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1. Introduction

Consider the following boundary value problem B := B(g,«), g4(x) := {ql(x)}lp:l,
a={a 1}7:1 on a star-shaped graph with p edges of identical length 1, defined as follows:

-y +q(x)y=Ay, x€(0,1), I=1,p, 1)

associated with the separated boundary conditions at the pendant vertices 0

y1(0,A) cosa; +y;(0,A)sina; =0, [=1,p, )

and the standard matching conditions at the central vertex 1

M=

n(LA) =y(1,A), 1=2p, yi(1,A) =0, @)

=1

where A is the spectral parameter, a; € [0, 77) and g;(x), and | = 1, p is called the potential
and is an integrable real-valued function on the /-th edge. The differential operators on
quantum graphs have many applications in chemistry, mathematics, networks, spider webs,
and so on (see [1-17] and the references therein).

The problem B is a natural extension of the classical Sturm-Liouville problem on the
finite interval. The inverse nodal problems for the classical Sturm-Liouville operators are
to recover the potential and boundary conditions by using its nodal data [18-23]. McLaugh-
lin [22] firstly studied the inverse nodal problem for the classical Sturm-Liouville operator
and showed that one set of nodal points can determine the Sturm-Liouville operators
uniquely. The solution of the potential function to this problem was given by Hald and
McLaughlin [19]. The uniqueness results show that the inverse nodal problem is overde-
termined. Later on, there was much study focus on how to use less information of nodal
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data to recover the potential. The uniqueness theorems and the reconstruction formulae
are given by using twin-dense nodal subset [15,20,21,24-26], dense nodal subset [23,27,28],
and partial nodal data [15,29-31]. Guo and Wei [30] presented a sharp condition on the
nodal subset and proved the uniqueness for the classical Sturm-Liouville operator with
a paired-dense nodal subset in interior subintervals under some conditions based on the
Gesztesy-Simon theorem in [32]. In addition, the theory on dynamic Sturm-Liouville
boundary value problems via variational methods was found in [33,34].

Beginning in 2002, Kuchment [5-8] studied quantum graphs and investigated the
spectral properties of periodic boundary value problems for a carbon atom in graphene.
In [12,13], Pivovarchik studied inverse spectral problems with Dirichlet boundary condi-
tions for a star-shaped graph with p edges. He gave the asymptotic expansion of eigenval-
ues and showed that there are p sequences of eigenvalues where one sequence is simple
while the others might not be. In particular, Law and Pivovarchik [35] discussed the
multiplicity of the eigenvalues and interlacing properties between two spectral sets of
the Sturm-Liouville problems defined on a tree. Recently, Luo, Jatulan and Law [36]
gave a complete classification of Archimedean tilings for the periodic quantum graphs
and investigated the sufficient conditions for point spectrum and continuous spectrum.
Bondarenko [2] showed that if all components g;(x), | = 1, p but one on the graph are given
a priori, the remaining component can be uniquely determined by two sequences of chosen
eigenvalues and provided a constructive algorithm for the solution of the partial inverse
problem. In [37], Wang and Shieh generalized Bondarenko’s theorem by the methods
in [38]. In this paper, we are going to solve the following partial inverse spectral problem
for B:

IP1: (Inverse Problem 1) If g;(x) = §;(x) on [0,1], a; for I # iy and g;,(x) = g;,(x)
on [ag, 1] for some ag, ag € (0,1] given a priori, recover g;,(x) and &;, from part of the
eigenvalues.

On the other hand, the inverse nodal problems on quantum graphs have been studied.
In 2007, Currie and Watson [39] studied the inverse nodal problems on general graphs
and showed that, for q; € L*, one set of eigenvalues and nodal positions is sufficient to
reconstruct the potentials g/s. In 2008, Yurko [40] discussed the inverse nodal problem for
B witha; = 0,1 =1, p and proved that each component g;(x) can be uniquely determined
up to a constant by a dense nodal set. Later on, Cheng [41] derived the asymptotics
of eigenvalues of B with g; € L!, | = 1, p and presented direct and explicit formulae on
recovering the potentials using a twin-dense nodal subset. Wang and Shieh [31] investigated
the partial inverse nodal problem for B with Dirichlet boundary conditions from a twin-
dense nodal subset in interior subintervals under some conditions. Therefore, we are going
to solve the following partial inverse nodal problem for B with less nodal information:

IP2: (Inverse Problem 2) Recover the component g;(x),! = 1, p from given paired-
dense nodal subsets on subintervals having a central vertex.

We firstly prove the Horvath-type theorem for B and extend Horvéth’s method in [38]
for the classical Sturm-Liouville operator to B, which is also the theoretical basis for the
solution of the partial inverse nodal problem for B. Then, we show that the components
{q:1(x)}!_, for B can be uniquely determined up to a constant by a dense nodal subset
corresponding to the first eigenvalue sequence in [0,1]; see Theorem 2. We also give
algorithms to reconstruct {q;(x) }le and {(xl}f:l from a dense nodal subset. In Theorem 3,
combined with the Horvéth-type theorem for B, we show that if there is a paired-dense
nodal subset corresponding to the first eigenvalue sequence in a interior subinterval, then,
with a sufficiently large counting number corresponding to the first eigenvalue sequence,
we can uniquely determine the components {g;(x)}/"_, up to a constant on the whole graph.
Finally, in Theorem 4, without any nodal data on some ip-th edge but with part of the
eigenvalues, we can also uniquely determine components {g; (x)}f:1 up to a constant on
the whole graph from a paired-dense nodal subset corresponding to the first eigenvalue
sequence and sufficiently large counting numbers. We extend Guo-Wei’s method in [30] for
the classical Sturm-Liouville operator to B.
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This article is organized as follows. In Section 2, we present preliminaries. We give the
asymptotic formulae of nodal points. We present solutions to IP1 in Section 3 and IP2 in
Section 4, respectively.

