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Abstract: The problem of calculating the probability density and distribution function of a strictly
stable law is considered at x — 0. The expansions of these values into power series were obtained
to solve this problem. It was shown that in the case # < 1, the obtained series were asymptotic at
x — 0; in the case & > 1, they were convergent; and in the case « = 1 in the domain |x| < 1, these
series converged to an asymmetric Cauchy distribution. It has been shown that at x — 0 the obtained
expansions can be successfully used to calculate the probability density and distribution function of
strictly stable laws.
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1. Introduction

The major inconvenience of using stable laws is the absence of expressions for the
probability density and distribution function in terms of elementary functions. There are
only five cases known where the density is expressed in terms of elementary functions:
the Lévy distribution (¢ = 1/2,6 = 1), the symmetric Lévy distribution (x = 1/2,6 = —1),
the Cauchy distribution (« = 1,6 = 0), the Gaussian distribution (¢ = 2,6 = 0), and the
asymmetric Cauchy distribution (x =1, —1 < 8 < 1) (see Formulas (5) and (8)). Here a is
a characteristic exponent of the stable law that 0 is a parameter of asymmetry. The latter
distribution was first described in a book by V.M. Zolotarev [1] (see formula (2.3.5a)) and
was later examined in works [2,3]. Different representations for stable laws are required to
calculate the probability density or distribution function in other cases.

Paper [4] shows that if values of the characteristic exponent « and the asymmetry
parameter j3 are limited by values of rational numbers (« = P/Q, B = U/V, where P,Q,V
are positive integers), then in this case, it is possible to express the probability density of
a strictly stable law in terms of special functions. Papers [4-10] are devoted to obtaining
such representations. The limitation of this approach lies in the fact that it is possible to
obtain an expression for the probability density only for rational values of the parameters
« and B and only for strictly stable laws. The application of the fast Fourier transform
algorithm is another method of calculating density. This approach has been examined in
papers [11,12]. However, this method provides an opportunity for the calculation of the
probability density on a grid of equidistant points. In this paper, linear interpolation must
be used to calculate the density at intermediate points or irregularly spaced points.

The use of integral representations is the main method for calculating the probability
density and the distribution function of stable laws. This approach is based on the inversion
Formula (2). There are two possible ways of inverting the characteristic function. The
first way is to directly calculate the integral in (2). As a result, the probability density
is expressed in terms of the integral of the oscillating function [13,14]. However, since
the integrand is an oscillating function, this leads to difficulties in numerical integration
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in the cases « < 0.75, B # 0, and 0 < |a — 1| < 0.001 and in the case of large values
x [13]. Modernization of the standard quadrature method of numerical integration makes
it possible to reduce the lower boundary of the parameter « from the value 0.75 to the value
0.5 [14]. It has been proposed to use the representation of the density in the form of a power
series to calculate the density for large values of x.

The second way of obtaining integral representations is the application of the station-
ary phase method when calculating the integral in (2) (see [1,3,15,16]). The advantage of
this method of inverting the characteristic function is that the resulting integral represen-
tation is expressed in terms of a definite integral of a monotonic function. Such integral
representations were obtained for stable laws with different parameterizations of the char-
acteristic function. These were obtained for the parameterization “B” in works [1,15], for
the parameterization of “M” in paper [16], and for the parameterization of “C” in paper [3].
Here the notation of various parameterizations of the characteristic function is given in
accordance with the designations introduced in the book by V.M. Zolotarev [1]. These
integral representations are more convenient from a practical point of view and allow
calculating the density in a wide range of parameter values «, 8, and coordinates x. The
integral representation obtained in the work [16] served as a foundation for developing
several software products [17-21].

From a theoretical point of view, these integral representations are valid for all values
of x. However, in practice, it is not possible to calculate the probability density and
distribution function for all values of x. The reason for this lies in the behavior of the
integrand. The integrand has the form of a very sharp peak with small and large values of x.
As a result, numerical integration algorithms cannot correctly calculate the integral in this
range of x. To settle this issue, in papers [16,18,19] the use of various numerical methods
to increase the accuracy of calculations was proposed. However, all proposed approaches
increase the accuracy of the calculation but do not completely eliminate the problem. To
calculate the probability density and distribution function in this range of values of x, it
is expedient to use other representations for stable laws which do not have any specific
features in the indicated areas. The approach used in papers [12,14] seems to be the most
suitable, which consists of applying expansions in a power series for probability density
and distribution function with x — 0 and x — co.

Such expansions are well known and are obtained, as a rule, for the parametriza-
tion “B”. Depending on the value of the parameter «, the obtained power series is either
convergent or asymptotic. The expansion of the probability density of a stable law into a
convergent series in the case x — o0 and 0 < & < 1 was firstly mentioned in paper [22].
Later, in paper [23] a generalization of this density expansion was given for x — oo in
the case 1 < a < 2. In this range of values of the parameter «, this series turns out to be
asymptotic. In the same paper, the expansion of the density in a series in the vicinity of the
point x — 0 was obtained for the case 0 < a < 2. The resulting power series is asymptotic
in the case 0 < & < 1 and convergent in the case 1 < a < 2. Expansions for « > 1 in the
cases of x — 0 and x — co were also obtained in the work [5] as a result of expansion
into a power series of the probability density, expressed in terms of the Fox function. The
same expansions were given in the books [24] (see Chapter 17, §7) and [1] (see §2.4 and
§2.5). Expansions of the density of a stable law in a power series for the characteristic
function in parameterization “M” were obtained in paper [14]. An interesting result was
obtained in paper [25]. In this paper, expansions of the power series were obtained for the
probability density of a symmetric stable law at x — 0 and x — oo for the cases 0 < o < 1
and 1 < a < 2. A distinctive property of this expansion is that these power series for all &
are convergent.

The purpose of this work is to obtain power series expansions of the probability
density and distribution function of a strictly stable law with the characteristic function

3(t,a,0,A) = exp{ —A[t|*exp{—iFabsignt}}, teR, (1)
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where a € (0,2], |8] < min(1,2/a — 1), A > 0. This parameterization of the characteristic
function, according to the book [1], is called parameterization “C”. Obtaining such expan-
sions turns out to be necessary in connection to the problem of calculating the probability
density and distribution function of stable and fractionally stable laws. In fact, in the arti-
cle [3], integral representations were obtained for the probability density and distribution
function of a strictly stable law with the characteristic function (1). Because these integral
representations were obtained using the stationary phase method, the integrand has the
form of a very sharp peak when the value of the coordinate x is either large or small. This
causes difficulties for numerical integration algorithms and leads to incorrect integration
results. Therefore, to calculate the probability density and distribution function in these
coordinate regions, it is expedient to use representations in the form of a power series for
the corresponding quantities. This work is devoted to obtaining such expansions.

The solution to this problem will turn out to be useful not only when calculating the
density of strictly stable laws but also in the task of calculation the density and distribution
function of a fractional-stable law [2,26,27] (for more details see Appendix A). These
distributions are expressed in terms of the Mellin convolution of two strictly stable laws.
Correct calculation of the probability density will make it possible to use an algorithm for
statistical estimation of the parameters of these laws based on the maximum likelihood
method. Such an algorithm for estimating parameters will provide an opportunity to
correctly describe various experimental data. It is known that the distribution of gene
expression is described by laws with a power-law decrease in density [28-30]. Since the
stable and fractionally stable densities decrease according to the power law x~*~1 at x — oo,
then these classes of distributions were used to describe the distribution of gene expression
(Appendix A). In the works [31,32], fractional stable distributions were used to describe
the expression of genes obtained using microarray technology. In the work [33], these
distributions were used to describe the results obtained using next generation sequencing
technology. To describe these experimental data, it is necessary to have algorithms for the
statistical estimation of parameters, the most effective of which is the maximum likelihood
method. To construct such an algorithm, it is necessary to be able to correctly calculate the
density of a strictly stable law for any values of x.

