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1. Introduction
Consider the following weighted system including advection terms:
—Agu+v-Vau=o(u)oT, —Ap+v-Vau=o(u)u?, (1)
v,u>0 in RN :=RN xRN,

o
where o(p) := (1 + HVHZ(ZH)) 71 "and the scalar equation:

—Agu+v-Vou=o(uun, u>0 in RM x RNZ, ()

where A, is the Grushin operator defined by
N1 N,
D=V Vo=3 XP+ ) Y7 =M+ [x[*Dy, with V,:=(Vy[x[*Vy).
i=1 j=1

Ay and Ay, are Laplace operators in the variables x € RN and y € RMN2, respectively.
Here, we always assume that p > 0, z > 0,4 > g2 > 1 and v is a smooth divergence-

free vector field:

|V(V)| < for all U= (x,y) c ]RNl X RNZ, (3)

div,v =0, and

_*
L+ [|pl
x small enough.

1

div, = divy + |x|*divy, and ||u|| = (|X|2(Z+1) + |y|2) ™D is the norm corresponding

to the Grushin distance, where |x| and |y| are the usual Euclidean norms in RN and RM2,
respectively. It is easy to check that the [|y||-norm is 1-homogeneous for the group of
anisotropic dilations related to A,. It is defined by

oy (1) = (g, 2y), >0 and p:=(x,y) € RM x RM,
The change of variable formula for the Lebesgue measure gives that
doy(n) = ,7N1+(1+z)dexdy =nNedy, where G} :=Nj+ (1+2)Ny,

is the homogeneous dimension with respect to dilation ¢ and dxdy = du denotes the
Lebesgue measure on RN.
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Recall that the Grushin operator is elliptic for |x| # 0 and degenerates on the manifold
{0} x RNz, This operator was introduced in [1]. Problems involving the Grushin operator
have been extensively studied over the years. Recall, in adition the papers [2-4]. In an
appropriate context, the results on Grushin’s operator were obtained in the framework of
Heisenberg groups [5]. The study of PDEs involving the Grushin operator has become
more and more attractive in the last decades since it can serve to describe nonhomogeneous
phenomena, which can occur in different branches of science as physics and astrophysics.

Recently, much attention has been focused on proving Liouville-type theorems for
solutions to nonlinear degenerate elliptic systems involving advection terms such as
Equations (1) and (2). This result allows us to describe qualitative properties of solutions
such as existence, regularity, oscillation, asymptotic or even universal behaviour, pointwise
a priori estimates of local solutions, universal and singularity estimates, decay estimates,
blow-up rate of solutions of nonstationary problems, etc.; see [6-14] and references therein.

Firstly, we mention that, for the autonomous case, i.e.,, when o(y) = land v =z =0,
much attention has been focused on obtaining Liouville-type theorems for stable solutions of

—Au=0v", —Av=u%, in RN, 4)

We refer to [6,15,16]. The author in [6] has first explored the nonexistence of stable
solutions of (4) if N < 10, for any q; > g2 > 2. Hu extended this result in [16], for the

following systems with positive weights o(7) := (1 + 1712) with p > 0:
—Au=o(T)0", —Av=o(T)u®, in RN,

with N <10+pand g1 > g2 > %. We also mention that the previous works [6,16] were
improved in [15], where the authors proved a new comparison property for 1 < g1 < %.
Among other things, in [9], Liouville-type results for stable solutions of (4) were established,
Vq1,q92 > 0, verifying

2(q1 +1)
192 — 17

_ 2(q2+1)

N<2+a+p where a=
q1q2 — 1

B , 192 > 1.

In the other direction, inspired by the ideas in [6,15,16], Duong [17] proved the nonex-
istence of stable solutions for the following system with advection:

—Au+v-Vu=0v", —Av+v-Vo=u®, ov,u>0 in RV. (5)
In particular, Duong [17] proved the following theorem:

Theorem 1.