2. Preliminaries

Let S;(x,A), Ci(x,A), and ¢;(x, A) be solutions of (1) for each I = 1, p associated with
the initial conditions:

$1(0,A) =0, 5;(0,A) =1, G(0,A) =1, Cj(0,A) =0,
@/(0,A) =sina;, ¢)(0,A) = —cosa;.

Moreover, we have
¢1(x,A) = sina;Cy(x,A) — cosa;S;(x, A).

By the results in [42], we obtain the asymptotic formulae:

(a) If N = 0,
: TX
(6 0) = sinpx  Qi(x) gospx +0<e2), Dcxel
o Q (x)psin 0x e™ )
@)(x,A) = cos px + =D i +o(>, 0<x<1,
P P
b) HO<a <m,
@1(x,A) = sinw; cos px + (Q;(x) sina; — cosoq)sn;)px +o(%), 0<x<l, 5)
¢)(x,A) = —psina; sinpx + (Q;(x) sina; — cosa;) cos px +o(e™), 0<x <1
for |A| — oo, where p = V/A, T = [Imp|, and
1 X
Q)= [Catar, 1=Tp.
The characteristic function A(A) of B is defined by
, P
AN =Y oA TT ee(12), ©)

which is an entire function in A of order 1/2, where all zeros of A(A) coincide with the
eigenvalues of B. Denote 0(B) := Ufnlem asthe eigenvalue set of B (counting with their
multiplicities) where My, = {Amn }nen and P := /Am,n. We shall find the asymptotic
formulae of nodal points separately corresponding to the three cases:

I oy=0, 1=1,p;
(I) a; € (0,), I=1,p; 7)
(Il)a; =0, 1=1,T, and ;€ (0,m), I=T+1,p, 1<T<p-1

By (Theorem 2.1 [41]), all eigenvalues are real. For the case I, there exist p sequences
of eigenvalues A, , with the asymptotic formulae:

®)
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for n > 1, where A, ,, 1 is the (m — 1)-th, m = 2, p zero of the polynomial p; (A) of degree
(r—=1)

pa)i= L TT[A- [0 costan - 1mastyar]| ©)
I=1i#l 2 Jo

For case 1II, there exist p sequences of eigenvalues A, , with the asymptotic formulae

P
P10 = (n—1)m+ 2(n—11)pn (—2A1 + /01(1 + cos(2(n — 1)7t) <l; ql(t)>>dt + o(lqlz),

A ! (10)
2 —
pm,n = 7’17T+ % +O(nz>/ m _Z’PI
for n > 1, where
P
Al = Zcotle, (11)
=1
and Ay, 2 is the (m — 1)-th, m = 2, p zero of the polynomial p,(A) of degree (p — 1)
p 1 r1
pr(A) = ZH[A — oty + 3 [ (1 cos(2(n — ) gi(1)d] (12)
1=1 4l

and for the case III, there exist p sequences of eigenvalues A, , with the asymptotic formulae

w 1
Pmpn = nw+ (=1)"d; + —271; +o<n>, m=1,2,
Am,n,S 1
Pm,n:nﬂﬂLinn Jro(nz)' m=3,T+]1, (13)
A 1
pm,n:<n_%>n+mrqr4+o(nz>/ m=T+2,P,
(n=3)7

for n > 1, where

T P
di = arcsiru/;, Ay = Z cotw;, wy =

I=T+1

==

I=T+1

T
((P 7)) Q1) +T i Q1) - TA2>, (14)
i=1

Ap,n3 is the (m — 2)-th, m = 3, T + 1 root of the polynomial p3(A) of degree (T — 1)

T

pa) =3 T1 (-3 [ 0= costammniginar), (15)

1=1i#l,i=1

and Ay, 4 is the (m — T — 1)-th, m = T + 2, p root of the polynomial ps(A) of degree
(p=T-1)

p P 1 1
pa(AN) =Y JI (A — cota; + 5 / (1+ cos((2n — 1)7tt))q,-(t)dt). (16)
I=T+1i£Li=T+1 0

The function

91(x,A)
pi(x,A)’
is called the Weyl m-function of B;, where the problem B, is defined by by (1), (2) and

¢1(1,A) = 0. Applying the same arguments as the proof of Marchenko’s theorem in [43],
one shows that the Weyl m-function m;(a, A) uniquely determines g;(x) on [0,a] with

my(x,A) == — x€ (0,1, 1=1,p,
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0 < a <1and g;. The eigenfunction y(x, As,,) corresponding to the eigenvalue A, , of B
is of the form:

y(x, /\m,n) = {Cl ()\m,n)gol (xr /\m,n)};}:y

where c;(Ayn), 1 = W are constant, do not depend on x, and are not all zeros. The function
@1(x, A1) is called the I-th component of y(x, A1,). Let x], . be the j-th nodal point of

the I-th component ¢;(x, A1 ;) corresponding to the eigenvalue A ,, i.e., ¢ (xf L Mn) =
0, | = 1,p. The I-th component ¢;(x, A1 ,) has exactly n — 1 (simple) zeros inside the
interval (0,1), and
O<xl,<xd, <<, < <xl<l
Forl = 1,p, let X;; = {x{,lln} be the nodal set of the [-th component ¢;(x, A1 ;)
corresponding to Mj. Then, X is dense on [0,1] (see below for Lemma 1). Since we
can only obtain the same nodal information from the same eigenvalues, we assume that

I := {ny i} K, is a strictly increasing subsequence in N (where K is defined in Lemma 2)
such that

M= {/\an : Alf”l,kl < )‘1,"1,1(2 for any nqx, < 1y, Mg, Mk € I }
Next, we shall give the definition of a paired-dense nodal subset on a finite interval.

