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Abstract: A set D C V(G) is called a dominating set if N[o] N D # @ for every vertex v in graph G.
The domination number 7(G) is the minimum cardinality of a dominating set of G. The proximity
7(v) of a vertex v is the average distance from it to all other vertices in graph. The remoteness p(G)
of a connected graph G is the maximum proximity of all the vertices in graph G. AutoGraphiX
Conjecture A.565 gives the sharp upper bound on the difference between the domination number
and remoteness. In this paper, we characterize the explicit graphs that attain the upper bound in the
above conjecture, and prove the improved AutoGraphiX conjecture.
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1. Introduction

We only consider finite, simple and connected graphs in the present paper. Denote by
G = (V(G), E(G)) the finite, simple and connected graph, where V(G) is the vertex set and
E(G) is the edge set. The open neighborhood of v is the set Ng (v) = {u € V(G) | uv € E(G)},
and the closed neighborhood of v is Ng[v] = Ng(v) U {v}. The degree dg(v) of a vertex v is
the number of edges incident with v in G. The minimum and maximum vertex degree
of G are denoted by §(G) and A(G), respectively. The distance of two vertices u and v is
the length of a shortest path between u and v, denoted by d(u, v). The eccentricity ¢(v) of a
vertex v is defined as ¢(v) = max{dg(u,v) | u € V(G)}. The proximity rt(v) of a vertex v
is the average distance from it to all other vertices in graph. Based on this, the proximity
7(G) and remoteness p(G) of a connected graph G denote the minimum and maximum
proximities of vertices in graph G, respectively. Namely,

m(G) = minyey(c)m(v) and p(G) = max,cy(c)7(v).

As we know, the transmission of a vertex is the sum of distances from it to all others in
graph. In other words, 71(G) and p(G) can be considered as the minimum and maximum
normalized transmission of vertices in graph G, respectively. For more excellent results on
proximity and remoteness, the readers please refer to [1-6].

The AutoGraphiX (AGX) is an automated system that is mainly used for finding
conjectures and extremal graphs for some graph invariant [7]. Aouchiche [8] presented
760 conjectures with regard to 20 graph invariants, and these invariants include proximity
and remoteness. Many conjectures on remoteness or proximity were proved. Each one
of proximity and remoteness was compared to the diameter, radius, average eccentricity,
average distance, independence number and matching number [9,10]. The authors proved
lower and upper bounds on the distance spectral radius using proximity and remoteness,
and lower bounds on the difference between the largest distance eigenvalue and proxim-
ity(remoteness) [11]. The difference, the sum, the ratio and the product of the proximity
and the girth were researched [12]. Four AutoGraphiX conjectures on the quotient of prox-
imity and average distance, the quotient of remoteness and girth, the sum of remoteness
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and maximum degree, the product of proximity and average degree were studied [13].
The upper bound on the difference between the average eccentricity and proximity was
determined [14]. The authors established maximal trees and graphs for the difference of
average distance and proximity(remoteness), as well as minimal trees for the difference of
remoteness and radius [15].

A set D C V(G) is called a dominating set if N[v] N D # @ for every v € V(G).
A classical upper bound on the domination number of G is presented by Ore [16] in
1962, that is v(G) < | %]. The domination number (G) is the minimum cardinality of a
dominating set of G. Although determining the domination number is NP-complete [17],
studies on domination number have attracted graph theorists for their applications and
interest [18,19]. Recently, we focus on the relationship between the domination number and
other graph invariants [20-23]. And this includes some AGX conjectures on domination
number. Furthermore, some other AGX conjectures about domination number have been
studied [24-26]. In this paper, we will continue to study the following AGX conjecture
which is related to the domination number and remoteness.

Denote by K, ; the graph of order n obtained from a complete graph K; by attaching a
pendent vertex to each of the b vertices of K;,, wherea+b=nand 0 <b <a.

Conjecture 1 (Conjecture A.565) ([8]).

5, 1 is even

O\‘U‘l

n is odd

+
G)—p(G) < 7
7(G) p()_{ +4%

N‘\N

with equality if and only if rad(G) = 2 and v(G) = | 4 ]. For instance, the equality is attained for
the graph Kpuy 1.

