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Abstract: Numerical calculation provides essential tools for deep space exploration, which are
indispensable to mission design and planetary research. In a specific case of binary asteroid defense
such as the DART mission, an accurate understanding of the possible dynamical responses and
the system’s stability and engineers’ prerequisite. In this paper, we discuss the numeric techniques
for tracking the year-long motion of the secondary after being perturbed, based upon which its
rotational stability is analyzed. For long-term simulations, we compared the performances of several
integrating schemes in the scenario of a post-impact full two-body system, including low- and high-
order Runge–Kutta methods, and a symplectic integrator that combines the finite element method
with a symplectic integral format. For rotational stability analysis of the secondary, we focus on the
rotation of the secondary around its long-axis. We calculated a linearised error propagation matrix
and found that, in the case of tidal locking of the secondary to the primary, the rotation is stable;
as the perturbation amplitude of the spin angular velocity of the secondary increases, the rotation
will lose stability and will be prone to being unstable in the long-axis direction of the secondary.
Furthermore, we investigated the one-year-long influences of the non-spherical perturbations of the
primary and the secondary.

Keywords: motion stability; numerical simulation scheme; binary asteroid; dynamics

MSC: 85-10

1. Introduction

The dynamics of binary asteroid systems is a hot topic in the field of astronomy,
and the ongoing NASA’s Double Asteroid Redirection Test (DART) mission has sparked
profound and heated discussions on this topic. NASA’s DART mission launched on 24
November 2021, with plans to impact the secondary (Dimorphos) of binary asteroid system
65,803 Didymos on 26 September 2022, using a 563 kg impactor at 6.14 km/s [1–7]. Four
years later, ESA’s Hera mission will arrive at the Didymos system to observe the results of
the impact [7]. This mission will obtain important information, including the surface as
well as the internal properties of the binary asteroid system, which will have a significant
impact on our understanding of the history of the solar system [2].

For the prediction of the dynamic state of the Didymos system after the impact, the
mission team has organized related research [7]. In [8], it was determined that Dimorphos
is prone to unstable rotation in its long-axis direction after DART’s impact, which would
introduce significant uncertainty in the evolution of the rotational state of the secondary [9].
The unstable rotation poses challenges for understanding the state of motion of the binary
system at the time of HERA’s arrival, especially over a years-long period of time. In
this paper, we investigate the year-long rotational stability of the secondary through
mathematical and non-linear theoretical methods.
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The description of the gravitational field between two rigid bodies is the foundation
for the study of binary asteroid dynamics. There are some well-established methods, such
as [10–12], for describing the rigid body using the polyhedral method, and [13] for describ-
ing rigid body using agglomerates of grains of multiple spherical particles, etc. Reference
[14] proposed a finite element method (FEM) for computing the gravitational interactions
between two arbitrarily shaped rigid bodies that has no restrictions on the shape and inter-
nal mass distribution of the asteroid. This method differs from the polyhedral approach,
which divides two polyhedra into a series of elongated tetrahedra, each connecting the
centre of the rigid body to the triangular face of the polyhedron. The finite element method
divides the polyhedra into smaller tetrahedral meshes, so that the internal structure of the
two rigid bodies can be reconstructed by defining the density of each tetrahedron. Therefore,
we chose the finite element method to describe the gravitational field between two asteroids.
For calculating the dynamical states of binary asteroids, numerical simulation schemes are
indispensable tools. Especially when considering the long-term evolution, many commonly
used schemes may encounter the problem of numerical error accumulation.

There have been many studies on numerical algorithms for the long-term simulation of
a Hamiltonian system [15–18]. For the orbital problem of celestial bodies, Kosmas [19–23]
has proposed some numerical simulation methods that are excellent for the long-term
simulation of two-body and N-body problems. In terms of the motion of rigid bodies,
many studies have investigated the Sintegrator [24–28]. The symplectic algorithm is a
difference method which preserves the Hamiltonian system based on the basic principle of
Hamiltonian mechanics. It makes the discretized difference equations keep the symplectic
structure of the original system and has long time stability. Applying the finite element
method and the symplectic integrator, we study the stability of the rotational motion of
the secondary, which has not been studied much. [8] used fast Lyapunov indicators to
investigate the rotation stability of the secondary, and found that the secondary is prone
to become unstable near the resonance locations. Ref. [29] analyzed the rotation of the
secondary around its long axis through a large set of short numerical simulations and
referred to it as “barrel instability”.

The paper is organized as follows. In Section 2, we compare the conservation of total
mechanical energy, total momentum, and total angular momentum in several numerical
integrators for the full two-body problem, in order to find the suitable numerical simulation
scheme for our work. Based on the numerical simulation scheme presented, we propose an
error propagation matrix to study the stability of the motion of the secondary rotating from
its long axis, and we evaluate the effect of the non-spherical gravitational perturbation term
of the primary and the shape of the secondary on its stability, which we discuss in Section 3.
Our conclusions are given in Section 4. Our simulations were performed on a large-scale
computing cluster using CUDA and OpenMP parallelism techniques.

2. Comparison of Numerical Schemes for Long Assessment

We used numerical methods to simulate the motion of the binary asteroid. Therefore,
before analyzing the stability of the tumbling motion, it is necessary to discuss whether
the results of the numerical simulation scheme are reasonable. This section discusses
numerical simulation schemes for the full two-body problem. Three coordinate systems
were adopted: The world coordinate system T , the primary body-fixed frame P , and the
secondary body-fixed frame S . Assuming two rigid bodies P and S, the full two-body
problem is a conservative system with three conserved quantities, which are the total
mechanical energy (represented by T.M.E), the total momentum (represented by T.M), and
the total moment of momentum (represented by T.M.O.M). The former is a scalar, while
the latter two are vectors, which can be calculated as follows:
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E =
1
2

mPvT
PvP +

1
2

mSvT
S vS +

1
2

ωT
P JPωP +

1
2

ωT
S JSωS + UPS,

p = mPvp + mSvS,

π = rP ×mPvP + rS ×mSvS + JPωP + JSωS,

(1)

where E is the T.M.E., p is the T.M., π is the T.M.O.M., mP is the total mass of P,
rP = [rPx, rPy, rPz]

T is the position of P, vP = [vPx, vPy, vPz]
T is the velocity of P,

ωP = [ωPx, ωPy, ωPz]
T is the angular velocity of P, JP = diag(JPx, JPy, JPz) is the mo-

ment of inertia matrix of P, replacing the angle labels with S corresponds to the body S,
and UPS is the gravitational potential between P and S.

