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Abstract: The exploration of gas pressure and its distribution in landfills is a principal concern
for the design and management of municipal solid waste (MSW) landfills. A one-dimensional
analytical model was proposed to simulate a vertical gas flow in a landfill with layered MSWs.
The transient analytical solution was obtained by the method of superposition and eigenfunction
expansion and verified by a semi-analytical solution and numerical simulation. According to the
results of a parametric analysis by the transient analytical solution, a vertical gas flow in landfills
can be simplified to a quasi-steady-state flow. A quasi-steady-state analytical solution for simulating
a vertical gas flow in a landfill with layered MSW is proposed. The quasi-steady-state analytical
solution showed good agreement with the transient solution. Both temporal and spatial variations
of the gas generation rate in MSW landfills were considered in the transient and quasi-steady-
state analytical methods. A comparison between the proposed quasi-steady-state solution and
the previously described steady-state solution showed that using the average gas generation rate
or the gas generation rate corresponding to the average age of the MSW layer in the steady-state
solution resulted in an error in the estimation of the gas pressure in landfills. The proposed solutions
are reliable and can provide a reference for the design, management, and subsequent restoration
of landfills.

Keywords: municipal solid waste; landfill gas; gas pressure; analytical solution; layered; gas generation

MSC: 34B60; 35K20

1. Introduction

Gas is generated through the degradation of organic components in municipal solid
waste (MSW) landfills. The landfill gas typically consists of 50–60% (v/v) methane (CH4),
40–50% (v/v) carbon dioxide (CO2) and small quantities of sulphur dioxide and volatile
organic compounds [1,2]. The escape of landfill gas into the atmosphere has adverse
environmental impacts and causes health hazards [3–5]. Additionally, a high gas pressure
might lead to the instability of the landfill [6,7]. Thus, a good understanding of the vertical
gas flow in landfills has become a principal concern for the design and management of
MSW landfills.

Numerous researchers have developed analytical methods to simulate the vertical
gas flow in MSW landfills. Townsend et al. [8] proposed an analytical solution for a
steady-state one-dimensional gas flow in landfills with horizontal collection systems.
Li et al. [9] presented a one-dimensional transient analytical solution for gas pressure
profiles in an MSW layer. Zeng et al. [10] developed a gas–solid coupling model to simulate
gas migration in landfills. To simplify the solving process, the landfills considered in these
studies were assumed to be homogeneous.
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A typical landfill is usually deposited in layers and requires decades to be filled.
During the construction of a new layer, degradation is already undergoing in the old
MSW [11,12]. Air permeability and gas generation in the old waste are much different from
those in the new layer [13,14]. The layered characteristics of MSW have been considered
in some numerical models of gas migration in landfills. Jung et al. [15] proposed two-
dimensional transient numerical models for the advective and diffusive flow of multiple
gas components in a landfill with layered MSW. Hettiarachchi et al. [16] developed a
one-dimensional transient numerical model to predict the settlement and gas pressures in
a bioreactor landfill with layered MSW. Zhang et al. [17] established a one-dimensional
transient numerical model to predict the gas pressure distribution in a landfill with layered
new and old MSW. Xie et al. [18] proposed a transient dual-porosity model to analyse the gas
pressure distribution in a layered landfill. Although the numerical methods can consider
the layered properties of landfills, analytical methods are more efficient for a preliminary
design and can offer fundamental insights into physical mechanisms. Therefore, this paper
focused on an analytical model of gas flow in a landfill with layered MSW.