2. Preliminary Remarks

The major purpose of this work is to obtain the expansions of the density and distri-
bution function of a strictly stable law in a power series in the vicinity of the point x = 0.
This paper deals with strictly stable laws with the characteristic function (1). Without
loss of generality, we will assume that the scale parameter A = 1. Strictly stable laws
with the parameter A = 1 are commonly called standard strictly stable laws. Designation
abbreviations are accepted for standard strictly stable laws. The characteristic function
will be designated by §(t,«,0,1) = §(t,a,0), the probability density distribution will be
designated by g(x,a,6,1) = g(x,,0), and the distribution function will be designated by
G(x,a,0,1) = G(x,u,0).

To perform the inverse Fourier transform and obtain the probability density distribu-
tion, the following lemma is useful, which defines the inversion formula

Lemma 1. The probability density function g(x,a,0) for any admissible set of parameters («, )
and any x can be obtained using the inversion formulas

1 o . l?R/ eit"g(t,a,—e)dt,
g(x,a,0) = 2—/ e gt 0)dt = T N0 ()
7T ) o ~R / %G (¢, 0)dt.
T 0
The proof of this lemma can be found in paper [3]. To obtain the probability density,
there is no fundamental difference based on which formula is used on the right side (2). The
result will differ only in the sign of the parameter 8. Without loss of generality, in this paper
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we will use the first Formula (2). Such a choice results from the fact that in works [1,3,34],
this formula was used to invert the characteristic function. This will provide us with an
opportunity to compare the results obtained below with the results of the mentioned papers
without any additional transformations.

In article [3], the inverse Fourier transform of the characteristic function (1) was
performed and expressions for the probability density and distribution function of a strictly
stable law were obtained. In the case & # 1 and x # 0 for any admissible 6, the following
integral representation is true for the probability density

o /2 _ . . _
g(x,0,6) = mlﬂe*/zeXp{—lxl“/(“ VU(g,a,6%) fU(p,a,07) x|/ “Vdg, (3)
where 6* = fsign(x) and

o

sin(a(@+ 20)) \ " * cos(p(1 —a) — Zab
U((P,a,e):< (x(o 2>>> (p(1—a) — 5af) W
cos ¢ cos ¢
If « = 1, then for any admissible —1 < 6 < 1 the probability density has the form
cos(m6/2)
1,0) = .
8(x1,6) 7t(x2 — 2xsin(710/2) + 1) ©)

If x = 0, then g(0,a,0) = L cos(m0/2)T(1/a +1).
The following expressions are valid for the distribution function. If &« # 1, then for
any admissible 0

G(x,a,0) = 1(1 —sign(x)) + sign(x)G ) (|x|,a,6%), (6)
where
G (x,,0) =1 — #(1 +sign(1l —a))
Sign<1 — “) /77:/2 _ e/ (a=1)
+ - o exp{ x U(e, tx,G)}d(p, (7)

x > 0and U(¢,w, ) is determined by expression (4). If « = 1, then forany —1 < 6 < 1

11 x —sin(%0)
G(x,1,0) = 5 + p arctan(ms(ge) . (8)

In the point x = 0, for any admissible « and 0
1
G(0,a,0) = E(l —0). )

To obtain the density representation g(x, &, ) in the form of power series, the integral
obtained in the book [35] (see §1.5. formula (31)) turns out to be useful.

/oo t'y—le—ctcos ;S—ictsinﬂdt _ r(,y)c—fye—ifyﬁ
0

under the conditions —7 < B < 7, Ry > 0or B = £7, 0 < Ny < 1. If we use Euler’s
formula cos B + isin = ¢f, then this integral can be represented in the form

/Oo fr-—lo—ctexp{ip} gy — [(y)c Ve 7P (10)
0

under the conditions -7 < B < 7, Ry >0orf=+£7, 0 <Ry < 1.
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3. Representation of the Probability Density in the Form of a Power Series

We obtain the expansion of the probability density g(x, «,0) in a series at x — 0. The
following theorem is valid:

Theorem 1. In the case x — 0 for any admissible set of parameters («,6) except for the values
a = 1,0 = +1 for the probability density g(x, «,0), the following representation in the form of a
series is valid

g(x,a,0) = g?\](x, a,0)+ RY, (11)
where
R (x,a,0) E Z o ( 1) sin(3(n+1)(1-19)), (12)
N N+1
RAI < — ‘N‘, r(M) (13)

Proof. We will perform the inverse Fourier transform of the characteristic function (1). To
perform this, we make use of the first relation in (2). We have

g(x,a,0) —éR/ e (t,a, —0)dt = %?R/Ow exp{itx — t*exp{iZab} }dt.

Because the considered case is x — 0, we expand exp{itx} in a series in the vicinity of
the point x = 0. As a result, we obtain:

<(x,a,0) = g?\[(x, a,0)+ R?\,(x, ,0), (14)

where the N-th partial sum g% (x,«,0) and the remainder R (x,a,0) of a series have
the form

0 1 ~ o ;7T ' (itx)n
gn(x,a,0) = E?R/O exp{—t*exp{iFab}} ) Tdt' (15)
n=0 :
R (x,a,60) = %é)?/ooo exp{—t* exp{iFa0} } Ry (itx)dt. (16)

Here Ry (itx) = (ltNL?Ne”xg, (0 < ¢ < 1) is the remainder in the Lagrange form.

We then consider the N-th partial sum g%, (x, a, 0). To calculate the integral in (15), we
change the order of summation and integration in some places and we will substitute the
integration variable t* = T. As a result, we obtain

n+1

g (x,a,0) H Z —éRz / T lexp{—Texp{iZaf}}dt. (17)

Next, we examine the range of valid values of the argument Zaf. The range of
admissible values of the parameter 6 is determined by the inequality |6| < min(1,2/a —1).
Hence, if 0 < &« < 1,then —1 <0 < 1,andif 1 < o <2, then —(2/a—1) <0< 2/a—1.
Thus,

Faf e [Fa, Fa) € [-%F,5], if 0<a<l (18)
Zaoe [Fa—mn—Fal € (—5,%), if 1<a<2 (19)

Combining (18) and (19), we obtain
- 2<Za0< S, if 0<a<2 (20)

As we can see, extreme values of this range are reached in the cases« = 1 and 6 = £1.
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Taking into consideration (20), it is clear that on can use Formula (10) to calculate the
integral in (17). We obtain

/Ooo Tl exp{—Texp{ifab}}dr = F(’T) exp{—iF(n+1)6}. (21)

From the relation (10) it follows that for the arbitrary value (n +1)/a > 0 it is neces-
sary to exclude the case 7af = 7 from consideration, which is implemented at values
« = 1,0 = £1. Now using expression (21) in (17), we obtain

1 NS 1 -
2 (x,a,0) = — ; o ( " )?Rz exp{—iF(n+1)6}.

Considering that now Ri" exp{—i% (n +1)0} = sin(5(n+1)(1 —0)), we finally obtain

R (x,a,0) = E Z o ( +1)sin(727(n+1)(1—9)).

Now we consider the remainder R(I’\, (x,a,0). From expression (16), we obtain

N

0 _ N [ ' : N
R —mﬂ%l /0 exp{itx{ — t* exp{iFaf} }+"dt.

It is not possible to calculate this integral, as the exact value of the quantity  is not known.
It is only known that 0 < { < 1. However, one can obtain an estimate for this integral.
We have

1|x|V

Ry (x,a) < [RY(x,a)] < — i §RiN/O tN exp{—t* exp{igoze}}eitxgdt’ <

|x|N N [T.N - _
m §Rl /O t exp{ftaexp{lglxe}}dt =
x|V N [N+ - _
N Ri /o T o lexp{—Texp{iFab}}dr| | =

R

N+1 1 |x|]N_/N+1
anN!r( )‘?Rz exp{—iF(N+1) 9}‘ 71N!r( - )

To obtain the third inequality, it was taken into consideration that | exp{itx( }| < 1. Next, the
integration variable was substituted t* = 7. To calculate the resulting integral, Formula (10)
was used. The obtained expression completely proves the theorem. [

We need to make one small remark. When proving the theorem, it was pointed out
that it was necessary to exclude the case 7a = +7 from consideration, which corresponds
to the values of parameters « = 1,60 &= 1. As part of the proof of the theorem, this was done
so that the range of admissible values of the argument Ja6 of the integral in (17) should
coincide with the range of admissible values of the argument 8 included in the integral (10).
However, the exception of the case p = =7 from the integral (10) is related to the fact that
in these points the integral (10) will diverge (for details see [36]). Therefore, it should be
assumed that « = 1 and § = £1, and the integral in (17) will diverge. This in its turn leads
to a degenerate probability density at that point. As a result, we arrive at the well-known
fact that the probability density with the characteristic function (1) is degenerate at the
pointsa = 1,0 £1.