The critical evaluation criterion of the numerical schemes is that the cumulative error of
the above three conserved quantities can be kept within an acceptable range. For short-term
simulations, the Runge–Kutta integrator is widely used, due to its mature development
and ease of use. Meanwhile, for long-term simulations, the Runge–Kutta integrator may
not perform well, in terms of the cumulative error of the above conserved quantities. In
this section, we perform a decade-long simulation of the Didymos system and compare
the performance of three integrators. The binary asteroid shape model constructed by [30]
was adopted to describe the primary (Didymos), while the shape model constructed by [2]
was adopted to describe the secondary (Dimorphos). We chose the classic fourth-order
Runge–Kutta integrator (represented by RK4) and a high-order Runge–Kutta integrator
(represented by RK78) as the first two integrators. The task of these two integrators is to
solve the differential equations of the system numerically. For the full two-body problem,
the dynamical equations of the system are:

ṙP = vP,

v̇P =
FP
mP

,

λ̇P =
1
2

λP �ωP,

π̇P = πP ×ωP + TP,

(2)

where λP is the attitude quaternions of the body P; � is the Grassmann product opera-
tor ([31]), which defines multiplication between a quaternion and a vector; πP = JPωP is
the angular momentum of P; replacing the angle labels with S corresponds to the rigid body
S. It should be noted that the unity of quaternions can not naturally preserve, therefore,
the quaternions need to be renormalized at each time step. In Equation (2), FP is the
gravitational force of the rigid body P from S, and TP is the torque of gravitation from S to
P, calculated by the finite method proposed by [14]:

FP = G
NP

∑
α=1

NS

∑
β=1

wαwβσ(ρPα)σ
(

ρSβ

) rSβ − rPα

|rSβ − rAα|3
,

TP = G
NP

∑
α=1

NS

∑
β=1

wαwβσ(ρPα)σ
(

ρSβ

)ρPα ×
(
rPα − rSβ

)
|rPα − rSβ|3

,

TS = G
NP

∑
α=1

NS

∑
β=1

wαwβσ(ρPα)σ
(

ρSβ

)ρSβ ×
(
rPα − rSβ

)
|rPα − rSβ|3

,

(3)

where the parameters are explained as follows:

NP The number of the nodes of the rigid body P
rPα The position of node α in body P in the world coordinate system T
ρPα The position of node α in body P in the body-fixed frame P
wPα The nodal weights of node α in body P
σ(ρPα) The density at node α in body P



Mathematics 2022, 10, 3757 4 of 25

Replacing the angle labels with S and β corresponds to body S and the node in body
S, while FP and FS are equal in modulus and opposite in direction.

Combining the symplectic integration scheme proposed by [24] and the finite method
to calculate the full two-body problem, we used a symplectic integrator (represented by SI)
as the third tested integrator. Some of its parameters are detailed as follows:

qP position of body P
QP orientation matrix of body P
pP momentum of body P
πP angular momentum of body P

Replacing the angle labels with S corresponds to body S. The states qt
P, qt

S, Qt
P, Qt

S,
pt

P, pt
S, πt

P, and πt
S of the two rigid bodies are at time t, the step size of the integrator is

taken as ∆t and the states qt+∆t
P , qt+∆t

S , Qt+∆t
P , Qt+∆t

S , pt+∆t
P , pt+∆t

S , πt+∆t
P , and πt+∆t

S of the
two rigid bodies are obtained after integration. The specific calculation process used in one
integration step is given below.

First, calculate the gravitational attraction forces Ft
P on P and Ft

S and S, as well as the
torques T t

P on P and T t
P on S, using the finite method (Equation (3)). Then, perform the

following calculations for the momentum and angular momentum of each of the two rigid
bodies (here, only the formula of the body P is given, replace the angle labels with S for
that of the body S):

pt+ 1
2 ∆t

P = pt
P +

1
2

∆tFt
P

π
t+ 1

2 ∆t
P = πt

P +
1
2

∆tT t
P.

(4)

QP can be written as:

QT
P = [sP1, sP2, sP3]. (5)

Second, the angular momentum and rotation matrices of the rigid body are then
transformed five times in the order RP1, RP2, RP3, RP2, RP1 respectively, with the first
transformation given below:

π
t+ 1

2 ∆t
P = RP1π

t+ 1
2 ∆t

P , st
Pj = RP1st

Pj, (j = 1, 2, 3), (6)

where

RP1 =


1 0 0
0 cos

(
πPx
JPx

∆t
)

sin
(

πPx
JPx

∆t
)

0 − sin
(

πPx
JPx

∆t
)

cos
(

πPx
JPx

∆t
)
,

RP2 =


cos
(

πPy
JPy

∆t
)

0 − sin
(

πPy
JPy

∆t
)

0 1 0
sin
(

πPy
JPy

∆t
)

0 cos
(

πPy
JPy

∆t
)
,

RP3 =


cos
(

πPz
JPz

∆t
)

sin
(

πPz
JPz

∆t
)

0

− sin
(

πPz
JPz

∆t
)

cos
(

πPz
JPz

∆t
)

0
0 0 1.



(7)

Third, update the positions of the two bodies:

qt+∆t
P = qt

P + ∆t
pt+ 1

2 ∆t
P
mP

. (8)
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Fourth, according to the positions qt+∆t
P , qt+∆t

S and attitudes Qt+∆t
P , Qt+∆t

S of the two
rigid bodies at moment t + ∆t, calculate Ft+∆t

P , Ft+∆t
S , T t+∆t

P , and T t+∆t
S using Equation (3).

Then, update the momentum and angular momentum, as follows:

pt+∆t
P = pt+ 1

2 ∆t
P +

1
2

∆tFt+∆t
P

πt+∆t
P = π

t+ 1
2 ∆t

P +
1
2

∆tT t+∆t
P .

