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Abstract: In this paper, we establish the existence and stability results for the (py, ¢ )-Hilfer fractional
integro-differential equations under instantaneous impulse with non-local multi-point fractional inte-
gral boundary conditions. We achieve the formulation of the solution to the (py, ¢y )-Hilfer fractional
differential equation with constant coefficients in term of the Mittag-Leffler kernel. The uniqueness
result is proved by applying Banach'’s fixed point theory with the Mittag-Leffler properties, and the
existence result is derived by using a fixed point theorem due to O’'Regan. Furthermore, Ulam-Hyers
stability and Ulam-Hyers—Rassias stability results are demonstrated via the non-linear functional
analysis method. In addition, numerical examples are designed to demonstrate the application of the
main results.

Keywords: (p, ¢)-Hilfer fractional derivative; impulsive conditions; integral multi-point boundary
conditions; fixed point theorems; Ulam-Hyers stability

MSC: 26A33; 33E12; 34A37; 34B10; 34D20

1. Introduction

Fractional calculus (IFC) is discussed as the fractional integral operator (FIO) and
fractional derivative operator (FDQ), which have a long and illustrious history. FC is
popularly used to analyze phenomena in the branch of mathematical analysis, which is
noticed to be of outstanding assistance in modifying complex real-world problems in many
fields, such as physical sciences [1], financial economics [2], dynamics of particles, fields
and media [3], bio-engineering [4], Zika [5], HIV [6], COVID-19 [7], ecology [8], continuum
mechanics [9], Navier-Stokes problem [10], social media addiction [11], and references
cited therein. For more theoretical details on this topic, see: [12-16]. A variety of types
of FDQUs are regularly settled in the sense of FIOs. Various types of FDOs with different
kernel terms, such as Riemann-Liouville (RIL), Caputo, Hadamard, Katugampola, Hilfer,
and others, are shown in the literature survey on FC.

Recently, in 2018, the concept of FIDO with respect to another function was developed
by Sousa and Oliveira [17], which is known as the ¢-Hilfer FDQO. Some existence and
stability results of the solutions for fractional differential equations (FDEs) were created in
the context of ¢-Hilfer FDO [18-22] and the references therein. After that, in 2021, Kucche
and Mali [23] introduced and demonstrated some properties of the (p, ¢)-Hilfer FDO. They
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applied Banach’s type to analyzed the uniqueness result for the non-linear FDEs under
(o, ¢)-Hilfer FDOQO:

0—YrP — — _ (1)
T u(@)=u, €eR, y=a+pp—a), p>0,

{ HoYPPu(t) = f(tu(t), te(ab], ae(0,p),pel01]
Pt

where EDZ’E “# is the (p, ¢)-Hilfer FDO of order a and type  with « € (0,1), and f €
C([a,b] xR,R),0 < a < b < oo. It is worth noting the (p, ¢)-Hilfer FDO, which can be
generalized as various known FIDOs (see more details in Remark 2).

The physical and social sciences are explained by applying impulsive differential equa-
tions with integer order and fractional order. They are also applicable to dynamical systems,
such as evolutionary processes, which show instantaneous state changes at some points.
The qualitative theory of impulsive FDEs, such as existence theory and stability results,
has been widely employed in engineering and applied sciences throughout the last several
decades (see [24-26]). Many researchers will attempt to operate in the area of impulsive
FDEs with impulses and have presented essential and interesting results through the years
that have contributed greatly to the mathematical analysis of FIDEs with impulses effect.
In 2009, Benchohra and Slimani [27] studied a variety of conditions for the existence of
the solutions for the impulsive Caputo-type FDE with initial condition by using Banach’s,
Leray-Schauder’s, and Schaefer’s fixed point theorems. Later, the impulsive FDEs in [27]
have been extended and studied for their existence results in Banach spaces by Benchohra
and Seba [28]. In 2012, Wang et al. [29] investigated the piecewise continuous solutions to
the problem in [27,28]. The existence, uniqueness, and Ulam’s stability results of solutions
for the impulsive boundary value problems (BVPs) are obtained by using a fixed point
theorem via generalized Gronwall inequalities. In 2014, Wang and Lin [30] investigated the
existence of solutions to impulsive Caputo FIDEs under anti-periodic boundary conditions
via constant coefficients. The formula of solutions to the problem in [30] was constructed
in the sense of Mittag—Leffler kernels. At the same time, the Lipschitz and non-linear
growth conditions were used to establish the existence results of solutions to the problem
in [30]. In 2017, Zuo et al. [31] established the existence and uniqueness results for im-
pulsive anti-periodic BVPs through fractional integro-differential equation (FIDE) with
constant coefficient based on Banach’s and Krasnoselskii’s types. In 2020, Kucche et al. [32]
developed the existence results of solutions for the non-linear ¢-Hilfer impulsive FDE with
initial condition:

Ho"PPu(t) = f(tu(t)), t€ K C (a,T), t #t, T >a,

AT u(t) =& eR, k=12,...,m, @)

I:;%(Pu(a) =0eR, y=a+p—ap,
where 9% is the ¢-Hilfer FDO of order « € (0,1) and type § € [0,1], Z.. ™ is the
¢-RL-FIO of order 1 — ¢y > 0. In addition, they extended the problem (2) to the non-local
¢-Hilfer FDE. In 2022, based on Banach’s and Schauder’s types, Salim et al. [33] proved

the existence and uniqueness of solutions for the non-linear implicit p-generalized ¢-Hilfer
FDE-BVPs via retardation and anticipation:

HYPPu(t) = f(t,un(t), HDYPPu(t)), t € (a,b],
—&): _n), 1
i T ua) T ue) = a5,y = C(Blo ) ),
u(t)=w(t), te€la—Aa], A>0, ay,a,4a3€R,
u(t)y=w(t), telbb+A, A>0, aj+a;#0,

®)
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where f@gf # and p1'5£177);¢ are the p-generalized ¢-Hilfer FDO of order « € (0,p),
p > 0and type B € [0,1], and the p-generalized ¢-Hilfer FIO of order p(1 — ) € (0,p),
respectively, and u;(t) = u(t + 1) for T € [~A, A]. Note that several works have been
published using concentrated and important tools in mathematical analysis. We suggest
modern works on impulsive FDEs on existence, uniqueness, and Ulam’s stability and the
reference given therein [34—46].

To motivate the enrichment of novel literature for interested researchers, in this paper,
we establish qualitative results of the solutions for the following non-linear impulsive
(ox, ¢ )-Hilfer FIDEs with non-local multi-point fractional integral boundary conditions
(NMP-FIBCs) as:

B Or; O ;
ggff Piioy(t) = Au(t) + F(Eu(t), o, TP u(E), I u(t)), t € Ty, t# 1,

Akaff(l Wiy (b)) = ee(u(ty)), k=1,2,...,m,

ZKW(% Zw]p,fm i u(@)+A, i€ (ti,tiza], & € (¢, il
i=0

)

where g@ffﬁ ¥ denotes the (ox, ¢x)-Hilfer FDO of order ay and type B on Ji, 0 < ap < 1,
x

0 S ,Bk S 1/ Pk > O/ jk - (tk/tk+1] g (0/ ] k — O 1 ., m, \70 = [ﬂ,t]], j - [ﬂ,b],
0<a=th<h < - <ty <ty =D, ka‘Wk is the (pk,gbk) -RL FIO of order g €

{0k, 00 1} > 0,k =0,1,...,m, ¢ € C(R,R), pszf“ Ty (1) = pszf“ Ty () —

1- _ T—vk); . 1—
o 11-?: 11711, u(ty )Wherepklfg( )ik, (t;‘) = lim;, o+ szff( Wk)d’k u(ty +h), k =

1,2,.. .,m, f < C(j,R3,R), Ki, Wj € R, i € (ti,tiJrﬂ, (:] ( , ]+1], i=01,...,m
j=01,...,n,A <0and A € R. For the sake of use, the problem (4) can be called the
impulsive (p, i )-Hilfer FIDE-NMP-FIBCs.

The remaining sections of this work are structured as follows: in Section 2, some
concepts of the (p, ¢)-Hilfer fractional operators related to our discussion are defined along
with some essential lemmas are proved. Additionally, the solution of the linear variant of
the (o, ¢)-Hilfer fractional Cauchy problem (11) is derived in the form of the generalized
Mittag-Leffler kernel. After that, an equivalent integral equation to the impulsive (o, ¢ )-
Hilfer FIDE-NMP-FIBCs (4). The essential lemma is very important to transform the
proposed problem (4) into a fixed-point problem. In Section 3, presenting the first main
results of the problem (4), the uniqueness result is proved by Banach’s type and the existence
result is studied by a fixed point theorem due to O’'Regan. In addition, a variety of Ulam’s
stability results for problem (4) are investigated in Section 4. Finally, Section 5 shows
illustrative examples to verify the main results.

2. Preliminaries

This section introduces fundamental concepts and constructs several properties of the
(p, ¢)-Hilfer fractional calculus relevant to our results.

2.1. The (p, ¢)-Hilfer Fractional Calculus and Its Properties

Definition 1 ([47]). Let f € L'([a,b],b) and an increasing function ¢(t) : [a,b] — R via
¢'(t) # 0 fort € [a,b]. The (p, p)-RL-FIO of a function f of order a > 0 is defined by

1
pLp(a)

where Ty (-) is the p-Gamma function which is introduced by Diaz and Pariguan [48],

295 = 2 [0~ 0e)F T ses, >0,

¢S] P
T,(z) = /0 #-levdt, zeC, Re(z) >0, p> 0. )
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Some other useful properties of (5) are well known as follows:

Z

LG+p) =@, Do) =1 T = ()i T(3), 1) = lmrye. ©

Definition 2 ([23]). Let f € C"([a,b],R), ¢ € C"([a,b],R), ¢'(t) #0, fort € [a,b],a, p € RT,
and B € [0,1]. The (p, ¢)-Hilfer FDO of a function f of order a and type B is given by

ggg,wﬂ ) = TPlen— "‘)4’5n I( —B)(pn—a ‘Pf() @)

o"at

where 5$ = (¢,(t) %)n andn = [%W

Remark 1. The (p, ¢p)-Hilfer FDQO can be rewritten in the sense of the (p, ¢)-RL-FDQ as follows:

By = 2l () o) = T (BRI )

where

LT F(t) = <¢,th) §t>np T f(h),

and np —y = (1 — B)(np — ) with% € (n—1,n).

Remark 2. It is noticed that:
(A1) If we take B = 0 in (7), then we have the (p, $)-RL-FDO defined in [23], while if ¢(t) =
with B = 0, then we obtain the p-RIL-IFDQO defined in [49].
(Ay) If we take B = 1 in (7), then we have the (p, ¢p)-Caputo FDQO defined in [23], while if we take
¢(t) = t with B = 0, then we obtain the p-Caputo FDO defined in [23].
(As) If we take ¢(t) = t7 in (7), then we have the p-Hilfer—Katugampola FDQO), that is:
(i) Ifwe take ¢(t) = t” with B = 0 in (7), then we have the p-Katugampola FDO defined
in [50].
(i) If we take ¢p(t) = t” with B = 1 in (7), then we have the p-Caputo—Katugampola FDO
defined in [50].
(Ayg) If we take ¢(t) = log t in (7), then we have the p-Hilfer—Hadamard FDQ, that is:

(i) If we take ¢(t) = log t with p = 0 in (7), then we have the p-Hadamard FDQ defined
in [23].

(i) If we take ¢(t) = logt with B = 1 in (7), then we have the p-Caputo—Hadamard FDO
defined in [23].

Some important basic properties, which are used throughout this paper, are as follows:
Lemma 1 ([23]). Leta, p > Oand § € R, such that % > —1. Then, we have
) T [0(0) — 9(@)? ] = BB (0(1) — pla)
(i) RO [(p(1) — 9(@))7 ] = 6L (9(1) — pla)

(i) ,,zafpszf’f(t) = I PP E () = T T A ().

at pfat

p—x
P

Lemma 2 ([33]). If f € C"([a,b], R, % € (n—1,n), B € 10,1, wheren € Nand p > 0, then

(222 FR) 0= 10~ B S Gy e st)]

where 'y = %(,B(pn —a)+a)andn = [%W
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Next, we provide the Mittag-Leffler functions E,(-) and E, g(-) that will be employed
throughout in this paper.