Based on the Conjecture 1, we will characterize the explicit graphs that satisfy the
equation in Conjecture 1, and prove an improved AutoGraphiX conjecture.

2. Results and Discussion
Lemma 1. If G is a connected graph with n < 6 vertices and yv(G) = | 5] — 1, then n > 4 and

4
G)—o(G)<{5
7(G) p()_{a b<n<s

with equality if and only if G is 4-reqular when n = 6, and G = K,, when 4 < n < 5.

Proof. Itis obvious thatn > 4 since y(G) = [5] —1> 1.

Letn = 6 and 7(G) = |5] —1 = 2. It is well-known that 7(G) < n — A(G) ([27]).
Then 6(G) < A(G) < n—(G) = 4. If §(G) = 4, then A(G) = 4. It implies that G is
4-regular, and thus p(G) = 7(v) = 1 - (1+1+1+1+2) = & where v is any vertex of G.
Assume that §(G) < 3 and v is the vertex with d(v) = 6(G) < 3, then ¢(v) > 2. Therefore,

[d(0) +2(n —1—d(2))] > 2.

0(G) 2 (o) = :

U‘I\’—‘

To sum up, 7(G) — p(G) < 2 — & = £ with equality if and only if G is 4-regular.
Let4 <n <5and y(G) = |5] —1=1. Then p(G) > 1 = p(Kj,), which implies that
7(G) — p(G) <0, the equality holds if and only if G = K,,. The result follows. [

. . +1-4(G
Lemma 2 ([28]). Ifa graph G has no isolated vertices and y(G) > 3, then y(G) < "f()
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Lemma 3. Let G be a connected graph of order n > 7 with y(G) = | 5] — 1. Then

5 + n 5, 118 even

7(G) —p(G) < %6—#% nisoddandn > 9.
-3 7

T n=

=

Proof. Assume thatv € V(G) is a vertex with d(v) = §(G). Since v(G) = 5] -1 >3,

one has that v(G) < M by Lemma 2. It follows that
3, ]
d(v) = 6(G) <n+1—29(G) = mEeeet .
4, nisodd

Thus e(v) > 2 and

p(G) > n(v) > d(v) +2(n —1—d(v)) > {; — 25, niseven

n—1 — 21, nisodd
Therefore
6 3 .
- + —=5, niseven
G) — G < 2 n—1’
1(6) —pl6) < {27+41, n is odd
75—1— n3 , niseven
< %64-%, nisoddandn > 9.

Y

This completes the proof. [

Lemma 4. Suppose that G is an n-vertex connected graph with 1 < y(G) < | 5] — 2. Then

> + n 5, Miseven
7(G) —p(G) < TM%, nisoddandn >9.
e nisoddandn <7
Proof. It is obvious that p(G) > 1. So
" n=6 s even TS + 5 n 5, Niseven

7(6) —p(G) < [5]-3= . "TfénL% nisoddandn >9.

55, nisodd i ‘
e nisoddandn <7

The result follows. [

Lemma 5 ([29,30]). A connected graph G of order n satisfies y(G) = | 5| ifand only if G € ¥ =
Ule &, where ;i =1,...,6, is the set defined in the following.

Let H be any graph with vertex set {vy, ..., vy }. Denote by f(H) the graph obtained from H
by adding new vertices uy, . .., uy and the edges viu;,i =1,...,k. Define )y = {C4,} U{G | G =
f(H) for some connected graph H}.

Let F = o/ UBand G = F — {Cy}, where o = {Cy,GL | i =1,...,6} and B =
{Ks, Gg) |i=1,...,4}, as shown in Figure 1 and Figure 2, respectively.
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Figure 1. Graphs in family <.
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Figure 2. Graphs in family 4.

For any graph H, let ¢(H) be the set of connected graphs, each of which can be formed from
f(H) by adding a new vertex x and edges joining x to one or more vertices of H. Then define
4 ={G | G = ¢(H) for some graph H}.

Let G € 43 and y be a vertex of a copy of C4. Denote by 6(G) the graph obtained by joining
G to C4 with the single edge xy, where x is the new vertex added in forming G. Then define
9y = {G | G = 6(H) for some graph H € 43}.

