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Abstract: The random variable X is used to represent the normal process containing two important
parameters—the process average and the process standard deviation. The variable is transformed
using Y = (X — T)/d, where T is the target value and d is the tolerance. The average of Y is then
called the accuracy index, and the standard deviation is called the precision index. If only the values
of the accuracy index and the process precision index are well controlled, the process quality level as
well as the process yield are ensured. Based on this concept, this paper constructed a control chart
for the accuracy index and the precision index and derived the confidence intervals of the accuracy
index and the precision index using in-control data, as the process was stable. This paper aims to
control process quality via monitoring the accuracy and precision of the process. At the same time,
fuzzy tests are developed for the indicators of process accuracy and precision to evaluate whether
the process quality can reach the k-sigma quality level, as well as offer suggestions about directions
of improvement when it fails to reach the k-sigma quality level. Obviously, the model in this paper
cannot only evaluate whether the process meets the requirements of the quality level; it can also
provide a decision regarding whether the process should be improved. It is very helpful for the
enhancement of enterprises’ process capabilities.

Keywords: k-sigma; accuracy index; precision index; membership function; fuzzy evaluation model

MSC: 62C05; 62C86

1. Introduction

Kane [1] proposed process capability index Cpx with a bilateral specification for the
nominal-the-better (NTB) type of quality characteristic. This index is widely used for
process capability assessment and analysis [2—-4]. It serves as a handy and useful means
of communication between manufacturers and customers [5-7]. Based on the assumption
of normality, the random variable X is said to be a normally distributed random variable
with mean p and standard deviation &, shown as X ~ N(j,0?). The capability index Cpx
is then defined as follows: T
=3y @
where d = (USL — LSL)/2 refers to the half length of the specification interval, target
T = (USL + LSL)/2 represents the middle point of the specification interval, USL represents
the upper specification limit, and LSL represents the lower specification limit. Furthermore,
based on the concept of the Taguchi loss function, Chan et al. [8] developed another bilateral-
specification process capability index, Cpyy, for the NTB type of quality characteristic, as
expressed below:

Cpk

d

Cpm = ,
3y/o2+ (u—T)
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where the denominator 02 + (u — T)2 of index Cpy is the expected value of the Taguchi
loss function.

LetY = (X — T)/d, then Y is distributed as N ((5, ')/2) , where we can call J the accuracy
index and vy the precision index as follows:

accuracy index : § = (V;J 3)
and -
precision index : y = r 4)

Some studies note that the process quality approaches the k-sigma quality level if the
absolute value of the accuracy index is smaller than or equal to 1.5/k (|| < 1.5/k and
v =1/k) [9]. In addition, for a process with the NTB type of quality characteristic, the
process yield p is expressed as follows:

p=p{LSL< X <USL} = p{—lﬁYﬁl}:CD(l;(S)—l—CD(l::&) -1 (5

We denote p(k) below as the process reaches the k-sigma quality level with § = +1.5/k:
p(k) = ®(k —1.5) + O(k+1.5) — 1. ©)

Many studies have pointed out that process accuracy index ¢ and the process preci-
sion index 7y are functions of all process capability indices; thus, they are two important
parameters in the discussion of process capability. As these two indicators are the mean
and standard deviation obtained from the transformations of variables from various speci-
fications and tolerances, it is convenient to evaluate and analyze the quality characteristics
of various tolerances at the same time [10,11]. When the process precision is higher (the
value of k is larger, and the value of precision index + is smaller), then the process yield is
higher. Furthermore, the process yield is p(k) = 2®(k) — 1 for a k-sigma process quality
level where § = 0. Thus, when the process accuracy is higher (the value of accuracy index ¢
is smaller) the process yield is higher.

Based on the above, two bilateral specification process capability indices, Cpx and
Cpa, can be rewritten, respectively, as follows:

_1-ldl.