1. Ifq12q2>%and

) +1)
N <2428k, where ki =vVa+io— oo M@t
<2+2Bky, where ky @ @ @, wi @ P

There is no stable, positive solution to (5). In particular, there is no stable positive solution to
(5) provided N < 10.
2. Ifl1<q; <min(},q2)and

N <2+ [2+0¢+4(2_q1)}k+

tq—2]%

(5) has no bounded stable positive solution. In particular, (5) does not admit bounded stable
positive solution provided N < 6.
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It should be noticed that when g; = ¢y, the result is a natural extension of that in [18],
for the following equation with advection:

—Au+v-Vu=u", u>0 in RV
In the special case o() = 1 and v = 0, the system (1) becomes
—Aqu =01, —Ao=uP, where q1 > g, > 1. (6)

The main difficulty is due to the fact that A, is not symmetric and it is generated on
the manifold {0} x RN2, which causes some mathematical problems. Very recently, in [11],
the authors have proved that if G} := N; + (1+2z)N, < 2+ a + B, Equation (1) has no
stable solution for any 41,42 > 0.

Furthermore, adopting the new approach of Cowan [6], the author in [19] established
the nonexistence of stable solutions of (6) when g1 > g, > %, and G} satisfies

Gj =N+ (1+2z)Ny <2+ 2Bt;.

This result was then generalized in [10], for the system (1), i.e., v = 0.

Inspired by the mentioned previous works, we classify stable positive solutions of (1)
under condition (3). First of all, we need to recall the following:

Definition 1. We say that a smooth solution (u,v) € C2(RN) x C2(RN) of (1) is stable if there
exist positive smooth functions ¢, x verifying

~B29 + V- Va9 = qio(u)o" N, —Dayp+v-Vap = go(p)u” g in RY.
This definition is motivated by [6,19,20]. Our first result concerns stable solutions:

Theorem 2. Let p be positive and my be the largest root of the polynomial
Q(m) = m* — quganp[4m? = 2(q1 + q2)m +1]. 7)

1. If% < q1 < gpand G} < (2+ p)mg + 2, then (1) does not admit any positive stable solution.
Consequently, if G; < 10 + 4p, then (1) has no stable solution for all % <q1 < qa.
2. Ifl<qp < min(%,qz) and

1 4(2 —
G;<2+2[q1+ 2=q) )}(p+2)m0,

B(g1+q2—2

then (1) has no bounded stable solution.

If in addition, G; < 6+ 2p, then (1) does not admit any bounded stable solution for all
q2 > a1 > 1.

If g1 = g2, by means of the comparison property (see Lemmas 1 and 2 below), we get
the following result.

Proposition 1.

1. If§ < qy, then (2) has no stable solution if

* 2(2+P) 2
Gz<2+7q1_1 <q1+\/q1 q1 - (8)

In particular, if G; < 10 + 4p, then (2) does not admit any stable solution for all % < 4.
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2. Ifl<q < % and G}, verifies (8) then (2) has no bounded stable solution.
Then, (2) does not admit any bounded stable solution for all g1 > 1if G5 < 10 + 4p.

As in [19], the key techniques in proving Theorem 2 and Proposition 1 deal with the
property of comparison and nonlinear integral estimates. Nevertheless, previous tools
used in proving the comparison relation (see, e.g., [10,17,19]) do not seem to be applicable
for the system (1), since the operator becomes non-symmetric and it degenerates on the
manifold {0} x RN due to the advection term. This causes some principal problems in
proving Theorem 2. So, we need to use other techniques motivated by [10,17]. We may
also use the idea in [15] to establish the “inverse” comparison relation, which is important
to treat the case 1 < p < %. In addition, the L!-estimate to the boostrap iteration in [17]
does not work in the case of Grushin operator; we instead switch to the L2-estimate in the
boostrap argument.

Remark 1.

o Let mg be the largest root of the polynomial Q defined in (7). It should be noticed that
mo > kg >4,  forany g2 >q1 > 1,

(see Remark 2.1 below). Therefore, Theorem 2 enhances the bound given by Theorem 1 with
o(u) = 1. Consequently, the range in Theorem 2, is larger than that in [17] (see Theorem 1).
*  Our results can be applied also to the general class of degenerate operators (see [7,8,21,22]),
namely
S 2 N N
A, = Eaxj(zjaxi> z:=(z1,...,zy) : RY - R,
j=

Herez; : RN — R, j=1,...,N,are nonnegative functions that are continuous and verify
some properties as the homogenity of A, of degree two with respect to a group dilation in RN.

To our knowledge, all results presented here are new. This paper proceeds as follows:
In Section 2, we give some basic results. In Section 3, we prove Theorem 2 and Proposition 1.

2. Main Technical Tool

In this section, we define the following parameters: For &’ > 0, set

o
Qur = Byr X Bygyriz,  0(4) == (1 + Hy||2(z+l)) U and  dxdy = dy.