Lemma 3 ([51,52]). Take w € (0,1), ¢ > 0. Hence, Ey(-) and E, . (-) are non-negative functions,
and for each u < 0, Eo (1) <1, Eyc(u) < 1/T(c), with

o Ut
For the sake of easy for calculation in this paper, we define the symbols:

5 (ta) = (p(t) — ¢(a) . ®)
Lemma 4. Assume thata > 0,¢ > 0,0 > 0,9 > 0,and A € R. Then, we obtain

_ -1

SO (6 0)Eeg (A (07 (60))) ] = p 0 T () Byt (A (071 (1)), ©)

where @;) (t,a) and B, ,(-) are given as in (8) and Lemma 3, respectively.
Proof. By applying Definition 1 and Lemma 3 we have
1
pzjj’ @) (b ) By (A0 @y (1,0)) ) |

- @i’ )[ @7 (5,0)Eeq (Ao @ (5,0))%) ¢/ (s)ds

Prp
= 1 ~ ()‘(P_lq>¢(s/”))c)n ,
a Prp /<I> (t:5)2) " (:0) ngb T'(cn+q) ](P(S)ds
- Fo L 00 [ 0t0) o6 69— gla) ™ sy

- 1 rﬁﬁ: S22 (90— 9l

plentq) _
; 1]

By using (ii) of Lemma 1, we have

oI [cbz (@) Eeq (Mo~ @y (10)°) |

)" [ Tp(p(cn+q))
cn+q To(p(cn+q) +a

plentq)+a
plarie 1]

)(4>(f) —¢(a))

pcn+q—1r(cn + q)
T (en 40+ 5)

L
5

I'(cn+q) (1) ¢(”))Cn+q+5_1],

P
which provides the desired (9). O

Lemma 5. Suppose that« > 0,¢ > 0,0 >0, A € R, and h € C([a, b]). Then, we have
Tat {/ @y (t5)E cc( (P 1y (£5)) )h<s>¢’<s)ds}
_p p/ q) S r CC-‘ra (A<p71®¢(s,I’))C)h(r)(l)/(i’)dr, (10)

where qbé) (t,a) and By, (-) are given as in (8) and Lemma 3, respectively.
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Proof. By applying Definition 1 and Lemma 3 we have
t
I [ / 5 (1 5)Ec. (/\(p_lcbq,(t,s))c)h(s)gb’(s)ds}

1 ! g1 e - c / ,
= prp(lx) ; CD¢ (t,9) |:/a (I>¢ 1(S,T)Ec,c(/\(p 1CD¢(S,7’)) )h(r)(p (r)dr]gb (s)ds

toq Eoaq o _ DY /
_ /a @ o (t,s)[CD(P (s, 1) Eee (A (07 @y (s, 7)) )}CP(S)dSh(V)CP (r)dr

t
= [T s B (M (0710 (5,)) B! (1)
By using Lemma 4, the equality (10) is obtained. O

2.2. The Linear (p, ¢)-Hilfer Fractional Cauchy Problem

Consider the linear variant of the (p, ¢)-Hilfer fractional Cauchy problem with constant
coefficient as follows:

HO"PPu(t) = Au(t) + h(t), ae(n—1n), Bel01], te(ab]

(n1=7)i$ 1 an
on=t TPy = ¢, i=1,2,...,n, a<g==(B(on—a)+a),

+ J =yt
¢ Pa 0

where f @Zf “# denotes the (p, ¢)-Hilfer FDO of order « and type B, p15 i”_y)  denotes the
(0, ¢)-RL-FIO of order p(n — ) > 0,¢; € R, j=1,2,...,n,and A < 0. By applying the
Picard’s successive approximation technique, we derive to construct an explicit solution to
the problem (11) in form of the Mittag—Leffler kernel.

Lemma6. Leth € C([a,b],R),A € R,a € (n—1,n), B € [0,1], and p > 0. Then, the explicit
solution of the problem (11) is provided by

Ci —i - &
+) p%ncbg (t,a)E%ﬁ_iH(A(p 1oy(t,a))"). (12)

Proof. Assume u is a solution of the problem (11). By applying Lemma 2, The correspond-
ing an integral equation of the problem (11) can be represented as

n O (t,a)c;

u(t) = Yy —-2

S o Tp(p(y —i+1
L ol sy(s)gl (s)ds
pLp(a) Ja ~ ¢ 7 '
The method of successive approximation is applied to develop an explicit form for the
solution in our results. Define

. o s)u(s)¢'(s)ds
))+Prp(1x)/uq)¢ (t,s)u(s)¢’(s)d

e “(ta)c;

wlt) = ;pl ”Fp (7—z+1))'

e (1 e o o

Prp
&1
<I> (t,8)h(s)¢'(s)ds, k=1,2,3,....
A (5)9'(5)
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For k = 1, by using Definition 1, we obtain

,_1 1 toa_

u(t) = ug(t /@ tsus’sds+7/®” t,s)h(s)d' (s)ds
) = ) + s ()9 G-+ o [ 0]” 1))
« Dy l(t a)c;

_ P
= prp /d) (t,s)h( ds—i—;pl "0y i+ 1))
a_q n o3t I(S,a)cl-
+7/ D (4,5 : ¢ . '(s)ds
pLp(a) Ja ¢ ( )<§PZ‘”Fp(p(7—l+1)) 7
1 /t €_q n i ‘(ta)c;
- _[ar s)ds +
pTo(a) Jo ¢ (£ s)h( Zzlpl ”Fp (v—i+1))
n Ac: a_ plr=i+l) 4
+ : L /CDP £s)(D, ° s,a) )’ (s)ds
?;pl*"rpw—m» % w90 T )
N R S TIRTRINTS ol LU
= t,s )ds +
pr e ”Fp (y—i+1)
n ACZ' wh ply— 1+l) 1
+ - - 77| P t,a)l.
Lt ()
From (i) of Lemma 1, we have
u(t) = #/té%il(t s)h(s)¢' (s)ds
BT () Ja 0
ply—i+1)+a 1
n cdﬂ “(t,a) no Aci®y f (t,a)
R 7—1+1))+1 Tl T 1) T )
1 / a_
= CID" ts s)ds
pTo(a) ©
n i ®y ‘(t,a) 1 AD t,a
+2 ( : + o(1%) )
pi=" Fo(p(y—i+1))  Tplp(y—i+1)+a)
_ p1 /
_ prp /q>¢ (t,5)h(s)¢' (s)ds
Zcqﬂ i(t, a)( 2 el Vi) >
+ , - .
o HTolp(y—i+1)+(—1a)
By the same process, for k = 2, one has
() = /qf_lt o' /qf_lt ¢'(s)d
Us = prp s)up(s prp s)h s)ds
« @7 l(t a)
= dD" ts s)ds +
pr / I ;Pl Te(p(y —i+1))

. /tcp% ) /<1>’_1 )¢/ (r)d
— s) s, r)h(r)' (r)dr
pLo(a) Ja ¢ Fp

. (-1
n i@y ' (s,0) (2 A= 1<I>¢ (s,a) )
+ - s)ds
l-; pin <JZ{FP (y—i+1)+(—1a) ¢'(s)
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1 tq)%,l d q)’y l(t a)
pr(w) , Po (9 S+1Z;pl "Tp(p(y—i+1))

prp / ®f " (ts)h(s)¢'(s)ds

"¢ A
+1; o (E Lolp(y =i+ 1) +( 1)%))

1 toa_q plr=i+D+(-la 4

o7, (@) Jo Dy (ts)P, ° (s,a)¢’(s)ds

1 toa_ , A to2a ,
o o e @ s [ s e s

ply—i+D)+(=Da

. - 1
" Cﬂ’g_l(t/ﬂ) "o { i /VPI;T [q:'cp g (t,a)} }
=1

L L) T\ B Teh DD

1=

ply—itl)+ja

/\f<I>¢ ? (t,a)

*Em"m@w—ﬂ4»+§¢3<ghwm%4+n+mﬂ

g ‘(t,a) 1 2 MDY (t,a)
5 e (Fp(p(v—iﬂ))+,-_1Fp(p(7—i+1)+jvc)>

1 {2 /\f‘ltbf_l(t,s) /
E/a (;wm)h(sm (s)ds

j=1
i 160V
n cid>¢ (t,a) [ 3 A= Q, (t,a)
L \Lneeorg-me)

Fork =1,2,..., we obtain that

1tk /U'*qu%i (t,s) /
ug(t) = E/u <];rp¢(]'“)>h(s)¢ (s)ds

=

Z Ci @7 l(t,a) k+1 )U"ldD;jil)%U,a)
+ p - .
pr Sty =i+ D+ (-1

Taking k — oo with changing the summation index in the last expression, j — j + 1,
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t [ oo /U"lCID%il ,S
u(t) = lfa (Z(P].(X)(t)>h(s)4>’(s)ds

Y =1 rp(
(-3

n o ®(ta) [ @ N1 (t,a)
¢ ¢
X <ERMW—HJHV—DM>

i—n
i1 P

,_1 0 )\jcbf(t,s) ,
_ /cp (t,s) <]§W>h(s)¢ (s)ds

lX

n e @17 (ta) [ @ M@ (t,a)
%
2 o <2Fp(p(’r—z+1)+ja)>'

i—1 =0

By using the property (6), we obtain
1 gt 2 o NP (t,5)
u(t) = — Dy (t,s)(ZM‘P h(s)¢/ (s)ds
10 Ja :
n c<I>7 l (t, a) o0 /\jq){f(t,a)
+Z e Y = :
PO prT(8j+y—i+1)

Applying Lemma 3, we find that the explicit solution (12). O

2.3. An Auxiliary Lemma
Let us denote the weighted space

Cp (T, R) = {u : (a,b] — Rlu(a®) existsand @} 7 (t,a)ul(t) € C(j,R)}, v € (0,1],

where C;k_w = C;,k_%‘ (J,R). Next, we provide the weighted space of piecewise continuous
functions as follows:

PCy (T, R) = {u H(a,b] > RlueCy ™, k=0,1,2,...,m
1- 1—- — .
pszk( Tk, u(ty ) g lzﬂc 11711, u(t;) exist and
1—- 1-
. IIfJI: 11711, u(ty) =, 11;1( 1(1=7k-1)iPk1 u(ty), k = 1,---,m}~

Observe that PC;};W" = PC;):”‘ (J,R) is a Banach space equipped with

1—
1l = sup| @y " (t t)u(t)].
teJ

1—
PC,
For the easy to prove, we set the symbol that will be used throughout this paper.

-1 o
Pr( 1‘[%5 (Mo @g, (tia, 1)) 1), PR < 1, (13)
I=j
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&

(Ai(p; Dy, (13, 1)) )

3
i—0 p?ﬁ*l ’7;/'71
B
WP (0D, T (&) 5
i7i\0) Py, jr i
_Z 14]-] 1 E“17 ) (/\( CD%(‘:]' )) ) (14)
j=0 ;].*’Yj* AT
Pj

Lemma 7. Assume that oy € (0,1), Br € [0,1], px > 0, vx = (Br(ox — ) + ) / px, Ax < O,
m,k,w €R,i=0,12...,mj=0,1,2...,n,

¢ € C(J,R) with ¢, >0,k =0,1,2
heCy ", and & # 0. Then, the following impulsive (py, ¢y )-Hilfer FIDE-NMP-FIBCs

SO () = () + h(t),
1-
B TP u(t) = pulu(t), k=12,..m, (15)
ZKiM(Uz Zw]pjzfl% u(@) + A, mi€ (titiy], & € (t,tal,
i=0
is corresponding to the following integral equation, u € ’PCl Tk,
t—ltqj’fl Eo o (A (o '@ % ) (s)g),
ult) = — | Dy (59) %%( k(o Py (£,5)) P ) h(s) i (s)
o
k-1 ,
Pr(r+1 tr1 ;0 — ar
+ ZOI%,(H/Y'V)/t (D(;; (tr+l, )]szr L | ,yr(/\r(pr 1q>¢r(tr+1,s))f’r)h(s)cp;(s)ds
r=| prr
k (1, 1) o
+ Y o (ulty N — 57 B, (A (o ' @ (1, 1)) )
r=1 Pk Pk
i o
1/ 1 w; g /p‘ffl 4
+:<Z]j”/t @y (ES)Ex oo (A (07 Py (Ej,5)) ) (s)9(5)ds
=0 T J P’ P
j
n (T Pi(r+1) ey, _ &
%{LX% e [ 0 a5V, O 0 1,9) Y55
- — Pr
7j ?*
J ijID(Pj / ((:],t]) 4
+Z(Pr(”(tr))7)](r) i P (A (P cD‘P](C]’ )) )
r=1 p7+7} 1 p] 1P
j
o (M -1 B &
+A=-), é/t @y (1i8)Ex u (Nip; 1y, (1:,5)) 7 )1 (5) ¢y (5)ds
z:OPiPz !
m i—1 «
Pi(r+1) (i1 fr—y ar
—2{[22&1_7} [ b1, B a1 (A (07 " (1r11,)) ) () )
i=0 \ Lr=0 pfr tr
i Ki¢7{71(ﬁi/ti) _ &
+ Y or(u(t)Pi(r) "’pyilE,y (A (i e (i, 1)) 1)
r=1 i t
Pe(0)D1 (1, 1) o
X e Ba o, (Mo @ (t,1)) ). (16)
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Proof. Letu € PC}F;%‘ be a solution of the impulsive (py, ¢y )-Hilfer FIDE-NMP-FIBCs (4).
We consider the following several cases.
For t; € [to, 1], we obtain