Yu et al. [19] presented a one-dimensional semi-analytical model for the vertical gas
flow in a landfill with layered MSW. The solution was obtained in Laplace transform,
and a numerical method was used to perform the inversion of the Laplace transform.
The spatial variability of the gas generation rate in each MSW layer was not considered.
Li et al. [20] presented a one-dimensional analytical model for the vertical gas flow in a
landfill with layered MSW. Feng et al. presented a two-dimensional [21] and an axisym-
metric [22] analytical model to analyse the vertical gas flow in a landfill with layered MSW.
The gas flow in these studies was assumed to be a steady-state flow. The gas generation
rate in each MSW layer was simplified to be constant. However, the time- and depth-
dependent quantitative estimation of gas generation rate has been reported in numerous
studies [23–25]. To the authors’ knowledge, there are no analytical solutions for the vertical
gas flow in a landfill with layered MSW considering the temporal and spatial variability of
the gas generation rate.

The main objective of this study was to propose an analytical method for simulating
the vertical gas flow in a landfill with layered MSW. Temporal and spatial variations of the
gas generation rate in the MSW were considered. Firstly, a transient analytical solution was
obtained. As a simplification, a quasi-steady-state analytical solution was proposed. The
efficiency of the presented quasi-steady-state solution was verified by comparison with
the transient analytical solution and an existing steady-state solution. The work represents
a small but important advance that considers the temporal and spatial variability of gas
generation for the design of MSW landfills.

2. Model Development

The assumptions made to derive the mathematical formulation are:

(1) The landfill gas was assumed to be an equimolar mixture of CH4 and CO2 and
considered to behave as an ideal gas [23];

(2) Darcy’s law was applied to the gas flow, and gas diffusion was not considered [23];
(3) No external load was applied on the landfill, and the vertical stress with respect to

the change of time was equal to zero [26];
(4) The gas flow rate was much greater than the liquid flow rate in the landfill, and the

influence of the pore liquid pressure on the gas pressure was neglected [26].

The vertical flow of gas in landfills, as illustrated in Figure 1, was considered. The
mass balance equation for a gas in a unit cell of MSW is

1
V0

∂Ma

∂t
= −∂(ρavz)

∂z
+ qa (1)
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where V0 is the volume of the unit cell (m3); Ma is the gas mass in the unit cell (kg); ρa is
the gas density (kg·m−3); vz is the vertical flow velocity of the gas (m·s−1); qa is the gas
generation rate due to the degradation of MSW (kg·m−3·s−1).
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Figure 1. Schematic diagram of the vertical gas flow in a landfill with layered MSW (red rectangle
represents a unit of MSW).

The first-order decomposition rate model is widely used to predict gas generation in
landfills [27]:

qa = GTλe−λt (2)

where GT is the potential gas generation capacity (kg·m−3); λ is the degradation rate
constant (s−1).

To account for the different gas generation rates at different depths in a layer with a
linearly depositing rate, Equation (2) can be replaced as follows [23]:

qa = GTλe−λ(t+ h−z
h t f ) (3)

where t is the time elapsed since the emplacement of the layer (s); tf is the time it took to fill
the layer (s); h is the thickness of the layer (m).

The gas mass in the unit cell can be expressed as follows:

Ma = ρaVa = ρaV0n(1− Sl) (4)

where Va is the volume of gas in the unit cell (m3); n is the porosity of the unit cell; Sl is the
degree of liquid saturation.

Landfill gas is considered an ideal gas in MSW landfills. Therefore,

ρa =
uaω

RT
(5)

where ω is the average molecular weight of the gas (kg·mol−1); R is the universal gas
constant (J·mol−1·K−1); T is the temperature in Kelvin of the gas (K); ua is the absolute gas
pressure (Pa), which is expressed as

ua = ua + uatm (6)

where ua is the excess gas pressure (Pa); uatm is the atmospheric pressure (101.3 kPa).
Based on Darcy’s law, the vertical flow velocity of the gas can be written as
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vz = −
kz

ρag
∂ua

∂z
(7)

where kz is the vertical gas permeability coefficient (m·s−1); g is the gravitational accelera-
tion (m·s−2).

