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Abstract: In this investigation, some analytical solutions to both conserved and non-conserved
rotational pendulum systems are reported. The exact solution to the conserved oscillator (unforced,
undamped rotational pendulum oscillator), is derived in the form of a Jacobi elliptical function.
Moreover, an approximate solution for the conserved case is obtained in the form of a trigonometric
function. A comparison between both exact and approximate solutions to the conserved oscillator is
examined. Moreover, the analytical approximations to the non-conserved oscillators including the
unforced, damped rotational pendulum oscillator and forced, damped rotational pendulum oscillator
are obtained. Furthermore, all mentioned oscillators (conserved and non-conserved oscillators)
are linearized, and their exact solutions are derived. In addition, all obtained approximations are
compared with the four-order Runge-Kutta (RK4) numerical approximations and with the exact
solutions to the linearized oscillators. The obtained results can help several authors for discussing
and interpreting their results.

Keywords: rotational pendulum system; damped rotational pendulum oscillator; forced damped
rotational pendulum oscillator; Jacobian elliptic functions; trigonometric function
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1. Introduction

The nonlinear differential equations (NDEs) including all their types, such as ordi-
nary, partial, linear, and nonlinear types have a huge impact on scientific research because
they can model a wide range of real-life phenomena, engineering, and physical prob-
lems [1-10]. For instance, Wazwaz [1] discussed a huge number of (non)linear partial
differential equations (PDEs), (in)homogeneous PDEs, some systems of (non)linear PDEs,
and one-dimensional and multidimensional PDEs by using many analytical and numerical
methods, such as the Adomian decomposition method (ADM), modified ADM, the vari-
ational iteration method (VIM), the tanh method, the tanh-coth method, the sine—cosine
method, Hirota’s bilinear method, etc. In addition, Wazwaz [1] and many authors [2-5]
discussed many applications of physical equations in different fields of science, including
the physics of plasmas, fluids, and optical fibers, such as one-dimensional and multi-
dimensional (in)homogeneous heat equations, one-dimensional and multi-dimensional
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(in)homogeneous wave equations, the (non)linear Klein-Gordon equation (KGE), Burg-
ers equation, the telegraph equation, the (non)linear Schrédinger equation, the family
of Korteweg-deVries (KdV) equations, etc. El-Dib [6] used the linearizing method for
determining the displacement amplitude and approximate frequency to the third-order
ordinary differential equations (ODEs). He [7] applied some asymptotic techniques such
as parameter-expanding methods, variational approaches, the homotopy perturbation
method (HPM), the parameterized perturbation technique (PT), ancient Chinese methods,
iteration PT for analyzing both weakly and strongly NDEs. He and El-Dib [8] reduced the
damped KGE to the Duffing equation (DE) by using suitable transformation and solved the
DE by using the hybrid reducing rank method with the HPM. All these models could be
solved analytically or numerically to obtain results that help to demonstrate the researcher’s
hypothesis and to achieve new innovative applications.

The model of nonlinear oscillators that describes the motion of different types of
pendulum oscillators with different rotations and directions is one of the most successful
models for describing and modeling many physical and engineering applications such
as the wind vibration [11-20]. To find an exact solution to the dynamical system of the
pendulum oscillation is not an easy task, and sometimes it can be impossible due to its
nonlinearity. However, some numerical methods or analytical approximation methods
could be more suitable to get some approximate solutions that may be close enough to
the exact solutions [21]. Many authors derived in details the rotating pendulum equation
of motion and solved this equation by using different approaches [11-20]. For instance,
He et al. [11] used the HPM to derive an analytic solution to the rotating pendulum
oscillator. Hieu et al. [12] applied both an equivalent linearization approach with a weighted
averaging for studying different types of undamped nonlinear oscillators such as the cubic
nonlinearity Duffing oscillator (DO), DO with discontinuity, rotating pendulum oscillator,
and many others. Moreover, the authors [12] made a comparison with many other methods
(e.g., HPM, VIM, energy balance method (BM), harmonic BM, and many other methods)
for checking the accuracy of the obtained solutions. Gonzédlez-Gaxiola et al. [15] studied
the system of the following rotational pendulum model by proposing a new numerical
approach, known as the Rach-Adomian-Meyers decomposition method (MDM)

Ry = 6+ $sin(0) — 102sin(20) =0, 1)
9(0) = 90 and 9(0) = 90.