(9)

Note that the forces and torques calculated here can be used in the next time step, such
that they only need to be calculated once per time step.

Regarding the selection of step size for the integrator, our principle was to ensure the
same computational cost for the three integrators. In this simulation, the most computa-
tionally expensive step was the calculation of the full two-body gravitational potential,
for which we used the GPU parallelization method proposed by [32] to accelerate the
calculation. For RK4, the gravitational potential needs to be calculated four times per time
step; for RK78, it needs to be calculated 12 times; and, for SI, it needs to be calculated once.
Therefore, we set the step size of RK4 to be 4 s, RK78 to be 12 s, and SI to be 1 s. In terms
of setting system parameters, in order to ensure generality, we arbitrarily set the rotation
states of the two asteroids (not a tidal locking state, the angular velocity had components in
all three directions), in order to test the performance of all integrators in a relatively terrible
simulation environment.

We performed simulations of the binary asteroid Didymos system over 10 years, using
the step settings mentioned above, with a calculation time of 14 days for all three integrators.
Figures 1–3 show the simulation results of the relative errors (represented by RelErr) for
the three conserved quantities of the three integrators over 10 years. The first part of each
figure represents the relative error T.M.E. varying with time, the second represents the
modulus of T.M., the third represents the modulus of T.M.O.M., and the fourth to sixth
parts represent the relative error change of T.M.O.M. in the three directions of X, Y, and Z
(represented by T.M.O.M.X, T.M.O.M.Y, and T.M.O.M.Z, respectively).

By analyzing the relative error curves of the conserved quantities of the three integra-
tors, we find that the performance of the different integrators varies considerably. In terms
of the T.M.E, the two Runge–Kutta integrators performed better than the symplectic inte-
grator. The relative error of RK4 and RK78 was on the order of 10−13, and RK78 performed
slightly better than RK4. That of SI was on the order of 10−9, and partial magnification
shows the change of a chord curve with no significant change in amplitude with time.
Regarding the T.M., the relative error of RK4 and SI was on the order of 10−12, while
that of RK78 was on the order of 10−13, thus showing better performance. As the three
components of T.M. had no more obvious characteristics, we do not show them in the
figure, but only give the variation of the modulus. For the T.M.O.M., an obvious difference
between three integrators was that the relative errors of the components of T.M.O.M. with
the Runge–Kutta methods were monotonically varying, which was not the case for SI. SI
also performed better in terms of the order of magnitude of relative error for the T.M.O.M.
Considering the possible reason for the choice of step size, we reduced the step size to
0.1 s for both RK4 and RK78, and the results show that the relative errors of components
of angular momentum still show monotonic variations. Monotonically variation in the
relative error can lead to the accumulation of errors, reducing the accuracy of the integrator
under long simulation periods. As the integration time increases, the truncation error
introduced by the RK method accumulates, resulting in a constant decrease in the relative
error accuracy of the conserved quantities. The relative errors in the conserved quantities
of the SI show a long-term stable trend. Therefore, SI only has a truncation error, not a
cumulative error, in the case of long integration time is required, SI relies on its stability
and has some potential and advantages in terms of numerical solution accuracy. Therefore,
a higher-order RK integrator can be used if the relative error of mechanical energy is
to be minimized, while the symplectic integrator can be used if the conservativeness of
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the conserved quantities of the system is pursued. Considering the above, we use the
symplectic integrator for further simulations.
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Figure 1. Variation of the relative error of the conserved quantities over ten years for simulations of
the full two-body problem using the RK4 integrator.



Mathematics 2022, 10, 3757 7 of 25

0 2 4 6 8 10

t [yr]

0

1

2

R
e

lE
rr

(T
.M

.E
.)

10
-13

0 2 4 6 8 10

t [yr]

-10

-5

0

5

R
e

lE
rr

(T
.M

.)
10

-13

0 2 4 6 8 10

t [yr]

-4

-2

0

R
e

lE
rr

(T
.M

.O
.M

.)

10
-13

0 2 4 6 8 10

t [yr]

0

1

2

R
e

lE
rr

(T
.M

.O
.M

.X
) 10

-11

0 2 4 6 8 10

t [yr]

0

1

2

R
e

lE
rr

(T
.M

.O
.M

.Y
) 10

-11

0 2 4 6 8 10

t [yr]

-1

0

R
e

lE
rr

(T
.M

.O
.M

.Z
) 10

-11

Figure 2. Variation of the relative error of the conserved quantities over ten years for simulations of
the full two-body problem using the RK78 integrator.
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Figure 3. Variation of the relative error of the conserved quantities over ten years for simulations of
the full two-body problem using the SI integrator.
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3. Stability of the Excited Spin State of the Secondary

Using the SI integrator mentioned in Section 2, we investigated the stability of motion
of the secondary rotating around its long axis. Observation showed that the secondary
(Dimorphos) of the Didymos system is in a state of tidal locking to the primary (Didymos);
that is, the rotational angular velocity of the secondary is equal to the orbital angular
velocity around the primary. The impact of DART on the secondary is expected to change
this state. The study of [8] showed that the secondary is prone to unstable spins in its long
axis. In this section, we study this phenomenon using a linearised error propagation matrix.

3.1. Definition of the Linearised Error Propagation Matrix M(t)

We also determined the unstable tumbling rotation of the secondary in the long-axis
direction in a simplified model. In this section, we use a mass point–seven mass points
model, in which the primary is simplified to a single mass point whose mass is equal to the
total mass of the primary, while the secondary is simplified to seven mass points whose
positions are at the centre of mass of the secondary and the endpoints of the three axes
of the ellipsoid, each mass being 1/7 of the total mass of the secondary (Figure 4). For
the parameters of the binary system, please refer to [33]. We used the 1-2-3 Euler angle
to describe the attitude of the secondary, as shown in Figure 4. We denote the rotational
angular velocity (around the axis perpendicular to the orbit surface) of the tidal locking
of the secondary as ω0. When the disturbance of the system is 0, no matter the rotational
angular velocity of the secondary, the attitude of the secondary will only vary in the
direction of ψ. However, in practice, disturbances are unavoidable due to the irregular
shape and the uneven distribution of the internal mass of two asteroids, as well as various
other forces in the Solar system. Here, we consider a small perturbation in the direction of φ.
Figure 5 shows the variation in the three Euler angles when the rotational angular velocity
is 1.0ω0 and 1.5ω0. It can be seen that when the rotation angular velocity was 1.5ω0,
φ exceeded 90 degrees on the third day, and we denote this phenomenon as secondary
“flips” in the direction of φ. Meanwhile, when the rotation angular velocity was 1.0ω0, this
situation did not occur. Therefore, this tumbling rotation may be related to the rotational
angular velocity of the secondary. In order to study the characteristics of the motion of the
secondary, we defined a linearised error propagation matrix M(t), the specific calculation
method of which is described below.