In the following, C always denotes a generic positive constant, which could be changed
from one line to another.
Our proofs necessitate some technical lemmas.

2.1. Comparison Principle

Here, we establish the comparison property for system (1).

Lemma 1. Assume that (u,v) is a bounded positive solution of (1). Set go > g1 > 1 and (3)
holds. Then

uhtl < 722 i 10‘71“. )
1

-1
Proof. Let o = Z;—E € (0,1], A = c2*T; we conclude then that

Equation9 < u <AvY, (10)
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we put w = u — Av?. A simple calculation gives
Ay = Ayt — Aov” "1 A0 — Ao (0 —1)| V0?0772 > Ayju — Aao” A0
= o(j0) [~o™ + Ao ute]
+v-Vu— Ao’ la-V,0
=v-Vyw+0"" [—vql_UH + )\au‘h}
= v Vaw + o(p)o7 AT Ruf — %7,
Then

q2
o—1 o 12 o—1 ur - (/\1)‘7)
Cv u?2 — (/\v ) <o(u)v B Y E— < Aw—v-Vw. (11)

Now, we use a contradiction argument to prove (10). Suppose that

M=supw >0 (M < o). (12)
RN

Next, the proof splits into two cases:

Case 1: If there is y* verifying suppy w = w(p*) = u(p*) — Av’(p*) > 0, we have

ow , Pw, .
T%(ﬂ)zo and ﬁ(ﬂ)go 121,...,7’[.
This gives
V,aw(p*) =0 and Azw(p™) <O0.
In addition, the left-hand side of (11) at u* is positive, which is a contradiction.
Case 2: The supremum of w is attained at infinity.

Choose now ¢r (%, ¥) = ' (%, s ), where t > 0, ¢ is a cut-off function in C° (RN, with
=1 on By xBj, and ¢ =0 outside By X Byiiz.
So, we get

[Vagr? _ C 52
T S

and  |As(gr)] < < g - 13)

7o

Let wg = ¢rw, a compactly supported function. Therefore, there is g = (xg, yr) €
Oy, with

wr(pr) = maxwg(pu) — supw(p) as R — oco.
RN RN

Then
V,wr(pr) =0 and Azwg(pr) <O0.

Next, we take all the estimates at the point pg. Now, using the fact that V,wg (ur) =0,
we get

V,w = —¢g ' Voprw. (14)

Since A wg(pr) < 0, we obtain
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RO, < 2w | Vopr[* — wh,¢r. (15)

From (13) and (15), one concludes

=2
f

C
PrAzw < ﬁch w. (16)

Using (13) and (15), and the fact that

K
v < —Fy
0 T

we can deduce that for any x > 0, there exists a positive constant C depending only on x
such that

C, =1
lv- Vawpr| < R—gchf w. (17)

Recalling now that w = u — Av” > 0, and at pp, it is shown that

u2z  (Av7)%

wI2 wI2

>1, orequivalently A"7y7 — 727 > A7P2q02, (18)

Multiplying (11) by ¢r, and using (16)—(18), there holds
a2 C
" lwher < ﬁwch.
The sequence v(pR) is bounded, as o < 1. We choose

2
g2 —1

2
qz—lz? so that t =

we then get

Letting R — oo, we get suppn w = 0, which is a contradiction with (12). The proof is
completed. [

We proceed, like for the proof of the above lemma, to establish an inverse comparison
property.
Lemma 2. Let q > q1 > 1. Assume that (u,v) is a bounded positive solution of (1), which

satisfies Equation (3); we have

21
v < |lulld . (19)

-1
Proof. Putt = ||ul|"" and w = v —tu, . As gy > g1, we get

92
Mw—wvﬂzammm—M4=mMF”‘Qﬁw>'”@

> o6 [t — () ]

_ ot
= ol (HW —“‘“>

= o(p)[lufl & (- ToT —uh).

The rest of the proof is then obtained by Lemma 1. We then omit the details. [
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2.2. Integral Estimates

We now point out the following useful lemma.