The authors [15], solved the initial value problem (i.v.p.) (1) for 8y = 0. Moreover, they
calculated the relative error compared to the exact solution to verify the accuracy of the
proposed method. They mentioned that they reach a solution to the given system with a
high degree of accuracy. However, in Ref. [16], the following nonlinear pendulum system
with arbitrary amplitude was investigated by using an analytical approximation method
based on Maclurin series and Chebyshev polynomials

{ Ry=0+wi(1- Acos(9))sin(0) =0, o)
6(0) = 6y and 6(0) = 0.

Here, w3 = g/I where | and g represent the pendulum length and the gravitational accelera-
tion. The authors derived a new analytical approximation for the i.v.p. (2) by transforming it to
the cubic-quintic DO. Furthermore, the conservative rotational pendulum system was solved
by applying the Hamiltonian approach [17]. The authors applied the Hamiltonian approach
for deriving natural frequency to the rotating pendulum. In this technique, the problem solved
without series approximation and without more restrictive assumptions.

For all these previous studies [15-17], the authors described the different pendulum
oscillators without considering both forcing and damping terms, which they only inves-
tigated in the conserved case. There are many applications to the rotating pendulum
oscillators such as fly-ball governors, vibration absorbers, and breaking symmetry in quan-
tum mechanics [13]. Moreover, the rotational pendulum oscillator can be used for modeling
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mechanical and civil structure problems [22,23] and the wind-excited vibration [24]. Moti-
vated by these applications and many others, the current paper is devoted to studying the
rotational pendulum problem taking the impact of both the damping term and the excited
periodic force, in this case the rotational pendulum problem called the forced, damped
rotational pendulum model

{ Ry =0+ 20 + § sin(0) — 302 sin(260) — 7 cos(wt) = 0, 3)

9(0) = 90 and 9(0) = 90.

In addition, this paper presents different analytical approaches to get the exact solution of
the conserved case, i.e., for ¢ = ¢y = 0. Remember that sinf cos = % sin 26.

Many analytical and approximate methods have been developed for solving different
types of nonlinear oscillators, including the harmonic balance method (HBM) [25,26],
the parameter-expansion method (PEM) [27], the energy balance method (EBM) [28,29],
the use of special functions [30-32], the Hamiltonian approach [33], HPM [34,35], the max—
min approach [36], the VIM [37,38], and many other analytical and numerical techniques.
Thus, in order to understand the mechanism of many nonlinear oscillators, it is important to
find their analytical solutions. However, most dynamical system problems can’t be solved
analytically. Therefore, many researchers resort to solving such problems numerically or
by using some approximate analytical methods. However, the numerical approaches are
frequently costly and time consuming when acquring highly accurate approximations to
the complicated nonlinear problems under consideration. Accordingly, in the present study,
we will try to find some exact and analytical approximations to the rotational pendulum-
type oscillators by using the ansatz method. We will prove that all approximations that
will be obtained are distinguished by high accuracy and are more stable for a long-time.

2. Analytical Solutions to the Rotational Pendulum-Type Oscillators

We proceed to find some exact and approximations to the undamped and damped
rotational pendulum oscillators and for the forced, damped rotating pendulum oscillator
by using the ansatz method.

2.1. Conserved Rotational Pendulum Oscillator

The solution of the i.v.p. (1) is supposed to have the following form:
6 = 2arctan(u), 4)

where 1 = u(t) and 6 = 6(t) for simplicity only.
Inserting Equation (4) into Equation (1) yields

2
Rj=—2" 5, )
! (12 + 1) ‘
with
So = gu® + gu — 21(1)%u + liiu? + 10%u® — 10%u + L. (6)

In order to solve the ode Sy = 0, the following ansatz is assumed,
u = Acen(y/wt + B,m), 7)

where (A, B, w, m) are undermined parameters.
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Before inserting ansatz (7) into Sy = 0, the following identities are introduced,

icn— —vwdn x sn,

dt
;—;Cn = —wcen X (dn2 — msnz),
dn? =1 —m(1—cn?),
sn? =1—cn?, (8)

where ecn=cn(y/wt + B, m) and likewise with respect to the rest elliptic functions.
By using the above identities in Sy = 0, we get

So = A(A%g — 2A%Imw + A%lw + A%2IO? — 2lmw)cn3+ ©)
A(2A%Imw — 2A%lw + g + 2Imw — lw — 1Q?)cn.