Figure 4. Diagram of the 1-2-3 Euler angles of the secondary: (a) diagram of the Didymos system;
and (b) the simplified model.
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Figure 5. Variation of the three Euler angles of the secondary over time: (a) initial spin angular
velocity = 1.0ω0 and (b) initial spin angular velocity = 1.5ω0.

There are 12 quantities in the motion of the secondary: three components each of
position, velocity, attitude, and angular velocity, which are denoted as:

s =
[
x, y, z, vx, vy, vz, φ, θ, ψ, ωx, ωy, ωz

]T, (10)

We denote an undisturbed system state as:

s0 =
[
x0, y0, z0, vx0, vy0, vz0, φ0, θ0, ψ0, ωx0, ωy0, ωz0

]T. (11)

The state at the initial time is denoted by s(0), while the state at time t is denoted by
s(t). Then, we introduce a disturbance to each state at the initial moment, and perform 12
calculations. The disturbance is defined as:

δs(0) = [δx1(0), δy2(0), δz3(0), δvx4(0), δvy5(0), δvz6(0),

δφ7(0), δθ8(0), δψ9(0), δωx10(0), δωy11(0), δωz12(0)]T.
(12)

The specific process for these twelve calculations is as follows. The first calculation only
introduces a disturbance δx1(0) at the initial moment, and the initial state of the system
becomes:

s1(0) = [x0(0) + δx1(0), y0(0), z0(0), vx0(0), vy0(0), vz0(0),

φ0(0), θ0(0), ψ0(0), ωx0(0), ωy0(0), ωz0(0)]T.
(13)

Then, the state of the system at time t becomes:

s1(t) = [x0(t) + δx1(t), y0(t) + δy1(t), z0(t) + δz1(t),

vx0(t) + δvx1(t), vy0(t) + δvy1(t), vz0(t) + δvz1(t),

φ0(t) + δφ1(t), θ0(t) + δθ1(t), ψ0(t) + δψ1(t),

ωx0(t) + δωx1(t), ωy0(t) + δωy1(t), ωz0(t) + δωz1(t)]T.

(14)

The second calculation only introduces disturbance δy2(0) at the initial moment, and the
initial state of the system becomes:

s2(0) = [x0(0), y0(0) + δy2(0), z0(0), vx0(0), vy0(0), vz0(0),

φ0(0), θ0(0), ψ0(0), ωx0(0), ωy0(0), ωz0(0)]T.
(15)
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Then, the state of the system at time t becomes:

s2(t) = [x0(t) + δx2(t), y0(t) + δy2(t), z0(t) + δz2(t),

vx0(t) + δvx2(t), vy0(t) + δvy2(t), vz0(t) + δvz2(t),

φ0(t) + δφ2(t), θ0(t) + δθ2(t), ψ0(t) + δψ2(t),

ωx0(t) + δωx2(t), ωy0(t) + δωy2(t), ωz0(t) + δωz2(t)]T.

(16)

The third to twelfth calculations are carried out similarly. Therefore, when a small distur-
bance is introduced at the initial time, the error of the system at time t is:

δx(t)
δy(t)

...
δωz(t)


12×1

= M(t)


δx1(0)
δy2(0)

...
δωz12(0)


12×1

, (17)

where

M(t) =


δx1(t)
δx1(0)

δx2(t)
δy2(0)

· · · δx12(t)
δωz12(0)

δy1(t)
δx1(0)

δy2(t)
δy2(0)

· · · δy2(t)
δωz12(0)

...
. . .

...
δωz1(t)
δx1(0)

δωz2(t)
δy2(0)

· · · δωz12(t)
δωz12(0)


12×12

. (18)

Equation (17) can be written as
δ(t) = M(t)δ(0) (19)

Diagonalize M(t), then
δ(t) = P−1ΛPδ(0). (20)

Transform the perturbation vector to the eigenvector coordinate system, and we have

Pδ(t) = δe(t) = [e1(t), e2(t), . . . , e12(t)]
T. (21)

Then,
δe(t) = Λδe(0). (22)

The full form of Equation (22) is:
e1(t)
e2(t)

...
e12(t)


12×1

=


m1(t) 0 · · · 0

0 m2(t) · · · 0
...

...
. . .

...
0 0 0 m12(t)


12×12


e1(0)
e2(0)

...
e12(0)


12×1

. (23)

At each moment, the error of the system (in the eigenvector coordinate system) is:

ei(t) = mi(t)ei(0), i = 1, 2, . . . , 12. (24)

It should be noted that in the calculation of M(t), the initial minutely perturbation
should be chosen to be as small as possible (but needs to be greater than the accuracy
of the computer) so that the calculated M(t) can be guaranteed to be consistent. M(t)
is a linearised error propagation matrix, representing the transfer properties of an initial
minutely perturbation vector on an unperturbed system. The implication is that an initial
minutely perturbation vector δs(0) is transformed to δs(t) after time t by the effect of the
M(t). This transformation relationship can be determined by analyzing the eigenvalues
and eigenvectors of M(t). There are 12 eigenvalues of M(t), representing a combination
of a series of scaling and rotation actions on δs(0). If an eigenvalue of the matrix is a real
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eigenvalue, then the transformation represented by this eigenvalue is scaled in the direction
of the eigenvector corresponding to this eigenvalue, and the scaling factor is equal to the
eigenvalue. If two eigenvalues of the matrix are complex (and, consequently, appear as a
pair), then the pair of eigenvalues represents a rotation plus a scaling, where the angle of
rotation is the argument of the complex eigenvalue, the rotation occurs in the plane formed
by the real and imaginary vectors of the complex eigenvectors, and the scaling factor is the
modulus of the complex eigenvalues. For our calculations, scaling greater than 1 indicates
that the initial error is scaled up over time.