Lemma 3. Assume that (u,v) is a positive stable solution of (1) with (3) verified. Then, for
v € CHRN), we obtain

-1 g1 2 1 2
V192 /RN o()u"7 v 2 ydxdy < E/RN ‘v'y—i—ZVZ'y dxdy. (20)

Proof. Let 7, ¢ € C}(RYN). We multiply the first equation in Definition 1 of stability by A’%

and integrate over RN, we get

2
n1¥, 2 :_/ Dp o o
7 /RN o(u)v o7 dxdy ]RN< il +v qu)—(P)dxdy.

A direct calculation gives

" Azﬁ” 2 'Yz _f 2 —1 ,)/2
/RN (7 +V'szp¢)dXdy—/RN (szsz(v ¢ )+v'Vz¢;)dxdy

¢
:/ (—(P‘ZIquvlzferquo‘leqo-sz+v~vz¢ﬁ)dxdy
RN ¢
B /]RN <+ (P_l’YVz(P(U')/ + ZVZ’y) - (p_2|qu)|272> dxdy.

Using the inequality 2ab — a?> < b?, we deduce that

2
1Y, 2
441 /]RN o(p)oh (p’)/ dxdy < /RN ‘v'y+2VZ'y dxdy. (21)
By the same argument, we also have
4 / (012 dxdy < / ‘1/ + 2V, dxd 22)
q2 RNQV lP'Y I/f'RN Y zY Y.

Adding the inequalities (21) and (22), we obtain

2
dxdy. (23)

' n-1¥. 2 19,2 1/
/RNQ(V)(Wl o7 T lpv)dxdyéz . \WHVZW

Denote

20()y/ a0~ a1 < () (qw%‘l%vz + qzu‘”‘l%ﬁ)- (24)

Combining (24) with (23), we readily get the estimate (20). O

We will use also the following integral estimates for all solutions of (1), where (3)
is satisfied.

Lemma 4. Assume that g, > qq > 1 and (3) holds. There exists C > 0 for any solution (u,v) of
(1) such that

/ o(u)vdxdy < CR™, where v1:=G, —q1f— %p and R >1. (25)
Qr

/Q o(p)ut2dxdy < CR", where 7, := G} —qon — gp, (26)
JRAIR
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where

O VI 10/ VS
. '

Qg := Bg X Bgiiz, Lt [p2ED) T, g ,
k= Br X Bria, () = (14 P P s

Proof. We use the cut-off function 0 < & € C°(R) < 1, satisfying

&=1 on [-1,1], and & =0 outside [-2'+(-Dz21+(k-1)2) wwhere k=1,2.

For R > 1, put ¢r(x,y) = ¢1(5)32( Rlyﬂ ), we can easily see that

C C
|Vx¢R| < R and |VylpR| < Ritz’

C

C
|Axpr| < RZ and |Ay¢R| < R2(i2)

Multiplying
—Agu+v-Vau=o(u)oh,

By %, and integrating by parts, there holds

3 Cn
qlmdd:—/ Ay (" -Vzmdd<—/ m2gsdy
o, elomyaxdy = [ u(Bo@) +v- Valgh) )dedy < gz [ wg vy

where
QQR = B2R X B(2R)1+z.

Let qlz + % = 1. Applying Holder’s inequality, we get then

_n 7 ~
/ (e(m) ™ dxdy} " x < / e(u)uqz%(amz)qzdxdy> "’
QQR QZR

Ni+(1+z)Ny  p

1

7 -2 - 2

<CR % [ (/Q Q(y)uqzlpgﬂ Z)Qdedy) 12
2R

C
Nydxdy <
/QZR@(MU Yraxdy < o5

Now, we multiply
—Ao4v-Vau = o(p)u®,

by 1/;% with k > 2 and we integrate by parts. By Holder’s inequality, we have

NNy p S

7 2 -
[, elmutyhdxdy <cr T </ o(m)oN yg ”"ldxdy) '
QZR QZR

where qll + qi, = 1. Taking large k and m such that m < (k —2)g; and k < (m — 2)qp, in
1
view of the two above inequalities, we get

/QzR (n)oNygdxdy

Ni+(1+2)Ny o Ni+(1+2z)Ny  p 1 L
! ( 7 7ﬂ72) 73 (/ Q(y)zﬂl ¢§{k72)q1 dxdy) 142

Mor
1
Ny +(+z)Ny  p(qg+1) q2+1 919
< CRN1+(1+Z)N2 2 M (/ Q ZJ%l[J dJCd]/) 1 2'
MR