Substituting Equations (4)–(7) into Equation (1) yields

1
V0

∂Va

∂t
=

RTkz

uaωg
∂2ua

∂z2 −
n(1− Sl)

ua

∂ua

∂t
+

RT
uaω

qa (8)

According to Boyle’s law,

V0n(1− Sl)ua = V0n0(1− Sl0)u0 (9)

where u0 is the initial absolute gas pressure (Pa); n0 is the initial porosity of the unit cell; Sl0
is the initial degree of liquid saturation.

The variation of the excess gas pressure in a landfill with respect to uatm can normally
be neglected; ua is assumed to be constant. Therefore,

n(1− Sl) = n0(1− Sl0) (10)

The change rate of the gas volume in a unit volume of MSW can be obtained on the
basis of the unsaturated soil gas phase constitutive equation [28], that is

1
V0

∂Va

∂t
= ma

3
∂ua

∂t
(11)

where
ma

3 = ma
2 −ma

1 (12)

In Equation (12), ma
1 is the coefficient of the change in gas volume corresponding to

the main stress in the lateral confined condition (Pa−1); ma
2 is the coefficient of the change

in gas volume corresponding to the suction in the lateral confined condition (Pa−1).
Incorporating Equation (11) into Equation (8) gives

∂ua

∂t
= α

kz

g
∂2ua

∂z2 + αqa (13)

where
α = − RT

ω
[
ma

3u0 − n0(1− Sl0)
] (14)

A landfill consisting of a finite multilayer is shown in Figure 1. zi and zi−1 are the
upper depth and lower depth of the ith layer; zm is the upper depth of the entire landfill.

According to Equations (13) and (14), the governing equation of a vertical gas flow in
the ith layer is

∂ua,i

∂t
= αi

kz,i

g
∂2ua,i

∂z2 + αiqa,i, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (15)

where
αi = −

RTi

ω
[
ma

3,iu0,i − n0,i(1− Sl0,i)
] (16)

where ua,i is the excess gas pressure in the ith layer (Pa); kz,i is the vertical gas permeability
coefficient of the ith layer (m·s−1); qa,i is the gas generation in ith layer (kg·m−3·s−1); Ti
is the temperature in Kelvin of the ith layer (K); ma

3,i = ma
2,i −ma

1,i; ma
1,i is the gas volume

variation coefficient due to the net normal stress under the lateral confined condition in the
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ith layer (Pa−1); ma
2,i is the gas volume variation coefficient due to matric suction under the

lateral confined condition in the ith layer (Pa−1); n0,i is the initial porosity of the ith layer;
Sl0,i is the degree of liquid saturation in the ith layer; u0,i is the initial absolute gas pressure
in the ith layer (Pa).

The boundary conditions are dependent on the operating scenarios of the landfills.
The following operating scenarios were considered.

When a low-permeable cover is applied at the top surface of landfill, the boundary
condition on the top surface of the landfill is [19]

∂ua,m

∂z

∣∣∣∣
z=zm

=
Rt

zm
ua,m|z=zm

(17)

where Rt is the dimensionless property, as follows

Rt =
kz,czm

kz,mhc
(18)

In Equation (18), hc is thickness of the cover (m); kz,c is the vertical gas permeability co-
efficient for the top surface (m·s−1). Rt is dimensionless and reflects the drainage efficiency
at the top surface of the gas. The larger the value of Rt, the greater the drainage efficiency,
that is, the smaller the hindrance effect on the top surface. When Rt is equal to zero, the
boundary is absolutely impermeable to the gas, while when the Rt approaches infinity, the
boundary is fully permeable to the gas.

If a fixed gas flux is specified at the bottom, the boundary condition on the bottom
surface of the landfill is [8]

kz,1

g
∂ua,1

∂z

∣∣∣∣
z=0

= Jl (19)

where Jl is the gas flux rate applied at the base (kg·m−2·s−1). When the bottom surface is
absolutely impermeable to the gas, Jl = 0.