As noted in the introduction, depending on the value of the parameter «, the expansion
of the probability density of the stable law in a power series turns out to be either convergent
or divergent. Exactly the same situation occurs in the case considered here. The determine
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under what values of a the expansion (11) is convergent and for which it is divergent we
formulate as a corollary

Corollary 1. In the case « < 1, the series (12) is divergent at N — co. In this case, for the density
<(x,a,0), for any admissible 6, the asymptotic expansion

1 Ny 1 L
g(x,a,e)mmrgjn!r( - )sm(’zr(n—i-l)(l—e)), x — 0.

is valid.

In the case « = 1, the series (12) converges for any x, satisfying the condition |x| < 1. In the
case of the density ¢(x,1,0), for any admissible 0 # +1 it is possible to represent in the form of an
infinite series

g(x,1,6) 2 sin(3(n+1)(1-0))x", |x| <1 (22)

In the case « > 1, the series (12) converges for any x. In this case, for the density g(x,«,0) for
any admissible 0 it possible to represent in the form of an infinite series

g(x,a,0) = iﬂi% <n:1>sin(§(n+l)(l—6)).

Proof. We examine the convergence of the series (12). As we can see, this series is a
sign-alternating series. Consequently,

1) jsin(3n + 01 - 0)
< %Aff |T1|!nr(n::1)

We apply the Cauchy criterion in the limiting form to the resulting series.

1 N2
shixa0) < Ik a0 < o= 3 Bor(”

(T /)N ] (T((n+ 1)/ /)
lgﬁo(mnl) —Jﬂo(m)l/n< T(n+1) ) -

il
expq — L (ndl) © 2 Hy
x| lim { }( & )
n=e | exp{—n —1}(n+1)"1-2/271

|x| lim e(Hl)(l*%)a*%*%(%**)(r[+1)( i) (x-1)

n—o0
oo, a<l
= |x|e!"xa"% lim (n —0—1)(571) =< |x|, a=1,
n—o0
0, a>1
Here Stirling’s formula was used
I(z) ~ e 727 IV2m, 2 o, |argz| < 7. (23)

From the result obtained we can see that for the values « < 1 the series (12) diverges for
any x; with the value &« = 1, the series (12) converges for any values of x, satisfying the
condition |x| < 1; and in the case & > 1, the series (12) converges for any x.
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We consider the case « < 1. In this case, the series (12) diverges at N — co. However,
from expression (13) it follows that for some fixed N

RY :O<xN), x — 0.

Thus, with every N we have

o(x,a,0) = 17TNZ1’; (n;rl)sin(g(n—l—l)(l—G))—l—O(xN), x 0.

As a result, we have obtained the definition of an asymptotic series. Consequently,

1 N 1 L
g(x,zx,e)wmgml"( . )sm(’zt(n—i—l)(l—e)), x—0, a<l

We consider the case « > 1. From expression (11) it follows that

N+t
|ﬁxmm—gwxmmr<1(“)mM

= amw NI (24)

We will set some arbitrary x and consider the limit of the right-hand side of this inequality
under the condition N — co . We have

F(N+l)| |N i lim F<¥) |x‘N

&7T N—oo NI Q7T Noseo I'(N+1)

o)

_1
2

)N

= — lim |x|
WENDET epl N - 1}(N W“ﬁV*
o (243) e Ny (11 (1
lim |x|Na N/ (& )(N+1)( +1)(3-1) =

s N—oo
~(4+1
4 lim |x|Na—N/ae(N+1)(%—1)(ln(N+1)—1) -0

7T N—oo

Thus, the right-hand side (24) represents an element of an infinitesimal sequence. This
means that the sequence g% (x, &, 0) at N — co converges to the density g(x, a, 0). Therefore,

in the case & > 1 for any fixed x for the density g(x, a, 0) the representation in the form of
an infinite series is valid

g(x,a,0) = iﬂi% (n?:l)sin(g(nJrl)(lG)).

Now we consider the case & = 1. From expression (11) it directly follows that

[x™

8(3,1,6) — gX(x,1,0)] < =

We fix some arbitrary value of x and find the redistribution under the condition N — oc.
As a result, we obtain

lim

XN (0, Jx[ <1,
Nooo 7T

oo, |x|>=1.

Thus, the right side of the previous expression at |x| < 1 is an element of an infinitesimal
sequence. Therefore, the sequence g%, (x,1,0) converges to the density g(x,1,6) at N — oo
and |x| < 1. Substituting the value & = 1, in the series (12), we now obtain (22). O
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The proven corollary shows that in the case # = 1 of the interval —1 < x < 1, the
series (22) converges to the density g(x,1,6). It is important to show that in this case the
series (22) converges to the density (5). We formulate this result in the form below.

Remark 1. In the case &« = 1 for any —1 < 6 < 1in the region —1 < x < 1 the series (22)
converges to the density (5).

Proof. To prove this remark we will consider the density (5) and show that the expansion
of this density in a Taylor series in the vicinity of the point x = 0 has the form (22).
For the convenience of further presentation, we use the reduction formulas cos(56) =
sin(5(1—6)),sin(56) = cos(5 (1 —6)) and represent the density (5) in the form

sin(%(1-9))

8(x,1,6) = m(x? —2xcos(5(1—-0)) +1)°

Now we expand the density g(x,1,0) in a Taylor series in the vicinity of the point
x = 0. Because this density is an infinitely differentiable function, we have

g(x1,0) = 5(0,1,0) + y + T8 1O |

p n
= n! dx =0

(25)

We will draw attention to the fact that the function g(x, 1,0) is a complex function. We will
introduce the designations

f=fu)=1/u, g=g(x)=x*—2xcos(Z(1-90))+1. (26)
In view of the introduced designations, the density (5) takes the form

sin(5(1—-19))

g(x,1,0) = =

f(g(x)).
To calculate the n-th derivative, we use the Bruno formula

d"g(x,1,0) _ sin(3(1-0)) d"f(g(x)) _ sin(3(1-0))

dxn T dxn T

Yu(fg1,f82,---, f8n),  (27)

where Y, (fg1, fS2,- .., fgn) are the Bell polynomials (see [37])

Yn(fgl,fgz,...,fgn) — 2%(%)](1 <%)k2 (&)kn. 28)

n!

Here " = fu, m = ki +ky + -+ + k; and the sum is taken over all solutions to the
equation

k4 2ky 4otk =n, k>0, j=12,...n (29)
nd () 5()
- " f(u _ d'g(x
fm= dum | gy 97 Ta

Taking into account (26), we obtain

m!

fm — (_1)m s (*1)mm!