Equating to zero the coefficients of cn® and cn, solving the obtained system, we finally get

A2(A%g + A%IO? + g)
C(Af—1)I02 + (A2 4 1)
g (A2 — 1)Q2
e v (10)
For the following initial conditions (ICs), the constants A and B can be determined:
6
u(0) = tan(20> = U,
L D
By using of the following formula—
_en(f,m)en(g, m) —sn(f, m)dn(f, m)sn(g, m)dn(g,m)
Cn(f+grm) - 1 —m -snz(f, m)an(g,m) 7 (12)

the closed form solution to the i.v.p. (1) is finally obtained,

tan( )cn(ft m) + bysn(y/wt, m)dn(y/wt, m)), )

Ocn = 2 arctan (

1+ bpsn?(y/wt, m)
with
by = b0 ,
(cos(6p) +1)4/% — Q2 cos(6p)
921 sec (90>
by, =

4102 cos(6y) — 4g
The exact period of oscillations is calculated as

4K (m)
V!

where K(m) represents the first kind of elliptic function.

T =
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We also may obtain an approximate trigonometric solution to the ode (6) via introduc-
ing the following ansatz

u = ug cos(v/wt) + Csin(y/wt). (14)

Inserting the ansatz (14) into So = 0, yields

26 2 2102 2
(tﬁ)( 3C%g — 5C2Iw + 3C2O? + 3gu3 )+ (15)

1
So = U cos +4¢ — 5lufw + 3luj ) — 4w — 4102

4

Equating to zero the coefficient of cos /wt in expression (15) gives

8(g — 4100?) )
2820 L a(g+107)]. 16
5C2 1 5u2 14 (s+19°) (16)

1

51

By using the ICs (11), we final get C as

1(5u3+807)

2

- 1 g+HIO? —3up —4 17

- % i\/121(5u§+4)1'45(g+102)+(3»%(g+l(22)+4g75lf4574102)2 ) (17)
g+10?2

Inserting Equation (14) into Equation (4), we finally get the solution to the i.v.p. (1) in terms
of trigonometric function

O1ig = 2arctan (ug cos (v/wt) 4 Csin(v/wt)). (18)

Furthermore, by linearizing Equation (1), we get

Ri=0+Q%* =0,
{ 8(0) = 6y and 6(0) = 6. (19)

Solving the conservative i.v.p. (19), the following exact solution is obtained,
0o _.
B1in = 6o cos(Qt) + 2 sin(Qt), (20)

where Q = /g/1 — Q2.

The analytical solution (13) and the approximate solution (16) to thei.v.p. (1) and the ex-
act solution (20) to the i.v.p. (19) (linearized form to the i.v.p. (1)) are compared with the RK4
numerical approximation to the i.v.p. (1) for (g,1,Q,6p,6p) = (9.81,10,1/1/120, 77/8,0).
In addition, the phase portrait to the dynamical system of the i.v.p. (1) near the equilibrium
point (0, 0) is presented in Figure 1. Moreover, for checking the accuracy of the obtained so-
lutions to the conserved case, the global maximum distance error (GMDE) L; as compared
to RK4 numerical approximation to the i.v.p. (1) in the whole time domain is estimated:

L; = max |RK4 — Opg| = 0.0029364,
t0<t<T

Ly = max |RK4 — ;| = 0.108229.
t0<t<T

Moreover, the distance error L; as compared to the exact solution (13) to the original
problem (1) is estimated:

b = t;ﬁf‘fTWm — O1rig| = 0.00174605,

Ly = max |0cn — Opin| = 0.0181119.
to<t<T
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In spite of this, solution (20) is exact solution to the i.v.p. (19) but by comparing this solution
with the analytical solution (13) and the approximate solution (16) to the i.v.p. (1), we can
observe that the linearized form (we mean here the i.v.p. (19)) to the i.v.p. (1) is not a good
idea for getting a solution to original problem (1) as shown in Figure 2. On the other side,
the approximate solution (18) is distinguished by high accuracy and higher stability against
the corresponding time. Moreover, there is a good agreement between this approximation
and the RK4 numerical approximation.
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Figure 1. The phase portrait to the dynamical system of the i.v.p. (1) near the equilibrium point (0,0)
is considered for (g,1,Q, 6y, 69) = (9.81,10,/1/120, 1/8,0).
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Figure 2. The analytical solution (13) and the approximation (16) to the conserved i.v.p. (1) as well
as the exact solution (20) to the i.v.p. (19) (linearized form to the i.v.p. (1)) are compared to the RK4
numerical approximation for (g,1,Q, 6y, 6) = (9.81,10,/1/120,7/8,0).
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2.2. Unforced Damped Rotational Pendulum Oscillator
Let us consider the following damped i.v.p.:
Rs = 6 4266 + § sin(6) — 102sin(20) =0, 1)
9(0) = 90 and 9/(0) = 90.
The solution of the i.v.p. (21) can be introduced in the form
O1rig = 2arctan(u), (22)
where 1 = u(t) and 6 = 6(t) for simplicity only.
Inserting the ansatz (22) into Rs5, we get
2
RS = Gl/ (23)
(12 4+1)
with
G — &+ gutelutu + 2elutu’ — 2Au(u')? (24)
! +lu?u" + 102u% — 10%u + elu’ + Tu”
Next, assume the following ansatz
u=e *[cocos(w(t)) + cysin(w(t))], (25)
where c(; are undetermined parameters.
Inserting ansatz (25) into Equation (24), we obtain
Gy = Spcos(w(t)) + Sysin(w(t)) + -+, (26)

ot - [P Gly ICSONG —SE
0

where the coefficients Sy ; are given in Appendix A. Equating to zero the coefficients Sy
and S; and eliminating the second derivative w” (t) from the resulting system gives an ode
for determining the unknown function w(t). Solving this ode yields

dTt, 27
8e*T] + 10e2¢71 (3 + c2) @7

where the constants ¢y and ¢ can be determined from the ICs.
Moreover, by linearizing the i.v.p. (21), we get

Rs =0 +2¢0+ Q% =0, (28)
9(0) = 90 and 9(0) = 90.
By solving the non-conservative i.v.p. (28), the following exact solution is obtained:
et ~ (860 + 90) . ~
Oy = € 6o cos (tQ) + 5 sin(tQ) |, (29)

where Q = /Q? — ¢2.
Both approximation (22) to the i.v.p. (21) and the exact solution (29) to the lin-
earized iv.p. (28) are compared with the RK4 numerical approximation to the i.v.p.

(21) as illustrated in Figure 3a,b, respectively, for (g,1,Q), ¢) = (9.81, 10,+/0.5, 0.025) and
(60,60) = (0,0). Moreover, the phase portrait to the dynamical system of the i.v.p. (21)
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near the equilibrium point (0, 0) is displayed in Figure 4. In addition, the GMDE L to the
approximation (22) and the solution (29) is estimated as follows

Ly

Ly

RK4 — 6 = 0.00095286,
T2t R~ ol 2)

RK4 — 6 = 0.00210528.
to 5% | Sot. 29|

As is clear, the analytical approximation (22) to the original problem (21) is more accurate
than the exact solution (29) to the linearized problem (28).

:::P f Error = 0.00095286 ::f [ Error=0.00210528
005»| l ﬂ o.os—Ei ‘ ﬂ r ]
® ooolil!“{\’r\. I!]I\AJ\AIr P AN Ao HES 0.00 Ii,!,l”‘ll‘hj’\"l\'l\n/‘,"’\‘v NP
SRR AR ' HINEYCEAS
ol A% - - i} 1y o
-0.105 J -------- Breg —0.10L J § [ e Bin
0 50 t 100 150 0 50 t 100 150

Figure 3. The approximation (22) to the non-conserved i.v.p. (21) and the exact solution (29) to

the linearized i.v.p. (28) are compared with the RK4 numerical approximation to the i.v.p. (21) for
(3,1,Q,¢) = (9.81, 10, /0.5, 0.025) and (6, 69) = (0,0).

2
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S NN\
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Figure 4. The phase portrait to the dynamical system of the i.v.p. (21) near the equilibrium point
(0,0) is considered for (g,1,Q,€) = <9.81,10, \/0.5,0.025) and (6, 6o) = (0,0).