Definition 1. For each | = 1,p, denote Wy, ([a;,b;]) € X;1N[ag, by] with 0 < a; < by <1
on the I-th edge. The nodal subset Wy, ([a;, by]) is called a paired-dense nodal subset on [a;, b;]
corresponding to Iy if the following conditions hold:

Jk JktTk c

1. For each nyy € I, there exist some ji, 1 > 1, r, € N, such that xl,l,m,k’xl,l,m,k

Wi, ([ag, by])-
2. Wll([ﬂl/bl]) = [al,bl].

The definition of the paired-dense nodal subset was given in [30]. Clearly, the twin-
dense nodal subset is a special case of the paired-dense nodal subset. Denote

j
7_1, for 1,
j_,

1Z ; 2

‘UO:EZQI(U/ ) = n—1 for I,
= _
! L 1=TT for 10

n
il
nz, I=T+1,p, for I

By the asymptotic behavior of A1, and ¢;(x, A1), one can easily obtain asymptotic
behavior of nodal points. We omit the proof.

Lemma 1. For three cases, the nodal points x{/lrn of the I-th component ¢(x, A1 ,) corresponding
to the eigenvalue A1 ,, have the asymptotic formulae:

. . 1 “L ) 1
i, 1 o 1
X119, =%+ 2n— %)2712 </0 q;(t)dt Zwoﬂcn> + O(rﬂ)’ for 1, (17)

j i cot o 1 g

X
T = (n—1)2n%2  2(n—1)2n2 /0 ai(t)dt




Mathematics 2022, 10, 3971 6 of 21
]y oy + o [ e
2;1(111;;‘2’1 i o( 2), I=1,T, for II, (19)
x{,1,n —a, % - :;t;zl + z(nln)z /0‘"41 q(t)dt
+2§(%n;)“;1a;+o<nlz), I=T+1,p, for I (20)

for n > 1 uniformly in j, where w1, d1, and A1 are defined in (11) and (14).

3. Partial Inverse Spectral Problems

In this section, we shall study the partial inverse spectral problem for B. Let the
boundary value problem B have the same form as B but with different coefficients. If a
certain symbol 7y denotes an object related to B, then the corresponding symbol y with a

tilde denotes the analogous object related to B.Lety =7 —7.

For m = 2,p, let I, := {n,,;}7., be a strictly increasing subsequence in N, and
denote M,,o := {)‘m,nm,k t Ny € In} € My,. For each m = 1, p, the counting function

corresponding to M,, o is defined by

N, (t) := ) 1, teR".
Pty <Ay €M
By (6), this yields
A(A) = 71N @y (LA) +712(A) @iy (L A),
where

p

P
1) =[Te(LA), and 12(0) =) ¢i(LA) ] e(LA).

N I ktio k]

(21)

Clearly the entire functions 71 (A) and 2(A) in A are only dependent on g;(x) and
a1 # do. If y1(Amn) = 72(Amn) = 0, then we cannot obtain any information about
the component g, (x) from the eigenvalue Ay, by (21). Hence, we add the following

Assumption 1:

Assumption 1. For each Aw,pn,, , € My, such that

’Y%(Am,nm,k) + ’Y%(Am,nm,k) #0, m=1,p.

We shall prove the following Horvith type-theorem for B, which is a solution to IP1:

Theorem 1. Let q;(x) = g;(x) on [0,1], &y = &; for | # ig and q;,(x) = gq;,(x) on [ag, 1] for

some ag, ag € (0,1] be given a priori. If My g = My with Assumption 1 satisfied, and there exist

to > 0,0 <x1; <1, > 0such that
iNM (t) > 2ap4 11 i+1 +(1—x7) L +1 — 14K 40t }, if o, = 0;
e T m0 = T2 | 2 T T

i N, (t) = Zﬂo{Kl [:r + ﬂ +(1 Kl)([:r} + ;) + 11 +O(f_‘51)}/ if ajy # 0

m=1

(22)

(23)
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for sufficiently large t > tg, and

hm Zzlzl NMm,O (t) — zﬂ
00 t '

where [x] denotes the largest integer less than or equal to x, then

2

L. ~

Tip(x) = Giy(x) on [0,1] and  wjy = ;. (24)

Proof. It follows from (1) for [ = iy

1
A ﬁio (x) qoio (x/ Am,nm,k)(’ﬁl‘() (x/ Am,nm,k)dx =< (Pi[)’ éﬁio > (1’ /\mlnm,k)_ < qoi[)’ 551.0 > (0’ /\m/nm,k)’

where < ¢, ¢; > (x,A) := @1(x,A)@)(x,A) — j(x,A)@1(x,A),] =1, p, is called the Wron-
skian of ¢;(x,A) and @;(x, A). This implies

1
< @iy By > (L Ampn,,) = /0 Gio () @io (X Ay, )Py (%, Ay )dx — sin@yp. (25)

The assumption g;(x) = §;(x) on [0,1] and «; = «; for all I # iy together with the
initial conditions ¢;(0,A) = ¢;(0,A) = sina;, ¢;(0,A) = ¢}(0,A) = — cos a; show that

qol (1’ /\m/”m,k) = @l (1’ )\mrnm,k) and q);(]" )\mrnm,k) = a; (1’ Am/”m,k) (26)
for all m = 1, p. From (21) and (26), it is clear that

