)% (

Substituting (8) and (51) with (46) into (48), we have a traveling wave solution of
Equation (5) as follows:

o+ 1 NG
uit) = (n+4)25] (1+e—”@‘) ’ 2
_ 7 2(n +2)7°
CTwros |* T e t}' o2

In particular, when n = 1, (52) becomes:

62 1 N\ . v 67°
=21 Y (A
u(xt) 255(1+eé) =5\ " T2t ) ©3)

which is the traveling wave solution of the KdV-Burgers equation:

Ut + Ylhxx + Otyxx = 2uUlly. (54)

In particular, when n = 2, (52) becomes:

22 7 29*
u(x,t) = 951—|—e2§'§_6(5(x+9(5t , (55)

which is the traveling wave solution of the modified KdV-Burgers equation:

Up + YUyx + Olyyy = 3uluy. (56)
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7. Travelling Wave Solution of G-KS Equation (6)

In order to look for the traveling wave solution of Equation (6), we suppose that:
u(x,t) =u(f), ¢ =k(x—Vt), (57)

where k and V are constants to be determined.
The traveling wave variables (57) permit us to reduce Equation (6) into an ODE for

w = u(d)
—kVu' 4 pkPu” + gkPu" + k) 4 (n 4+ 1)kuu’ = 0.

Integrating it with respect to ¢ once, taking the constant of integration to zero, and
dividing by k, yields:
— Vu+ pku’ + gk®u” + vk +u" 1 = 0. (58)

Considering the homogeneous balance between the highest order term " and the non-
homogeneous term 1! via Equation (7) (m + 3n = m(n + 1) = m = 3), we can suppose
that the solution of Equation (58) is of the form:

u= AF3 &), (59)

where A be a constant to be determined later, F = F(¢) is given by function (8), which
solves Equation (7).
From (59) and using Equation (7), it is derived that:

u' = —3AF"3 4+ 3AF8, (60)

u" =3(n+3)AF?"+3 —3(n +6)AF"3 + 9AF3,

61
w” = —3(n+3)(2n + 3)AF¥+3 £ 9(n 4 3) AF21+3 €D

—3[(n+3)(n+6)+9JAF" + 27AF°. (62)

Substituting (59)—(62) into the left-hand side of Equation (58), collecting all terms
with F'(i = 3n + 3,2n + 3,n + 3, 3) together and equating the coefficients of F'(i = 3n + 3,
2n+3,n+ 3,3) to zero, yields a set of algebraic equations for A, k and V as follows:

P43, A"l —3(n+3)(2n+3)yk*A =0,

F2143 . 3(n+3)gk?A +9(n +3)*yk> = 0,

F't3:. —3pA—3(n+6)gk?A—3[(n+3)(n+6)+9]7k>A =0,
P —VA +3pkA + 9gk? A + 277k3 A = 0.

Solving the algebraic equations above yields:

1
3 | _ 3
_ (2n+3)2q P q v [9—2(n +26)]q , (63)
9(n +3)%2 3(n+3)y 9(n +3)°2
provided that p, g and v satisfy an additional condition:
9(n+3)%py+[9—2(n+3)(n+6)]g> =0. (64)

Substituting (8) and (63) with (57) into (59), we have a traveling wave solution of
Equation (6) as follows:

S

Y
u(x, t) = (1 +e”§> , (65a)

(2n+3)q°
9(n +3)*y2
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_9 3
o4 ), Db-20 +26)M s (65b)
3(n+3)y 9(n + 3)“y?
provided that p, g4 and « satisfy the additional condition (64).
In particular, when n = 1, (65) becomes:
u(x,t) = 54° 1 35——i x+ 57 t (66)
" 14492 \14e6) 77 12y 144427 )7
which is the traveling wave solution of the Benney equation (14]:
Ut + Py + GUyxx + Ylyxxx +2uty =0, (67)
provided that p, g and 1 satisfy the additional condition:
144py = 474, (68)
which is obtained from (64) when n = 1.
When n = 2, (65) becomes:
79° 1\? q 79’
u(xt) =y, 21572(1+e_25) 6= _157(x+21572t>’ (69)
which is the traveling wave solution of the modified Benney equation:
Ut + PUxx + GUxxx + YUxxxx + 3u2ux =0, (70)
provided that p, g and v satisfy the additional condition:
225py = 71¢%, (71)
which is obtained from (64) when n = 2.
When n = 3, (65) becomes:
q 1 q g
1) = , 6= —— ——t], 72
o) = i (e ) €= 1 (5t ™
which is the traveling wave solution of the G-Benney equation:
Ut + pyx + GUxxx + Ylxxxx + 4”3”9: =0, (73)
provided that p, g and v satisfy the additional condition:
334py = 9942, (74)

which is obtained from (64) when n = 3.

8. Conclusions

We have seen that the traveling wave solutions of six nonlinear evolution equations
with nonlinear terms of any order are expressed by the generalized Logistic function
introduced in this paper. To our knowledge, the results expressed by the generalized
Logistic function and the method used in this paper have not been seen before in the

literature.

The procedure for finding traveling wave solutions of mentioned nonlinear equations

is simple and routine:
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First, carrying on the traveling wave reduction of PDE to ODE, suppose that:

u(x,t) = u(g), & =k(x - Vi),

Second, considering the homogeneous balance between the highest order derivatives
and highest order nonlinear term appearing in the reduction ODE to get integers m, then
suppose u = AF™, where F = F({) is the generalized Logistic function (8);

Third, substituting u = AF" into the reduction ODE and using the generalized
Logistic Equation (7), the reduction ODE is converted into a polynomial in F({), setting
the coefficients of the polynomial to zero, a set of algebraic equations for A, k and V can
be derived;

Fourth, after solving the algebraic equations to get A, k and V, then the traveling wave
solutions of mentioned nonlinear equations can be easily obtained.

Since the generalized Logistic function is related to the hyperbolic tangent function,

that is: ) )
1 n 1 1 n_\"m
F(¢) = (1 n e_”‘§> = <2 + 2tanh2§> , (75)

by which the traveling wave solutions obtained in the paper can be expressed by the
hyperbolic tangent function.

In this particular case, when n = 1, Equation (7) and function (8) become the Logis-
tic equation:

Fl'=—F>+F, (76)
and standard Logistic function:
1
Fi§) = ——, 77
© =1z 77)

respectively. Utilizing Equation (76) and its solution (77), traveling wave solutions of many
nonlinear evolution equations such as the Burgers, KdV, KP, Boussinesq, Klein-Gordon,
and so on, can be expressed by a polynomial in Logistic function (77) and the researching
results of these equations will appear elsewhere.

It is worth mentioning that in Reference [27], a fourth-order nonlinear differential
equation is solved by using the Logistic function (77). The analytic solution in exponential
form is obtained successfully. But these solutions are obtained when m and n take different
specific parameters respectively. In this paper, the traveling wave solutions of a class of
nonlinear evolution equations are obtained using the generalized Logistic function (75).
Relatively speaking, the traveling wave solutions of the latter with a nonlinear term of any
order are more abundant and general. Moreover, more nonlinear evolution equations with
two nonlinear terms of any order can be obtained using the generalized Logistic function.
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