<CR % 2 "R

So, we obtain

/ o(pu)vdxdy < / o(p)oNyRdxdy < CRG:—MmB—5p
MR MR



Mathematics 2022, 10, 252 90f17

Finally, using the same argument as above, we obtain the estimate (26). [

We need the following integral estimate for u, which is crucial to deal with the case
1<q < %

Lemma 5. Let (u,0) be astable solution of (1), 1 < q1 < min(3,q2), and (3) is satisfied. Assume
that u is bounded; we have

/Q o(p)v*dxdy < CR™, (27)
R

where

2010\ 72D 22+ p)(2— . w
Qg = Br X Bpitz, o(p) := (1 + || H=HY ) M and s = — (‘114“)21(2—2%)’ M =Gz —mp—5p

Proof. Take g (x,y) = &(%, =i+ ), where ¢ € C®(RY) is a cut-off function satisfying

'R
¢=1 on By xB;, and ¢=0 outside By X Bjz.

Multiplying

—Av4v- Vo =o(p)u,

by vy7% and integrating parts, we get

/]RN |V 0| ?nhdxdy = /]RNQ( YuTvs.pidxdy + 2/ AZ(WR) +v- Vz(iyR)>dxdy.

Using Lemma 1, we get

g +1 p-1 gq1+1
/RN Vo0 nrdxdy < \/Zf 3 /RN oW T v 7 vypdxdy + 5 / (82 (nR) + v+ V() ) dxdy.

Set v = vs.yjr in (20) and integrating by parts; we obtain

\/M/ o(p uzvzvndxdy

/ VUS.R +2Vz(wyR)‘ dxdy
( V2 olik +4(Vz(v;7R))2‘>dxdy+/RN ’U~VZ(’(JT]R)Z)17R’dxd]/

4
1
4
1 1
/ |V 0 nkdxdy +/ v? 71/20217123 + |VZ17R|2) dxdy — 2 Jan 02 A, (17%)dxdy

+ §/RN‘V'VZU77R ‘dxdy

IN

Combining the two last inequalities, we obtain

+1 a1
<\/qzq1— ZT+1> /RN oo 0"t pkedxdy < 2/ <v202n2+2lvzmz| +v-V, (sz))dxdy.

We assume that g = ¢ with m > 2. Using Lemma 2, we get

C 3
L elmotngRiardy < o [ oot gR 2y, (28)

Jo+q1+2
2

where g9 = . Denote
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Ji = /R oo gRdxdy,  Jp = /RN o(p)o* 9" *dxdy.
As g1 > qp, weobserve thatq; <2 < ggforl < g; < %. A simple calculation yields

q2+4q1—2

2=qA+q(1—A) withA =
mA+q0(1—A) p——

€ (0,1).

Since we assume that m large with mA > 1, from Holder’s inequality, Lemma 4, and
according to inequality (28), we have

1-A 2mA—2 A Ch \'™* A
<Ji~ (/RN o(u)v" er™" dxdy> < <R2+p> (/QZR Q(y)vqldxdy>

< C/]‘Zlf/\Rf(2+p)(1f)L)R)\’yll
which gives

v _ 2(24p)(2—q1)
Jo <CR™ “mtmtr

where 7 is given in Lemma 4. So we are done. [
We need also the following technical lemma, which plays a crucial role in establishing

Theorem 2 and Proposition 1.

Lemma 6. Assume that (u,v) is a stable solution to (1) with p > 0, and (3) is satisfied. There
exists C < oo such that for any n > @ verifying P(n) < 0, we have

C
uPo ldxdy < = / o dxdy, (29)
‘/BRXBR]+Z Q(V) y R2 B2R><B(2R)1+Z y
where
o4 af o fi+qp+2
P(n):=n 16q1q2[3 (n + P n [5>' (30)

Proof. Set ¢ € C3(RN). Let (1, v) be a stable solution of (1); we integrate by parts to get

2
/RN \Vzu%ﬁrpzdxdy = % /RN u$ TV uPp?dxdy

_ (S + 1)2 2 s

T RN(P Vo (u®)Vudxdy
_ (S+1)2/ 5001 42
=g Jp Qw0 dxdy

+ S;le /H%N ”S+1(Az(¢2) +V'Vz(¢2))dxdy,

1 1
(s+1) /R PV gdrdy = /R o VYV () dxdy = > /]R T A (97 dxdy,
and

. s 42 _ . s+1y 2 _ s+1., . 2
(s—i—l)/RNv Vuu dxdy—/RNv Vo (u)p dxdy = /RNu v Vg (¢~ )dxdy.