T1 (Am,nm,k) = '71 (Am,nm/k) and 72 ()\m,nm,k> = '72 ()\m,nmrk) (27)

By Assumption 1 and (21), we have

Y2 (A )
(P;O (1’ )\mlnm,k) = _ﬁqoio(l’ /\mr”m,k)’
ok if 1 (Amn,,) #0, (28)
7 (1,7 __2m) o A '
‘Pio( PAmny) = m%( s Ay )s
or
'Yl(/\m,nm )
(Pio (1’ Amr”m,k) = ’)/2(/\7]()4);0 (1’ /\mlnm k)’
frttmpk if y2(Ampn,,) #0. (29)
5 (LA ) = — A i) gy ’
(plo 7 m,nmrk - ,Yz(/\m,an) QDZO 7Y Ny )
It follows from (25) and (27)—(29) that
< @iy, Piy > (1, )‘m,ﬂm,k) =0, Vnurel, m=1p. (30)
By q;,(x) = §j,(x) on [ag, 1], this yields
< Piys aio > (aOr /\m,nm,k) =0, vnm,k €ly, m=1, p- (31)

Define the function K;,(A) by

Ki,(A) := < @iy, Po,iy > (a0, A)’ (32)

[Tt Fm(2)
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where

A
Fu(A):= ] (1 -3 ) m=1,p. (33)
/\m,nm,kEMm,O MM

If Amrnm/k = 0, we substitute 1 — by A in (33). If the eigenvalue /\m/”m,k €

M,k
UP 1 My is simple, then (31) guarantees that the function K;, (A) is analytical at A = Ay, -
By (8), (10) and (13), we see that the multiplicity of each elgenvalue can be only finite.
Assume that the multiplicity of the eigenvalue Aw,u,, := Ag € UP My is ko, ko > 2.
Then,

m=1

dA(A dfo=1A(M)

A(dg) = —5— “dr ‘A =A T d ko1 ‘)\ =Ap

=0. (34)
Consequently, (21) and (34) show that

)@ 0(1 )\0) + 712(A0) 93y (1, A0) =0,
0o A0+72()\0)d%° o
( )|/\ N 9010(1 A ) d’)’Z

0

i

T1(A
71(A
dy
|/\ Ao (Plo(llAO) = 0/

_|_

(35)
ko—1—k
fo1 Ck d*y1(A) d® e (1,4)
Z ko*l d/\k ’)L:/\() ?Akoflfk |/\:/\0
d

b1 Ck d"12(2) (LA
ko 1 dAk |/\:/\0 d/\ko—l—k |)L:/\0

+Y =0,

Similar to (35), we have

71(A0) 9, (1, )\o) +72(A0) 94y (1,A0) =0,
d(pl (1) 4§ (L)
71(A0) d/\ })\ Ao + ’72()\()) (P0<

dv dv
+ 1 |/\/\ (1/\) 2

i
|/\ Ao (on(l )\0) 0

(36)

&y (n),  doTT kfpz(,( )
dAk |)\:)\0 gAkO ’/\ Ao

-1 d72(4) <P(1/\
+Zk00 Cko 1 dAk |/\:/\0 d/\ko 1-k |)L:/\0

klk
Do CF 4

=0.
It follows from (35) and (36) that

d < @iy, @0, > (1,A) do=t < @i, @0 > (1,A)

A A
d)L {)L:/\O == dAko—l |/\:/\0 = 0

< @iy, Po,iy > (1, M) =

This implies that the function < ¢;, ¢p;, > (1,A) has zeros at Ag of at least ko.
Moreover, the function < @;,, ¢, > (a0, A) has zeros at Ag of at least ko. Thus, the function
Kj,(A) is analytical at A = Ay,p,, - Note that (4) and (5) show that

eZQOT
O(p|2> , if OCZ'O = 0, (37)

O(e*07), if a; #0, (38)

|< Piys (’71'0 > ({Ilo,)\)| =
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for [A| — oo. By the results on the Weyl m-functions m;(x, A) and 1, (x, A) in [32], we have
|miy (x, A) = ity (x, )| = lip +0(1) — (ip + o(1))| = o(1) (39)

uniformly in x € [§,1] for [A| — oo in any sector ¢y < argA < 7 — ¢ for ¢y > 0, where
J € (0,1] (for details, see [32]). Consequently, it follows from (4), (5) and (39) that

eZaOT

~ ol —5 |, if a;=0, (40)
|< Piyr Pig > (QOIA)| = ( ‘p|2 > :
o(e?™%), if a; #0, (41)

for |A| — oo in any sector gy < arg A < 7 — gp. By Levinson’s estimate (see [44]), then the
first formula of (8), or (10), or (13) and (22), or (23) imply that there exists a constant ¢,
such that

14
1 -0 (e—2aor+e\/m>, VA € m Duc,, (42)
‘Hﬁlzl Ey (/\)‘ m=1

for sufficiently large |A|, where

1
Dm,cm = {/\: |P - Pm,n,,,’k| > gcmr )\m,nm,k S Mm,0}~

Thus (37), (38), and (42) show that

P
K, (A)] =0(e*VIM), VYAe () Duge, (43)
0

m=1

for sufficiently large |A|. Consequently, (43) and the maximum modulus principle show
that the entire function K;, (A) is of the zero-exponential type, i.e., for arbitrary e > 0, then

IK;, ()] < ceVIM, Aec (44)
for sufficiently large |A|, where c is constant. Noting that

e -M0-ide)

n=1

we obtain

[zl ¥ iy L |sin /iy

ty2+t2dt_lnﬂ(1_ 5 2> +0(1) =1In iy +0(1)
_ vl 1
=\/ 5 — 3 Inlyl+0(), (45)