3.2. Analysis of M(t) with the Initial Angular Velocity from 1.0ω0 to 1.5ω0

We calculated the eigenvalue distribution of M(t) in 106 seconds considering the
state of the secondary with the spin angular velocity of 1.0ω0 (i.e., tidal locking to the
primary). Figure 6 shows the distribution of the M(t) eigenvalues at four moments: 8000 s,
110,000 s, 623,000 s, and 990,000 s. For each diagram, we sampled every 1 s, giving the
distribution of eigenvalues for the 2000 s before the given moment. The arrow indicates
the direction of the change of this next eigenvalue. The results show that there were
12 eigenvalues of M(t). One eigenvalue varied around 0, which means that this eigenvalue
did not magnify the initial error; another 10 eigenvalues basically varied on or near the
unit circle, which means that the initial error was not magnified unrestrictedly by these
ten eigenvalues; however, there was also one eigenvalue that varied with time, where its
modulus became larger (always a real eigenvalue), which means that, in this eigenvalue, the
initial error of the system is continuously amplified with time. Here, we call this eigenvalue
the maximum eigenvalue. Figure 7 shows the distribution of all eigenvalues over 106 s.
Due to the sampling frequency, some of the eigenvalues are discontinuous. There were
12 eigenvalues at each moment, and cool colours represent the initial moment, while warm
colours represent the later moments. The results indicate that the modulus of the largest
eigenvalue reached more than 800, demonstrating that the error was amplified.

Figure 6. The distribution of the eigenvalues of M(t) at t = 8000 s, 110,000 s, 623,000 s, and 990,000 s,
where the initial angular velocity of the secondary is 1.0ω0.
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Figure 7. The distribution of the eigenvalues of M(t) in 106 s, with initial angular velocity of the
secondary of 1.0ω0.

Next, we focused on the maximum eigenvalue at each time step and the corresponding
eigenvectors, in which the error scaling was maximal in this direction. Figure 8a shows the
variation in the modulus of the maximum eigenvalue with time, and the results show that
the modulus basically showed an increasing trend as time progressed. As we are concerned
with the error propagation from the secondary in the φ-direction, we also analyzed the
variation of the component of the corresponding eigenvectors in the φ-direction, as shown
in Figure 8b. These results show that the components of the eigenvectors in this direction
were of particularly low order in magnitude , and the errors did not diverge in this direction.

Figure 8. The maximum eigenvalue of M(t) and the corresponding eigenvector component in the
φ-direction, where the initial angular velocity of the secondary is 1.0ω0: (a) Variation of the modulus
of the maximum eigenvalue over 106 s seconds; and (b) the component of the eigenvector in the
φ-direction corresponding to the maximum eigenvalue.

We observed the 12 components of the eigenvector corresponding to the maximum
eigenvalue at each time step, and found that the largest components of the eigenvector
were in the x and y directions, and the components of the other directions were all much
smaller than these two directions. Figure 9 shows the variation of these two components,
so the error amplification caused by the maximum eigenvalue was mainly concentrated
in the x and y directions of the orbital position of the secondary. Therefore, at the angular
velocity of 1.0ω0, the error accumulation is mainly in the x and y axes of the orbit, and not
in the attitude of the secondary.
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Figure 9. Components of the eigenvector in the x-direction and y-direction corresponding to the
maximum eigenvalue.

Next, we increased the initial angular velocity and repeated the analysis above. The
distributions of the eigenvalues of M(t) for initial spin angular velocities of 1.1ω0, 1.2ω0,
and 1.3ω0 are shown in Figure 10, where (a) and (b) are the results of 1.1ω0, (c) and (d) are
the results of 1.2ω0, (e) and (f) are the results of 1.3ω0. (a), (c) and (e) indicate the overall
distribution of eigenvalues within the simulation time (with a sampling step of 10 s), while
(b), (d) and (f) indicate the trend of each eigenvalue towards the end of the simulation.
The results in (a)–(d) show that the distribution of eigenvalues of M(t) for initial angular
velocities of 1.1ω0 and 1.2ω0 were similar to those with an initial angular velocity of 1.0ω0,
with one eigenvalue moving away from the unit circle and all other eigenvalues distributed
near the unit circle, indicating that the motion in the direction of interest is relatively stable
for these two initial conditions.

Unlike the previous two cases, the results with an initial angular velocity of 1.3ω0
presented three eigenvalues moving away from the unit circle during the simulation time
(through further analysis, the eigenvalue shown in Figure 10f around 5.5 was found not to
move away from the unit circle, instead varying around it). Therefore, we further analyzed
the eigenvectors corresponding to these three eigenvalues. These three eigenvalues are
real eigenvalues, Figure 11a–c shows the variation of the modulus of these eigenvalues
with time, while (d)–(f) depict the components of the eigenvectors in the φ-direction
corresponding to these three eigenvalues, respectively.

The results show that, similar to the first three cases, for the first eigenvalue, the com-
ponent of its corresponding eigenvector in the φ-direction was extremely small, indicating
that this eigenvalue does not amplify the error of motion in the φ-direction. In contrast, the
second and third eigenvectors correspond to eigenvectors with large components in the
φ-direction, indicating that these two eigenvectors amplify the error of the motion in the
φ-direction. As time passes, the cumulative error in this direction will exceed the defined
stability range (90°).

In addition, we provide the components of the eigenvectors in the θ-direction cor-
responding to these three eigenvalues in Figure 11g–i. The eigenvector corresponding
to the first eigenvalue had a tiny component in the θ-direction, while the second and
third eigenvectors had significantly smaller components in the θ-direction than in the
φ-direction, suggesting that errors accumulated significantly more in the φ-direction than
in the θ-direction and, therefore, the motion is more prone to become unstable in the
φ-direction.
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Figure 10. Distribution of the eigenvalues of M(t) over 106 s seconds. (a) and (b) The initial angular
velocity of the secondary is 1.1ω0. (c) and (d) The initial angular velocity of the secondary is 1.2ω0.
(e) and (f) The initial angular velocity of the secondary is 1.3ω0.