Let u,v,w be the vertex sequence of a path Ps. For any graph H, let & (H) be the set of
connected graphs which may be formed from f(H) by joining each of u and w to one or more vertices
of H. Then define % = {G | G = & (H) for some graph H}.

For a graph X € B, let U C V(X)) be a set of vertices such that no fewer than «y(X) vertices
of X dominate V(X) \ U. Let %(H, X) be the set of connected graphs which may be formed from
f(H) by joining each vertex of U to one or more vertices of H for some set U as defined above and
any graph H. Then define % = {G | G € %Z(H, X) for some X € % and some H}.

Definition 1 ([23]). Let G’ € W(K%) C % be the graph obtained from f(K%g) by joining
each of u and w to every vertex ofK%, and G € #(Ku_3,K3) C % be the graph obtained from

2

f(Kans) by joining each vertex of U = {x,y} C V(K3) to every vertex ofKans.

Denote by K, ; the graph of order n obtained from a complete graph K, by attaching a
pendent vertex to each of the b vertices of K;, wherea+b=nand 0 <b <a.
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Lemma 6. If G is a connected graph with order n(> 2) and v(G) = |5 |, then

; =
Oy oiC) < )2 g, nisevenandn # 4
1(G) —p(G) <9 ,55 ~
s, nisoddandn <7
"T*éq_%, nisodd andn > 9

with equality if and only if G € {C4Kyu | nis even and n # 4 } U (% — {GH}H U
{K%LL%J’G/’ GH | nis odd and n Z 9}.

Proof. Since 7(G) = [%],G € ¥ = U_; ¥ by Lemma 2.5. Moreover, the order is even for
the graphs in ¢ and odd for the graphs in US_, &; by the definition of &.

Claim 1. p(G) # 7(v;) forn > 2, wherev; € V(H),i =1,2,...,k, k = |V(H)| and H is the
graph in the definition of ¢. Since

L o)+ Y dus))

n—1 seV(G)\{u;v;}

1
= n_l[d(vi,ui)-f- Z
se€V(G)\{u;vi}
1

= — 1(171(01', u;j) +

m(u;) =

(d(u;, v;) +d(vi,s))]

n—2
n—1

g

d(v;,s)) +
se€V(G)\{u;v;}

n—2
7T(Uj) + m > 7T(Ui).

Hence, the claim is true. By the way, G = P, and 71(u;) = 7(v;) for n = 2. In what
follows, we prove the lemma in terms of the parity of n.

Case 1. nis even, that is, G € 4.

Let n # 4. Then G = f(H) for some connected graph H and |V(H)| = % by the
definition of ;. Claim 1 implies that p(G) = 7(u;,) for some iy € {1,2,...,k}. If G =
f(K%), then

p(G) = m(uy)
1
- m[d(”fv”’b” )3 (d(uiy, uj) +d(u;y,v;))]
J€{Lmio—Tyig+1,...k}
1

= 7[61(1/[1'0,?)1'0) + Z (Zd(uiorvio) + Zd(vio’ U]) + d(Z)]', u]))}

n-1 Je{lmio—TLig+1,0 k}
1 5n —8
IfG2 f(K%), then vsv; ¢ E(G) for somes, t € {1,---,5}. Thus
1 5n -8
> . N — .
p(G) > m(us) > p— [1+5(k—1)] 2 =1)

Moreover,
n 5n —8 n—>5 3
— < — — =

the equality holds if and only if G = f(Ku) = K x.

n
2
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Letn = 4. Then G € {Cy4, P4+}. And just by doing a direct calculation, we get that

4 2
1(G) —p(G) =2-7 =3

with the equality if and only if G = C4.
Case 2. nis odd, thatis, G € U%_, %

Subcase 2.1. G € %, where % = & + B — {Cy4}.
When G = K3 € %, we get that 7(G) — p(G) = 0.
When G € % — {K3} = {G2,G2,G2, G2}, one has that ¢(v) = 2 for any vertex v €
V(G). Then 71(v) = =2=20) 1t follows that p(G) = 2—2=2LS) — 3 and 4(G) —p(G) = L.
When G € 4 — £,

0(G) =17 ifGe {C?/G%/ G3,G7, G5}
3 IfG=G6;

by direct calculation. Hence, 7(G) — p(G) < 1 with the equality if and only if G €
(G}, G2, G3, G4, Gg}.
Inall, 7(G) — p(G) < 72 with the equality if and only if G € % — {G3} in this case.