1 t f_1q «,

H = — [ @0 (£3)Eeg ao (Ao (0 Dy (£5)) 70 Vh(s)h(s)d
ut) = g | D (t5)Em s (Aoog Py (t5))70 ) (s)pp(s)ds
20 0 0" PO
0
@70—1(t to) .
[ / -1 s
+u0 (;73071 Ez%,’m (AO (pO (1)4)0 (t’ to)) fo )

Taking the operator pOIff(lgm); % into the above equation with Lemmas 4 and 5, which
0

implies that

00(1—70):¢0 _ 1 /t 2*8770 o -1 e /
plis w) = o [ PR B9 (oley ! Peu(9)) P )h(E)G()ds
Lo
40

HgEsn (Ao (g '@y (t,t0)) )
0

In particular, for t = t, it follows that

IPO(l—’YO))‘POu(tl)

Po tar
= $/tl CID%MYO(t s)E (Ao (g 1Py, (t s))%)h(s) 0(s)ds
Po
0]

+u0]E%O (/\0 (Palcptl?o (t1, tO)) %)
0

For t € (t1, 2], we obtain

1 gt -1 - o
u(t) = i CD;;: (t,8)Eq ﬂ()\l (p1 1‘D¢1(f,5))”1)h(5)¢ﬂ(s)ds
pJh P17P1
1
O (b 1) .
p(1=71):¢ ¢ 1 1 y
e 1u(t1+)?ﬂ‘:%/h (A1 (o7 '@y, (1, 11)) 7).
By using the impulsive condition, that is plIf;}(lfﬁ);‘Plu(tIr) = pozge(l*%);%u(t;) 4
¢1(u(t1)), we obtain
1 gt 1 ) " )
u(t) = = q>¢1 (t,S)E%,% (Al(pl q>¢1(t,s))m)h(s)¢l(s)ds
f1 1

1

e0(1=70)io  (,— (I);I B (£ 1) -1 2
o222 u(ty) + r(u(t))] e B (a7 @ () 7)

o1’
1

1 gt -1 _ ]
= 7 ), P (B9)Es m (a(or gy (£5)) 1 )h(s)gh (s)ds
Jt

1 h A*O*'YO 1 % ’
e o (B sy (ol @p(1,5)) P )h(s) ()i

-1 o q’%i%(f'fl) -1 i
+”0Ef§7‘j (Ao(pg Py (t1,t0)) ™) + @1 (u(tr)) ?E%,yl(h(m Dy, (t,t1))%1).
1
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Taking ,, Ifj(ldh)”m into the above equation with Lemmas 4 and 5, one has
1

1-m);
PlIth}( ) ‘Plu(t)

1 t %771 -1 % /
= —_—— o o 1
pl%H*% A Dy (t's)]Eﬁ,ﬁH—vl (A (o1 D@y, (t,5)) 1 ) h(s) 1 (s)ds
T — § @z%’”“(t $)Ex (Ao (o5 ' Dy (¢ s))%)h(s) [ (s)ds
Po
%o el
F1t0Esn (Ao (o Pgo (t1,£0)) ™) + @1 (u(t1)) | Eay (A1 (017 Py (1,1)) ).
0 1

In particular, for t = t, we have

IPl(l—"Yl)?‘Pl u(tz)

01 tIr
1 ta %*’h 1 Z*l /
= o Dy (tz,s)E%%H_%(/\l(pl Dy, (t2,5)) 1 ) h(s)¢y(s)ds
plﬂl
1 t %8*70 1 570 /
+ W/;Q qD‘PO (tl,S)E%,%+1_70(A0(pO cD(/Jo(tl/S)) O)h(s)cpo(s)ds
Qo

4

%0 21
+uoEsn (Ao (00 '@y (11, £0)) P ) + @1 (u(t1)) Ex (A1 (017 @y, (t2,11)) ™).
0 1

For t € (ty, t3] with pzzfzf(l—m"’zu(t;) - plzflj“‘””ﬁ”lu(t;) + ¢»(u(tr)), we obtain

1 t %24 )

ut) = 5 | @ (f/S)]E%,%(AZ(Pz_l%z(f/S))5)’1(5)4)5(5)015

“

1 Ly _ Ll
+{/t <I>£i "(tp,5)E e SR (A1 (17 Dy, (t2,5)) P ) ()} (5)ds
p 1

l%ﬂ*% P17P1
ty
+ [ e
to
a1
oy (A (o1 Py (t2,1)) 1) X w0
! +uoEgA(AO(PE Dy, (t1,t0)) 70 )
0

s )
=0

w09 Es 01 (M5 @y (11,5) ()9 (5)ds

X

4 1
po T1=70
0

« “

&1 &1
XE? (/\1 (p1_1q>¢] (i’2, tl)) f1 ) =+ (pl(u(tl))E%l ()\1 (p1_1q>¢] (tz, tl)) £ )
1 1

Pt 1) B 5
T2 (u(t2)) ?E%WZ(AZ(PZ Dy, (t,£2)) 2).
2
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Repeating the previous procedure, for t € Ji, k = 0,1,...,m, it follows form
3
u(t) = ak / d) ts ]E;xi “ (Ak(pk Dy, (t,5)) % ) h(s) gy (s)ds
-1 k-1 5
X s [T Bay (Ao @y, (tis1, 1)) )
r=0 pPr K i=ry1  Fi’
Pr
tr+1 ﬂr —Yr 1 ar ,
A q>4) (tr+1/5)Ez—:,i§—;+l—%(/\r(Pr Dy, (tr11,5)) 7 ) 1(s) ¢y (s)ds
k k—1 a
+ Zlfpr(”(tr)) HE%J (Ai(p; q>¢,( i1, £))F1)
r= i=r !
Tt 1) g k-1 5
XTE%% (A (o ' Py, (8 1)) ) + uo l—gEg,l (Ai(p; '@y (i, 1)) )
k i=0 Fi
DTt 1) i
TEQ, (/\k(Pk Dy, (£ i) ). (17)
P P
By using the symbol (13), the form (17) can be rewritten
Dt .
u(t) = — t D4 (1 S)]E/Xk % (A (o " @, (1,5)) % ) (s) Py (s)ds
k 0]
I:k
_1 &
Pe(r+1) [t S, ar
P 0 b, 9B, (A @, 1r41,5) )
r=0 4 r
o
Tt ty) o
<h(s)@;(s d5+zfl)r t)) Pi(r) TE” (e (o ' e (1)) )
r=1 k
Pk(0)¢7k71(t/tk) o
+u0p,yk—1 %y (Ak(Pk Dy, (£, 1)) P ). (18)
k

From the non-local condition, } i o ;1 (17;) = Lo wjp, IP’ iy u(g;) + A, we obtain

IngE
D
=
s

Il
o

|
ngE
33“

: /t.m O (9B (M (07 B, (79) h(s) gl (5)ds
0 e i

ei’ i

m i—1 ar ’
P r+ 1 tria ;T _ ar
+ Z { [ Y. ar(T%) D (tr+1/S)E;—;,£—;+17% (Ar (o7 '@y, (tr11,5)) ™)

i=0 r=0 pp’ tr
) 5
xh(s)¢y(s)ds + Z@r t))Pi(r) TE” i (Aile; q’¢,(’7u t))*)
m i Py ( )cI)’Yf' (771, ) 4
o, e Ex . (Ai(p; g, (i, 1)) ™). (19)
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and
zw,pjz“f"’fu@,')
a4 o
n g Ui
- 2 “ﬁ]/‘j /t Dy (G )Eey o (Aj (o) 1Dy, (8,5)) "1 ) h(s)g}(s)ds
=0 e iR

]

P(V—i—l) i1 8y, B ar
+ Z { { Y 7/t " (tr1,5) B 1, (A (07 '@ (1r11,5)) 7 )

“;+1 Y
. Tyt 1
/ / wj®y, b@ty) -1 “
xh(s)¢y(5)ds + 3 e (b)) Py(r) | =L B, (05 'y (&5, 1)) 7 )
r=1 gt UM
Pj
w0 ) :
n wiPi(0)®,, jrti . a
+1ig : Eo 1w (Aj(07 1 ®p, (&, t)) 7). (20)
= %1‘%*1 P,j_,ﬂrﬁp,;( ](P] Pi\Gjr b )7)

bj

Solving the above system (19) and (20), we obtain

ug
1 i G ]:”] 1 1 & ,
- 3 Z S J, Par G By s (407 @y (8:5)) 7 h(5)gj(s)ds
j=0 0’
p] ] Pj
n i1 'P(r + 1) try1 &y, &y
th { [ L e @ (9B, (Ao g, (110,9)) )
j=0 r=0 pPr t,
1
j wdl (&, 1) .
] i 177 _ 5
xh(s)gy(s)ds + ) (Pr(”(tr))Pj(r)] %Ei el (A (o5 '@y, (21, 1)) " )}
=1 2 YT e’ fj
r P;j i j
L' _ o
A=Y / o (i) )Ex = (A (07 @, (15,5)) " V()¢ (<)ds
i= 0 ti
m i—1
Pi(r+1 R O _ ar
_ Z { [ Z (Tﬁ/ <I>l;y (tr+1,s)E%,%+1,% (Ar (o7 1©¢y(tr+1,s))ﬂr)
i=0 L Lr=0 pf b
. i Ki®$:71(ﬂi,ti) 4
xh(s)gy(s)ds + ) @r(u(t))Pi(r) TE%'%(A i(0; '@ (i) ") ¢ ),
r=1 i !

where & is given by (14). Inserting 1 into (18), we obtain the solution (16).
Conversely, it is easy to show by direct calculation that the solution u(t) is defined

by (16) satisfies the impulsive (py, i )-Hilfer FIDE-NMP-FIBCs (15). O

3. Existence Results

By Lemma 7, we define an operator Q : PC T _y PCl RLPY
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1 t %% B a ,
(@) = | @o (9)Ba m (el P (8:5) %) Fuls)gil)ds

k—1 «
Pr(r+1 N _ ar
L 2D [ 0 1, By 1, (0 0, (1r01,5) ) Fu ()1 )
¥

k
+ 2 or(u(ts)) Pe(r

r=1

18w g g ) 4 ,
2l Lo /t Dy (8B s (A (o) Pyy(85)) 1) Fuls)gj(s)ds
= i ] i

o B, (Ao Pt 1)) )

)] (1, 1) a
Pk

_ (i ty) i
+Z§9r(”(tr))73j(”)] ] (P]y,- "R, ,+“J'(Aj(pj_qu‘l’j(ertj))pj)}

RN/ 71T
A=Y i @ (S)Es s (Ao Ry (1i,5)) ) Fu(5)9) (5)ds

m i—1 3
Pi(r+1 tri1 *:*Wr _ &y
- { [ D 7;(“_%) /t Op T (trs1, B sy (Ar (07 @y (tr41,5)) 77 ) Fu(s) gy (5)ds

i=0 r=0 p;’r
! q)glz (171'/ ti) 1 %
+Z§0r( (tr))Pi(r) TE? %(/\ (P q’tP,(’?zr )) 1)
r=1 i 1
PeO)@g " (1) s
x " Eoe  (Ai(og ' o (t 1)) 7). (21)
Ly
O k
where F,(t) = f(tu( kafk’"(Pk 9k’¢" u(t)). It should be noted that Q has fixed

points if and only if the 1mpuls1ve (pk, (])k) -Hilfer FIDE-NMP-FIBCs (4) has solutions.
We define the notations of constants that will be used throughout this paper.

'YVVI+1 ’)’r+1

‘Dqﬂ;m, (T, tm) 1 m_l cpl;' (tri,tr)
A = +
Cp,, (&m + pm) Lo, (omYm) | /= T, (ar +0r(2=77))
a']v+;l]v ;uj
B T —7r+1
w[‘®¢; (gjf ) -1 q)(;y (tr+1/ tr)

n w‘q),pij(g*,l") n
+i(2‘ ]‘ by
EINZ Ty (0w to) =0 To (o tay) =0 Te (o= 0))

&

. o=l
n |K1|(I>¢x i ti) n ‘K1|q)glz (Wi/ti) i1 (qu;,r (tre1,tr) )

YT )

, 22
= Toleitp) 5 Fp,(pm) = T (ar +0r(2=7r)) 22)

Y- ) -
N A L] M i])‘*’]“b (éj/t,->+i1\xi|¢$; (i) )
Loy, (mYm) ‘ I\ Ly, (p]-'yj—i-yj) i=0 Lo (pivi)

Ay = 1+ 7| T o <§w,}+le|> (24)
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3.1. Uniqueness Result via Banach’s Fixed Point Theorem

Lemma 8 (Banach’s fixed point theorem [53]). Assume that B is a non-empty closed subset
of X where X is a Banach. Then, any contraction mapping Q from B into itself has a unique
fixed point.