Figure 12 shows the distribution of the eigenvalues of M(t) with initial spin angular
velocities of 1.4ω0 and 1.5ω0. The results show that, in these two cases, most of the
eigenvalues have moved away from the unit circle, indicating that large initial angular
velocities lead to more error amplification and a more unstable motion of the secondary
than in the previous cases.
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Figure 11. The variation of the modulus of the eigenvalues of M(t) and the components of the
eigenvector in the φ- and θ-directions corresponding to the eigenvalues over 106 s, where the initial
angular velocity of the secondary is 1.3ω0. (a) Modulus of the 1st eigenvalue. (b) Modulus of the
2nd eigenvalue. (c) Modulus of the 3rd eigenvalue. (d) φ of the 1st eigenvector. (e) φ of the 2nd
eigenvector. (f) φ of the 3rd eigenvector. (g) θ of the 1st eigenvector. (h) θ of the 2nd eigenvector. (i) θ

of the 3rd eigenvector.

Figure 12. The distribution of the eigenvalues of M(t) over 106 seconds, where the initial angular
velocity of the secondary is 1.4ω0 (a) and 1.5ω0 (b).
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3.3. Effect of the Non-Spherical Gravitational Field of the Primary and the Shape of the Secondary
on the Tumbling Motion of the Secondary

Based on the above analysis, an increase in the spin angular velocity can lead to unsta-
ble tumbling motion of the secondary. Next, we discuss the perturbation factors leading to
the tumbling rotation of the secondary, focusing on the non-spherical gravitational potential
of the primary and the shape of the secondary.

In terms of the non-spherical gravitational potential, we used the homogeneous
polyhedron model constructed by [30] as the model for the primary and calculated the
non-spherical gravitational terms J2–J7 of the model (please refer to the Appendix A for the
specific calculation method and the values of J2–J7). In order to study the influence of each
disturbance term of J2–J7 on the stability of φ of the secondary, we chose the gravitational
field of the primary as the particle gravitational field plus the gravitational field generated
by the disturbance term. For the secondary, we chose the model proposed by [2]. Taking
the J2 term as an example, we calculated the maximum φ values under 0 perturbation to
5 times the current J2 perturbation under different initial spin angular velocities of the
secondary within one year.

Figure 13 shows the influences of these six disturbance terms on φ, in which the colour
represents the magnitude of the maximum φ value within a year. In terms of the range
of angular velocity, we chose 1.0ω0 to 1.5ω0. When the angular velocity was greater than
1.36ω0, φmax was 90 degrees, and when the angular velocity was less than 1.2ω0, φmax was
very small. Therefore, in the figure, we only show the results with the angular velocity
ranging from 1.2ω0 to 1.36ω0. The results show that as the six non-spherical perturbation
terms increase, φmax becomes larger, making it easier to “flip”. However, this change was
not very obvious; therefore, the non-spherical perturbation terms are not the main factor
affecting the “flip” of the secondary in the φ direction.

In terms of the shape of the secondary, we used a mass point to model the primary,
while the model of the secondary was still that proposed by [2]; however, we changed the
shape of the ellipsoid. Assuming that the three semi-long axes of the ellipsoid were a, b, c
(a > b > c), we performed two sets of simulations by varying the values of a/b and b/c,
respectively, while keeping the total mass of the ellipsoid constant. Taking the first set of
simulations as an example, we calculated the maximum φ for a/b ranging from 1 to 1.5
under different initial spin angular velocities of the secondary within one year (Figure 14).
The results show that this unstable tumbling rotation of the secondary was related to the
shape of the ellipsoid, with the most unstable cases occurring at a/b = 1.16 and b/c = 1.22.
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Figure 13. The maximum φ value under different perturbation terms and initial angular velocities
within 1 year.

Figure 14. The maximum φ value under different a/b, b/c, and initial angular velocity within 1 year.
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4. Conclusions

In this paper, we discussed the stability of the excited spin state of the secondary in a
binary asteroid system over one year. For long-term numerical simulation schemes, we
combined the finite element method with a symplectic integral format for the simulation
of the full two-body problem, and compared it with low- and high-order Runge–Kutta
methods. We analyzed the rotation stability of the secondary using a linearised error prop-
agation matrix, and discussed the influence of the non-spherical perturbation terms J2− J7
of the primary and the shape of the secondary on the rotation stability of the secondary.

The results of the numerical simulation schemes over 10 years show that the Runge–
Kutta methods led to a monotonic increase in the relative error of the components of the
angular momentum, which can be avoided by the symplectic integrator. Therefore, we
chose the symplectic integrator as the numerical scheme for the long-term simulation of the
full two-body system. For the rotation stability of the secondary, the results demonstrate
that the secondary is prone to losing stability in rotation around its long-axis, which is
related to the post-impact spin angular velocity of the secondary. The rotation of the
secondary is stable when the spin angular velocity of the secondary satisfies the tidal
locking state to the primary; as the spin angular velocity of the secondary increases, errors
caused by the irregular gravitational field of the primary or by other reasons are more
prone to accumulating in the rotation direction of the secondary around its long axis, so
as to lose stability. For the non-spherical gravitational perturbation of the primary, the
results show that the rotation stability of the secondary does not change significantly even
if we amplify each perturbation term by a maximum of five times, which indicates that
the non-spherical perturbation term of the primary is not the main factor affecting the
rotation stability of the secondary under the current model of the primary. Furthermore, we
varied the ratio of the semi-major axis a/b and b/c (a > b > c) of the ellipsoid model of the
secondary, and the results show significant differences in the critical spin angular velocity
at which the secondary loses rotational stability for different a/b and b/c, suggesting that
the shape abnormality of the secondary has a more significant effect on the rotating stability
of the secondary.