We now apply the stability inequality (20) for y = u E ¢ withs > 0and ¢ € CZ(RV, [0,1]).
In view of the above equalities, we deduce that
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-1 n-1
NGITR /RN o(yu = v 2 wtlp?dxdy
1 s+1 s+1 2
<1 551 st1
< 4/RN‘1/14 T p+2V,(u? 4))‘ dxdy

1 2 sl 1
<1 s+1 .2 / 2 7/ ] s+1 .2
< 4/RNV wHp?dxdy + . (Vo (uz @) dxdy—|—2 - ‘v Vo (u"te )’dxdy
2

< (s+1)

T,/RN Q(V)usz;‘71¢2dxdy+C/RN u5+1 |:U2(P2+|Vz¢‘2+Az(¢2)+V‘vl(¢2):|dxdy.

So we get

by /RN o(u"™r 0" u g ddy
<.

/RN o(u)u* oM ¢*dxdy + C /]R N [v2¢2 V2?4 Ag(9?) + v - vz(qﬁ)} dxdy,

where by = 4(SSV+‘711)ZZ. We choose ¢(x,y) = &(%, zi), where 0 < & € C2(RY) < 1,isa
cut-off function satisfying

¢=1 on By xB;, and ¢ =0 outside B X Byis.

A direct calculation gives

V29| <

=0

and |A,(¢?)| <

2o

Hence,

2=
2

o 2l a-l ot 0 1 S 1 52 C
L .—/]RNQ(]J)L[ VT u (pdxdyga/RNg(y)uvlcp dxdy—i-ﬁ/B

2R X B(ZR)1+Z

u$ dxdy.

If we now invoke (20) with v = o' ¢, t > 0, it follows from I; that
12 :

-1 -1 F41 .2 1 Got 42 C i1
/RNQ(V)u Ty 2 v dxdygb—z/RNQ(y)u 20'¢ dXdy—i_ﬁ/BszB v dxdy,

(2R)1+2
. 4t/ .. . .re
with by, = (t ; +q11)q22. Combining the two last inequalities, we have

2(t+1)

Li+byn*' I

1 S 42 2t+1—qq
— 1 +1
< b /RNQ(y)u vlp“dxdy + by 1

/RN o(u)uv'¢?dxdy (31)
C
+— w4 ot ) dudy.
R? BZRXB<2R)1+Z ( ) Y
Fix
_(p+tDp  q2—q . _(+D(p+1)
BT P or equivalently s+1= S (32)

Lett > ? We apply Young's inequality, and from (32), we get then
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2(t+1)

by ¥t I <

1 p-1 g -1 (G241t ﬂ2+1<1*ﬂ1) q1+l

— woh p?dxdy = 1 W Ty T\ 2 dxd
by JrRN er ¢ =% RN el 7 ¢ Y
1 1

-1 gq1-1 2t41-qq q1+1

:bl/Ne(#)uTvT G2 oM Py
1 JR

2t +1— -1 ;-1
< (tfl)ql/uw o(wu 7 v 7wt p?dxdy

2(t+1)

g+l =5 / LA )
+ 2(t+1)b RNQ(y)u v 7 v ¢tdxdy

2 1 o 1 2(t+1)
Al gy, ML ety
2(t+1) 2(t+1) 1

and similarly

2t+1—¢g1

by T /Ne(u)uqzvt¢2dxdy <
R

q+1 A+1-qr, 2y

2(6+1) ' 2(t+1)

We insert the two above estimates in (31), and we get

2t 41— 7 2(t+1) q1 + 1 —2(t+1)

C
byl 4 b | bt [ w1 4 ot dxdy.
2(6+1) 2 2(t+1) } 2T RE Jpyen ( ) y

(2R)1+z
Combining (32) and (9), we obtain

-1 g-1
Wl <Cotl and w7 v oz oftl > unot,

We get then
2(t41)

2(t+1)
{(blbz) ntl 1] / u2ot p?dxdy < CR_zblq1+1 / o dxdy.
RN BZRXB

<2R)l+z

g +1
2(t+1)

Hence, if b1b, > 1, we conclude then

~/BR><B

Denote n — 1 = t; we deduce that if b1y > 1and n >

o(p)umo'dxdy < /RN u2vt p?dxdy < %/ o' ldxdy.