Theorem 1. Let f € C(J x R3,R) and ¢; € C(R,R) fork = 1,2...,m. Suppose that
(H,) There exist constants 1Ly, Ly, g > 0 so that

|f(t,u1,01,w1) — f(t,up,v2,wp)|

1
< DTNt ty) | L llug — ua| + Lzl — va| + La|lwy — ws||

1-7 1—7g 1= |/
PC‘Pk PclPk PC%"k

forallt € Jandu;, v, w; € R, i=1,2.
(Hp) There exists a constant N1 > 0 so that

pr (1) — @i (0)| < Ny (¢, 1) [lu — ]| woeR, k=1,2,...,m

Then, the impulsive (p, ¢ )-Hilfer FIDE-NMP-FIBCs (4) has a unique solution if
A (Ly + Ly®] + La®5) + AxNy < 1, (25)
where ®] and &7 are given by
m g Oy

_ Lo, (Pm'an)(D;)]Z: (T, tm) _ Lo (Pm’Ym)‘Dg:: (T, tm)

oF . , =
! Lo, (OmYm + Om) 2 Lo, (OmYm + Om)

(26)

Proof. Transformation the problem (4) into a fixed point problem, u = Qu, where Q is
define by (21). We know that the fixed points of Q are solutions to the problem (4). We
separate the procedure into two steps.

Step 1: We show that OBy, C By,.

Let sup, 7 [f(t,0,0,0) := F; < coand [} := max{[¢x(0)| : k = 1,2,...,m}. Define

By, :={u ¢ PC;}:%‘ : Hu||7>cl,7k <Y1} with the radius
(43

1

A
MFy A+ Aol + el

M (]Ll + ]qu)* + L3CD*) + Ale]

Y
1_1_[

Obviously, the set By, is a bounded, closed, and convex subset of PC}Pk_'”‘ .
For every u € By,, we obtain

\cbl (8 1) (Qu) (1)

q> thk
/@ (t,9)

D(

)| s (o 2, 0,50 %) | ol

Pk’ Pk

Pe(r+1) r+1 o ar
Z | M+1 A’r| or 1’+1/ ‘Ear ar+1 Y ()\r(pr q)(,br( r+1, )) >‘

x| Fu(s)|9} (s)ds + zm )| [Pi(r >] pll
k

k
E%,yk (/\k (o @y, (1, 1)) ) ‘
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i .

1 n W: g l_q ’i]‘

+|a<,2 ‘a,il]. /tf%,"f (809) Esy wyo (4 (07 '@y, (65,9) 7 )| Fus) I ()ds
]:Op 0j / p/ fi
j

n j—1 P r_|_]_ b1 B2, ar
+Z {l ‘ Z‘J+1 ’Yr‘ / p’ ( r+1,8 ‘EM lxr"rl 'Yr( (pr q>¢r( r+1,8 )) )‘

j=0 r=0 pr/”

]
x| Fu(s)|@f(s)ds + Y _|r(u(te)||P;(r)|

=1 fﬂfl
o/
K
By b ()\ (0 '@y, (&, 17)) " )‘}+|A|+Z| ’|/ CD " (75)
ej’ Pj ti
|Pi(r+1)]
X E%/% ()\(p ®4), 7]1/ ‘|~Fu “Pr dS+ Z { lz txr+1 7
tr ;O _ ar
% ' <I>4‘; (tr“’s)’E%%H*%()‘r(Pr q)lPr(trJrl/S))p')‘|fu(5)|¢£(5)ds

| @ (i ) . 5
+z]¢r np<>ﬂ¢w4Egﬁ(Amm ¢@whn»mﬂ
Py _ &
| 'Yk( 1)| E"‘" (Ak(Pk1q>¢k(trtk))pk)"
Ok
Since,
()| = ——L—ft¢$luﬂﬁbﬂwm%
Pt oL (0¢) Jy 0 VR
I (Pk'Yk) htm—1
Ok Pk
_— t,te)||u ey
R LR LI
Ok
O o < F,Dk (pkr)/k) E+ka71
O B o P Ko R CEOL T

By applying (H;)—(H,), we have the following inequalities

9
FuO] < [0, T u0), o ¥ u(t)) - £(1,0,0,0)| +17(2,0,0,0)
< Lafu(t)] + Lol T u(t)| + Lo o, 0 u(t)| + £(£,0,0,0)
< (Ly + Lo®p + La®))[[ufl 1 + 1, (27)
k
ot < lguu(t)) — ge(0)] + |9x(0)] < Ny @ (T, ) 1l g1 +Ta- (28)
k

By using the properties E,(z) < 1 and E,4(z) < 1/T(B) with (27) and (28), we
obtain that
[, ™ () (Qu) (1)

(L + Lo® + Lo®3) [|u] 1 + Fy
P,
< - ; o, tk)/ <1>Pk Lt 5)pl (5)ds

szkf(%)
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1 p (Lot Lo®f 4 La®g) lull oo +F1 - /
== . [y s e)ds
Pk T'(7e) o F(% 11— ’Vr) r

m—1
k[N T, ) ]t + 11
k
] [ (L + Lo® + La®3) ]| i +F1] o
1 PCy, Gj 7 ,
g — ®," (& 5))(s)ds
~I\j=0 TR i
O 1"( Pj )

(I[q +IL2<I> +]L3(I>*)||u|| 17k+F1 b 8y
Pk /t (3 (r+1r )(Pr( )

n
+z{h: ; ,
j=0 L Lr=0 Ppr+ %r(%"‘l—%) ¢

r

M
i
. m—1 |w]} ? a
[N T ) g+ 1] | a7 }
k il j
o T(n+ )

&

w6l (L + Lo®f + La®3) ul], i +F1 e
b0 /
+A]+ ) - | e (is)gr()ds
i |

i=0 pfir (1
. 1 (L + Lo®; + Ls®3) ”u”P(Z;f” + I TR
+ Z { Z [ —— . /t (194@: (tr+1,5)y(s)ds
i=0 r=0 prp’ F(%.’-l_ryr) r

i (7, 11) }) 1
ol T () o T ()

1

m—1
|:N qD;m (T’ tm) HMH'PC;;W + H1i|

By using (6) and the property (i) in Lemma 1, we have

@, ™ (1) (Qu) (1)

1 ! %:71 / 1—7x * *
m/ g (E5)Pp(s)ds Dy " (t ) [(Ll +Ld; +L3‘1>2)||“||pc;;n +Fl]
1 k—1 1 i1 t\rﬂ?r(]*%‘)71
+ / o, , s
Tp (Br(ok — ax) + ag) r;) oo, (ar + 0, (1= 7r)) Jt, ¢r (tr11,9)97 ()

YYI71
[T+ L] + L) ful o + 1] + [N ™ (T, ) el e + T2

1 < ’w]‘ ifj ﬂj;Vf_l / * *
T . @, (&,5)¢)(s)ds | (Lr + Lo®] +La®3) ]
TINj=0 Pl (@ pj )

‘ ‘ Bjlpj— é)ﬂv]ﬂl] 1
wj (o3 / ((:], i’])
+F1] i Z {rp, (ﬁ](P} ')"‘“]’"‘Vj)

tryp Srter(=m) g
X[y T (b, )9 (5)ds [ (L + Lo® + La®3) ull i, + 1]
¢r PC¢k
}+|A

Jt,
1 & K ni Gh-1
#/t o (Wi,s)¢;(s)ds{(L1+L2<p;+L3q>;)||u\|7,cn+1F1]
k

T Z Pi

“—‘|1 operz( )

1
=0 Tp, (ar + pr(1 = 7r))

1 [Na@g T (T )l g + T
k
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Bilpj—aj)ta;

n |%;| D i (i, t;) 1 1
= To(Bilei —ai) +a;) | /= orTp, (ar +p0r(1=77r))

tri1 ar+pr(1=7r) 1
g T a9 (L + Lo + La®3) [l sy + B
r k

+i[Mep T, b [l i + 1]
k

1
}) T, (Brc(ox — o) + )
[N | ar+or(1=7r)
q’g:, (T, tm) n 1 mil q)(p, (b ty)
Lo, (&m + om) Lo, (Bm(om — am) +am) | /= T, (ar +0r(2 = 77))

/X/'+]A' ﬂl(pjﬂxj)Jrlijr;tj

IN

-1 ar+pr(1-7r)

( i@, (@t )y wil® T @) @y T (et
20Ty, (zxj + 1 +Pj> =0Ty, (ﬁj(m — &) + a5+ w) =0 Lo ar o2 =)

Bilpj—aj)+ej ar+pr(1=yr)

|7<z\q>p (miti) 3 Jei @y, " (i, t) id @y (tr+1rtr))}}

|~

+

™

s

_|_
= Tolai+poi) = To(Biloi —ai) + o) /= To,(ar +pr(2—7r))

1
x| (Lg + Lo ®F + L3y ®5)||u e +F| + m
(L1 + Lo + L@l et + T rpm(ﬁm(pm_am)w){

Bilpj—a) e+ 1 Biloi—a)+e;

2 ; 1
n jlwjj @y, " Goty) x| @y, " (m»h-))}
+
(J;') Ly, (:BJ’(P]‘ — o) +aj+ Vf) ’;3 To(pilpi =) + o)
Al

\5|rpm (Bm(om — am) + am)

7r —7r+1
m—1 q)qu (tr+1/t‘r‘)

= T (ar +0r(2=77))

|~

+

[x1

m_l
x [N (T, b 1] i +1] +
k

I TN
Lo, (am + om) Ly, (omYm)

a/-+],1/- ;l
Pj fj " -7+
(el @ e felel ™ g i o T )
i) = Aitui) =0 Lo (ar +pr(2= 7))
j= ol"p i+ uj+p; =0 Tl pjvi + K r=0"Pr

+7i—

|"'“

Yt

|K1‘¢'¢, (i, t:) |K1|q)% (77irti) it q’gi (trt1.tr) )]}

vy vy

i—0 Lo, (a; + ;) = To (0ivi) = To (ar +0r(2=7r))
* * 1
X [(Ll + ]qu)l +L3®2)HMHPC;;W + ]Flj| + m |:m
k m
i %+’Yj—l ) 1
(i T 2 BT U mﬂ
j=0 Fpi <p]’Y] + ]l]> i=0 1q,Di (Pz%)

LA

“—'|rpm (omYm)

|~

+

[x1

m*l
x [N (T )l g + 1] +
k

Al

= ALy + Lo®} + Ly®3 +AN] Ul + Ay 4 AT+ ——A

< Y

Hence, || Qu”PCé_”’f < Y; which implies that QBy, C By,.
k
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Step 2: We show that Q is a contraction.
For each u, v € By, and for any t € J, we obtain that
\cbl (1 ) ((Qu) () — (Qu)(1)) |
Tt ty) k1 3 o
< Sl [ og 69 B (Ml 0 05 7 ) () — Fololehds
k
e
k 1 19
’P r+ 1 r+1 —:—ry ar
+ | 7;’+1 %‘ / q)p tr+1’ ’Eﬂtv Ar+1 % ()\r(pr Cbtpy( r+1,5 )) )’
X | Fu(s) — Fo(s)|¢r(s)ds + Zlfpr(u(tr)) - (Pr(v(tr)ﬂpk(")}
r=1
1 ~ o <l e S 1
Xp'Yk 1 E« k ()\k(pk 1<I)¢k(t,tk)) )‘ +< ’A +}L’ / C]/S)
k
. i n j—1 ‘P- r+1)‘
X Eﬁ it (/\](p] (bfP/‘(gj/s))pl) |]'-u(5) — ‘(P] dS + Z Z Tmo, po.
p/J pj r=0 pﬁr

tri1 ;—'yy B a
< [ g b, 8) B an s, (Mo Mg, (tr20,9) )| Fuls) = Fo(6) g (s)es

j )wf‘cp%‘
+r21<pr<u<tr>>¢r<v<tr>>|\7>j<r>} ;

E-i—’h—l
b
|K | 0
X E%/ﬂ"’% (A](p ¢‘77/ (g]r ) ‘} + Z 1 /I @t‘ 7]1,
] z Pi(r+1)]
: E%‘,% (Al(pl 1¢¢i(17i,5)>pi > ’LF”(S) - |(PV dS + 2 { {2 | 3’ +1—=,

ty+1 %7'%' ar
X/ qD(;ﬁy (tV-‘rl/ ’EM txr+1 — <)Lr(‘0,, qujy( r+1s )) )’
i—1
|Ki| @ (i, 1)
T

i

ke
E%’Z:’Yk (/\k (‘Dk_lq)‘/’k(t’ tk)) . ) ‘

x| Fu(s) = Fols)l¢f(s)ds + ilfpr(u(tr)) = ¢r(o(t:))[|Pi(r)]|

r=1
‘ A1) P
8 E%’% (/\i(pi 1<D<Pz‘(’7i;ti)) ”l)‘}) | k71|

By using (H;)—-(H>), we have

9
Fulh) = FoO] < |fbu(t), o, T u(t), 0 u (b))
O; O;
—f(t,vu),pkzt:¢kv<t>,pkzt:4’kv<t>>
< (L1+IL2<1>1‘+L3<I>§)||u—v||p0;;7k, (29)
(1) = gu(@(t)] < M@ (Tt =2l (30)
k
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By using Lemma 1, Lemma 3 and (29) and (30), implies that

@7 (1,1 (Qu) (1) — (Q0) (1)

[T | ar+pr(1-7r)
o (T, tm) 1 m=l &, " (tyq,t)
S ¢nx + Z 47V
Lo, (&m + om) Lo, (Bm(om — am) +am) | /= To, (ar +pr(2 —7r))

1
’ Bilpi—ai)ta; ar+pr(1=7r)

- 1 .