Subcase 2.2. G € 4. Then G = ¢(H) for some connected graph H and |V (H)| = k = 7L
by the definition of 4.

In consideration of Kz 1| € 943, Where K(17, 13, is the graph obtained from f (K1)
by adding a new vertex x and edges joining x to every vertex of K| . Assume that
G = K( ERE Then Firstly, p(G) # m(v;), i = 1,...,k, by Claim 1. Secondly, for each
ie{1,...,k}, wehave that

1
w(u) = ——ld(u,x) +d(u;,v) + Y. (d(ui, uj) + d(ui, 0)))]
JE{ i i1, b}
1
5 2
T2 n-1 M)

Finnally, for the vertex x appeared in the definition of ¢3,

K 1 3
Z xvl +dxu)) m?}kzi (2)

Since 3 — 27 > 3 always true forn > 3, 7(G) —p(G) = 51 — (3 — -27) = 50 +
2
n—1-

Assume that G 2 Kf'%H’%J' Then vsvy ¢ E(G) or vyyx ¢ E(G) for some s,t,m €
{1,--+,k}. Combining with Equation (1), we get that p(G) > 7t(us) > 3 — -%; and p(G) >
t(um) > 3 — -24, respectively. As aresult, 7(G) — p(G) < 7(G) — m(us) < %58 + 2.

In brief, 7(G) — p(G) < “5° + -2+ with equality if and only if G = Kpay, -

Subcase 2.3. G € ¥,.
We notice that k = ”775 and a cycle C4 is mentioned in constructing 4. Let V(Cy) =
{¥,y1,y2,y3}, where y; and y; be the neighbors of vertex y in the cycle Cy4. It is obvious
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that 77(y3) is greater than 7(y1 ), 7w(y2), 7(y) and 7t(x), by the definition of 4. Therefore,
p(G) & {m(y1), ©(y2), ©(y), m(x)}. Furthermore,

k
n(ys) = nil[d(y3,y1)+d(y3,yz)+d(ys,y)+d(y3,x)+;(d(y3,uj)+d(y3,vj))]
=

k
= %{1 +14+24+3+ Zl[(d(yg,,x) —|—d(x/u]-)) + (d(y?”x) +d(X,Uj))]}
i=
ﬁ[ﬂk- B+2+3+1)]
9 11

2 n—-1'
with the equality if and only if {xv; | j =1,...,k} € E(G). And fori € {1,...,k},

w() = —[d(ug, %) + d (g, y) + A y1) + d(1tg, y2) + d (g, y3)

n—1

+d(uiivi) + Z (d(uil u]) +d(uirvj))}
jel1,.im1,it1,. k)

Y

1
243 +4+445+1+45(k-1)]

TS

2 n-v
the equality holds if and only if {v;x,v;v; | j=1,...,i —=1,i+1,...,k} C E(G). Consider-
ing |V(G)| > 7 for G € ¢4, and

{3—;_11<;+n4_1, if7<n<s
9 11 5 4 .
3—a1 >3t ifnz9,
we get that
o(C) > 342y, if7<n<8
- %_anl/ lfn>9/
which follows that
n—1 5 4 :
oy f7<n<8
CCRCREIR Pt S A
2 2 n—1’ =
< n—67 2
2 n—1

Subcase 2.4. G € %.

By the definition of %, one gets that V(G) = {u,v,w,vq,...,vk, uy,..., U}, where
k= "7_3 We analyze the proximity of all the vertices in graph G one by one.