(R)]+z BZRXB(ZR)1+Z

{h +l

/ o(p)u2v" dxdy < = ¢ v"dxdy.
BR B )iz R?

Bog x B(ZR)1+Z

Furthermore, we can verify the equivalence between b1b, > 1 and P(n) < 0. So we
are done. [J

We change the variables m = (g) n in (7); a direct calculation gives
Q(m) = (ﬁ)4P(n) where B = g2 +1)
2 7 q1q2 — 1 7

and P is given by (30). Hence Q(m) < 0if and only if P(n) < 0. Moreover, using Lemma 6
in [15], we have the following remark.

Remark 2.

o Let1 < gy < qp, then P(2) <0, and P has a unique root ng in (2,00) and 2kj < no.
o Ifqq > 3, then P(q1) < 0and ng is the unique root of P in (qy,00), hence mo = (g)no.
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e From Remark 3 in [6], we get
mo > pk§ >4, Vg >q1 > 1

*  Obviously 2k, < q1ifq1 > %. Indeed, if g1 > %then g2 2> q1 > %anda) = a2t 19—6.

Since g(@) := /@ — \/@ — /@ is decreasing in @; there holds 2k, = 2g(w) q:rzlf(lg—é) =
3 <aq.
3. Proofs of Main Results
Let 0 < 77 € C®(RY) < 1 be a cut-off function satisfying
n#=1 on By xB;, and 7 =0 outside By X Byiz. (33)

The proof may be divided in three parts.

Step 1. There exists a constant C > 0 such that for any smooth function # > 0, and

%

0, = %, we have

1
( / h29zdxdy> " < crG:(d-1)+2 / |V h|2dxdy + CRS: (5 71) / Wdxdy, (34)
Qr Mor

Mor

where
sz’R = BIX/R X B(“/R)Prz with, o > 0.

Indeed, employing Sobolev inequality [14] and integrating by parts, we get

26, ﬁ 26, ﬁ
262 dxd < / hi) 2= dxd
(/Bl ><Bl * y) - ( BZXle+z ( ’7) * y)

1

2
c/ Vo (hn)|>dxd
(Bszszl (hn)] y)

2
c [ / (|vzh|2n2 + 12V - hAz<n>)dxdy]
BZXle+z 2

IN

1
2

IN

So, we obtain

1
" 0z
( / hZGdedy> <C (1Y + 1) dxdy.
B1 ><Bl B2><321+z

Making use of scaling argument, we get the inequality (34).

*

Step 2. There exists a positive constant C > 0 such that for any 0, = % and
2k, < ng, there holds

1
0z *
</ vnoezdxdy> S CRGZ(é_l) / Z)nodXdy. (35)
Or MR

In order to prove this, for 2k, < 1, in what follows, taking

N‘é

h=v
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Set yr(x,y) = n(%, Rly“ ), where 7 is given in (33). By a simple calculation, we
obtain readily

/ |V h|*dxdy < C / 0" 72|V 0| n3dxdy. (36)
D QR D QZR
Multiplying
—Av4v- Vo =o(p)u,
by v"0~ 5% and integrating by parts, we derive

(no — 1)/ 0"0 72|V o) 2% dxdy
MR 37)

= o(p)v™u2yddxdy — l/ V-V (0"0)y% —2/ NRO™ IV 40 - Vanrdxdy.
QZR QZR

(97523 no

Using Young’s inequality, we obtain

2/ 0"V ,0|| Vg | prdxdy < o — 1 / 0" 2|V 0| n3dxdy + C/ 0" |V g |2dxdy.
MR 2 MR MR
Substituting this in (37), and by inequality (36), we get
2R

3 -~ 3 B C
/OR |V h|?dxdy < /QzR 0" 2|V 0|2 y%dxdy < C /QzR o(p)v" tut2yddxdy + 2 /Q v"0dxdy.

The inequality (34) and Lemma 6 give the estimate (35).

Step 3. Let g € (2k,, np), then for any 6, = G?—Ez and g < n,,0,, we deduce that there
exists a positive constant C > 0 with

X 1
nmOz x(_1_ 1 q
(/ Unmezdxdy> < CRGZ(WJGZ ) (/ zﬂdxdy) q, (38)
Qg QRm

QRm = BRm X B(Rm)1+z Wlth, m > 0.

where

We know that 2k; < g1, from Remark 2. We choose a real number g > 0 such as
2ky < q<q1.
Let m be a non-negative integer satisfying
q00 1 < ny < g7
We construct an increasing geometric sequence given by
ny =gk, ny=qkby, .., ny = qk9;”_1,

where
2ky <np <np <, ., < My < .