1 ‘wJ’q) (Gjtj) o i Dy, : (mi ;) i D, (try1tr)

+— + i r
j= ol"p/( ]-+;4j+pj> i—0 rp;-(ﬁi(Pi‘“i)"’“i) =0 Fpr(“r +Pr(2—’Yr))

+

X (L + Lo®] + La®;) fJu — U||pc;—n
k

1

g T, ) =l

m
Co,, (Bm(om — am) + am)

] Bileimepveity f]gﬂ g Bilpi—n)te; 4
1 < o, i@, Giti) | g ileil®y, " (Uhﬁ))}
(= i0 I‘p (.B]‘(Pj*aj)JF’XjJFVj) i—0 rpi(ﬁi(Pi_D‘i)+“i)

—Ym+1 D(T:—’)/r"rl
_ q)g:’ (T, tm) N 1 m—1 q>‘;,y (tH_l,t,)
Lo, (&m + pm) Lo, (omym) | /= To, (ar + (2 —7r))
Vaii] Yoyt
Pj ej "1 =Yt
L ( o elea” @) e felon T @G @ )
‘d| j= Orp] (0:]+14]+P]> j=0 rp]- (P]'Y]Jrﬂ]) r=0 rp,(’xr"‘Pr(Z_')/r))
) vl
Z |K1|¢)¢, Nisti) n Z |K1|¢'% (i t;) i (D(;, (try1tr)
i=0 (a; + pi) i—0 Ty, (0i7i) =0 rpr(“f’ +pr(2 =)

+ Pm

(L + Lo®% + La®3) ||u — 0| P (Totw)
X (L1 + Ly @i + 1L u— - ——|m
! 2 PC "Vk Fpm (pm ,ym)

Vi—

&) ﬂw%ﬂmwﬁhhlm
Ly 1 - -7
o Ty (Pj'Yj + P‘j) = Toleimi) PCy,

+
=

= [B1(L1 +La®] +La®3) + 85Ny | u o

1 <n ]’w]‘fb

||7)Cllp;7k ’

this yields that || Qu — QUHPC;‘” < [A1(Ly + Lo® 4 La®3) + AoNq]||u — UHPC;_W" Since
k k

condition (25) holds, then Q is a contraction map. Hence, by Lemma 8, the impulsive
(k. ¢x)-Hilfer FIDE-NMP-FIBCs (4) has a unique solution. [

3.2. Existence Result via O’Regan’s Fixed Point Theorem

Lemma 9 (O’Regan’s fixed point theorem [54]). Let K be an open set in a closed, convex set
BB of a Banach space X, with K and 9K representing the closure and boundary of K, respectively.
Moreover, it is assumed that 0 € K and Q : KK — B is such that Q(K) is bounded and that
Q = Q1 + Qp, where Q1 : K — B is continuous and completely continuous and Qp : K — B is
non-linear contraction, that is, there exists a non-negative non-decreasing function ¢ : [0,00) —
[0, 00), such that (z) < z for z > 0, and || Qau — Q|| < ¢(||lu —v||) forall u, v € K. Then,
either (C1) Q has a fixed point u € K; or (Cp) there exist a point u € 9K and o € (0,1), such that
u=0c9(u).

Theorem 2. Let f € C(J x R3,R) and ¢ € C(R,R), k =1,2...,m. Suppose that
(Hj) There exists My > 0 such that | (u)| < Mj forallu e R, k=1,2,...,m
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(Hy) There exist a continuous non-decreasing function i : [0,00) — (0,00) and p1, p2, p3 €
C([0,T),R™"), such that

f(tuw,0,0)] < pr(®Y(OF Tt 1) ul) + 05 (80 [p2(D)lo] + pa(D)wl |, (31)

forany (t,u,0,w) € J x R3.
(His) There exist a continuous non-decreasing function gy : [0,00) — [0,00) and by > 0, such that

o) = @e@)] < qn (@Y (1 b u—o]) (32)
g (@f ) < ol (kL blul, (33)

foranyu, v € R, k =1,2,...,m satisfying A2<I>$:z_1(T, tm)by < 1 where Ay is defined
by (23).
(Hg) The following condition holds

Y, 1
su

> * Jy* *FH*)17
Y2e(0,00) Apip(Y2) + AoMg + 7‘E|Fpnlf?(‘7m7m) 1—[A(p3@7 + p393)]

(34)

with (A1 (p5®; + p3®@5)] < land A;, (i = 1,2), are given by (22) and (23), respectively,
pi = supyc [p1(8)], p3 = sup,c 7 [p2(8)], 14 = sup,c 7 [pa(8)].
Then, the impulsive (o, ¢ )-Hilfer FIDE-NMP-FIBCs (4) has at least one solution.

Proof. We separate Q : PC(},;W — PC;,;V" by (21) into two operators Q1 and Q; as
(Qu)(t) = (Qiu)(t) + (Qau)(t) for t € J, where

1 ! %_1 -1 2k /
(Qu)(t) = — t<1>¢k (t,s)E%,%(/\k(pk Dy, (t,5)) Pk ) Fu(s)gp(s)ds
Pk Uk
Pk
k-1 w Ot
Pe(r+1) Sy, - ar (£, t)
* I“C‘J(H—v)/t O (trs1,$)Bar o g, (A7 Pp (tr41,5)) ) Fu(s)r (s)ds %
r r . v’ Pr
Pr k
3 " w; g aj;w—l )
XE%/%{ (Ak(p;l®¢k(f,tk))pk) + <ZO,,¢]+],¢]/[‘ <I>¢]_7 (gjrS)Eﬁ %()Lj(pj_lcptlij(éjls))pj)fu(s)(P]/'(S)dS
=0 e P’ P
Oj !
4 17’ (r+1)
+Z{ Ar+1 %/ CDP tr+1/ )E"" 41— yr(Ar(Pr Dy, (tr+1,5 )) )fu(s)¢;(s)ds
’Yj+p**
w;®, (S ty) B i U . 5
X Ba o (0 0 (6 4)7) = R (9B s (Ao @y (i) )
(T]' 'Y]_ Pj’] 0j 1=0p'p,- i i’ P
Oj i
i—1
UL Kiqj‘rll- (Ui/ti) _ & P( ) 't ”%7')/,
X]:u(s)fl’;(s)dS*Z%Egm()\i(ﬂ 1¢'¢i(77i,fz‘))”’) Z w1 %/ q’qﬁ, (tr41,9)
i=0 i t r=0 r by

B ar ) Pe(0)@F (1, ) ) o
XEar w11, (Ar(07 ' @, (tri1,5)) 7 ) Fu ()9} (s)ds o B, (o g (10) ), (39)
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ST () L
(Qu)(t) = P B (Ao " Po(t,1)) %) Y pr(ua(tr))Pi(r)
pk Pi’ r=1
wol g
1( & | Y%y, irti
+w<z ]11]' i Hj (/\ ( 1(1)4), C], Z‘Pr i(r)
i ]=0 P—]_+’)/j—1 Pj ] Pj
Pj
m [y (i 1)
+A—Z BB (M) g (1, 11)) ) Zqor £))P;(r)
i=0 [ Pl- i’
Pe(0)DF (1, 1) i
x T B o, (A (o '@, (8, 11)) 7). (36)
k

Let By, = {u € PC}PZW : Hu”PCl_” <Y, } satisfying
Pk

Y, 1

> " .
Alpf’«/’(Yﬁ + AZMl + ‘EMNL% 1- [Al(p;q)iF + P3cD;)]

From Theorem 1, we can prove that Q; is continuous. By using (Hj), we show that
Q1(By,) is bounded. For any u € By,, we obtain

@, (8, 1) (Quu) (1)

* * gk * gk q>¢k ,Yk(t tk) ﬁ_l /
< [Pﬂ/’(YZ)‘*'(qu’l +P3<I>2)Y2} m/ﬁ{ Dy (t5)r(s)ds

k-1

1 1 /tr+1 %,1
1;) pf’rpr(“r +pr(1 — ’)/r) t [ ( r+1,8 )4)7( )

T (Belor — o) + )

+y
1 [ w; g St
+ﬁ ( Y %/t q’q;].p] (G 5)Fu(s)¢j(s)ds
B ey g AN
P F( P )
Bjlpj—aj)tajtp; _1
07 .
nfwjl®, (&, t5) It 1

)

=0 To; (Bilpj — aj) + o+ 1j) [ 0T, (r + 0, (1= 77))

tq frter(=or) g ,
X /t @, (tr+1,8)P,(s)ds

Bilpj—a;j)+a; _
m ot |Kki| Dy, " (i, 1)
P ,8)P)(s)ds + :
ZO Fp, )/tz- o (irs) go Lo (Bipi — o) + ;)
—1

1 frer 41—,
x CDW tri1,8) P (s)ds
r;o orLo, (ar +0r (1 =77)) Jt, o (tre1s)gr(s) )} }

< M [pip(Ya) + (P30 + p303)Y2,

which implies that Ql(BYZ) <A [piﬁlp(Yz) + (p;(l)f + p;@;)Yz]



Mathematics 2022, 10, 3874 24 of 40

Next, we will show that Q1 maps bounded set By, into equicontinuous set of PC ;}:W .

Lett, o € Jy, fork=0,1,...,m with 7y < 1, and u € By,. Then, we obtain

[(Q1u)(12) — (Quu)(T)|

’cbﬁ: (2, tw) — @ (71, tm)
p1¢(Y2) + (p2 @1 + p3®;)Y2 T (o + o)
ﬂm(ﬂm*lxm)ﬁﬁlm -1 ﬁm(()m*amﬂﬂm 1
q)¢"l om (TZ/ tm) _ q)¢m om (Tlr tm) ar+pr(1=7r)

n [ @y " (trat)

Lo (Bm(om — &m) + atm) rgorpr([xr+py(2*’)/y))
ajth Bilojejvejtnj artpr (=)

Pj Pj
1 Zw%] Ety) o lwjl @y (Gtp) i @ 7 (1)
B\ 0 Ty (@ + 1y o) =0 Loy (Bilej — o)+ + 1) 1= Do (ar +0r(2 = 10)

8 Bilpi=t)+e; artpr(1=7r)
|ki| Py (i, t:) o, [xi| Dy, (i ti) it @, " (fga, tr)
Z Z ¢i $r
= T ("‘1 +0i) = Te(Bilpi —ai) +ai) = orTo, (ar + 0, (1= 7)) '

It is easy to see that the above result is independent of variable u € By,, which
implies that [(Qiu) (1) — (Qiu)(11)| — 0 as » — 7. Since, Q1 maps bounded set By,
into equicontinuous set of PC;;V" . Thus, by the Arzeld-Ascoli theorem, we get that O, is
completely continuous.