3. Forced Damped Rotational Pendulum Oscillator

Now, to find an approximation to the i.v.p. (3), the following ansatz is introduced,

0(t)

@(t) + cq cos(wt) + ¢ sin(wt),

(30)
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where ¢ = ¢(t) indicates a solution to the following i.v.p.:
¢ +2e¢ + § sin(9) — 307 sin(29) = 0, 31)
¢(0) =6y — c1 and ¢'(0) = 6y — wey.
The constants ¢; and ¢; can be determined later.
For sin(0) ~ (9 - %93) and sin(26) ~ (29 - %(29)3), we have
Ry~ 0+2e0+ %(9 — %93> -1lo? (29 — %(29)3) — ycos(wt) (32)

=W COS((Ut) + Wy sin(wt) 4+,

where the coefficients W ; are given in Appendix B. For Wy = W; = 0, at ¢(t) = 0,
the values of the constants (c1, ¢;), can be obtained as

(3 —4107) el +81(y — 260cy) + 1 (~8g + 81 (w? + 02) + (3~ 410%)F) =0, (39)

and
— 2ewey — wlcy — gcz( ;—lcl * CZ) + §Q2c2 (—2 + C% + C%) =0. (34)

Eliminating ¢, form Equations (33) and (34), the following cubic equation is obtained:

8ly (372 - 32g82w2 + 3212w — 419202 + 32182w202)
272 — gly?w? — 32¢262w? + 64gle2w? — 1281264 w?
—8(  —3212%%w° — 5¢17207 + 4297w + 64gl2W? O | ¢y
—6412e20* 02 + 4129200 — 321262204
—64lyelw? (g — 410%) e} + 42 (g — 410%)°} = 0.

(35)

Eliminating c; form Equations (33) and (34), we get another cubic

25662w? (g% — 2glw? + 41%2w? + 2wt — 28102 + 212w? 02 + 120%) p 36)

—32vew (g — 410?) (g — lw? — 10?)c3 +v* (g — 4102)2cg =0.

The value of c; is defined to be the least in magnitude real root to the cubic Equation (35)

and the value of ¢cp equals the least in magnitude real root to the cubic Equation (36).
Furthermore, the linearization of the i.v.p. (3) gives us

{ Rs = 0+ 260 4+ Q%0 = f(t), (37)

0(0) = 6y and 6(0) = 6.

Solving the forced non-conservative i.v.p. (28), the following exact solution is obtained

ot sin (tQ) [Qe (60 + o) — 7e(Q* + w?)]
o = 55, +Q{ cos(+Q) (7Qu + 60Qe) | } : (38)

+7e (—Quw cos(tw) + 2ew sin(tw)

where Q, = (w? — Q?) and Q; = (4w?e® 4+ Q2).

Both approximation (30) to the i.v.p. (3) and the exact solution to the i.v.p. (37)
are compared with the RK4 numerical approximation to the i.v.p. (3) as illustrated in
Figure 5a,b, respectively, for (g,1,wo, w,Q,¢,7v) = (9.81,10,/¢/1,0.1,wy/2,0.1,0.1) and
(60,60) = (0,0). Moreover, the GMDE L, to the approximation (30) is estimated:

L;= RK4 -6 = 0.00147272,
= 10325, R4 = Bsor. o)

L; = RK4 — 6 = 0.0000218495.
d tolgaéo‘ Sol. (38)|



Mathematics 2022, 10, 4000

10 0f 13

In addition, for (g,1,w,Q,¢v) = (9.8,1,0.5,0.1,0.02,0.2) and (6y,6p) = (0,0), both ap-
proximation (30) to the i.v.p. (3) and the exact solution to the i.v.p. (37) are compared with
the RK4 numerical approximation to the i.v.p. (3) as illustrated in Figure 6a,b, respectively.

The GMDE L; is also estimated as follows

L; = max ‘RK4 — Oso1. (30)| = 0.0000921758,

to<t<50

Ly = max |RK4 —fg. (35| = 0.000082668.

tg<t<50
oa| ‘ /\ Eror=000302397 . ‘ /\ " Emor=o.o000218495 ]
01| / \ FaN ] 01 / \ FaN 1
] S % — R4 4 I % — RK4
L 4 N S Lo \ '
. \._,-..\ A Y \‘v-\ 9
0.1 \‘\-.—-.\\. -0 1 ‘\\x__.\\ ;
o s 10 15 20 P 0 5 0 15 20 5 30
t t
Figure 5. The approximation (30) to the iv.p. (3) and the exact solution to the iv.p. (37)
are compared with the RK4 numerical approximation to the i.v.p. (3) for (3,1, wp, w,Q¢,7) =
(9.81,10, 1/g/1,0.1,w0/2,0.1,0.1) and (6o, 6p) = (0,0).
0‘04;‘1 h ‘."‘ | Error =0.0000921758 7 0'04;‘4 Error =0.000082668 7
R Ml faoal e Bl Ry
0TV R R O YL
LAl |f'\, Al \ i BT |f'L Al \ o
~0.02) ,” J -" '.r,‘ r‘l” ~0.02] ,” J\'” l'fl-,- Frj
: L\-’ J, l\'— RK4 — l-\_’ J\' b — ra
—0.04] ' -------- i R 0.04] ' ........ o R
o 10 20 30 40 50 o 10 20 30 a0 50
t t

Figure 6. The approximation (30) to the i.v.p. (3) and the exact solution to the i.v.p. (37) are compared
with the RK4 numerical approximation to the i.v.p. (3) for (g,1,w, O, ¢,v) = (9.8,1,0.5,0.1,0.02,0.2)

and (6o, 6p) = (0,0).