Here we choose the constant k € [1,6,], such that n,, is arbitrarily close to ng. Set
n = 2"R. From the inequality (35) and by using an induction argument, we get then
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1

1
nmbz m
</ ”’"ezdxdy> < CR®- (s~ ”’”dxdy)
Qr

1
n 0z
=CR nmﬂz n / ”m—lezdxd ) m=1
( (O)] Y
1 <

1 (39)

"1dxdy> "
1

< crS (s %) (/ zﬂkdxdy> "
QRm

where )y := By X B()1+.. Now, using Holder’s inequality, there holds

< C 71m9z n

1—k

5 £ £
gk 0z z
</ zﬂkdxdy> < </ U"oldxdy> / dxdy
Qr,, Qr,, BRr XB(Rm)l+s

1
k *
<C < / qudedy> " crGH1-)
Og,, (40)
< crS (5~ 7) (/ vqudxdy) "
QRm

Then, we combine the last tow inequalities to get the result.
We are now ready to prove Theorem 2.

3.1. Proof of Theorem 2

Let1 < g1 < gp and (1, v) be a stable solution to (1), where (3) is satisfied. We divide
the proof into two cases:

Case 1: q; > %. Let g1 > g > 0. From (25), Holder’s inequality implies

11

. 4 . . Tar
n 2(z+1)(91—4)
Adxdy < / oM dxd ) x / 1+ [|e] 2= D) 7 dxd
./QR y ( 0, 2 y ( - ( ] ) y )
* ( 1) ( +1) - * (2 )( 1)
< CR {G N :1211; ql_qqllqz 1} 0 +(Gz qlpqq)qlth = CRGZ_ tlf‘izqur
Substituting this in (38), we then get
1
nmbz Gy B(2+p)
</ andedy> < CRmmbz ~— 2 : . (42)
Qr

Recall that 6, = % Since
G, <2+ (g) 2+ )10,
We choose k € [1,6,], such that n,, is close to ng. Then, (42) implies that
||U||an92(RN) = O, as, R — 0

ie., v =0in RN x RM2, This is a contradiction. Then, we deduce that (1) does not admit
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any stable solution if

G, <2+ (2+p)my where, my= (g)no and B=

Finally, Remark 2 implies that if G; < 10 + 4p, (1) has no stable solution for any
1
g2 2 q1 > 3.

Case2:1 < g < % and u is bounded. Let 0 < g < 2 and from (27), we derive

29
1 . m =
q 2 : / 2(z+1)\ 2@ D@
/QRZ) dxdy < </QR o(p)v dxdy) X < o (1 + ||l ) dxdy>

: - [ (£)orr 28+ (4)ow

< crmE(C25) S _ o

Substituting this in (38), we get

1 Gy B (2+p)(2—q1) , (B

nm0z ”n19z|:<2>q1+‘7+‘7_2+<4>q1p:|

(/ p'tmz dxdy) <CR 2 .
Qr

Proceeding as Case 1, we get the desired result. [

3.2. Proof of Proposition 1

Let u be a stable solution of (2) with g1 = g2 > 1. We can proceed like for the proof of
Theorem 2. By Remark 2, we can easily show that if kj > g; > 1 then 2k is the largest
root of

P(n) = n* — 1643n* + 32¢3n — 1647 = (n* + 4q1(n — 1)) (n — 2ky ) (n — 2k ),

withk(f =q1 £\/52 — ¢

So, we get

>4 forall g1 > 1.

The result follows directly by relying on Theorem 2. []

4. Conclusions

In this paper, we consider a class of weighted Grushin system involving the advection
term. Relying on Mtiri’s approach [10] and using the techniques developed in [17,19],
we gave a Liouville-type theorem for the class of stable positive solution under some
assumptions. Therefore, our conclusion of Theorem 2 and Proposition 1 can be viewed as
an expansion of previous works, which is therefore interesting and meaningful. For future
works, giving attention to [23], we believe that Theorem 2 can be generalised for systems
including advection terms with negative exponents and for fractional Grushin systems
involving advection term with exponential nonlinearity.
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