Next, we will show that O, is a non-linear contraction. Define a continuous non-
decreasing function ¢ : RT — RT by y(e) = Azbye, for all € > 0. Clearly, ¢(t) satisfies
¢(0) = 0 and by applying Ayb; < 1, we obtain ¢(e) < € for all € > 0. For every u, v € By,,
we have

@4, (1) (Qau) (1) = (Q20) (1))

an 1(t tk) 1 2 k 1=k
< T E%’Vk (Ak(Pk ka(trtk))p")‘ E‘cb,pk (trtk)(%(u(tr)) _(Pr(v(tr)))‘
Y+l
) wle, 1 @) 5
X [Py(r)| + —P Eo i (Ai(0; ' @y, (E1,1))
Pk El Jg o p,;wg,]z_( (07 'y, (84) )
j
j _ | 1| (771/ ti)
* L[ 0 (1) g (1) = <pr<v<tr>>>1|7>j<r> 2 —
=
X |Ea (Ai(o; @y, (1, 17) Z ¢>1 T (1) (r (u(tr)) = @r(0(8))) || Pi(7)]
,/’Yl
1 Pe(0)] - &
sz R E%"yk()\k(pk 1®¢k(tftk))pk>
L H
Ym— @7] P
q>47m T tm 1 1 }(U]| 4)/- (C]/t])
S qu PCl W+l L j
e’ T(vm =] j=0 | 7Tyl u
of T+ )
/ L ‘Ki|¢' (’71' ti) d q’z:;mil(TrtM)
1(]Ju — )l Y | Y a(lu ol )| |
; PC " ,;3 T (7) r; Py o' T ()
b1
@1 (T, by) 1 (& ilw; |d>] @) il g )
Pm sim ] 7707 i i, i
< e m+ = T + billu—oll 1
p%m 11—‘(’)17‘1) ‘\:‘| (]Z F Z >:| Pc¢k7k

vi—1

=0 p; Tyl N = e N (7))

of " r(n+ ) 1

= AzblHu—UHpC;—vk
k
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By setting ¥(€) = Aybi€, note that ¢(0) = 0 and (€) < € forall € > 0. So,

Q21— vl pgin < Pl =2l gen),

Px

which yields that Q5 is non-linear contraction.
Next, we will show that Q(By, ) is bounded. By using (H3), for any u € By,, we obtain

@4, (8 1) (Qau) (1)

(1, 1) B sy | g
= ka 1 Ez—’;m{ (Ak(pk chPk(t'tk)) k) r;‘%k (t/tk)(Pr(”(tr))“Pk(”)
L[ [, |Z;_l(é‘ ) 5
Al 177 -1 o Y1
— , E«; A (o7 "Dy, (Ci b5 P t,t
ME (E)[ Tt et (67 @0 G51) ’)| w ()
]
j
1— 1 ; irti
><r;‘cD(PkVk(t,tk)%(u(tr))“Pj(r) +|A|+Z %
B i
o; . i -
(B, (o 00 00) ) @37 110 Yooy, thor(u(tr))]n(r)ﬂ)
! r=1
|Px(0)] &
= Eo (Ae(or '@ (1)) )
Tm—1 Pfjﬂ]f . 7i—1
oo (Tt 1 (e dlwil @y @t | (g 1)
< T mt = e VY
rp’" ('Om’)/m) |':'| j=0 er (P]’Yj + Vj) i—0 pirpi(Pi'Yi)

+A}M1

A }
= Ay + M.
{ ? rpm(Pm’Ym) !

This yields that Q(By,) is bounded with the boundedness of the set Q1 (By, ).
Finally, we will show that (C;) of Theorem 2 does not true. On the contrary, assume
that (C) holds. Then, there exists o € (0,1) and for every u € By, so that u = ¢Qu. Hence,
we have ||u||7jc177k <Y;and
43

’cbl*”k (t, tk)u(t)'

7|, 7t 5 (Qu) (1)

< Jop ) (Qu) (1) + (Qm(t)))
pip(Ya) + (P53 97 + p3P;3)Y> pm 1 1=

= pmrpm(“m) Jtm CD(Z (T,S)(Pm( )dSCI)‘PW (T’ tm)
L PRE(Y2) + (P3P 4+ p3@5)Ys 1

Lo (Bun(om = tm) +am) = 0rTp, (7 + pr (1= 17))

a; +yl 1

[y T gl ) + Zﬂ/ P G
tr , oiTp; (e + 1)
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Bjlpj—aj)taj+p; 1

[ .

N ‘“’J|q’ ! (G tj) i1 1

j=0 Pj(ﬁ](p]_“j)+“j+ﬂj) rzoprrpr(“r‘FPr(l—')/r))

teyr o) g T

X H. 7 by s)ds + / o 9l (s)ds

/i‘, or ( r+1 Z(:)pll—vp‘ ) ' ¢ (771 )¢r( )

5@17"‘ 1
i D o " (mi,t;) i 1

+y

i=0

beq  trter(-vr) g pip(Ya) + (p3@5 + pi®5) Yo
X P or t ’ ISds ! . :
[, (tr11,5)94(5) ) EIT,, Bon P — m) )

ﬁ]v(pj—lx/‘)+uj+]1j_
. 0
1 < n jlwj| @, (&.17)
= T (Biloj — o) +aj+ )

Lo (Bi(oi —ai) +a;) /= 0rTp, (ar + 0 (1= 7r))

I (T, t)
Tz m
Lo, (Bm(om — am) + am)

Bi ( & H’D‘z 1

m il @, " (i, t:)
i;) o, (Bi(pi — ;) + ;) >

w
—

A|
|E[To,, (Bm(om — &m) + &m)

am 41
o T )

[PTIP(Yz)Jr(pE@Hpé@E)Yz}{ i‘iz o

M1+

IN

a'jﬂ//'

r—rr+l 0j
1 [’" 1 <I>(Z, (tr1,tr) 1 ( 1 ’wj‘qDle] (&j:t))

+ + =
Lo (omym) | 2 Tor(ar +0r(2—7,))  |E] =0 Ly, (l"j + i+ Pj)

"f @
o T L+l
‘“’]’|(sz; (':]’ ) e, (D; (tr+1rtr) |Kl|(I> (771/ z)

n
7§ FP/ (p]")/j + }l]') =0 IﬂPr(’J‘r +0r(2 =) i—0 rp,'(“z + pi)

- 5=y +1
|0 (o ) it @y

: tyiq, b o1 (T, ¢
+Z ®; Z , (trs1,tr) n Om (T, tm) -
= Teleimi) = Te(ar+0r(2 =) Lo, (0mYm)
. %‘”/’_1 et
1 (@il (@ity) R T AY IV
1 T=11r /-~ - \
ZI\Z To (057 + 1) = Toleimi) 12|Tp,, (omYm)

D1 [pip(Y2) + (P37 + p3P3)Ya] + Aaby +

+

[x]

|A]
‘E|Fpm (pmrym)

—

which yields that
A

Y2 <A [PTVJ(YZ) + (p2 @7 + qu);)YZ} + AoM;y + m

Then, we have
Y, 1

S * Jy* *H*)]7
A1pip(Y2) + MMy + mrﬂl% 1- [A1(P2<D1 + p3¢2)]

which contradicts the condition (Hg). Hence, Q1 and Q, fulfill all the conditions of Lemma 9.
Therefore, the impulsive (py, ¢ )-Hilfer FIDE-NMP-FIBCs (4) has at least one solution. []

4. Stability Results

First of all, we give the following inequalities for analyzing Ulam’s stability of the
impulsive (pg, ¢ )-Hilfer FIDE-NMP-FIBCs (4). Let 7 € C(J,R") be a non-decreasing
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function, e > 0,7 > 0,z € B, such thatfort € Ji, k = 1,2,...,m, the following inequalities

are fulfilled:
AP (t) = Aa(t) = f(t,2(0), T 2(0), pszkk?"’kz(t))’ <e, ;
TR T — ()| < 7
g"@g,ﬁkmz(t) — Mz (t) _f(t’Z(t)’PkIfkkKsz(t)'PkItgkk;qij(f))’ <7, 38
ka:j(lfWk)sz(tlj) — pk_lItF’;(i—“rk_l);dJk_lz(t;) B qok(z(tk))’ . (38)
s D) = Az (1) = F 120, T2, kafkk;q’kz(t))’ <eT (1), y
kaf]j(l—w)?‘PkZ(t;) _ pkil_’z:gill_Wk—l);‘Pk—lz(tk—) B (Pk(z(tk))‘ cer (39)

Definition 3. The impulsive (py., i )-Hilfer FIDE-NMP-FIBCs (4) is called Ulam—Hyers (UH)
stable, if there exists € > 0, such that for any € > 0 and for each z € B of (37) thereisu € B
of (4) that satisfies

|z(t) —u(t)| < Cre, teJ. (40)

Definition 4. The impulsive (py, ¢y )-Hilfer FIDE-NMP-FIBCs (4) is called generalized Ulam-
Hyers (GUH) stable, if there exists T € C(R™,R™) with T (0) = 0, such that for any € > 0 and
foreach z € B of (38) thereis u € B of (4) that satisfies

|z(t) —u(t)| < T(e), teJ. (41)

Definition 5. The impulsive (p, ¢ )-Hilfer FIDE-NMP-FIBCs (4) is called Ulam—Hyers—Rassias
UHR stable with respect to (T, T), if there exists € ¢ . > 0 such that for any € > 0 and for each
z € Bof (39) thereis u € B of (4) that satisfies

2(t) —u(t)| < Cree(t+T(t), teJ. (42)

Definition 6. The impulsive (p, i )-Hilfer FIDE-NMIP-FIBCs (4) is called generalized Ulam—
Hyers—Rassias GUH'R stable with respect to (T,T ), if there exists Cx ¢, > 0 such that for any
z € Bof (38) thereis u € B of (4) that satisfies

|z(t) —u(t)| < Cre, (T +T(t), ted. (43)

Remark 3. It is easy to see that: (i) Definition 3 = Definition 4, (ii) Definition 5 = Definition 6,
and (iii) Definition 5 with T 4+ T (t) = 1 = Definition 3.

Remark 4. z € B is a solution of (37) if thereis x € Band x, k = 1,2,...,m, (which depends
on z), such that
i) |x(t)| <€ x| <ete T,

(i) JOPR(t) = Mea(t) + F(1,2(), p T, 2(0), P 2(0) 4 2(1) £ € T,

(i) , TPy = TP ) — g (2(8)) + X

+ 1 E+
Pk t Pk—-1 ty

Remark 5. z € B is a solution of (38) if thereis x € Band x, k = 1,2,...,m, (which depends
on z), such that
@ O <TE), al<tted,

(i) FOPR(t) = Mea(t) + F(1,2(), p T, 2(0), o, (1) + 2(1) £ € T,
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Jt,

(1- 1
(iii) kaf+ V)sPr (t+) o 112(1 Vk—1)iPk—1 2(67) = pr(z(t)) + e
Remark 6. z € B is a solution of (39) if there is x € Band x, k = 1,2,...,m, (which depends
on z), such that

(i) |x(t)| <eT(t),|xx| <etr,te T,

(i) FOUPa(t) = Aa(t) + F(1,2(0), o, T 2(0), o T P2(0) + 2(1) € T,

1- 1-
(i) pszi () — g I TN = pula(t) +
4.1. Ulam—Hyers Stability Results

We construct the proof of the following lemma, which gives a base for obtaining a
solution to the impulsive (o, ¢x)-Hilfer FIDE-NMP-FIBCs (4).