4. Conclusions

Some exact and analytical approximations to the rotational pendulum oscillators in-
cluding (un)damped and forced, damped oscillators have been derived. In the first, an exact
analytical solution to the unforced, undamped rotational pendulum oscillator in the form
of elliptic function was derived in detail. In addition, an analytical approximation to the
unforced, undamped rotating pendulum oscillator was obtained in the form of trigono-
metric function. Furthermore, an exact solution to the linearized the unforced, undamped
rotational pendulum oscillator was derived and compared with all other obtained solu-
tions. Moreover, some approximations to both the unforced, damped rotational pendulum
oscillator and the forced, damped rotational pendulum oscillator have been derived in
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detail. We also linearized both the unforced, damped rotational pendulum oscillator and
the forced, damped rotational pendulum oscillator and derived their exact solutions. All
obtained solutions for the conserved and non-conserved cases have been discussed and
compared with the numerical approximation. The obtained solutions exhibit a high degree
of accuracy and have all benefits of numerical methods for being applied directly to many
nonlinear and complicated problems that come from vibratory systems. They also have the
versatility, elegance, and other benefits of most analytical techniques.

In the present investigation, we focused our efforts to find some approximate solu-
tions with high accuracy to the forced, damped rotational pendulum oscillator. However,
studying the stability analysis to damped rotational pendulum oscillator is an important
research point, but it will be addressed in future work.
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Appendix A
The coefficients of S ; Equation (26)
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Appendix B
The coefficients of Wy ; Equation (32)
(g—4102)c%—l—Sl(fy—Zewcz)—&-cl(—8g+81(w2+02)+(g—4102)c%)
Wo = - (g741028)lcl ’
— (1)
and .
-8
Wy = —2ewe] — wrey — gcz(s%w +10%;(—2+ 3 +c3)

—4102
—wq’(”z



Mathematics 2022, 10, 4000 12 of 13

References

1.  Wazwaz, A.-M. Partial Differential Equations and Solitary Waves Theory; Higher Education Press: Beijing, China, 2009.

2. El-Tantawy, S.A,; Salas, A.H.; Alharthi, M.R. On the Analytical and Numerical Solutions of the Linear Damped NLSE for Modeling
Dissipative Freak Waves and Breathers in Nonlinear and Dispersive Mediums: An Application to a Pair-Ion Plasma. Front. Phys.
2021, 9, 580224. [CrossRef]

3.  El-Tantawy, S.A.; El-Awady, E.I. Cylindrical and spherical Akhmediev breather and freak waves in ultracold neutral plasmas.
Phys. Plasmas 2018, 25, 012121. [CrossRef]

4. El-Tantawy, S.A.; Aboelenen, T. Simulation study of planar and nonplanar super rogue waves in an electronegative plasma: Local
discontinuous Galerkin method. Phys. Plasmas 2017, 24, 052118. [CrossRef]

5. Aljahdaly, N.H.; El-Tantawy, S.A. Simulation study on nonlinear structures in nonlinear dispersive media. Chaos 2020, 30, 053117.
[CrossRef] [PubMed]

6.  El-Dib, Y.O. The simplest approach to solving the cubic nonlinear jerk oscillator with the non-perturbative method. Math. Methods
Appl. Sci. 2022, 45, 5165. [CrossRef]

7. Alyousef, H.A.; Alharthi, M.R,; Salas, A.H.; El-Tantawy, S.A. Optimal analytical and numerical approximations to the (un)forced
(un)damped parametric pendulum oscillator. Commun. Theor. Phys. 2022, 74, 105002. [CrossRef]

8.  He, J.H,; El-Dib, Y.O. The reducing rank method to solve third-order Duffing equation with the homotopy perturbation. Numer.
Method Partial. Differ. Equ. 2021, 37, 1800-1808. [CrossRef]

9.  Bezziou, M.; Dahmani, Z.; Jebril, I.; Belhamiti, M.M. Solvability for a Differential System of Duffing Type Via Caputo-Hadamard
Approach. Appl. Math. Inf. Sci. 2022, 16, 341-352.