- . (30)
u=g(x) (xz —2x Cos(%(l — 9)) + 1)m+1

For coefficients g;, we have

g1=2x—2cos(5(1-0)), =2, g3=g=-=gu=0. (31)
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This shows that in expression (28), the sum contains the summands that satisfy the equation
k1 + 2k2 =n. (32)

Indeed, in expression (28) the summation is done over all solutions to Equation (29).
In this case, if the solution k]- #0, j=3,4,...,n, then the corresponding term in the sum
will be equal to zero, as gi=0,j=34,...,n If k]- =0,j=3,4,...,n. Then, the multiplier
(/] Nk = 1, because 00 = 1. Consequently, in expression (28) there are summands that
satisfy the solution to Equation (32). This significantly simplifies the summation. It follows
from Equation (32) that ky = n — 2k;. Taking into consideration that k; > O and k, > O,
we obtain k, = 0,1,2,..., [5], where [A] means the integer part of the number A. This
provides an opportunity to introduce directly the summation index in the sum (28). In view
of the aforementioned work, Formula (28) takes the form

[%] | n—
Vg S = L o () (5)

k=0

where the relation k1 = n — 2k; is used and the summation index k = k; is introduced.
Substituting this relation in (27) and using (30) and (31), we now obtain

d'g(x,1,0) sin(5(1-19)) [2] (—1)"*nl(n —k)!  (2x —2cos(F(1— 9)))"72]{

dxn

o . 33
T k;() k'(ﬂ—Zk)' (xz_zxcos(%(l_e))+1)nfk+1 ( )

Now we calculate the value of this derivative in the point x = 0. It is easy to see that
g(x1,0)  _sin(0-0)) { (1w k)

| T A k(- 2K (2cos(F(1-0)))", (39

where it is taken into account that (—1)2"=3 = (—1)k.
Next, we use the general formula for sin(ng) (see, for example, [38])

(2]
: oo Z k (n —k— 1)! n—2k—
Sln(nql)) = sin qD = (—1) m(z COS q)) 2 1. (35)

Using this formula in (34), we obtain

d"g(x,1,0) oonl

Using this expression now in (25), we obtain

g(x,1,0) =¢(0,1,0) —i—% i:lx” sin(F(n+1)(1-6)) = % isin(g(n—i— 1)(1—6))x".

Thus, the expansion of the density (5) into an infinite Taylor series in the vicinity of the
point x = 0 agrees exactly with the series (22). This completely proves the corollary. O

Theorem 1 gives an opportunity to determine the range of values x within which the
absolute error of the density calculation using the series (12) and for some fixed N will not
exceed the predetermined value e. This turns out to be very convenient when calculating
the probability density. Indeed, from the relations (11) and (13) we obtain

1 [xN _/(N+1
0
g(x, ,0) — gn(x,a,0)] < omN!r( a )
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If, for a given value of N we set the absolute value of the error [g(x, a,0) — g% (x,a,0)| =¢,
then it becomes possible to introduce the threshold coordinate

1

!
xi\’ _ arreN! (36)

N+1
r()
This value shows that for coordinates |x| < |xY| the absolute value of the density calculation
error using the series (12) will not exceed ¢, i.e.,

N

lg(x,a,0) —g?\,(x,oc,())| <eg, —xi\' <x<xg.

N

Thus, to calculate the probability density we can use the N-th partial sum (12) in the range
of coordinates x € [—xY, xN]. In this case, the magnitude of the absolute error at a fixed N
will not exceed the chosen value e.

Figures 1a and 2a show the results of calculating the probability density g(x, a, 6) using
the series (12). In these figures, the solid curve corresponds to the exact density values
g(x,a,0) calculated with the help of (3) and the dash-dotted curves correspond to the den-
sity calculation results using the series (12) for the specified values of N. Figures 1b and 2b
show the results of the calculation of the absolute error |g(x,a,60) — g% (x,,0)|. In these
figures, the solid curves correspond to the exact value of the absolute error |g(x,a,0) —
g% (x,a,0)| where g(x, a, 0)—the exact density value calculated when using (3), §% (x, a, 0)—
for series (12) and the dashed curve corresponds to the estimate of the remainder term (13).
The calculation results are given for the specified values of N in the figures. In all these
figures, the circles show the position of the threshold coordinate x2 for the selected level of
accuracy ¢ and each number of summands N. It is clear from Figures 1b and 2b that in the
region |x| < xI the absolute magnitude of the error does not exceed the specified level of
accuracy ¢ for all N. This means that at |x| < xI the expansion (12) can be used to calculate
the density.

0.57 . I 2, ‘N=10
a) . 4 1y
a=0.7, 1 o!

0.454 6=0.5, =1

€=0.00001

0.44

2(x, 0, 8) — g (x0)]

0.3

0.605 O.bl 0.65 0?1
Figure 1. (a) Probability density g(x, a, 0) for the parameter values shown in the figure. The solid
curve is an integral representation (3), and dash-dotted curves are the series (12) for different values
of the number of N summands in total. Circles are the position of the threshold coordinate (36)
for each value N. (b) The graph of the absolute error of calculating the probability density using
a series (12) for the case given in Figure (a). Solid curves are the exact value of the absolute error
lg(x,a,0) — g?\,(x, a,0)|, dashed curves are the estimate (13), and the dotted line shows the position
of the specified accuracy level e. Circles demonstrate the location of the threshold coordinate (36) for
the specified values N.
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10°1 )

0=12,
0-0.5,
£=0.00001 -

(xa0)

0

&y

g(x, o, 9)

2(x, 0, 6)

N=300

Figure 2. (a) Probability density ¢(x, «,0) for the parameter values shown in the figure. A solid
curve is the integral representation (3), dash-dotted curves are the series (12) for different values of
the number of N summands in total. Circles are the position of the threshold coordinate (36) for
each value of N. (b) The graph of the absolute error of calculating the probability density using
a series (12) for the case given in Figure (a). Solid curves are the exact value of the absolute error
|g(x,a,60) — g% (x,&,0)|, dashed curves are the estimate (13), and the dotted line shows the position
of the specified accuracy level e. Circles demonstrate the location of the threshold coordinate (36) for
the specified values of N.

Corollary 1 shows that in the case # < 1, the series (12) is divergent at N — oo,
and in the case & > 1, this series converges. The cause of this behavior lies in the ratio
I'((n+1)/a)/T(n+ 1), which is present in this series. At a < 1, this ratio turns out
to be more than unity and, as n increases, this ratio only rises. Therefore, to achieve
the specified calculation accuracy ¢ one has to decrease the value of x. This can clearly
been seen from the behavior of the threshold coordinates x. Figure 1a,b show that the
addition of summands in the expansion (12) first leads to an increase in the range of x for
which the inequality [g(x, &, 0 — g% (x, &, 0))| < ¢ is satisfied. The fact that x> < x{0 < x2°
evidences this. However, further addition of summands leads to an increase in the ratio
I'((n+1)/a)/T(n+1) and, thus, an increase in the absolute calculation error. Therefore, to
achieve the specified level of accuracy, it is necessary to decrease the value of the coordinate
x. This causes the threshold coordinate x! to start decreasing and we see that x100 > x3%.

In the case « > 1, the situation changes. In this case, theratioI'((n +1)/«a)/T(n+1) <
1, and as 7 increases, this ratio only decreases. Consequently, the increase in the number of
summands in (12) increases the accuracy of the density calculation. This leads to the fact
that the range of values of x, for which the condition |g(x,a,8) — g% (x, &, 0)| < ¢ is met
increases with the addition of the number of summands N in the sum (12). This is clearly
seen from the location of the threshold coordinates xf:\’ , shown in Figure 2a,b. We can see
from the figures that x? < x0 < x30 < x100 < x3%0. Thus, in the case a > 1, the series (12)
is convergent for all x at N — oo.

The results of calculations for the case « = 1 are given in Figure 3. This figure shows
x2 < xl0 < x0 < x100 < x390. Thus, an increase in the number of summands N in
the sum (12) leads to an increase in the interval x, within which the relation |g(x, «,6) —
g% (x,a,0)| < ¢is satisfied. Here Formula (5) was used to calculate the density. It can also
be observed from the figure that for all presented N at x — 1, the partial sums of the series
diverge. This is in full agreement with the statement of Corollary 1, which states that in the
case « = 1, the series (12) converges at |x| < 1.
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P
0.5 I -~
b)
Pl o=1

_ z. “h ?
0=0.4, L i 0=0.4,
£=0.00001 7 2 2] £=0.00001

2) ! =j 10°
=1,

g(x, @, 8) — gy(x6)

N=300

X

Figure 3. (a) Probability density ¢(x,«,0) for the parameter values shown in the figure. A solid
curve is the Formula (5), dash-dotted curves are the series (12) for different values of the number of
N summands in total. Circles are the position of the threshold coordinate (36) for each value of N.
(b) The graph of the absolute error of calculating the probability density using a series (12) for the
case given in Figure (a). Solid curves are the exact value of the absolute error |g(x, a,0) — g% (x, ,0)|,
dashed curves are the estimate (13), and the dotted line shows the position of the specified accuracy
level ¢. Circles demonstrate the location of the threshold coordinate (36) for the specified values of N.