In the next work, it will be necessary to compare more numerical simulation methods
in order to find the most suitable numerical simulation scheme for the full two body
problem. In addition, in the simplified model of the binary asteroid system, we used a
model with seven masses as the model of the secondary for computational reasons, and in
the future, further studies can be carried out using more refined models of the secondary
after solving the computational consumption problem.
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Appendix A

This appendix provides the method for calculating the coefficients of the spherical
harmonic function using the finite element method. The spherical harmonic function
method is a mature and effective method for dealing with the gravitational field of planets,



Mathematics 2022, 10, 3757 20 of 25

and has been widely used in determining the dynamics of near-Earth satellite orbits. This
method can also be used to describe the non-spherical perturbation of the gravitational
field near small celestial bodies. The advantage of this method is that it is computationally
efficient and requires few parameters. Here, we combine the spherical harmonic function
method and the finite element method to calculate the orbit of a mass point around the
small celestial body, such that the irregular shape and non-homogeneous internal structure
of asteroids can be taken into account, while ensuring efficient computational efficiency.

In another work [34], we have given a calculation method for the gravitational force
of a small irregular celestial body on a mass point by FEM. The gravitational field can be
described as

U = G
N1

∑
α

wασα

|rα − r| (A1)

where N1 represents the number of nodes described by the finite element method of the
small celestial body, ωα represents the weight of the αth node, σα represents the density of
the αth node, rα represents the position of the node, and r represents the position of the mass
point (please refer to [14] for explanations of the specific parameters). The advantages of this
method have been described above, while the key disadvantage is that the computational
effort increases as the grid of the primary model is divided approximately finely. Even
if it is accelerated by various means, it still cannot change the fact that the gravitational
potential between each node and the mass point needs to be calculated. Therefore, we
desire to combine the spherical harmonic function method to improve the computational
efficiency in orbit calculation.

The general method for calculating the gravitational field by the spherical harmonic
function method is

U =
GMa

R

[
1 +

∞

∑
l=1

Cl0

( aa

R

)l
Pl0(sin ϕ)

+
∞

∑
l=1

l

∑
m=1

( aa

R

)l
Plm(sin ϕ)(Clm cos mλ + Slm sin mλ)

] (A2)

where Ma is the mass of the small celestial body, aa is the equatorial radius of the reference
ellipsoid of the small celestial body, Plm(sin ϕ′) is the Associated Legendre polynomial of
sin ϕ′,δ = 0 (m = 0) or δ = 1 (m 6= 0), and R is the distance from the mass point to the centre
of the small celestial body. For the spherical harmonics method to describe the gravitational
field, the parameters describing the irregularity of the shape and the inhomogeneity of the
internal mass distribution of the small celestial body are

Clm = 2δ (l −m)!
(l + m)!

(
1

Maal
a

) ∫∫∫
ρl Plm

(
sin ϕ′

)
cos mλ′dM

Slm = 2δ (l −m)!
(l + m)!

(
1

Maal
a

) ∫∫∫
ρl Plm

(
sin ϕ′

)
sin mλ′dM

(A3)

where λ′ and ϕ′ are the longitude and latitude of the volume element dM, respectively, and
ρ is the distance from the volume element dM to the centre of mass of the small celestial
body. In Equation (A2), the term with m = 0 is independent of longitude and is called the
zonal harmonic term; while the term with m 6= 0 is related to longitude and is called the
tesseral harmonic term. Using the finite element method, replacing the body element dM
with the node, the integral number of Equation (A3) can be split. Then,

Clm = 2δ (l −m)!
(l + m)!

(
1

Maal
a

)
∑
α

wασαρl Plm
(
sin ϕ′

)
cos mλ′

Slm = 2δ (l −m)!
(l + m)!

(
1

Maal
a

)
∑
α

wασαρl Plm
(
sin ϕ′

)
sin mλ′

(A4)
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Now, if we learn about the information of the shape and internal mass distribution
of a small body, we can model it using the finite element method, then calculate the
corresponding spherical harmonic function coefficients using the above method. Below, we
explain the accuracy of this method using the primary model of Didymos as an example.
We keep the mass constant and adjust the internal structure of the primary using four
models: (a) Uniform internal density distribution. (b) The density decreases from the
inside to the outside, with the centre density set to 3.2 g/cm2 (equivalent to the density
of granite) and the surface density set to 1.6 g/cm2 (equivalent to the density of sandy
soil); (c) The internal structure is hollow. (d) The internal structure contains some holes
(we implement this by removing some elements and replacing them with voids). The four
models correspond to Figure A1a–d, respectively. Then, the spherical harmonic function
coefficients are calculated using the above method. Some of these coefficients are shown in
Table A1.

Figure A1. The internal structure of the primary: (a) Uniform internal mass distribution; (b) density
decreases from inside to outside; (c) hollow structure; and (d) randomly distributed internal holes.

We calculated the orbits of the mass point around the primary over one month using
the finite element method and the spherical harmonic function method, respectively. We
set a random initial position and velocity for the mass point, with a distance 1200 m from
the primary and whose velocity kept it in a circular orbit.
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Table A1. The coefficients of the partial spherical harmonic functions of the four models correspond-
ing to Figure A1.

Model (a) Model (b) Model (c) Model (d)