PK 3y (7)

1
Cry = —F———=.
M e y2

To sum up, when the process average y deviates less from the target value T, then the
process accuracy tends to be higher (the value of ¢ is smaller); or, as the process standard
deviation is lower, the process precision increases (the value of oy becomes smaller). Based
on Equations (5)—(8), the values of these two bilateral specification process capability indices
and process yields increase accordingly. Therefore, if only the values of the accuracy index
¢ and the process precision index -y are well controlled, the values of the process capability
index and the process yield are ensured. Based on this concept, this paper will construct
the control chart for the indexes of accuracy and precision and perform fuzzy testing based
on the confidence intervals via in-control data when the process is stable. When the test
result indicates that the absolute value of the accuracy index is smaller than or equal to
1.5/k and the precision index is v < 1/k, it is understood that the process has reached the
k-sigma process quality level. Otherwise, the process must be improved. This paper aims
to control process quality by monitoring the accuracy and the precision of the process. In
addition, fuzzy tests are constructed for the indicators of process accuracy and precision to

®)
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evaluate whether the process quality can reach the k-sigma quality level, as well as offer
suggestions about directions for improvement if it fails to reach the k-sigma quality level.

2. §— Control Chart

As mentioned earlier, as long as the values of the accuracy index J and the process
precision index <y are well controlled, the values of the process capability index and the
process yield are guaranteed. Hence, this paper will derive the —< control chart to monitor
process accuracy as well as process precision. According to the control chart’s operation
model, at regular intervals, n samples are randomly selected from the normal process
N(p,0?) to form a subsample in a sample size of n; suppose there are m subsamples in
total. According to some studies, the number m of subsamples is usually 20 or 25 groups
(m =20 or 25). The m subsamples and their observation values can be represented as follows:

Xl,ll Tty Xl,j/ Tty Xl,n X11, xl,jr oy X
Xi,l/ Tty Xi,j/ Tty Xi,}’l = xi,l/ ttty xi,j/ Tty xi,n . (9)
Xm,1/ Tty Xm,]'/ Tty Xm,n xm,1/ Tty xm,j/ oty Xmn

LetY;; = (X;j — T)/d, where Y; is distributed as N (4, 7?). The m subsamples and
their observation values after variable transformation can then be expressed as follows:

Yi,l/ Tty Yl,j/ Tty Yl,n yl,lr Tty ]/1,]‘/ Tty yl,n
Yi,ll cee, Yi,j/ s, Yi,i’l — yi,li S, yi,]., cee, yi,n (10)
Ym,lz Tty Ym,j/ Tty Ym,n ]/m,lz Tty ]/m,j/ Tty ]/m,n

Consequently, for each subsample, the subsample mean and subsample standard
deviation, respectively, are denoted as follows:

* 1 2
5 = ;Z Y (11)

and

. 1 & —\2
j=1

Based on the assumption of normality, let Z = /n(6; — ) /yand K = (n — 1)71*2 /7%
then, Z is distributed as the standard normal distribution, and K is distributed as the
chi-square distribution with n — 1 degree of freedom. As p(—3 < Z < 3) = 0.9973, then

-3 7—2<(5*<5 3 ,LZ = 0.9973 13
p n =% = + n =0. . (13)

The overall sample mean and the pooled sample standard deviation adopted by this
paper are denoted below:

>
|

(14)

L
=

Ns‘H
Il

and

7= =L (15)
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According to Equations (13)—(15), three standard deviation control charts of accuracy
index 6 can be represented as follows:

UCLs =3+ 227
CLy=0_ . (16)
LCLs =6 + %7

Similarly, as p{xi/z;nil <K< X%—lx/z;n—l =1—«, then

2 2
Xajon1, v o [M-azn—1 U4 (17)
p n— 1 Iy —_ ,)/Z —_ n— 1 fy N

Therefore, the upper control limit, the center control limit, and the lower control limit
for precision index 1y are presented as follows:

X%—a/Z;nfl v
UCLy =\ =557

CL, =7 . (18)

X2 o —
LCLy =\ =557

Next, the accuracy and precision of the process can be monitored according to
Equations (16) and (18). As mentioned earlier, in-control data can be used to perform a
fuzzy test based the confidence interval when the process is under statistical process control.