4. Representation of the Distribution Function in the Form of a Power Series

Now we will try to obtain the representation of the distribution function in the case
x — 0in the form of a power series. We will formulate the result obtained as a theorem.

Theorem 2. In the case x — 0 for any admissible set of parameters («,0), except for the values
a = 1,0 = £1 for the distribution function G(x,a,0), a representation in the form of a power
series is valid.

1—
G(x,a,0) = Tg + G (x,a,0) + R (x,a,60), x—0 (37)
where
1 — Yl-'rl n+1
0 = in(Z —
Gy (x,a,0) — n; YT ( " )sm(z(n+1)(1 9)), (38)
N+1
0 < ‘x‘ N+1
IRy (x,a,0)| < MT(N—l—l)!F ) (39)

Proof. From the definition of the distribution function, it follows
X
G(x,a,0) — G(0,a,0) = / (&, 0)dE.
0

Here G(0, &, 0) is the value of the distribution function in the point x = 0 and is determined
by Formula (9). Using the expansion (14) for the density g(x, «, ) we obtain

1-6

G(x,a,0) = 5

+ G (x,a,0) + R (x,0,8), x—0 (40)
where
G (,0) = [ g(a,0)d¢, (a1)
R (x,,6) = /O "RO(E, 0, 0)dE. 42)
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Here g?\,(x, «,0) and R(I)\,(x, a,0) are determined by expressions (12) and (16), respectively.
To calculate the partial sum G?\] (x,a,0) we will make use of the results of theorem 1. It

was obtained in this theorem that the partial sum g% (x, a, 6) has the form (12). Substituting

expression (12) in (41) and changing the order of integration and summation, we obtain

N-1 x
Gy (xa,0) = - Zoi!r(”:l> sin(3 01 +1)(1-)) [ ¢z

N-1 P 1 n
S +)!r< :1>sin(§(n+1)(1—9)). 43)

e = (n+1

Now we obtain the expression for the remainder RY,(x, &, 6). Substituting expression (16)
in (42) and changing the order of integration, we obtain

X e8] X
R (x,a,0) = / RY(¢,a,0)dE = %3‘%/ exp{—t* exp{i%ocG}}dt/ Ry (it&)dE =
0 0 0
;%/0 exp{—t"‘exp{z%zx@}}w/o ghetetde,
where 0 < ¢ < 1. This integral cannot be calculated directly, as the exact value of  is
not known. It is only known that { € (0,1). However, one can obtain an estimate of this
integral.

To obtain an estimate for the integral, we use the inequality ] fox ENeitel ] < | fox eNdE ]
As a result, we obtain

0 1 0o ' (it)N X
|RN(-X/0C,9)| = E ?R/O exp{—t‘x exp{l%ae}}W/o ér ¢l ggdgl
Ll [ e eplitan) ¥ "oV
0 0

= 7TN!
§)%1'N/Ooexp{—t“"exp{i%zx@}}tl\lxl\]+1
0

1
- a(N+1)!
< |x|N+1
art(N +1)!
o |x N r(N+1
~an(N+1)! ®

’éRiN /Ooo exp{—rexp{i%a@}}r%_ld’r

)‘%iNeXp{—ige(N+1)}‘

|| N+ N+1
\an(N—l—l)!r( o« > 44

Here, to calculate the outer integral, the integration variable t* = T was first substituted,
and then Formula (10) was used. It should be noted that the case « = 1, 8 = +1 must be
excluded from consideration. Indeed, for such parameter values, the argument Za6 = £7%
and integral (10) will diverge. Substituting expressions (43) and (44) in (43) we now get the
statement of the theorem. O

The proven theorem shows that in the vicinity of the point x = 0, the expansion (37) is
valid for the distribution function of a strictly stable law with the characteristic function (1).
However, as in the case of the probability density, the obtained power series diverges for
all x at @ < 1 and in the case @ > 1 is convergent for all x. In the case « = 1, this series
converges at |x| < 1 and diverges at [x| > 1. In this regard, for the values « < 1 the
representation (37) is asymptotic, and for the values « > 1, the expansion G(x, «,0) can be
represented in the form of an infinite power series. We formulate this result as a corollary.
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Corollary 2. In the case « < 1, the series (38) diverges for all x at N — oo. In this case, the
asymptotic expansion is valid for the distribution function G(x, ,0) for any admissible 6

1—0 1 N=b xnfl n+1
~— 4+ — T in(Z 1)(1— .
G(x,a,0) 5 + — ZE) CES ( " )s1n(2(n+ )(1-0)), x—0

n—=

In the case « = 1, the series (37) converges at |x| < 1. In this case, the distribution function
G(x,1,0) for any 6 # +1 can be represented as an infinite series

1-6 1 & 'l
G(x,1,0) = —— 4+ =
2 ma=yn+1

sin(Z(n+1)(1—96)). (45)

In the case o > 1, the series (38) at N — oo converges for any x. In this case, the representation
in the form of an infinite power series is true for the distribution function G(x,w,0) for any
admissible 6

1-6 1 & x'ft n+1\ . /m
G(x’a'e)_2+7m1§)(n+l)!r< . )sm(z(n—l—l)(l—G)).

Proof. We examine the convergence of the series (38). It is clear that this series is a sign-
alternating series. Consequently,

1 N-1 |x|”+1
a 0 (n+1)

n=

Gl (%,,0) < [GR(x,a,0)] <

!r<”:1>|sin(g(n+1)(1—9))|
N-1 |x|1’l+l r<n+1)

1
o = (n+ 1)\«

~

We apply the Cauchy criterion in the limiting form to the obtained series. Using Stirling’s
formula (23) and taking into consideration that n +2 ~ n + 1 at 1 — oo, we obtain

1/n 1/n

. |x|n+1 F(”TH> |x|n+l F(”TH)
lim = lim

nmoo |\ amw (n+1)! n—oo | am T(n+2)

o fxfa <e><p{—?l;§1}<rzi1>"11—;m>%

n—o0 (M-[)l/n (

exp{—(n+2)}(n+2)"+21 27'(> "

et ep{ L1 1)) (e0) L et

= lim |x|e! 7w
n—eo (g7r)1/n exp{flf%}(nqtz)l*% n—>oo| | n+2
11 1 0, a<l,
= lim |xle! da"a(n4+ 1) =¢ |x|, a=1,
n—o0
0, a>1.

This shows that in the case & < 1, the series (38) diverges for all x; in the case « > 1, the
series converges for all x, and in the case & = 1 the series (38) converges if |x| < 1.

Now we consider the case « < 1. In this case, the series (38) diverges at N — oo.
However, it follows from expression (39) that for some fixed N

R (x,a,6) = O(xNH), x — 0.
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Consequently, for each N we have

1—-6 1 N-1 xn+1

Glx,m,0) = ——+ — r;) (HH)!r(”:l) sin(%(n+1)(1 —9)) +o(xN+1),x 0.