Theorem 3. Let ap € (0,1), B € [0,1], px > 0, ¢ = (Br(px — k) + k) /pr, M € R,
¢x € C(J,R) with ¢ > 0 fork = 1,2,...,m. Assume that f € C(J x R3,R) and ¢, €
C(R,R) (k = 1,2...,m). Suppose that (H;)-(Hy) hold. Then, the impulsive (py, ¢ )-Hilfer
FIDE-NMP-FIBCs (4) is UH stable if

(Al [Ll + quDT + L3CD§] + Ale) <1

Proof. Suppose that x € PC}Pk_'y" is a solution of the problem (37). From Lemma (15) with
Remark 4 (ii)—(iii), we obtain

AOPP(l) = Mea(t) + Fo(t) +x(t), t€ T C T t#

B I (b) = gi(z(h)) + X k=1,2,..,m,

[ (44)

Hjipj
ZKZ'Z(”Z Zw]p]I] '2(8) + A, i € (b tia], & € (4, tial,

then the solution of (44) can be rewritten as

t k=1 P, (7 + 1) try1

k ;)
§ / 3; =7, /t CD(Z, (tVJrl/S)
r=0 or

8 (1,5)Exy o (Ao "B (£9)) %) Fo(6)9} ()ds +

ty Pk’ P

DTt 1) o

XE%,gfgﬂw,(Ar(Pfl%,(frH/S))ﬁ)fz(s)% d5+24)r tr)) Pi(r )} (P];)?TE;) (A (o '@ (1 1)) )

k

R 5 , n ([ Pir+1
(Z j‘j’}i q)(p ! (C]/ )]E”‘ i) (/\ (p (I)(P/(C]/ )) f )FZ(S)(P](S)dS + ZO{ |:Z M(:il'yy)
j=

- “ 0 Pr
0 i j r=0 ot

b1 L—ey,

o J
@ " a1 0B g, (O 07 (r10,9) ) Foo)01 )+ 1 qor<z<tr>>v>j<r>}

. . f. B m e _ &
o By (A7 @ (8 17) }*A X ’/ @5 05V (o5 @, 115)) )
] ti

0’ ] 0j Pi’Pi

m i—1 @
Pi(r+1) [t g, _ ar
X F(s)¢y(s)ds — Z { {Z L(va)/t D4 (tr+1,S)E;7;,gf+1ﬂ, (Ar (07 @, (tr11,8)) 7 ) F=(s)¢)(s)ds

r=0 p Pr

KD (i ) 5 1\ PelO)@F (k) o
} ¢i _11 ! Ei{m(/\ (07 'y, (i, i) P )})W T Eak (Ak(pk Dy, () 7 )
Pi i P
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1 t ;,:,
+ %y q>¢k

Pk Tk

Pk

ay k
XE%{,;%H—W (Ar (P;lq’¢,(tr+1/5)) o) x(s)g)(s)ds + Z xrPr(r) ] (’}T
r=1

1uamwamwk%um»)<ﬂ%@m+

=P
k 1’+1 7, 'Yr
T /7 q)f (tr41,5)

Pr

Pk’ Pk

@”% B » 1y
E%ﬁ,w (A (o P (t, 1)) )
%

@t . ri
YR a1 _ 4 n ([ Pi(r+1)
+= < Y ‘%jﬂ’ (G5 By o (A(p; Dy (8),5)) ) x(s)¢i(s)ds + Y { ) %H
— =0 p/v’ p]v ]=O _720 p;r
p]
el gy
tor — B a ] WD, jr t]'
* @, (tr+1,s)E%,%+17% (Ar (07 '@y, (tr1,5)) ) x(5) ) (s)ds + Z‘ix/P]-(r) %
r r= ]
i pjpl
i m . 1 1 o ,
XBy (A (p; @y, (8, 1)) Z T/ ‘P(;‘, (Wi/S)E;‘J,:Li (Ai(o; Dy, (mi,5)) P ) x(5)¢pr(s)ds
0"V pj i=0 pfi i i

1 . i
Pi(r+1) b oy _ o
) Z { { X (Ty) /t Ot 9B g, (Ar (07 o (tr41,5)) 7 ) X(5)9) (5)ds + r:lerP,-(r)

=0 o7

% q>$j (771'1 ti)

)
o'

s 1\ Pel0)@) (k) - %
Eo; . (Ai(p; '@y, (i, 1:)) ) +E%(Ak(pk1<1>¢k(t,tk>)f’k)-
ﬂ Y K

Ok

By applying Lemma 3 with |P,(b)| < 1, for any t € J, we obtain that

@, (6 1) (2(0) = u(D))|

1%(”) % g )
k ¢ﬁ (t,5)|F2(5) = Fuls)|gf(s)ds + ————

pkr(pl) t o' T(k)

% Z SL41—,
r=0 p’fjr

IN

1
F(%—H—%)

b1 Yy, ,
Ly b 9 Fs) - Fal) |9 (s)ds

(45)

k 1/ x |wj] & Lh
+ L lor(et) —or | + gy (L [0 @)
r=1 TENG=0 T g
P l"( Pj )
5]
wiley T (@) 1
X Fo(5) — Fulo)lg(s)ds + Y mﬂ1 —
j=0 ] i r=0 pf" (% 4+1—
P] r(’Y,’ + %) P (Pr + %)
trt1 ;%7’)/, ’ ]
< g (b )| Fa(s) = Fuls) r(s)ds + Y lgr(z(t)) — r(u(ty)]
r r=1

m

||
+Z /
= Pi r(zf) !

SIS TARACREETS

AL 41—,
=0 " ”r(gﬂ—%

m@%%mm}) 1
7' (1) P T ()

&g
Of (1:,5)|F2(5) = Fuls)|gh(s)ds

@r(u(ty))]

1

Fu(s)|¢y(s)ds

k1
e k@;: (t,5)|x(s)|¢y(s)ds +

k-1
L
o ("’k){ Sor (1)
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|wj]

n
Wkl ’)’ (; i FH

tr1 D%*’Yr
OF T 1y 1,5) (5) s ds+2|xr|}

X
tr |\—4|P 0; PEnTh
j &TH)
fj r( b )
2 H
aj+p; 1 ej
& Lo n |wjl @, (8 t)
@, (s)|x(s)lgy(s)ds + )
tj J j=0 pf;+’)/j71 i
pf r(,y + P])
i1 1 tria &y,
|:Z ]y, /t q)g/;: (tr+1rs)|x( |¢r dS-‘r Z|xf|
0o T (B 1)
m K| mo Mg q>$11 Y i)
+Zﬁ71 . q’;; (17i,5)|x(s)| ¢y (s)ds +Z '
i=0 ,pi ﬂ) ! 1 (r)/l)
t Pi
i—1 .
1 tr1 ; —Yr
|:Z ar +1 Yr P q)(‘zy (tr+1,s)|x( |¢r dS + Z'xr|:|>
r= Opﬂr r(%+1_77). r

Thanks to (i) of Remark 4 with (H;)—(H>), we obtain the following result

@} (1 1) (2(8) — (D))
—7r+1

Mf’)‘m*‘l
P4, (T, tm) 1 mol (Dpr (tri1,tr)
< Ly + Lo®f + La®s | | —2» + gr
< {{ 1+ 1Lo®y + 13 2} ( Ly, (&n + om) Lo (OmYm) | /=5 To, (ar +p0r(2 = 7r))
] }i_;'_ry
pj M L=+l
|wj| Dy (6], ) i1 <1>;, (1, 8)
= Doy (ar + or(2 =)

1 < ""j|¢ g (G t})
= Orpf(“1+”J+P1) = Toleri+m)
Y1

i @Y (i i) i @ (b )
r=0 rpr(le + pr(z - ,)/r))

| ‘

i |Kz|q)p (mi,ti) i
D‘z + Pz) i=0 rPi (pi')/i)

A R
L1 ;- Nwoil®y — Girt) | - il (i) \ ]
- ? .
Lo (Pm'Ym) |Z| = Ty (057 + 15) = Toleimi)
m_')’m"rl 7_%""'
|| ” + CD(ZZ; (T/ tm) n 1 mil CDW (tr+1/ tr)
x|z —u _
PC}/’k Wk Lo, (&m + pm) Lo (omYm) | /=5 To, (ar +p0r(2 = 7))
zxj+y 7]+'y
pj 11 E—yr+1
|“’]’|q)4>; ((f], )i q;(; (trga tr)
= Lo (ar +0r(2=7r))

(il“ﬂq’ E&t) i

T (w4 ) = T+ m)
o i— . oyt
|Ki|q>p’- (7, ti) . i il (s, 1) i @Y (tr41, £r)
Lo (0ii) =0 Lo, (ar +0,(2=r))

m
iX(:) Lo(ai+pi) 5

| ‘

ym—1 ; %‘—Pﬁ_l . 7i—1
g (Trtm) s L i”“’j’q}@ (&et) il | @y (i 1) .
Loy (0mYm) El j=0 rpj (Pj’Yj + P‘j) i=0 Lo (0ivi)

which implies that
et + {B1+ B2 }e.

P

2= ull poro < (81 [Ln + Lo®f + Lo®3] + Aoy ) 12 —

Pr
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Then ||z — u|| | 14, < Cre, where
PC‘/’k

A+ Ay
1= (B1[L1 + Lo®] + La®3] + 82Ny )

Cr:= (46)

Therefore, the impulsive (o, ¢ )-Hilfer FIDE-NMP-FIBCs (4) is L/ stable in B. [

Corollary 1. Under conditions in Theorem 3, if T (€) = € ze so that T (0) = 0, then we have the
impulsive (py, ¢x)-Hilfer FIDE-NMP-FIBCs (4) becomes GUH stable.

4.2. Ulam—Hyers—Rassias Stability Results
To analyze UH'R stability results, we will need the following condition as follows:

(H7) There exists a non-decreasing function 7 € C(J,R) and there is €7 > 0, for each
€ > 0, such that the following inequality

TPT (1) < €T (1). (47)

Pk t+
Theorem 4. Let f € (J x R3,R) and ¢y € C(R,R), (k =1,2...,m). If (Hy), (H,), (Hy), and
(A] [Ll + H—‘Z“DT + L3q)ﬂ + Ale) <1

are fulfilled. Then the impulsive (py, ¢x)-Hilfer FIDE-NMP-FIBCs (4) is UHR stable with
respect to (T, T).

Proof. Let z € B be any solution of (39) and u € B be the solution of the problem (4).
By the same process in Theorem 3, we have

@} ™ (1, 1) (2(1) — u())|

Dy @y, (b k) & , 1
q> k ( 5)|f2(5)—fu(5)|¢k(5)ds+m
i) - e

x Z ‘ﬁ’+1,7r
r=0

P ()

IN

1

byl B ,
/t D, " (tre1,5)| Fo(s) — Fuls) |9 (s)ds

ty r=1

k 1 " ‘w]’ é] zx]+h] q
+ Z|§0r(z(tr)) — @r(z(t)]| + = Z BT TEE— q)(p ((fj,s)
r=1 |H| j=0 %r Déj+]4j t/
Pj ( Pj )
+p—/f

[l ® " Gt 1

x|F2(s) = Fuls) ] (s)ds + 2 o e
j ; r=0 Pr (%% 11—
Yo (v ) (3 +1-)
tria — j

X <I>“' (tr1,8)|F=(s) — Fuls)|gr(s)ds + Y| @r(z(tr)) — fPr(u(tr))I]

|Kl| i 51

g (10,9) | Fo(s) — Fuls) |y (s)ds
orr()

+Z
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ar

UL i1 1 tr1 o= ,
— [ g a 9)IFs) = Fuls) gy (s)ds
S (=)

mmﬂ‘%m,m }) 1
o] T() ok T(n)

1- «
@, () pr sk
T o (4 )l gh(s)s + ——
ppkr(%) K (7%)

k Pk

k-1 .

1 trt1 L=
[Z T, /t q’;,, (tri1,5)|x(s) |y (s)ds + Z|xT|]

1 1 ]w]| ‘:/ jﬂAJ -1 ’
pj— [7@,"  (@)lxe)lg)s)ds

T YTe—1 i
|‘:‘|pk r(')’k) =0 Tjr(a/+y])
'O] Pj

i

]+p] o
’(,L)]|CD (gjlt])

1 tr L=
. ol 4,s)

Pi;+1777 o ty ¢r
S (1)

]: p~ ] H.
py’ F(W +5)
s)d LT L S ' (s)d
x|x(s)|¢py (s)ds + Z|x | +2 o (Mi,8)[x(s)|¢y(s)ds

p,r<le i
m Jig| D5 () [ i 1 bon g,
+Y s O " (tr41,9)|(5)| 9l (s)ds
i=0 " T(vi)  Lr=oppr F(%-‘r-l—’)/r) i

+Z"D

Thanks to (i) of Remark 6 with (H,), (Hy), and (Hy), we have the following result

‘cbl Te(t, ty) (z(t) —u(t))‘
am_p 41 pr 7t

@ TT, by 1 nol g (trs1,tr)
< Ly + L@t + Lyws | [ —2 +

{[ ! s ° 2:|< er(IXm +Pm) er(Pm'Vm) r=0 rpr(ﬁér+Pr(2_'Yr>)
WALY| Y1

; i r+1
(Gj tj) it ‘I’p’ - (tr+1,tr)

PE
1 [ ol @y (Git) o |wj @y
r:orpr(“r+Pr(2_'Yr))

= pr(“j+ﬂj+Pj) = To o+ u)
ARf k) @ g ) i @ )
I e Mt ey r_orp,<ar+pr<z—m>>D
ﬂ+,yj71
leoj| @y (Goty) i@ (i 1)
Lo, (07 + 1)) = Toleimi) )

i Lpol+ L)

| |

4

Pm
FPm (pmrym)

<zl et + {emw
k

¢7m l(T,t ) 1 n

E\ &

R
|'_‘|1-‘Pm(pmr)/
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-

+7;—1
a1 . pj M . i—1
@ (T, t) [m 1 (@ lwjl @y (Gt el (g, 1)
&
J

+ —
Loy (Pmym) EI\S  Toleiri+m) iz o) 'T(7)
x [ezTT(t) + r} }e,
which implies that
zZ—u 1-
H Hpclpk’m
< (8 [Lo + Lo®] + Lo + Aol ) ||z — g + (182 + B3)erT (1) + A7) e
< (A[Ly + Lo®f +Lo®3 ] +8oNy ) 2 = ull 1y + ([82 4 B3] 7 + A2 ) (T + T (1)).
Pk
Then ||z — MHP(?;,;”‘ < Cr e e(T+T(t)) with
Cre, = [A2 + As]€7 + Ay (48)

_ (A1 []Ll + L@ + L@;] + Ale) '

Hence, the impulsive (py, ¢y )-Hilfer FIDE-NMP-FIBCs (4) is {HR stable with respect
o(t,T)inB. O

Corollary 2. Under conditions in Theorem 4, if € = 1 so that T(0) = 0, then we have the
impulsive (o, px)-Hilfer FIDE-NMP-FIBCs (4) becomes GUHR stable.