Foreachi € {1,...,k},

Au) = — (A )+ du0) +dw) Y d(uys)]

n—1 SE{V1,e e U, U e Uy

> ﬁ[2+3+2+(5k—4)]
5 2

R ITET ©)
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the equality holds if and only if {v;u, v;,w, ;0] lj=1,...,i—1,i+1,...,k} C E(G). For
the vertex u of path Ps,

a(u) = nil[d(uv—l—duw f d(u,07) + (i, u;))]

j(1+2+3k)=%, @

the equality holds if and only if {uv; | i = 1,...,k} C E(G). Analogously, (w) > 3.
Moreover,

k

n(v) = ” i 1 [d(v,u) +d(v,w) + Y (d(v,v;) +d(v,u;))]
i=1
> j(l + 1+ 5k)
5 3
BT ©

and the equality holds if and only if d(v,v;) = 2,i = 1,...,k, thatis, uv; € E(G) or
wv; € E(G) foreachi=1,...,k.
Since max{3 — -21,3,5 — .21} =

Claim 1,

— 327 and p(G) # n(v;) fori = 1,...,k, by

NIl

2

p(G) n— 1 4
the equality holds if and only if (3), (4) and (5) are tight. Namely G = G’, where G’ is defined
in Definition 1. Otherwise, vsv; € E(G) or vyu ¢ E(G) or vyw ¢ E(G) or d(vv) > 2 for
somes, t,m,k,1 € {1,--- k}. It follows that p(G) > m(u;) > 3 — where i is equal to
s,m, k and [, respectively. As a result,

%

5_
2

n—17

n—1 5 2 n—6 2
— < — = =
Y(G) —p(G) < 5 5t >t

with equality if and only if G = G'.

Subcase 2.5. G € %;.
By the proof of Lemma 3.4 in [23], we derive that |U| < 2, where U is the set in the
definition of %.

Subcase 2.5.1. X = Kj.
In this case, p(G) # 7t(v;) still holds by Claim 1 fori =1,...,k, and k = 32,
Suppose that s € U and s* € V(K3) — U. Similar to the proof of Claim 1, we can
obtain that 77(s) < 7(s*), and thus p(G) # 7t(s).
Besides,

* 1 * k * *
(s = gl L A+ (A, v) + (s u)]
SV (Ky) {57} i=1
1 5 3

(6)
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with the equality if and only if {sv; | i = 1,...,k} C E(G). Furthermore, for each i €

(1,...,k},

) = gl D d) e L) i)
zeV (K3 =

1
——[2+243+ (5k—4)]

5 2
= - 7
2 n-1 @
the equality holds if and only if
{svi,vivj\sell,|U|:2,]':1,...,i—1,i+1,...,k}QE(G).

Combining the inequalities (6) and (7), and using the analysis similar to Subcase 2.4,
we get that p(G) > 3 — -%; and

n—1 5 2 n—=~6 2
— < —_ — =
V(G —p(G) = 5= =3+, 7 Tuo1

with equality if and only if G = G”, where G” is the graph defined in Definition 1.

Subcase 2.5.2. X € U}, GL.
In this case k = ”T_S Foreachi € {1,...,k}, let

k
nil[z d(ul-,s)—l— Z d(ui,s*)—l—Z(d(ui,u]-)—i—d(ui,v]-))].

seld s*eV(X)-U i=1

m(u;) =

It is easy to know that d(u;,s) > 2 and d(u;,s*) > 3, so

m(uw) > (2|l +3(5 — [U]) + (5K~ 4]
1
> 4+ 9+ (k4]
5 1
A ®)

the equality holds if and only if {sv;, v;v; | s € U, [U| = 2,U is a dominating set of X, j =
1,...,i—1i+1,...,k} CE(G).
Lets € U. Then 71(s) = 17 [Y.ex d(s,2) + X5 1 (d(s,v;) +d(s,u;))]. If X = G}, then

k
w) = gl K )+ s ) + s )
zeGé i=
k

1
m[1 +142+2+ ;(d(S,Ui) +d(s,u;))]

(14+1+2+2+3k)

AV

-1

Nl W 3

©)
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with equality if and only if {sv; | i =1,...,k} CE(G). If X = Gé,l =2,3,4, then
1 k
nls) = o[ dls,2)+ Y (dls,0) +dls, )]
zeGé i=1
1
> m(1+1+1+2+3k)
3 1
Sl R ¥ (19

the equality holds if and only if {sv; | i = 1,...,k} C E(G) and s be the vertex with
d(s) =3in U.