ﬂ e °° iy .

s—dt =In|[ ]| 1- 5 +0(1) :ln‘cos \/E‘—FO(l)
+t n=1 (f’l— %) 7_[2

~/ 1 oq). (46)
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J

©1

2
Y [ [1 t 1 5 _
s -/ (t—y2+t2>dt—21n(y +1) = In|y| + 0(1). (47)
Next, we shall prove by two cases
c
—, if a;, =0;
1— 1— 7 10 7
Kl < § W0 )
W’ if 0(1'0 # 0

for sufficiently large y > 0. Here and below, we use the symbol ¢ to represent a positive

constant that may vary from one formula to another.
Case (1): All eigenvalues Ay, > 1. It follows from (45), (46), (47), (22) and (23) that

2

P © Y71 Neolt)
1 F':/kzl' Y_dt+o(1
“ﬂ*”(”’)‘ [ R e o)
t41 — JLIN D
e mal 3] +om) ([£]+3) 1+K1y2y+t2dt+0(1)/ if a, =0
220w nlh Al o[ 2 g on) i w £0
7 Y ;1 "‘107'é

1

Zao\/@* ag(1—x1)Infy| +O(1), if aj =0;
2ag % +aoxInfy| +O(1), if aj #0.

This implies
p e?.amxly\/z
| s &V
’Hm:l F’”(IV)‘ = ol
Ty En(iy)] > cly|ot eV e gy #0

if a;, =0; (49)

foray € R that is sufficiently large. By (40), (41), and (49), we obtain (48).
Case (2): There exist kg > 1 eigenvalues such that Ay, < 1,m = Ly km =1k,
where there may exist some ky, o such that k.0 = 0. If k0 = 0, then Ay, > 1 for all ;.

Without loss of generality, we assume

P
Amr”m,km < 1, m = 1, b, km = 1,km,0, Z km,O = ko.
m=1
Let
ki 1 1
m = 1/ P/ Sm,O = {/\m'”m,km }kmil’ km = 1/ km,O

Hmny g, = Py 7 >1,

and

km,(]

Fl,m(A)=H<1 A )x I <1)L
km:1 ‘um'nm/km /\m,nm kEMm,O\Sm,O MMk

Since
i
p km,O 1-— by u
lim T a—
B — 4
y—+oo - - 1= y
m=1k,=1 Hot o
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then there exists a sufficiently large Yy such that

[T =5 &
m=1ky=1 1 . 2
'um'"m,km
for y > Y. Note that
d P km,O 1 B )\m My ke P
[TE(n) = i< [T Fm(d)
m=1 m=1ky=11" g =1
By (49), (50) and (51), we also have (48). It follows from (48)
lim K;, (iy) = 0. (52)

y—00
By the Phragmén-Lindel6f-type result in [20] together with (44) and (52), we obtain
Kj,(A)=0, AeC. (53)

It follows from (53) that

< @iy Piy > (ag,A) =0, VAeC, 1=1,p.
Consequently,
m;(ao, A) = m; (ap,A), VA€C, I=1,p. (54)
By Marchenko’s result in [21] together with (54), we have
iy (x) “©0 on [0,4), and Wiy = Qi (55)

The proof of Theorem 1 is completed. O

4, Partial Inverse Nodal Problems

In this section, we shall study the partial inverse nodal problem for B from a paired-
dense nodal subset in an interior subinterval having a central vertex. For I =1,p, we
say Wy, ([a;, by]) = Wﬁ (lag, by)) if for any ny; € I there exist ji, 1y, i1k, jx € N such that

x;i(lrnl,k'xﬁlr;f,k S WIl ([al, bl]), x;flﬁl,k' ;Ijl,ﬁrf/k S Wfl ([611, bl]) and

Ji _ fﬁc JeHre it
l,l,Vllyk - l/llﬁl,k, 1,1,7’11,]( - llllﬁl/k.

We obtain the following three uniqueness theorems for B.

Theorem 2. Foreachl = W, let X;10 C X;1 be a dense nodal subset on [0, 1]; then

qi(x) —qi(x) =29 on [0,1], ay=a; for I=1,p, 1 or II

a(x) —q(x) =@ on [01], a=% for I=1p, I
Denote

. _ 2A R
Cy =20y, for [ czzzwo—Tl, for I, C3=a&,, for IIL

We need the following lemma to prove our main results in this paper.
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Lemma 2. Let 0 < a; < 1forl = 1,p. If Wy, ([a;,1]) = Wﬁ([alfl])/ then there exists a large
number Ky such that

My, — M, =Cv, Vmig €Ty, for v=1,2,3, (56)

By Theorems 1, 2 and Lemma 2, we prove Theorems 3 and 4, which are solutions to
IP2.

Theorem 3. Let0 < a; < 1/2forl =1,pand 0 < 1 = maxy<j<p{a;} < 1/2.If Wy ([a;,1]) =
WT ([a;,1]), and there exist ty > 0,0 < «1 < 1,and 61 > 0 such that
1
to1 £ 1 s
Ny, (t) =2 21471 P +(1—r) 113 —1+x1+0( 1) for I, (57)
£ £ 1 s
Ny (8) = 2B | —+ 5|+ (1 —m)( || +5 )+ +O(E™) for I I (58)

for sufficiently large t > to, and

then

q1(x) — q1(x) e Cy on [0,1], a=a for I=1,p, n=123, (59)

Remark 1. We can only study the partial inverse nodal problems for the cases 0 < a; < 1/2,
I =1, p. The general cases 0 < a; < 1,1 =1, p require a separate investigation.