3. Fuzzy Evaluation Models for Accuracy and Precision Indices

As mentioned earlier, when the value of the accuracy index is between —1.5/k and
1.5/k (—=1.5/k < 6 < 1.5/k) and the precision index is v < 1/k, it means that the process has
reached the k-sigma process quality level. According to this standard, this paper develops
a fuzzy evaluation model for the accuracy index J in Section 3.1 and a fuzzy evaluation
model for the precision index v in Section 3.2.

3.1. Fuzzy Evaluation Model for the Accuracy Index
Based on Equations (11) and (14), we have ¢, distributed as N ((5, Y2/ mn) , where

— 1 N

Based on Equations (12) and (15), we have

i=1

Y= = | o (Vi = i)™ (20)
Let

(6 —0)/\/7*/mn N(0,1)

= = (21)

ro_ -0 _ 55 _ - |
W \/yz/mnx\/72/72 ¢m(n721)72/m(n_1) \/Xm(,kl)/m(n—l)

Ty is then distributed as t,,(,,_1). To obtain the (1 —a) x 100% confidence interval of
the accuracy index J, we have
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1—a =p _ta/Z;m(n—l) < Tonn < tzx/Z;m(n—l)}

=)
=P _t"‘/sz(”—U S W < toc/2;m(n—1)} : (22)
< trx sm(n—1) — < toc sm(n—1) —
Therefore, the (1 — &) x 100% confidence interval of the accuracy index 6 is:
_ t, /. I S
Lo, US| = |3 — a/Z,m(nfl)f’é a/Z,m(nl)] 3
: ] [ Vmn 1ot vmn (23)

According to numerous studies, when Motorola was advancing their designed six-
sigma improvement approach, it allowed the process average to shift from the process
target by 1.5 sigma [11-13]. When the accuracy index is § > 1.5/k, it means that the process
is overly skewed to the right and must be improved. Similarly, when the accuracy index is
6 < —1.5/k, it means that the process is overly skewed to the left and must be improved. As
previously mentioned, the first condition required for quality to reach the k-sigma quality
level is |6| < 1.5/k. Therefore, the fuzzy test assumptions of the accuracy index can be
expressed as follows:

1. 1.
null hypothesis Hy : —75 <6< T5;
. . 1.5
alternative hypothesis Hj : |§] > -

As described by the sum of studies, the a-cuts of the triangular fuzzy number 6 is
illustrated as follows:

_J [61(a),62(a)], for0.01 <a <1
Ola] = { [51(8.01)2, ((;2(0.0;))], for 0"; a <001’ (24)

where ;
Si(w) =06 W#(’;‘”i (25)
5(w) =3+ t"‘/z’”\/%‘”y (26)
The triangular fuzzy number is denoted as & = A(41, 6y, 6r ), where
51 = 6,(0.01) = § — [0005m(n=1) (27)
Vmn
Sm = 61(05) =6, (28)
and ;
Sr = 62(0.01) = 3 + %ﬁ:’”* (29)
Therefore, the membership function of fuzzy number § is
0 ifx<dp
ap if0p <x <y
n(x) =<1 ifx=0du , (30)

%) if§M<X§(5R
0 ifx>dg
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where a; and a; are determined by x = & — t, /2m(n—1)/ VMY and x =6 + ty, j2.m(n_1)/
v/mn7y, respectively. According to Yu et al. [10], Chen and Yu [14], and Chen [15], let set At
be the area in the graph of (x), as displayed below:

Ar ={(x,a)]61(a) < x < r(a),0 <a <1} (31)

In addition, let set A}, be the area in the graph of 7(x) but to the left of the vertical
line x = 1.5/k for 6 > 0, and set Ay, be the area in the graph of 77(x) but to the right of the
vertical line x =—1.5/k for 6 < 0. We then have