Let s* € V(X)—U. Then n(s*) = +L[T.cvix) () d(5%2) + Thy (d(s*,v;)
+ d(s*,u;))]. Since e(v) = 2 for each v € V(GL),i = 1,...,4, which follows that &(s*) = 2.
Hence,

Y d(shz) = d(sT)+2(|V(X)| = 1—d(s%)) = 2[V(X)| - 2 —d(s")
zeV(X)—{s*}
> 2x5-2-3=5

with the equality if and only if d(s*) = 3. In view of d(s*,v;) > 2 and d(s*,u;)) > 3, thus

545 5 5
) > =2-_ .
)z T T o

Combine with (8)-(11), we obtain that p(G) > 3 — -L5. And 7(G) — p(G) < %51 —
+ 2 _n=6 + 1

-1 2 a1

In conclusion,

N1

n—1 5 2 n—=6 2

— < —_ — =
1(G) =p(C) = —— =3+, 2 Thod

with the equality if and only if X = K3 and G = G” by Subcases 2.5.1 and 2.5.2.
Here’s a quick rundown of the above proof. If n is even, then

%, n==4
n

%5 + 2n{21 nis even and n # 4

7(6) —p(G) < {

with equality if and only if G € {C4 Ky » | nis evenand n # 4} by case 1. If n is
odd, then 7(G) — p(G) < "3 + ;2 with equality if and only if G € {Kfyy, 2, G, G"}
by Subcases 2.2-2.5. And it is worth mentioning that for n is odd and n < 7, we get a
better bound in Subcase 2.1. Namely, 7(G) — p(G) < "2 with the equality if and only if
G € % — {G3}. Therefore,

7(G) = p(G) < {7143, nisoddandn <7

n—6 2 :
52+ 5=, nisoddandn > 9

with equality if and only if G € (% — {G3)}) U {Krs1,2,G",G" | nis odd and n > 9}
This completes the proof. [

3. Conclusions

Many of the AutoGraphiX conjectures were studied, but some of them remained
as conjectures. The existing research mainly focus on proving the correct AutoGraphiX
conjectures; improving the not-quite correct AutoGraphiX conjectures; disproving the
incorrect AutoGraphiX conjectures by counter examples. The aim of this note is to improve
the AutoGraphiX conjecture A. 565.
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Recall that 1 < y(G) < [ 5] 16] Lemmas 1, 3, 4 and 6 prove the upper bounds on
Y(G) —p(G) with1 < 4(G) < | 5] —2,9(G) = | 5] —1and y(G) = | 7], respectively. The
maximum value of 7(G) — p(G) can be obtained 1mmed1ately by comparing the results in
Lemmas 1, 3,4 and 6. It can not be reached for 1 < (G) < L | —2by Lemmas 4 and 6. But
it can be reached for v(G) = | 4] and v(G) = | 5] — 1 with n = 6, by Lemmas 1, 3 and 6.
On this basis, we are obtain Theorem 1 in the following, which implies that Conjecture
1 is not entirely true. In Theorem 1, we are improve the bound for n = 3,4,5,7, and
recharacterize the extremal graphs that satisfy the equation in Conjecture 1.

Theorem 1. Let G be a connected graph of order n(> 2). Then

2 n==4

n=5 4 2,1372, nis even and n # 4

G)—p(G) <1 2
7(G) —p(G) < 3 nisodd andn <7

”T_é—l—%, nisoddandn > 9

with equality if and only if G € {Cy} U {4-reqular 6-vertices graph, Ku n | n is even and n # 4

FU (% —{G3)}) U{Kruy, 1), G, G" | nisodd and n > 9}.

2

nn
272

In this paper, we present the sharp upper bound on the difference between the domina-
tion number and remoteness. AutoGraphiX conjectures A.566, A.567, A.568 in [8] give the
bounds on the sum, the ratio and the product of the domination number and remoteness,
which are still open. It is very meaningful to study the above conjectures. This research
method is, in all probability, available in the AutoGraphiX conjectures about the domination
number and proximity.
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