Without any nodal data on the component g; (x), we have Theorem 4 from
Theorems 3 and 1.

Theorem 4. Let 0 < a; < 1/2 for | # iy and By = max;.; {a;}. Suppose that Wy, ([a;,1]) =
WTl ([a1,1]) for 1 # ig, and My, g = My, for m # 1, My, for m = 1, p satisfying the assumption
(A), and there exist tg > 0,0 < kg < 1,6 > 0,¢ = 0,1, such that

Ny, () = zﬁl{KO [t + ﬂ + (1 —xo) ( [t + ;) —14xg +O(t5o)},
" P ¢ ¢ 1 for I; (60)
Zfrl:l NMm,O(t) > Z{Kl ; + 2:| + (1 — Kl) |:7T:| + 2) -1+ K1 + O(t_él)},
t 1 s
Ny (1) { [ } (1_K0)<[ +2)+K0+O(t o)},
& ¢ 1 for 1II, I (61)
Z 1 NMo(8) = { [ + 2:| + (1 —1x7) |:7J +2> + x1 +O(t51)},
for sufficiently large t > to;
thMli/O(t):%, hmM:E,
t—oo t T t—oo t T

then (59) holds.

Next, we present proofs of Lemma 2 and Theorems 2—4.
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Proof of Theorem 2. For each fixed x € [O 1] and I = 1, p, we choose x{"l n, € X110 such

that khm xl Ly = X This implies hm Dénl , = x. By (17)—(20) and the Riemann-Lebesgue

lemma, we have

. 1,
fiaa(x) = lim 20m = 522 (xfy, — o))
ik

L)
:klggo (/0 Yogi(hdt — Zwotxnlk +o(1)>
X
= ((Hdt —2wox, x€[0,1] for I (62)
0 q

fl'1'2(X) ::klggoz(nl’k B 1) (x;kl ng “%k)
o 24
— 1 / Vg 24, .
kg?o(o a(t) +< p «o "1k+0()
x 24,
:—Zcottxl+/ q(t)dt+ ( — —2wp |x, x€[0,1] for I (63)
p
) i o, )

:k~>oo (dla”lk +O(1))
=dix, x€[0,1], [=1,T, for III, (64)

I’ll,kﬂf

. : dlﬂén
fi1,3(%) izgggoz(ﬂl,k”) (x;kl ok — Wl — 1k>
Jk

= lim ( [ andt - (@1~ 2)al, +o<1>>

X N
= gqt)dt — (w1 —2d4%)x, x€[0,1], [=T1,T, for II, (65)
0 q 1
) i dl‘xn
fia4(x) 12135202(”1,k”) ( h i~ it~ ”)

:klim< 2cottxl+/ ((H)dt — (wq 2d2) X, —i—o(l))
— 00

:—2cotoq+/ qi(Hdt — (wy —2d2)x, x€0,1], I=T+1,p, for IIL (66)
0

By taking derivatives with respect to x in (62)—(66), we obtain

fli1(x) Eqi(x) — 2wy, x€1[0,1], 1=T1,p, (67)

o) o) + (2 -2w0), xe1) 1=Tp (69
/ T

hj;(x) = dq = arcsin \/;, (69)

fl13(%) = fl14(x) = g(x) —wr + Zd%/ x€l0,1], I=1p. (70)

e x

It follows from the assumption X; 1 o 1 o that

hpi(x) = ﬁl,l (x) and fi1,(x) = ﬁrl,v(x), xel0,1], I=1p v=14 (71)
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By (69), we find T by
T = psin®hj(x). (72)
For cases Il and IIl with | = T + 1, p, letting x = 0 in (63) and (66), we obtain

—f11,2(0)

arccot’#’, I=1,p, for II, (73)

ap =0 =
_ 0 o
arccotfl’%m, I=T+1,p, for IIL (74)

Furthermore, it follows from (71) that

flin()E fl,(x), xe€01, I=1p v=T4 (75)

Consequently, (67)—(75) imply that

Qi(x) =q(x)—g(x)=Cy, x€0,1], I=Tp pn=123. (76)
This completes the proof of Theorem 2. [

The proof of Theorem 2 is constructive. We reconstruct the potential ¢;(x) up to a
constant on the equilateral graph with the dense nodal subset X; 1 o on the I-thedge, [ =1, p,
by the following algorithms:

Algorithm 1: For case I, reconstruct the potential ¢;(x) up to a constant by the follow-
ing two steps:

(1) Find f;11(x) by (62) for each I =1, p.
(2) Reconstruct g;(x) —2wq on (0, 1) by (67).

Algorithm 2: For case II, reconstruct the potential ¢;(x) up to a constant by the
following three steps:

(1) Find f;1,(x) by (63) for each I =1, p.
(2) Reconstruct a; for each ! = 1, p by (73), and then find A;.
(3) Recover q;(x) — 2w on (0,1) for each I = 1, p by (68).

Algorithm 3: For case III, reconstruct the potential g;(x) up to a constant by the

following four steps:

(1) Find h;1(x) by (64) for each I = 1, p; reconstruct T by (72).

(2) Find f;13(x) by (65) for each I = 1, T and find f; 1 4(x) by (66) foreach I = T + 1, p.
(3) Reconstruct a; for each I = T + 1, p by (74), and then find A,.

(4) Recover q;(x) — wq on (0,1) for each I =1, p by (70).