Af ={(x,a)|61(a) <x<15/k0<a<ay} (32)

and
Ag ={(x,a)] =15/k < x < 5(a),0 < a < agr}, (33)

where 61(ap) = 1.5/k and é,(ag) = —1.5/k. Letdr = égr — 6, then

t0.005;m(n—1) _
=)

dr =0 — 6= 2 34
T =0R — 0L i (34)
Letd} =1.5/k — 61, then
15 (= tooosm(n—1)_
dt = =2 — (5 205min=l) 35
R~k ( N 7) (35)
Similarly, let d; = 0r — (—1.5/k), then
_ ~ . tooosmmn-1)_\ 1.5
dy =6+ —= — 36
o= () X G6)

The membership function 7 (x), relative to (—1.5/k, 0, 1.5/k), is shown in Figure 1 as below:

a

0.8

0.6

0.4

(5 <0) (5=0)

0.2

0.01
| (S © i | o
5, 5, -15/k &, 5, L5/k &, 5,

Figure 1. Membership function #(x) relative to (—1.5/k, 0, 1.5/k).

According to many studies, process engineers can determine the values of ¢ based on
accumulated production data or expert experience in the past [16-20]. The fuzzy evaluation
rules and improvement countermeasures for the accuracy index J are then made as follows:
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When § > 0and d} /dr < ¢, reject Hy and conclude that § > 1.5/k. This means that the
process is overly skewed to the right; therefore, solutions, such as machine parameters, must
be adjusted to move the average number to the left to enhance the accuracy of the process.

When § < 0 and dp /dr < ¢, reject Hy and conclude that § < —1.5/k. This means that
the process is overly skewed to the left; therefore, solutions, such as machine parameters,
must be adjusted to move the average number to the right to improve the process accuracy.

Except for the above two scenarios, do not reject Hy and conclude that —1.5/k < < 1.5/k.
This means that the process accuracy meets the requirements.

3.2. Fuzzy Evaluation Model for the Precision Index

According to Equation (20), let
=2 m -1 *2
Ko = m(n — 1)%2 _ L (D7 (’;2 i (37)

Kj is then distributed as x2 (n_1): Alming to gain the (1 —a) x 100% confidence

-1
interval of precision index <, we have

_ 2
1-a = p{th/2m(n 1) = K < X1_a/2m(n— 1)}

2
p{ X /2m(n— 1)<m(n—1)—<)(1 w/2m(n—1 } (38)
_ m(n=1) y < m(n—1) —
Xl o/2;m(n—1) - Xi/Z;m(nl),Y}
Therefore, the (1 — &) x 100% confidence interval of precision index 1 is expressed as follows:
mn—1) _ m(n—1) _
[Ly,Uy] = ) (n=1) Y| = (n=1) 7 (39)
lea/Z;m(nfl) th/Z;m(nfl)

Similar to the accuracy index, the fuzzy evaluation hypothesis for precision index 1 is
illustrated below.

As mentioned earlier, the second condition required for the quality to reach the k-sigma
quality level is y < 1/k. Therefore, the fuzzy test assumptions of the precision index can be
expressed as follows:

1
null hypothesis Hj : y < o

alternative hypothesis Hj : v > %

As described by the sum of studies, the a-cuts of the triangular fuzzy number 7 is as follows:

= { e onsest W

where
m(a) = X{H:Z;(i)l) 4n

and
() = | M=) (2)

2
sz/Z;m(n—l)
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The triangular fuzzy number is represented by ¥ = A(yr, Ym, Yr), Where
mn—1) _
n=moom= | =D 5 )
X0.995;m(n—1)
mn—1) _
M =71(0.5) = %v (44)
0.5;m(n—1)
and
mn—1) _
TR = 72(0.01) = 2(7)’)’ (45)
X0.005;m(n—1)
Therefore, the membership function of the fuzzy number 7 is
0 ifx<nvy
/ ap ifyp<x <M
7(x)=9 1 ifx=1m , (46)
o if ym <x <R
0 ifx>9r
where «f and «f) are determined by x = \/m(n - 1)/)(%70‘,1/2;1”(7171)7 and