Thus, we have obtained the definition of an asymptotic series. Consequently,

1-6 17 ol n
~— = r in( = - .
G(x,a,0) 7t n;() 1) ( . )51n(2(n+1)(1 9)), x—0, a<l

Now we consider the case « > 1. In this case, the series (38) is convergent. It follows
from expressions (37) and (39) that

0 || N+1 N+1
‘G(x,oc,@)—(1—6)/2—GN(x,1x,6)’gan(N+1)!F< . ) (46)

We will find the limit at N — oo of the right-hand side of this inequality. Using Stirling’s
Formula (23) and taking into account that N +2 ~ N 4+ 1 at N — oo, we obtain

r( N+1 N+1
1 im B N A P L lim £ |x|N
a7t N—oo (N +1)! a7 N—oo ['(N 4 2)
N+1 N+l *% N+1 AL 7%
S (N£L) v 2/ — % (N£L) #
R () T U () e[V
Q7T N—o0 e—(N+2)(N + 2)N+2—1/2\/27'[ Q7T N—oo e*(N+1)(N + 1)N+1—1/2
_1_1
_hZ e lim a—%e(N+1)(17%)(N+1)(N+l)(%71)|x|N+1:
7T N—oo
SERT _1 _ _N N+1
- Z\%gnooexp{(N—i-l)(l a)(l In(N+1)) alntx}|x|
o0, a <1,

0, a>1,
0, a=1,|x]<1,
o, a=1,|x]>1

Thus, in the two cases « > 1 and « = 1, |x| < 1, the right side of the inequality (46) is an
element of an infinitesimal sequence. In turn, this means that in the above two cases, for
any fixed x, the sequences (1 —6)/2 + G%(x,a,0) converge to the distribution function
G(x,w,0). Therefore, in the considered case & > 1 for any fixed x the distribution function
can be represented as an infinite series.

1-6 1 & antl n+1\ . /7
G(x,a,e)_2+mn§)(n+1)!r< . )sm(z(n—l—l)(l—ﬂ)).

Now we consider the case « = 1. As shown above, in this case, when the condition
|x| < 1is met, the right side (46) is an element of an infinitesimal series. Therefore, for any
fixed |x| < 1 the representation in the form of an infinite series is true for the distribution
function "

1-06 1 & " s
G(x,1,0) = — + — 7sin(—n 1 1—9).
( ) 2 +7'(04}12%)(11—1—1) 2( +1)( )

Thus, the corollary has been proven completely. [

As in the case of the probability density, the proven property shows that in the case
a = 1and |x| < 1, the series (45) converges to the distribution function G(x,1,0). It is
possible to show that this series converges to the distribution function (8). We will formulate
this result as a remark.
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Remark 2. In the case & = 1 for any —1 < 6 < 1 in the region —1 < x < 1, the series (45)
converges to the distribution function (8).

Proof. To prove this remark, we proceed in the same way as in the proof of remark 1.
Let us show that the expansion of the distribution function (8) into a Taylor series in
the vicinity of the point x = 0 has the form (45). We will use the reduction formulas
cos(56) =sin(5(1—6)) and sin(56) = cos(5 (1 —6)), and we will write the distribution
function (8) in the form

11 x—cos(5(1-9))
G(x,1,9)—2+narctan< sin(%(zl—e)) )

Note that the function arctan(x) is infinitely differentiable, therefore, expanding it into
an infinite series, we obtain

21 d"G(x,1,0)
G(x,1,0) = G(0,1,0) Z o T x:Ox". (47)
For the derivative of the order n we have
d"G(x,1,6) _ d" ' dG(x,1,6) 1 d"! 1 1 B
dx" dxt=1  dx T dxn—1 - (xcos(’{(lf?)))z sin(%(1-19))
sm(%(l—e))

l dn_l SIn(%(l - 9)) _ dn_lg(xl 119) (48)

mdx"1x2 —2xcos(Z(1—-0))+1 dx*1 7

Thus, the problem has been reduced to calculating the derivative n — 1 of the probabil-
ity density ¢(x, 1,6). However, this problem has been solved by us when proving Remark 1.
Using Formula (33), we get

d"1g(x,1,0)
dxn—1 o

} 1) R — 1) (n—k— 1)1 (2x —2cos(Z(1—9)))" !

sin("( [Tl Z
; ki(n — 2k —1)! (x2—2xcos(%(1—9))+1)n_k

Substituting this expression in (48) and calculating the value of the obtained derivative in
the point x = 0 and then using (35), we obtain

d"G(x,1,0)|
dx" x=0 B
sm(% (1-6 [Tl] D*(n—1)!(n —k—1)! n—2k—1
kg() k' 7’1—2k—1) (ZCOS(%(l—G)))

=L1(n—1)tsin($n(1-19)),

where it was taken into account that (—1)2"—2-3 = (—1)k,
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Substituting now the obtained expression for the n-th derivative in (47) and taking
into consideration (9), we get

N\:z

1 & x" i
G(x,1,0) = 3(1-0) ;Z? n(l1-19))

+1

1 o
=11-9) EZ sm%k—b—l)(l—()))

Here, in the last equality, the summation index n = k + 1 was changed. Thus, the expansion

of the distribution function (8) into a Taylor series in the vicinity of the point x = 0 exactly
coincides with the series (45). This completely proves the remark. [

Theorem 2 provides an opportunity to find the range of values of the coordinate x
within which the absolute error of calculating G(x, «, 0) using the expansion (37) will not
exceed the prespecified value. Indeed, from (37) and (39) we have

xN—i—l N+1
]G(x,lx,e)—;(1—9)—Gg](x,a,e)‘<M|(Z|\]+l>!r( : )

If we now set the absolute magnitude of the error for a specified fixed N as
’G(x,zx,@) —1(1-9)- G?\,(x,a,ﬂ)‘ =g,

then it is possible to introduce the threshold coordinate

[ mea(N +1)! i
N = (F<N+l)) (49)

This value shows that for all x satisfying the condition |x| < xY, the absolute magnitude of
the error in calculating the distribution function using the expansion (37) will not exceed
the value &

G(x,a,0)—1(1-0)-GY(x,a,0)| <e —xN <x<al. (50)

Figures 4a and 5a show the calculation results of the distribution function using
the integral representation (6) (solid curves) and using the expansion (37) (dash-dotted
curves) for parameter values « = 0.6, 6 = 0.5 and « = 1.2, 8 = 0.5, respectively. These
figures contain the results of calculating the distribution function using the expansion (37)
for the values N = 3,10,30,100,300. Figures 4b and 5b show the results of calculating
the absolute error. In these figures, the dashed curve corresponds to the estimate of the
remainder (39), and the solid curves correspond the exact value of the absolute error
|G(x,a,0)— %(1 —0)— GIO\,(x, «,0))| for the values N = 3,10, 30, 100,300. Here G(x, a,6)
is the exact value of the distribution function calculated using the representation (6),
G (x,,0) is determined by (38).

From Figures 4b and 5b it is clear that the condition (50) is met for all given values
of N. In these figures, the location of the threshold coordinate x) is marked with circles
and the dotted line corresponds to the specified level of accuracy e. We can see from the
presented figures that for all values of x satisfying the condition |x| < x), both the estimate
of the remainder (39) (dashed lines), and the exact value of the absolute error (solid curves)
are below the specified level of accuracy ¢. This confirms the validity of the condition (50)
and shows that Formula (49) can be used to estimate the boundary value of the coordinate
in the expansion (37) at which the specified level of accuracy is achieved.
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Figure 4. (a) Distribution function G(x, &, ) for the parameter values shown in the figure. The solid
curve is the integral representation (6), and dash-dotted curves are the expansion (37) for different
values of the number of N summands in total. Circles are the position of the threshold coordinate (49)
for each value N. (b) The graph of the absolute error of calculating the distribution function using
the expansion (37) for the case given in Figure (a). Solid curves are the exact value of the absolute
error |G(x,a,0) — %( 1-6)— G?\](x, «,0)|, dashed curves are the estimate (39), the dotted line shows
the position of the specified accuracy level . Circles demonstrate the location of the threshold
coordinate (49) for the specified values of N.
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Figure 5. (a) Distribution function G(x, &, ) for the parameter values shown in the figure. A solid
curve is the integral representation (6), and dash-dotted curves are the expansion (37) for different
values of the number of N summands in total. Circles are the position of the threshold coordinate (49)
for each value of N. (b) The graph of the absolute error of calculating the distribution function
using the expansion (37) for the case given in Figure (a). Solid curves are the exact value of the
absolute error |G(x,a,0) — £(1 —0) — G%(x,a,0)]|, dashed curves are the estimate (39), the dotted
line shows the position of the specified accuracy level €. Circles demonstrate the location of the
threshold coordinate (49) for the specified values of N.