Proof of Lemma 2. By suitably modifying the proof of Theorem 2, we obtain

qi(x) = qi(x) =

It follows from (17)—(20) that as k — oo

1
Tk + <2> for I,
Mk — 5 "Lk

Q2
©

"Cy, x€a,l], I=1p, v=123 (77)

1
— ]k Tk Tk _ nyg— n
Ligme = X0y, — Xy, = :k o Lk (78)
e Ak o 1), for w1 =TT,
1’11 k "1,k” nl,k
1
Tk kol ), for I I=T+1p.
Tll,k nl,kn Tll k

/!
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If the problems B and B belong to the same subcase in (7), say, case I, it follows from
the first formula of (78) and the assumption that

T 1 T 1 ~

Liin, = —k 4o — | = — k% 4o = | = Liiu, for k> 1.

/ 1 n _ 1 P )
mk =5 Lk Mk =5 Lk

Without loss of generality, we assume 717 , > 717 j here and below. This implies
re(nyx — ) B 1

=0o| —

w7 L n
1k 2 1,k 2 !

It follows from (79) that

) for k> 1. (79)

Ny = ﬁl,k for k> 1. (80)

If the problem B belongs to case II, while the problem B belongs to case III, then it
follows from the second and third formulae of (78) and the assumption that

1 d 1
Tk +ol| 5 :I—k+~21rk +ol o for k> 1. (81)
nig—1 nig Mk AT ni g
By virtue of (81), this yields
1 d 1
Tk +ol| 5 :I—k+~21rk +ol|l o for k> 1. (82)
nyg—1 niy Mk 1y, Y
In particular, we have
%7/ d fi
K71,k e ik +O<~ )
nyx—1 fiy 70 1 iy
and hence
lim % =1
k—oc0 11k
By (82), we obtain
~ dq
n1/kfn1,k+1f— 1
— T =o(> for k> 1.
M1,k 11k
This implies

N d
nl,k—nl,k+1—;1:o for k>1, (83)

which is impossible by 0 < % arcsin 4 / Z; < % and 717 — 1y +1 > 1. Therefore, the prob-

lems B and B belong to the same subcase, and other cases can be treated simNilarly. This
implies that (80) is valid for k > 1. Next, we only consider the problems B and B belonging
tocasellland! € {T+1,---,p}. Foreach! = T + 1, p, consider two Dirichlet boundary

. ; Jk JktTk
value problems defined on the interval [x/) ey nl,k}’
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_q);/(x/ /\1,711,]() + ‘71 (x)q)l (x /\1 ?lek) = Al,}’lllk 4’1 (xl Al,}’lllk)/ (84)
2 (xﬁ{],nl/k/ Al/nl,k) @1 (x;k;rnfk A1,1’11,}<) =0, (85)
and
— 31 (%, Ay ) + @ () @1 (% Az ,) = Ay @1 (% A, ) (86)
@(xffl,nllkﬂl,ﬁl,k) (Pl(xfkl nrkk Aji,,) = 0. (87)
It follows from the first formula of (13) and (20) that
1 d 1
Ik _Z 1 i
Pl m, (]k > () + 2ny k1t o <n1,k > ' (88)
‘ “kalk
by := —(2jx — 1)(dy + r)dy — 27t cota; + zx],{‘u(wl +d3) + /o ©q(t)dt;
1 d 1
ke _ 1 2 il
Ok X] 1y, = <Jk+rk )(d1+7'c)+ Byt +o(n1,k>, (89)
/ikJr’k
by := —(2jx + 1 — 1)(dy + )dy — 27w cotay + anlk(wl + d%) + /0 Mk g;(t)dt;
- 1 d 1
=k _ _ 1 il
1 X0, = (]k )(d1 + ) + T + °<n1 k), (90)
By == — (2] — 1) (dy + )y — 2w cotd; + k(@ +d?) + / s [(t)dt;
1 d; 1
ke _ 2 2 _—
P11, X i = (]k+rk )(d1+7r)+2 1k7f+0(”1,k)' (91)
_ ) ]ik*’k
by := —(2jk + 1 — 1) (dy + 7)dy — 27 cot &; + i, (@1 + ) + /0 UG ()dt.
By (84)—(87) and the integrations, we easily obtain
Z‘k1+rk _ _
L (@) = 000) = Q= A D)9100 A )i T Jdx =0 92)
l'lf”Lk
By virtue of (92) and g;(x) — §;(x) = C, on [a;,1], we have
.
(CV - (/\1,711,}( - Al/ﬁl,k)) /x]k e q)l (x/ Al,fllrk)fﬁl(xl Al,ﬁlrk)dx = 0 (93)
u/"l,k
On the other hand, it follows from (5)
1
@1(x, My, ) i (x, Alnlk) —smtxls1noclcosp1n1kxcosp1nlkx+0< ) (94)