X = \/m(n - 1)/X§’2/2;m(n71)7’ respectively. Let set A7 be the area in the graph of #'(x)

and set A% be the area in the graph of 1(x) but to the right of the vertical line x = k1.
Figure 2 demonstrates the membership function #’(x) with vertical line x = k~!.

a

0.8

0.6

0.4

0.2

0 Fa = 7
Yoo k! Vm Tk

Figure 2. Membership function #’(x) with vertical line x = k=1

Therefore,
Ar = {(x,0)[11(a) <x < 72(a),0 <a <1} (47)

and
AR = {(x,tx)hl(oc) <x<klo<a< a’}, (48)



Mathematics 2022, 10, 3961

9of 12

where 75(a') = k1. Letd} = yg — v and di = k=1 — 7, then

P I R K (49)
X0.005;m(n—1) X0.995;m(n—1)

1 mn—1) _
gy =1 |_mr=l) o

and

! (50)
X0.995;m(n—1)

As noted above, process engineers can determine the values of ¢’ based on past
accumulated production data or expert experience. The fuzzy evaluation rules for precision
index vy are then:

When df /d}T < ¢/, reject H) and conclude that ¢ > k~!. This shows that the
process variation is too large and must be improved so as to enhance the process preci-
sion. Common improvement methods are (1) establishing standard operating procedures,
(2) maintaining the homogeneity of processed materials, and (3) replacing old machines, etc.

When d} /d’. > ¢', do not reject Hj and conclude that ¢ < k~1. This means that the
process precision meets the requirements, and the original standard operating procedure
should continue.

Next, the fuzzy evaluation steps of accuracy index J and precision index < are con-
structed as follows:

Accuracy Index 6

Step 1-1: Calculate ¢ and 7 based on Equations (19) and (20).

Step 1-2: Calculate 67, and g based on Equations (27) and (29).

Step 1-3: Calculate dx (d%), dr, and dy /dr(dy /dr) based on Equations (34)—(36).

Step 1-4: Make decisions as follows:

(1) Whené > 0and d} /dr < ¢, reject Hy and conclude that § > 1.5/k.
(2) Whené < 0and dg /dr < ¢, reject Hy and conclude that § < —1.5/k.
(38)  Except for the above two scenarios, do not reject Hy and conclude that —1.5/k < ¢ < 1.5/k.

Precision Index ¢y

Step 2-1: Calculate 7y, and v based on Equations (43) and (45).

Step 2-2: Calculate d’., di, and d /d’; based on Equations (49) and (50).
Step 2-3: Make decisions as follows:

(1) Whendy/dy < ¢/, reject H} and conclude that v > k1.
(2) Whendy/dy > ¢/, do not reject H) and conclude that v < k1.

4. A Practical Application

Numerous studies have proposed confidence interval-based fuzzy tests to evaluate the
process capabilities of component products, such as bearing connectors and
gears [11,21]. Additionally, this method has also been used to evaluate satisfaction in-
dicators, job performance indicators, physical fitness indicators, etc. [15,22]. These studies
all noted that fuzzy tests based on confidence intervals are suitable for small samples,
which can not only reduce the risk of misjudgment caused by sampling error, but also
meet enterprises’ rapid response demands [14,15]. Subsequently, this paper uses bicycle
components made in Taiwan as an example to explain the application of the proposed
fuzzy evaluation models.

Taiwan has two well-known bicycle brands, Giant and Merida, and nearly a thousand
spare-part manufacturers. Many famous bicycle spare-part manufacturers, such as Fast
Line, SR Suntour, and Fox, have set up factories in Taiwan. Therefore, Taiwan can be said to
be the kingdom of bicycles. Bicycles have many important components, and many studies
note that all components must meet quality standards to ensure the quality of the final
products. Among these key components, the 140 mm disc brake is a common road bike
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specification; it is an important component directly related to riding safety. Therefore, this
paper uses the 140 mm disc brake as an example to demonstrate the proposed method’s
practical application. Moreover, the proposed method is suitable for quality evaluation
and improvement of all components in the bicycle industry chain; applying it will help
improve the entire industry chain’s quality.