10. Bezziou, M,; Jebril, I.; Dahmani, Z. A new nonlinear duffing system with sequential fractional derivatives. Chaos Solitons Fractals
2021, 151, 111247. [CrossRef]

11. He, J.-H.; Amer, T.S,; Elnaggar, S.; Galal, A.A. Periodic Property and Instability of a Rotating Pendulum System. Axioms 2021, 10,
191. [CrossRef]

12.  Hieu, D.V,; Hai, N.Q.; Hung, D.T. The equivalent linearization method with a weighted averaging for solving undamped
nonlinear oscillators. J. Appl. Math. 2018, 2018, 7487851. [CrossRef]

13. Big-Alabo, A.; Ossia, C.V. Periodic oscillation and bifurcation analysis of pendulum with spinning support using a modified
continuous piecewise linearization method. Int. J. Appl. Comput. Math. 2019, 5, 114. [CrossRef]

14. Liao, S.J.; Chwang, A.T. Application of homotopy analysis method in nonlinear oscillations. J. Appl. Mech. Trans. ASME 1988, 65,
914-922. [CrossRef]

15. Gonzéilez-Gaxiola, O.; Rach, R.; de Chavez, ]J.R. Solution for a rotational pendulum system by the Rach—-Adomian-Meyers
decomposition method. Nonlinear Eng. 2022, 11, 156-167. [CrossRef]

16. Lai, SK,; Lim, CW,; Lin, Z,; Zhang, W. Analytical analysis for large amplitude oscillation of a rotational pendulum system. Appl.
Math Comput. 2011, 217, 6115-6124. [CrossRef]

17.  Khan, N.A,; Khan, N.A; Riaz, F. Dynamic analysis of rotating pendulum by Hamiltonian approach. Chin. J. Math. 2013, 2013,
237370. [CrossRef]

18.  Alhejaili, W,; Salas, A.H.; El-Tantawy, S.A. Novel Approximations to the (Un) forced Pendulum-Cart System: Ansatz and KBM
Methods. Mathematics 2022, 10, 2908. [CrossRef]

19. Salas, A.H.; Albalawi, W.; El-Tantawy, S.A.; El-Sherif, L.S. Some Novel Approaches for Analyzing the Unforced and Forced
Duffing—Van der Pol Oscillators. J. Math. 2022, 2022, 2174192. [CrossRef]

20. Alhejaili, W.; Salas, A.H.; El-Tantawy, S.A. Approximate solution to a generalized Van der Pol equation arising in plasma
oscillations. AIP Adv. 2022, 12, 105104. [CrossRef]

21. He, ].-H. Some asymptotic methods for strongly nonlinear equations. Int. J. Mod. Phys. B 2006, 20, 1141-1199. [CrossRef]

22. Alsuwaiyan, A.S.; Shaw, S.W. Performance and dynamics stability of general-path centrifugal pendulum vibration absorbers. J.
Sound Vib. 2002, 252, 791-815. [CrossRef]

23.  Fischer, O. Wind-excited vibrations-solution by passive dynamic vibration absorbers of different types. J. Wind Eng. Ind. Aerodyn.
2007, 95, 1028-1039. [CrossRef]

24. Wu, S.T. Active pendulum vibration absorbers with a spinning support. J. Sound Vib. 2009, 323, 1-16. [CrossRef]

25. Hu, H; Tang, ].-H. Solution of a Duffing-harmonic oscillator by the method of harmonic balance. | Sound Vib. 2006, 249, 637-639.
[CrossRef]

26. Nayfeh, A.H. Problems in Perturbation; Wiley: New York, NY, USA, 1985.

27.  Mohyud-Din, S.T.; Noor, M.A.; Noor, K.I. Parameter-expansion techniques for strongly nonlinear oscillators. Int. J. Nonlinear Sci.
Numer. 2009, 10, 581-583.