Mk
By virtue of (94), this yields

Kt

xlln ~ ~
-/X/k e (Pl (x’ /\l,nl/k>(Pl(x/ Al,ﬁl/k)dx

llnlk
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]k+rk
1n 1
=sin; smle/ " cos 01,4, , X cOs 1, nlkxdx+0< )
X1 Mk 1 k
sinw; sin& §k1+ ‘ 1
_ oty sty 1k (COS(PLHM + 01 ﬁlk)x + COS(Pl,nlk —p1 ﬁlk)x)dx +O( ——|. (95
2 "fkl oy ' o ’ o "k
For k > 1, (80) shows that
1 ok
A ~ d
2Ll,1,n1,k /JC;,l,n1k COS(pl,nl,k + pl,nllk)x !
_ 1 ; ~ Jit : ~ Ji
_2(Pl,n1,k + ﬁl,m,k)Ll,l,nLk (Sm(pl'”” T PLmy )xl 1 "1k Si(01,m, + pl'"l'k)xlflrnl,k)
— 1)kt - by +b 1
= (=1) : - (sin<(jk+jk+2rk )d1+21+ 1+o(>>
2r(dy + 7)1+ 5=) +0 (5L T N
. . by, + Ez 1
—sin| (jx +jx — 1)d1 + —I—o()
((] jk=1) 2 ™
(1)L (sinji + i+ 2 = 1)t = sin(ji+ e — 1)d1 ) N o( 1 ) .
2ri(dy + 1) mx/)
It follows from the first formula of (13) and (80) that
i
™,k d
2Llln1k /x;ln Lk COS(plnlk pln]k)x !
;kl . w1Xx 1
Mk
— +o| — ) Jdx
ZLllnlk/x;ln (nl,k (”1,k)>
1k1+rk w1x 1
MLk ZSin2(+o<>)]dx
2Llln1k /JH]l”lk [ 2ny 11k
1 1
=5+ o( ) 97)
”1 k
By (80), (96) and (97), there exists a sufficiently large constant K such that
y y larg
/ i cos(pun — Py ) xdx > /x, M cos(01,,, + Py ) XX (98)
xl 1,n 1k l’l’"l,k
for all k > K. It follows from (92) and (98) that
]'k1+rk _
L 9 An )@ A, )l
xl 1 Mk
Hok e 1
>sinasin@ </].k' T o8 (01,ny, — P17 ) XX — //k " c0s(01,ny + 01,7, ) xdx| +O (nz>>
xlflrnl,k xl 1 Mk 1,k
>0. (99)

Therefore, (93) and (99) imply that

/\nl,k = )‘nl,k - )‘%,k =G
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for all ny j € I;. This completes the proof of Lemma 2. [J
Next, we prove Theorem 3.

Proof of Theorem 3. By the assumption of Theorem 3 together with Lemma 2, we have

{ q1(x) — g;(x) = Cu x€la,l], I=1p, p=123 (100)
M, = M, =Cp =123, Vny €1y, (101)

Let 4o, (x) := q1(x) + Cu, G0, (x) := q1(x) — Go,(x), and @y, (x, A) be the solution of
u’(x,A) + (A = o (x))u(x,A) =0, 0<x<1, (102)
u(0,A) =sina;, u'(0,A) = — cosa;.

By a shift of the spectrum to the constant Cy, then (100) and (101) imply

{%Ax) “0 on [a,1, I=Tp, (103)
My, — Aot =0, Vnyx € I (104)

Next, we prove

o, (x) “0 on [0,4], and a; =7, [=1,p.
For each /\1,”1,1{/ (103) and (104) show that
< @1, P01 > (a1, An;,) =0, Vg € L. (105)

It follows from (4) and (5) that

eZaﬂ.'
- o<2>, if a=0, (106)
|< 91, o1 > (a,M)] = el
O(e?™), if a; #0, (107)
for |A| — oo. Consequently, it follows from (4), (5) and (39) that
(eZIZIT>
- ol S—), if a=0, (108)
< @1, 01 > (a,M)] = lo[?
o(e®T), if wa #0, (109)

for [A| = oo in any sector gy < arg A < 7 — €). Define the function K ; (A) by

< @1, @01 > (a3, A
Kia(A) = = (Plglll()\)(l )

I=1p,

Therefore, (105) together with the assumption on M; o show that K; 1 (A) is an entire
function in A. By Levinson’s estimate (see [44]), the first formula of (8), or (10), or (13) and
(58) imply that there exists a constant ¢ such that

1
[FL(A)]

:o(e—zﬂtlmJW ) VA € Dy, (110)
for sufficiently large |A|. Thus (106), (107) and (110) for m = 1 show that

‘Kl,l ()\)| = O(e*Z(Mfaz)TJrZe W)/ = D1,C1 (111)
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for sufficiently large |A|. Consequently, it follows from a; < a7 < %, (111) and the maximum
modulus principle that the entire function K; ; (A) is of the zero-exponential type, and then
for arbitrary € > 0,

K1 (A)] < eV, A ecC (112)
for sufficiently large |A|. By calculations, we have

e2v1/ [yl /2

s &V )
|F1(iy)| > AT for I; (113)
|F1(iy)| > cly|(-r)e2aVWI/2 - for 10, III
foray € R that is sufficiently large. It follows from (108), (109) and (113) that
Ky (iy)] = o(1)
for a sufficiently large y > 0. This implies
yll_fgo K, (iy) = 0. (114)

By the Phragmén-Lindelof-type result in [20] together with (112) and (114) again, we
obtain

K1 (A) =0, AeC. (115)

It follows from (115) that

< @, @01 > (a,A) =0, YAeC, I=1,p.
Consequently,
my(a;, A) =gy (a;, A), VAeC, I=1,p. (116)
By (116) together with Marchenko’s result in [21], we obtain
Go,(x) 20 on [0,4], and & =7, [=1,p. (117)

Hence, (103) and (117) show that (59) holds. The proof of Theorem 3 is completed. [

Proof of Theorem 4. We use the same symbols as these in Theorem 3. Applying the same
arguments as the proof of Theorem 3, we have

{%,z(x) “0 on [01], and a =7, [+ i, (118)
My = Aot =0, Vnyx € 1. (119)

Next, we prove
q0,ip (¥) “0 on [0,1], and &jy = Qjy. (120)

It follows from (1) and (102) for [ = iy that

1
< 4’1’0/ 650,1‘0 > (1/ )\m,nm,k) = /0 ‘/7\0,1‘0 (x) q)lo (xl /\m,nm,k ) 650,1'0 (x/ /\m,nm’k )dx - Sin I/X\l’g . (121)

Similar to the argument as the proof of Theorem 1, one can complete the remaining
proof of Theorem 4. [
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