J2 1.1806016× 10−2 9.8940464× 10−3 1.6734636× 10−2 1.5034951× 10−2

J3 1.6620303× 10−3 1.5130812× 10−3 2.4893284× 10−3 1.3309408× 10−3

J4 −8.2823689× 10−3 −6.5632877× 10−3 −1.1255250× 10−3 −8.4519822× 10−3

J5 1.3132394× 10−3 1.0301008× 10−3 1.9799122× 10−3 1.7177357× 10−3

J6 5.0458902× 10−3 4.3363831× 10−3 7.6811147× 10−3 5.0889960× 10−3

C22 1.4205710× 10−3 1.2214748× 10−3 2.0914078× 10−3 1.3592346× 10−3

S22 −1.4884062× 10−17 −6.5408149× 10−17 3.4962132× 10−17 2.7487490× 10−17

C31 1.4205710× 10−3 8.2970092× 10−4 1.4993794× 10−3 1.3687619× 10−3

C32 4.5358186× 10−4 3.1217587× 10−4 5.1968086× 10−4 6.2947825× 10−4

C33 −7.3986272× 10−5 −6.7329189× 10−5 −1.3757727× 10−4 −1.1369448× 10−4

S31 −1.7122335× 10−3 4.1793971× 10−3 7.1960664× 10−3 −4.8583376× 10−3

S32 −5.5112926× 10−4 5.0319504× 10−4 8.1352188× 10−4 −5.2487380× 10−4

S33 4.3490667× 10−5 −8.4002799× 10−5 −1.5102661× 10−4 7.3761001× 10−5

C41 8.2756971× 10−4 4.8424441× 10−4 7.54612325× 10−4 8.8267016× 10−4

C42 −3.6264708× 10−5 −5.1243370× 10−6 −7.8521454× 10−5 5.8103214× 10−5

C43 −4.9772428× 10−5 −6.6087746× 10−5 −9.8008247× 10−5 −4.0274728× 10−5

C44 2.2303289× 10−5 1.8673576× 10−5 3.19242917× 10−5 2.40624550× 10−5

S41 1.7122335× 10−3 1.4349064× 10−3 2.4430001× 10−3 −1.1834871× 10−3

S42 1.4850440× 10−4 −1.4613356× 10−4 −2.4425241× 10−4 1.9224648× 10−4

S43 −1.4255166× 10−4 1.0462180× 10−4 1.8717446× 10−4 −1.4832237× 10−4

S44 3.7897508× 10−6 2.1443836× 10−6 −5.813172× 10−7 4.12749518× 10−6

C51 −3.1272871× 10−5 −3.4821246× 10−5 −6.8427557× 10−5 5.3334476× 10−5

C52 −1.3763895× 10−5 −9.4857243× 10−6 −1.8897903× 10−5 1.2900471× 10−5

C53 1.5176728× 10−5 1.0813339× 10−5 1.9819451× 10−5 2.3163710× 10−5

C54 −1.3104122× 10−6 −1.7654773× 10−6 −3.5584973× 10−6 −1.5303503× 10−6

C55 1.1230563× 10−7 −3.5638557× 10−8 −2.0440055× 10−8 4.6177160× 10−7

S51 −3.0555771× 10−4 2.5269240× 10−4 3.9629143× 10−4 −1.9158968× 10−4

S52 −8.3027337× 10−5 5.5164301× 10−5 1.0287761× 10−4 −6.4137630× 10−5

S53 −2.1025676× 10−5 1.9801873× 10−5 3.2486021× 10−5 −1.9990395× 10−5

S54 −8.5562671× 10−7 4.0510217× 10−7 9.9360799× 10−7 −3.4240771× 10−7

S55 −5.6674802× 10−7 7.9659473× 10−7 1.3832809× 10−6 −1.2130380× 10−6

C61 7.4598908× 10−5 1.0254846× 10−5 1.3039376× 10−4 −1.0657605× 10−4

C62 −2.2087532× 10−5 −8.6100296× 10−6 −2.6696073× 10−5 −1.5985003× 10−5

C63 −8.0428517× 10−6 −7.3253673× 10−6 −1.1413149× 10−5 −9.1612740× 10−6

C64 −4.0554689× 10−7 −4.0401878× 10−8 −1.9263216× 10−7 −2.1994592× 10−7

C65 1.2221950× 10−7 8.2412156× 10−8 1.54076076× 10−7 2.1036180× 10−7

C66 −3.6108293× 10−8 −5.009707× 10−8 −8.8044116× 10−8 −6.2420189× 10−8

S61 −2.6668643× 10−4 1.8252031× 10−4 1.7433184× 10−4 −4.6283910× 10−4

S62 9.1296564× 10−5 −8.4002799× 10−5 −1.2608227× 10−4 7.36740260× 10−5

S63 −8.4915327× 10−6 −8.4002799× 10−5 1.4218991× 10−5 −1.0994466× 10−5

S64 4.3587887× 10−7 −8.4002799× 10−7 −6.6267905× 10−7 4.28696097× 10−8

S65 −1.4568412× 10−7 −8.4002799× 10−7 1.94633108× 10−7 −1.1636263× 10−7

S66 −1.4975725× 10−8 −8.4002799× 10−8 −1.4714211× 10−8 5.34328597× 10−9

Figure A2 shows the distance between the orbital position of the mass point calculated
by the spherical harmonic function method considering different perturbation terms and
the position calculated by the finite element method; that is, the error in the calculated
orbital positions of the spherical harmonic function method. The four figures correspond
to the four models of the primary in Figure A1. Here, we take Figure A2a as an example to
explain. The blue line indicates that only J2, J3, and J4 of the zonal harmonic terms and T2
of the tesseral harmonic terms were considered, which are the main perturbation terms
for the calculation of the Earth’s gravitational field. The result shows bad performance in
error maintenance, with a maximum error of 520.02 m within one month. The light blue
line indicates that we added the tesseral harmonic terms T3 and T4 to the blue one, and the
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results show a significant reduction in the error, with a maximum error of 12.43 m within
30 days. The yellow line indicates that we added J5 and T5 to the light blue one, with a
maximum error of 5.40 m within 30 days. The red line indicates the addition of J6 and T6
to the yellow case, and the calculation error was significantly reduced, with a maximum
error of 2.35 m within 30 days.

Figure A2. The distance error between the orbit calculated by the spherical harmonic function method
and the finite element method. (a), (b), (c) and (d) correspond to the four models of the primary in
Figure A1, and the different coloured lines indicate that different perturbation terms are considered,
where JX indicates the expansion to the Xth order of the zonal harmonic term and TX indicates the
expansion to the Xth tesseral harmonic term.

The results show that our method is effective. For longer simulation times, we can
further calculate higher-order zonal and tesseral harmonic terms, such that the errors can
be maintained within acceptable accuracy. This method imposes no restrictions on the
shape and internal mass distribution of the small body. Furthermore, using this method,
we can calculate the coefficients of the spherical harmonic function of any finite element
model at once and call them in the orbit calculation, thus avoiding the high computational
cost of the finite element method when calculating high-precision models.
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