As 140 mm disc brakes are directly related to bicycle riding safety, a bicycle component
manufacturer requires their manufacturing process to reach the 6-sigma quality level
(k = 6). As stated earlier, when the value of accuracy index ¢ is between —1/4 and 1/4, and
the precision index is y < 1/6, it means that the process is at the 6-sigma process quality
level. In our example, to control process quality, a random sample (sample size, n = 5) was
selected every other time unit and transformed using the variable Y; ; = (X;; — 140) /0.05.
The statistical process control was applied to 20 sample groups, and their various statistics
were calculated as follows:

and

Therefore, assumptions for the fuzzy test of the accuracy index could be expressed as follows:
null hypothesis Hy : —1/4 < <1/4;

alternative hypothesis Hj : |6 > 1/4.

According to Equation (23), the 99% confidence interval of J could be expressed as:

< to005:80— = , t0.005:80 }
Lo, Udb| = [6;,0r]| = |6 — 4 L0+ 4 =10.231,0.331].
[ ] = [0, 0r] { 700 | 700 ! [ ]

As 6 = 0.281 > 0, the values of d} and dy were calculated as follows:

1.5 —  10.005:80 ) 1.5 < 2.887 )
abr===_ <(5 - = — —10281 — —— x0.172 ) =0.019;
B Voo | 4 V100

dr = 6g — 0, = 0.331 — 0.231 = 0.1.

The value of ¢ was 0.2(¢ = 0.2), determined by the process engineer according to
accumulated production data or expert experience. According to the fuzzy evaluation
rule 1, we rejected Hy and summarized that 6 >1/4 ford > 0and d;{ /dr = 0.019/0.1 = 0.19.
Obviously, the process was too skewed to the right; which indicated that the quality
engineer must explore the cause and implement improvement strategies, such as adjusting
machine parameters, to move the average to the left to enhance the process accuracy.

Furthermore, the fuzzy evaluation hypotheses for precision index  could be shown
as follows:

1
null hypothesis Hj, : 7 < %

alternative hypothesis Hj : v < &

According to Equation (23), the 99% confidence interval of  could be expressed below:

\/ 0 5 \/ 50 7] = [0.143,0.216).
X0.995;80 X0.005;80

[L’)’, Ur” = [’)/Lr 'YR] =
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The values of d% and d’T were then calculated as follows:

1
dy = - — v, = 0.167 — 0.143 = 0.024;

d't = yr — v = 0.216 — 0.143 = 0.073.

The value of 0.2 (¢’ = 0.2) was determined by the process engineers according to
accumulated production data or expert experience. Based on the fuzzy evaluation rule 2,
we did not reject H}, for d% /d’; = 0.33 > ¢’ and concluded that y < 1/6, which indicated
that the process precision met the requirement.

5. Conclusions, Limitations, and Future Research
5.1. Conclusions

Process capability indices Cpx and Cpps and the process yield are all functions of the
accuracy index ¢ and the precision index y. When the process accuracy is higher (the value
of J is smaller) or the process precision is higher (the value of y is smaller), the values of the
process capability index and the process yield both increase accordingly. Therefore, if only
the values of the accuracy index é and the process precision index 7 are well controlled,
the values of the process capability index and the process yield are ensured. First, this
paper derived the 6— control chart to monitor the process accuracy and the process
precision. Next, when the process was stable, the confidence intervals of the accuracy
index and the precision index were deduced using data under the statistical process control.
Subsequently, fuzzy evaluation models were developed using the confidence intervals of
these two indicators. These fuzzy evaluation models can not only evaluate whether the
process accuracy reaches the required level, but can also indicate the direction required for
process improvement, which is greatly beneficial to improving enterprises’ process quality.

5.2. Limitations and Future Research

This paper established the 6 —+ control chart to monitor the process accuracy and the
process precision and assumed that the process distribution was in a normal state. When
the process distribution is abnormal, the control chart proposed in this paper, that is, fuzzy
evaluation models, are not applicable. This is the research limitation of this paper, as well
as the focus of future research.
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