28. Big-Alabo, A.; Onyinyechukwu, O.C. Dynamic analysis of crank mechanism with complex trigonometric nonlinearity: A
comparative study of approximate analytical methods. SN Appl. Sci. 2019, 1, 652. [CrossRef]

29. Khan, Y.; Mirzabeigy, A. Improved accuracy of He’s energy balance method for analysis of conservative nonlinear oscillator.
Neural. Comput. Appl. 2014, 25, 889-895. [CrossRef]

30. Al-Jawary, M.A.; Ibraheem, G.H. Two meshless methods for solving nonlinear ordinary differential equations in engineering

mand applied sciences. Nonlinear Eng. 2020, 9, 244-255.


http://doi.org/10.3389/fphy.2021.580224
http://dx.doi.org/10.1063/1.4989652
http://dx.doi.org/10.1063/1.4983327
http://dx.doi.org/10.1063/1.5132557
http://www.ncbi.nlm.nih.gov/pubmed/32491912
http://dx.doi.org/10.1002/mma.8099
http://dx.doi.org/10.1088/1572-9494/ac7bdc
http://dx.doi.org/10.1002/num.22609
http://dx.doi.org/10.1016/j.chaos.2021.111247
http://dx.doi.org/10.3390/axioms10030191
http://dx.doi.org/10.1155/2018/7487851
http://dx.doi.org/10.1007/s40819-019-0697-9
http://dx.doi.org/10.1115/1.2791935
http://dx.doi.org/10.1515/nleng-2022-0021
http://dx.doi.org/10.1016/j.amc.2010.12.089
http://dx.doi.org/10.1155/2013/237370
http://dx.doi.org/10.3390/math10162908
http://dx.doi.org/10.1155/2022/2174192
http://dx.doi.org/10.1063/5.0103138
http://dx.doi.org/10.1142/S0217979206033796
http://dx.doi.org/10.1006/jsvi.2000.3534
http://dx.doi.org/10.1016/j.jweia.2007.01.027
http://dx.doi.org/10.1016/j.jsv.2008.12.017
http://dx.doi.org/10.1016/j.jsv.2005.12.025
http://dx.doi.org/10.1007/s42452-019-0673-3
http://dx.doi.org/10.1007/s00521-014-1576-2

Mathematics 2022, 10, 4000 13 of 13

31.

32.

33.
34.

35.

36.
37.

38.

Elias-Zu niga, A. Solution of the damped cubic-quintic Duffing oscillator by using Jacobi elliptic functions. Appl. Math. Comput.
2014, 246, 474-481.

Singh, H.; Srivastava, H.M.; Kumar, D. A reliable algorithm for the approximate solution of the nonlinear Lane-Emden type
equations arising in astrophysics. Numer. Methods Partial. Differ. Equ. 2018, 34, 1524-1555.

He, J.-H. Hamiltonian approach to nonlinear oscillators. Phys. Lett. A 2010, 374, 2312-2314. [CrossRef]

Ganji, D.D.; Sadighi, A. Application of He’s homotopy-perturbation method to nonlinear coupled systems of reaction-diffusion
equations. Int. |. Nonlinear Sci. Numer. Simul. 2006, 7, 411-418. [CrossRef]

Gorji, M.; Ganji, D.D.; Soleimani, S. New application of He’s homotopy perturbation method. Int. J. Nonlinear Sci. Numer. Simul.
2007, 8, 319-328. [CrossRef]

Zeng, D.Q. Nonlinear oscillator with discontinuity by the maxmin approach. Chaos Soliton Fractals 2009, 42, 2885-2889. [CrossRef]
Wazwaz, A.-M. Solving the non-isothermal reaction-diffusion model equations in a spherical catalyst by the variational iteration
method. Chem. Phys. Lett. 2017, 679, 132-136. [CrossRef]

Wazwaz, A.-M. The variational iteration method: A powerful scheme for handling linear and nonlinear diffusion equations.
Comput. Math. Appl. 2007, 54, 933-939. [CrossRef]


http://dx.doi.org/10.1016/j.physleta.2010.03.064
http://dx.doi.org/10.1515/IJNSNS.2006.7.4.411
http://dx.doi.org/10.1515/IJNSNS.2007.8.3.319
http://dx.doi.org/10.1016/j.chaos.2009.04.029
http://dx.doi.org/10.1016/j.cplett.2017.04.077
http://dx.doi.org/10.1016/j.camwa.2006.12.039

	Introduction
	Analytical Solutions to the Rotational Pendulum-Type Oscillators
	Conserved Rotational Pendulum Oscillator
	Unforced Damped Rotational Pendulum Oscillator

	Forced Damped Rotational Pendulum Oscillator
	Conclusions
	Appendix A
	Appendix B
	References