5. Numerical Examples

This section provides some illustrative examples of the exactness and applicability of
our main results.

Example 1. Consider the following impulsive (o, i )-Hilfer FIDE-NMP-FIBCs of the form:
7-3k 3k+2. N +1 d; Isinz WHZ"(P’CM

93k, 10 Pk _ Pr
oo () = ST+ (), T, M ul), T (1),
k201 P
B T2 T u(n) = gu(u(t)), k=1,2 (49)
2 ; H 1 H 8j+8 H
z+1) (21+1) (]+2) 880, (2]+2)
Y u =) (= /+zI ul =—5— | +2
1.0( 3 5 =\ 2 9

Form the problem (49), we obtain that o = (7 — 3k) /(9 — 3k) Br = (B3k+2)/10, py =
(k+2)/2, Ay = —VI2+1/(k+1), 6 = exp(—k)/3, 6 = sin®(7t/(k+2)), ¢ (t) = In(t +
k+2)/(2k+2),t, =2k/5k=0,1,2,T=6/5k=0,1,2,x;, = (i+2)/3, 4, = (2i +1)/5,
wj=(j+2)/2,4j=(8+8)/10,¢; = (2j+2)/9,i=0,1,2,j = 0,1, and A = 2. From the
given all data, we can find that £ ~ 3.350618628, A1 ~ 0.7268674525, A, ~ 1.676600970 and
Az ~ 0.8516099910. The following functions will be considered for theoretical confirmation:
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(i). Consider the functions

2_5 (3D (¢t
f(tu(t),o(t),w(t) = ;inri + : 732:;12 Ert - '5J|:l|(1?(|f)|

Y 1-
3e 2t 1q) k')/k(t’tk) |'U(t)|

4 ¢ .
6 — cos? 7t 4+ o(t)]
. 1-
+4sm27rt<1>4)k7k(t,fk)' lw(t)|
8 —3e~t 4+ |w(t)]’
1=
4P (tk+1,tk)u(tk)
prlu(ty)) = —B——= + 3.
71,

For uj, v, w; € R, i =1,2,and t € [0,1], we can find that
|f(t,u1,01,w1) — f(tup, 03, wz)| < i\u —u|+i\v —U|—|—1|U —v
s 41,01, W1 s Uu2,02, W s 25 1 2 20 1 2 5 1 2|,

4
lpr(u1) — pr(u2)] < E‘”l — up|.

The assumption (Hy)—(Hy) are satisfied with Ly = 3/5, L, = 3/20, Ly = 1/5 and
N; = 4/25. Hence,

A1 (Lq 4 Lo®t + Lg®3) + ANy ~ 06598729041 < 1.

Since, all the conditions of Theorem 1 are fulfilled. Then, the impulsive (py, ¢y )-Hilfer FIDE-
NMP-FIBCs (49) has a unique solution on [0, 1]. Moreover, by Theorem 3, we also find that

A+ Ay
1= (A1[L1 + Lo®; +Lo®3] + 820y )

Cr:= ~ 7.066383275 > 0

Then, the impulsive (py, i )-Hilfer FIDE-NMP-FIBCs (49) is UH stable on [0, 1]. Taking
T (€) = €xe via T (0) = 0, then, by Corollary 1, the following impulsive (p, ¢x)-Hilfer FIDE-
NMP-FIBCs (49) is GUH stable on [0,1]. Taking T (t) = P, (t, ty) with T = 1, we obtain

3 am
, DK (¢t (T, t
kaaf’(PkT(t) = quq)k(t, t) < M
b oo, (ax) mT oy (@m)
From (Hy), we obtain
D" (T, t)
¢&r = —— ~ 0.07794511398 > 0.
pmLp, (am)
Then,
A Az|€& A
Cre, = [82 + As]eT + A ~ 5508713313 > 0.

1- (Al [Ll + L@ + IL3<I>§} + Ale)

Hence, by all conditions in Theorem 4, the following impulsive (p, ¢ )-Hilfer FIDE-NMP-
FIBCs (49) is UHR stable on [0,1]. Moreover, if T (€) = Cr g€ with T(0) = 0, then,
by Corollary 2, the impulsive (pi, ¢x)-Hilfer FIDE-NMP-FIBCs (49) is GUHR stable with
respect to (T, T).
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(ii). Consider the functions

2t — 1)@ k(¢ t
Ftu(t),o(t),w(t) = ( 12_) ;ﬁ"osfﬁ & [Sinu(f”?m
3 Bcosmtt  |u(t)] 6e ! [w(t)]
+q’§>k7(”)[ it+e 5+ |o(t)]  10In(t+e) 4+ |w(h)]]

(6= (k) u(ty)
pr(u(ty)) = =0 vk

Foru,v,w € R, i =1,2,and t € [0,1], we can find that

2t —1 3 cos rtt 6e~t
t < 0 2
Fwowl = 55 e M2+ 50550 1+ ot ey )
6 6
_ < —|lyu—- < —.
o) @) < S, )] < o

The assumption (Hz)—(Hg) are satisfied with y(|u|) = |u| +2, p; = 0.2, p5 = 0.12,
py = 015 My = 03 and by = 024. Hence, M@} ' (T, )by ~ 0.8262520217 < 1,
(1— [ (p3®7 + p3@3)]) ! ~ 1.31318002, and

~ 6.878833250.

Y2
i SR— [4]
Y2€(0,00) A1pip(Ya) + AoMy + TET o (o)
Since, all the problem (49) has at least one solution on [0,1].

(iii). Consider the functions f(t,u(t),v(t),w(t)) = 0 and ¢r(u(ty)) = 7 — 4k. By us-
ing (14), (22), (23), (24), the numerical values of E, A;, i = 1,2,3, for ay, € {0.2,0.4,0.6,0.8,1.0},
as shown in Table 1. From Lemma 7, we obtain the implicit solutions of the problem (49), as
shown in Figure 1, via fixed values of ¢y (t) = ln(;f;z Brx = 3’“62 and py szrz with vary
ar € {0.2,0.4,0.6,0.8,1.0} for k = 0,1,2. By using (14), (22), (23), (24), the numerical values of

B A;,i=1,2,3, fora € {0.2,0.4,0.6,0.8,1.0}, as shown in Table 2. From Lemma 7, we obtain

the implicit solutions of the problem (49) as shown in Figure 2 via fixed values of ¢y (t) = ln(;,:rk;z) ,

Br = %52, and p = 52 with vary ay € {0.2,0.4,0.6,0.8,1.0} for k = 0,1,2. Later, by us-
ing (14), (22), (23), (24), the numerical values of B, A;, i = 1,2,3, for oy € {0.2,0.4,0.6,0.8,1.0},

as shown in Table 3. From Lemma 7, we obtain the implicit solutions of the problem (49) as shown in
Figure 3 via fixed values of i (t) = sin((szt;;%), Br = cos(z%%), and p = (k+2) tan( %)
with vary ay. € {0.2,0.4,0.6,0.8,1.0} for k = 0,1, 2. In addition, we will show the implicit solu-
tions of the problem (49) as shown in Figure 4 for each values of ¢y (t), ax, Bk, Pk are given as in

Table 4.

Table 1. Numerical values of Z and A;, i = 1,2,3, for a; € {0.2,0.4,0.6,0.8,1.0} when ¢ (t) =
In(t+k+2) ,Br = %52, and oy = 52 fork =0,1,2.

2k+2
[ = Al AZ A3
0.2 2.892662425 1.3437981140 2.058239791 0.8286028011
0.4 3.213267392 0.8843819924 1.946083874 0.8450705102
0.6 3.328008050 0.6154263942 1.917611370 0.8499260482
0.8 3.199108790 0.4512723574 1.962021647 0.8435009608
1.0 2.903673651 0.3448765974 2.059944134 0.8272976029
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Table 2. Numerical values of E and A;, i = 1,2,3, for a; € {0.2,04,0.6,0.8,1.0} when ¢ (t) =
pV (1243 g — ks and o = 3e” VEH for k = 0,1,2.

9% = A1 Az A3

0.2 0.979991112 4.377072500 3.467001554 0.6667371782

04 1.086173111 4.286940343 3.644959141 0.6463248146

0.6 1.192145946 4.039684022 3.713433921 0.6338233539

0.8 1.288330209 3.702297047 3.704677442 0.6253964583

1.0 1.366630096 3.320188403 3.641434555 0.6183465441

Table 3. Numerical values of & and A;, i = 1,2,3, for a; € {0.2,04,0.6,0.8,1.0} when ¢(¢)

sin((sztﬁ%) Br = cos(g%%), and pr = (k+2) tan(g%¢) for k = 0,1,2.
9% = A A Az
0.2 2.706972884 5.693274732 1.322584648 0.7888666540
0.4 3.075302870 3.950732086 1.271388814 0.8122697082
0.6 3.448104601 2.748016737 1.239777125 0.8313127993
0.8 3.800110763 1.924362576 1.227618946 0.8461678966
1.0 4.087413705 1.363408014 1.236212063 0.8565872889
Table 4. The values of ¢ (t), ay, Bi, pr, and E.
Case : 4(>1< g{f) ) ok Bx Pk E
n(t+k+2 7—3k 3k+2 k+2
I Sk =3k = o2 3.350618629
II PV (kH1)243 yiil L 3e Vil 1.221677115

M sin( L) sin(f5) cos(kS"k) (k+2)tan( %) 3593850012

-150 1 1 1 1 1
0

Figure 1. The implicit solutions of Example (49) via a; € {0.2,0.4,0.6,0.8,1.0} when ¢y (¢) = ln(élﬁzz) ,

Br = 3]‘132, and oy = k+2 fork =0,1,2.
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Figure 2. The implicit solutions of Example (49) via a; € {0.2,0.4,0.6,0.8,1.0} when ¢ (t) =

WIS, g 1

12

5, and pj = 3¢~ VEH for k = 0,1,2.

10

0.4 0.6 0.8
t

Figure 3. The implicit solutions of Example (49) via a; € {0.2,0.4,0.6,0.8,1.0} when ¢ (t) =

sin( (

20

mt4k+1

2+k)t+3k+3

) B =

f+k B)
- = g(t) = 2k+; :

— oult) = VT

k41
........ ¢ (t) = sin ((Ht;)rzﬁ)

0.2

0.4 0.6 0.8 1 1.2

t

cos(s7%), and py = (k +2) tan(g"%) fork = 0,1,2.

Figure 4. The implicit solutions of Example (49) via ay, ¢i(t), Br, and pg for k = 0,1,2 as in Table 4.
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6. Conclusions

In this paper, we studied the impulsive (py, ¢x)-Hilfer FIDEs with a constant coef-
ficient involving NMIP-FIBCs. Firstly, we created some essential properties to apply to
our main results. The formula of the solution to the linear (p, ¢)-Hilfer fractional Cauchy
problem was constructed in the form of the Mittag-Leffler kernel. The non-linear impulsive
(px x)-Hilfer fractional Cauchy BVP was converted into a fixed-point problem via an
auxiliary lemma regarding a linear variant of the problem. The uniqueness result was
investigated by Banach’s fixed point theorem, while the existence result was proved by
a fixed point theorem due to O'Regan. In addition, by applying non-linear functional
analysis methods and qualitative theory, a variety of I/’ stability, {HR stability, and their
generalization are also examined. To confirm all the achieved theoretical results, numerical
examples were given to present the application of our main results in the recent past. Apart
from that, our main results are not only novel in the context of the impulsive problem at
hand, but they also show some new special situations by adjusting the parameters involved.
They have enriched the qualitative theory literature on non-linear impulsive (py, ¢y )-Hilfer
FIDEs of order in (0, 1] equipped with NMP-FIBCs. In future work areas, we recommend
working on the qualitative theory literature on non-linear fractional integro-differential
equations/inclusions involving a special function, such as the linear Cauchy-type problem
with variable coefficients, stability, or the algorithms to solve the (p, ¢)-Hilfer fractional
differential equations in mathematical software.
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FC Fractional calculus

RL Riemann-Liouville

NMP  Non-local multi-point

BVP  Boundary value problem

F1O Fractional integral operator

FDO  Fractional derivative operator

FDE  Fractional differential equation

FIBC Fractional integral boundary condition
FIDE  Fractional integro-differential equation
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