It should be noted that in the case &« < 1 and a > 1, the threshold coordinate ng
behaves differently as the number of summands N in the expansion (37) increases. In the
case a < 1 (Figure 4), an increase in N first increases the threshold coordinate xN (x2 < x10),
but with further increase in N, the threshold coordinate xN decreases (x20 > x100 > x300).

The threshold coordinate xY behaves quite differently in the case « > 1. In this case, with an
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increase in N the value of the threshold coordinate increases: x2 < x0 < x30 < x100 < 300
(see Figure 5). Such behavior of the threshold coordinate xN is due to the fact that in the
case (« < 1) the series (38) is divergent, and in the case @ > 1 this series converges (see
Corollary 2).

In the case « = 1, the threshold coordinate behaves in the same way as the case
« > 1. With an increase in the number of summands of N in the expansion (37) the value
of the threshold coordinate xY increases. We can see this from Figure 6, which contains
x3 < xl0 < 230 < x100 < 5390 However, unlike the previous case, limy 0 xN = 1. Indeed,
in the case & = 1 Formula (49) takes the form xY = (e(N + 1))/ (N+1), Thus,

lim xN
N—oo

. ) In(¢e(N+1))
— lim 1/(N+1) _ m _
I\%l—mo(e(N 1)) Z\lll—moeXp{ N+1 L

Such behavior of the threshold coordinate xY is a consequence of the proven Corollary 2.
Indeed, in the case &« = 1 the series (38) and, therefore, the representation (37) converges in
the region |x| < 1.
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Figure 6. (a) Distribution function G(x,«,0) for the parameter values shown in the figure. The
solid curve is Formula (8), dash-dotted curves are the expansion (37) for different values of the
number of N summands in total. Circles are the position of the threshold coordinate (49) for each
value of N. (b) The graph of the absolute error of calculating the distribution function using the
expansion (37) for the case given in Figure (a). Solid curves are the exact value of the absolute
error |G(x,,0) — 3 (1 — 0) — G (x, &, 0)|, dashed curves are the estimate (39), and the dotted line
demonstrates the position of the specified accuracy level . Circles show the location of the threshold
coordinate (49) for the specified values of N.

The results of calculating the absolute error in the case & = 1 are given in Figure 6b. In
this figure, the value of the threshold coordinate xY for different values N is shown with a
circle. We can see from the presented results that for the values |x| < xN both the estimate
of the remainder (39) (dashed lines), and the exact value of the absolute error (solid curves)
turn out to be less than the specified accuracy level e (dotted line). This demonstrates that
the use of Formula (49) to estimate the values of the boundary coordinate leads to the
validity of the condition (50).

5. Calculation of the Probability Density and Distribution Function for Small X

We return to the problem of calculating the probability density of a strictly stable law.
As mentioned in the introduction, the main approach to the calculation of the probability
density is to use the integral representation. For a strictly stable law with the characteristic
function (1), such an integral representation is determined by Formula (3). This formula
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is valid for any x # 0 and any admissible values of parameters « and 6 except for « = 1.
However, in practice it is not possible to calculate the integral in (3) numerically for all
values of x. The reason for this lies in the behavior of the integrand. Figure 7 shows the
graph of the integrand in Formula (3) depending on the integration variable ¢ for different
values of x. The graph of the function is plotted on a semi-logarithmic scale. We can see
from this figure that as the value of x decreases, the integrand turns into a function with a
very narrow and sharp peak. With a further decrease in x, this peak becomes even narrower
and higher. The same behavior of the integrand is also observed for large values of x. This
leads to the fact that for very small and for very large values of x numerical integration
algorithms cannot calculate the integral of this function.

102 g \
E x=0.03

x=10
x=30

10710 :
0

@

Figure 7. The integrand of the integral representation (3) depending on the variable ¢ for « = 1.1,
6 = 0 and specified values of x.

Figures 8 and 9 show the results of calculating the probability density using the integral
representation (3) (solid curves). Figure 8 shows the case a < 1, Figure 9 shows the case
« > 1. The Gauss—Kronrod algorithm was used to calculate the integral in Formula (3). It is
clear from the presented calculations that for small values of x the numerical integration
method used cannot calculate the integral in (3). The critical value of the coordinate x, at
which the numerical integration algorithm used begins to produce an incorrect result for
2 =0.3is Xy ~9-10710; fora = 0.6, itis xoe ~ 7-107; and for « = 0.9, itis xo; ~ 3-107%
(see Figure 8). In the case « > 1 (see Figure 9), for the value & = 1.1, the critical value
is Xor &~ 3-107°, for the value & = 1.4, itis xo, ~ 10710, and for the value « = 1.7, it is
Xor = 10711, Consequently, at x < x it is necessary to use other methods to calculate the
probability density. The same problem exists for integral representations of the density of
stable laws in other parameterizations of the characteristic function (see [14,16,18,19]). To
solve this problem in these works, the authors used various numerical methods that make
it possible to increase the accuracy of the calculation. However, these methods increase the
accuracy of the calculations but do not solve the problem completely.

To calculate the density for the values |x| < x., one should use other representations
that do not have any singularities in this area. The most suitable option for this purpose
is the power series representation obtained in Theorem 1 for the probability density. The
estimate of the remainder (13) obtained in the same theorem make it possible to obtain
the formula for the threshold coordinate xY (36) at which the given value of the absolute
error ¢ is achieved for a fixed N. This means that in the region —xg‘] <x< xé\] , the absolute
error of the density calculation using the series (11) will not exceed the specified value e.
In Figures 8 and 9 the dash-dotted curves show the results of calculating the probability
density using the series (12) for the specified values of a. The position of the threshold

coordinate x! is shown with circles. The values xN are calculated for the absolute error

¢ =10"%and N = 10. These figures show that, in the region x4 < x < xé\] , the results

of calculating the probability density using the integral representation (3) and using the
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series (12) coincide. For the values |x| < X, the numerical integration algorithm no longer
allows for the obtainment of the correct density value. At the same time, the calculation
of the probability density using the series (12) does not cause any difficulties. It follows
that for the values |x| < xX, it is expedient to use the series (12) to calculate the probability
density. Thus, using theorem 1 and, in particular, the series(12), completely solves the
problem of calculating the probability density at x — 0.
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Figure 8. Probability density in the case @ < 1. Solid curves are Formula (3), dash-dotted curves are
the representation of (11) for N = 10, circles are the position of the threshold coordinate gi (36) that
was used while calculating ¢ = 1075 . Calculations are given for the specified values of « and 6 = 0.9.
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Figure 9. Probability density for the case @ > 1. The notation is the same as in Figure 8.

Similar problems arise when calculating the distribution function using the integral
representation (6). The integrand in this integral representation also has some singularities
at x — 0. In the general case, the integrand in (6) (see also (7)) behaves in the following
way. In the point of the lower limit ¢ = —m6/2, the integrand is equal to 1, and in the
point of the upper limit ¢ = 71/2 the value of the integrand is equal to 0. As the variable ¢
increases from the value —76/2 to the value 7r/2, the integrand decreases monotonically
from 1 to 0. However, for very small values of x, the integrand in (7) decreases very
sharply from 1 to 0 in a very narrow range ¢. As a result, some numerical integration
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algorithms cannot recognize such a sharp decrease in the function and will return an
incorrect integration result. To exclude the possibility of incorrect results completely for
small values x, it is expedient to use the expansion of the distribution function into a series
obtained in Theorem 2. The estimate of the remainder obtained in this theorem make it
possible to obtain Formula (49) for the threshold coordinate. The value x enables us to
determine the range of x at which the inequality (50) is satisfied. In other words, in the
range of values |x| < xX, the absolute error of calculating the distribution function using
the expansion (37) will not exceed the value € where ¢ is given in advance. Therefore, when
calculating the distribution function in the range of values |x| < x¥, it is expedient to use
the expansion (37), while for the range of values |x| > x¥, it is advantageous to use the
integral representation (6).

6. Conclusions

The major approach to the calculation of the probability density and the distribution
function of stable laws is the use of integral representations. Theoretically, these representa-
tions are valid for all values of the coordinate x. However, it is not possible to calculate the
density numerically for all x. Problems arise in the domain of very small and very large
values of x. Therefore, it is expedient to use other methods for numerical calculations.

This paper considers the problem of calculating the probability density and distribu-
tion function in the case of x — 0 for a strictly stable law with a characteristic function (1).
To solve this problem, expansions of the probability density and distribution function
in a power series and estimates of the residual terms for each of the expansions were
obtained. Estimates of the threshold coordinates x¥ were obtained for the expansion of
the probability density and the distribution function, which are defined by expressions (36)
and (49), respectively. The threshold coordinate allows one to determine the domain of
coordinates |x| < x! within which the absolute computational error will not exceed the
specified accuracy level . The performed calculations showed that the value of the critical
coordinate x. at which the numerical integration algorithm used starts giving an incorrect
result is significantly less than the threshold coordinate x! (see Figure 8 and 9). This fact
shows that in the domain |x| < x¥, it is possible to use Theorems 1 and 2 to calculate the
probability density and distribution function.

The analysis of the obtained series made it possible to confirm both the known prop-
erties of these series and to establish new properties, as well as to improve the known
estimates of the remainder terms. It was shown that in the case @ < 1, the power series were
divergent for any x at N — oo. In this case, these series are asymptotic at x — 0. In the case
« > 1, the obtained series are convergent for all admissible x. In this case, representations
in the form of infinite series are valid for the probability density and distribution function
(see Corollaries 1 and 2). These results are known and were previously obtained for the
characteristic function in parameterization «B» in works [23], [24] (see Chapter 17, §7), [1]
(see §2.4 and §2.5), and [34] (see §4.2, §4.3). It can be shown that the expansions from
Corollaries 1 and 2 in the cases « < 1 and a > 1 completely correspond to the expansions
in the mentioned works. Examining the case « = 1 helped us in establishing that the
expansions of the probability density and distribution function converged to the probability
density (5) and the distribution function (8) in the domain |x| < 1 forany —1 < 6 < 1 (see
Remarks 1 and 2).

This paper improves the estimates of the remainder terms in the expansions of the
probability density and the distribution function defined by the formulas (13) and (39).
The estimate of the remainder term obtained earlier (see [1], formula (2.5.2)) refers to the
expansion of the probability density in parameterization «B» and in the case of & < 1, it has
the form

T ( N+1 ) B
1 o 7T (N+1)/a
<—— 7 = :
IRyl < e N! (COS<2aﬁ)> (1)
We will take the relation 6 = BK(«a)/« into account, where K(a) = a — 1 + sign(1 — «),
which relates the asymmetry parameter 8 in parameterization «B» to the asymmetry
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parameter 6 in parameterization «C». In the case a < 1, this relation gives § = 8. Now
comparing (51) and (13) we can see that

IRY| < [Rul-

The sign of equality is achieved here only in the case § = 0.

Finishing this paper, the following should be noted. In the previous article [3], it was
noted that when calculating the integral in the representation (3), numerical integration
algorithms have difficulties in the domain of small values of the coordinate x, in the
domain of large values of the coordinate x and in the domain of values of the characteristic
parameter « ~ 1. The first problem of these three has been solved in this paper. The
assumption made in the work [3] that the cause of the problem is associated with the
behavior of the integrand in (3), was correct. Indeed, this integrand starts acting as a
singular function at smaller values of x, which makes it impossible to use numerical
algorithms for calculation of its integral. Therefore, to calculate the density in the indicated
domain x, it is necessary to use the series expansions of the density. The reason for the
calculation difficulties in the second case is also the behavior of the integrand in the
representation (3). As shown in Section 5, with large x it behaves as a singular function.
Therefore, to calculate the density in this domain of the coordinate, it is also expedient
to use expansions of the density in a series. To solve the third problem, one can use the
method proposed in paper [39]. In this paper, to calculate the density, the authors propose
the use of a series expansion of a strictly stable law in view of the parameter . However,
the solutions to each of the remaining two problems require further research that is beyond
the scope of this paper.
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Appendix A. Approximation of Gene Expression by Fractionally Stable Laws

It was mentioned in the introduction that the obtained expansions of the probability
density of a strictly stable law are useful in problems related to the calculation of the
probability density of a fractionally stable law. Indeed, the probability density of the
fractionally stable law g(x, «, B, 0) is determined by the Mellin transform of two strictly
stable laws

q(x,a,B,0) = /0 g(xyP’®, ,0,M)g(y, B, 1)y *dy, (A1)

where g(x,a,0) and g(y, B, 1) are densities of strictly stable and one-sided strictly stable
laws with the characteristic function (1) [2,26,27]. Here the characteristic exponents « and 8
vary within 0 < & < 2and 0 < B < 1, the asymmetry parameter 6 takes the values within
the interval |6] < min(1,2/a — 1), and A > 0 is the scaling parameter.

From Formula (A1), it is clear that it is necessary to be able to calculate densities of
the strictly stable laws g(y,«,6,A) and g(y, B, 1) for the calculation of density q(x,«, 8,6, 7).
The integral representation (3) is used to calculate these densities. In this regard, certain
problems may arise at this stage related to the calculation of the improper integral in (A1).
Indeed, to calculate the integral in (A1), the numerical integration algorithm calculates
the integrand at some integration nodes y;. If it turns out that the next integration node
y; is less than the value of the critical coordinate y, i.e., |y;| < Y, then the numerical
integration algorithm will be unable to calculate the densities g(y;, «,0) and g(y;, 8,1). This
will lead to an incorrectly calculated density value g(x, «, 8,6). To eliminate this problem


https://www.ncbi.nlm.nih.gov/

Mathematics 2022, 10, 3861

25 of 27

References

and to calculate the densities g(y;, &, ) and g(y;, B, 1), in the case |y;| < y. it is expedient
to use the expansion (12). Thus, the use of the expansion (12) will provide an opportunity
to exclude the integration error associated with the singular behavior of the integrand in
the representation (3) at small values of .

Fractionally stable distributions turn out to be a convenient tool to describe the prob-
ability density distribution of gene expression obtained by means of NGS technology.
Figure Al shows the approximation results of the probability density distribution of gene
expression obtained with NGS technology using the density of a fractional stable law. In
these figures, the dots are the histogram of the probability density of gene expression and
the solid curve is the density (A1). The density parameters g(x,«, 8,6, A) are shown in
the figures. As we can see from these figures, the density g(x,a,B,0,A) approximates the
experimental data quite well over a very wide range of values.
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Figure A1. Probability density of gene expression obtained with the use of NGS technology. Dots are
a density histogram of the experimental data on human tissue gene expression (GSE50760 series).
The solid curve is the density (A1) for the specified parameter values.

It should be noted that the parameters «, 8,8, A given in Figure Al were estimated
from the experimental data using the minimum distance method, which is based on the
distance x? [40]. However, this method of parameter estimation is not effective. To build
an effective estimate of the parameters of fractionally stable distributions, it is necessary to
build an estimate based on the maximum likelihood method. Until now, the creation of
such an estimate has met with some difficulties. They are related to the fact that to calculate
the likelihood function, it is necessary to calculate the density of the fractionally stable law
at the points determined by the original data sample. Taking into account that the density
q(x,a, B,0,7)is calculated according to Formula (A1), then at small values of the coordinate
x or the integration variable y, the algorithm numerical integration returns the wrong result.
This, in turn, leads to an error in estimating the distribution parameters. Thus, the use
of the expansion (12) when calculating the integral in (A1) will provide an opportunity
to calculate the density correctly, which in turn will allow for the implementations of
the methods in the estimation of the parameters of fractionally stable and strictly stable
distributions based on the maximum likelihood method.
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