The continuity conditions of the adjacent two layers are

ua,i|z=zi
= ua,i+1|z=zi

, kz,i
∂ua,i

∂z

∣∣∣∣
z=zi

= kz,i+1
∂ua,i+1

∂z

∣∣∣∣
z=zi

, i = 1, 2, . . . , m− 1 (20)

In the transient model, the initial conditions can be expressed as

ua,i|t=0 = u0,i, i = 1, 2, . . . , m (21)

where u0,i is the initial excess gas pressure in the ith layer (Pa).

3. Transient Analytical Solution and Application
3.1. Transient Analytical Solution

The superposition method and orthogonal expansion technique were used to obtain
the analytical solution of the transient model (see Appendix A). The solution of the excess
gas pressure in the ith layer is expressed as

ui(z, t) = aiz + bi+
∞
∑

j=1

[
ci,j sin

(
βi,jz

)
+ di,j cos

(
βi,jz

)][∫ t
0 e−αi

kz,i
g β2

i,j(t−τ)Tq,j(τ)dτ + ϕje
−αi

kz,i
g β2

i,jt
]

(22)

where

a1 =
Jl g
kz,1

, b1 =
(

kz,1hm
Rtkz,m

− kz,1zm
kz,m

)
a1 −

i
∑

q=1

(
kz,1
kz,q
− kz,1

kz,q+1

)
zqa1

ai+1 = kz,1
kz,i+1

a1, bi+1 = b1 +
i

∑
q=1

(
kz,1
kz,q
− kz,1

kz,q+1

)
zqa1, i = 1, 2, . . . , m− 1

(23)
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c1,j = 0, d1,j = 1 (24)

The recursive relationship between ci,j, di,j and ci+1,j, di+1,j (i = 1, 2, . . . , m−1) are[
ci+1,j
di+1,j

]
=

[
Fi,jFi+1,j + χi,jFi,jGi+1,j Gi,jFi+1,j − χi,jFi,jGi+1,j
Fi,jGi+1,j − χi,jFi,jFi+1,j Gi,jGi+1,j + χi,jFi+1,jGi+1,j

][
ci,j
di,j

]
(25)

where

χi,j =
kz,iβi,j

kz,i+1βi+1,j
, Fi,j = sin

(
βi,jzi

)
, Gi,j = cos

(
βi,jzi

)
(26)

βi,j =

√
αmkz,m

αikz,i
βm,j (27)

βm,j indicates the roots of the following transcendental equation

Sm−1,j

[
0
1

][
Rt sin

(
βm,jzm

)
− zm cos

(
βm,jzm

)
Rt sin

(
βm,jzm

)
+ zm cos

(
βm,jzm

)]T

= 0 (28)

where

Sm−1,j =
m−1

∏
i=1

[
Fi,jFi+1,j + χi,jFi,jGi+1,j Gi,jFi+1,j − χi,jFi,jGi+1,j
Fi,jGi+1,j − χi,jFi,jFi+1,j Gi,jGi+1,j + χi,jFi+1,jGi+1,j

]
(29)

In Equation (22),

Tq,j(t) =
(

1
ψ

) m

∑
i=1

∫ zi

zi−1

[
ci,j sin

(
βi,jz

)
+ di,j cos

(
βi,jz

)]
αiqa,i

(
1
αi

)
dz (30)

ϕj =

(
1
ψ

) m

∑
i=1

∫ zi

zi−1

[
ci,j sin

(
βi,jz

)
+ di,j cos

(
βi,jz

)]
(u0,i − aiz− bi)

(
1
αi

)
dz (31)

where

ψ =
m

∑
i=1

∫ zi

zi−1

[
ci,j sin

(
βi,jz

)
+ di,j cos

(
βi,jz

)]2( 1
αi

)
dz (32)

3.2. Verification of the Transient Analytical Solution

Yu et al. [19] proposed a vertical gas flow model for a landfill with layered MSW.
The excess gas pressure of a landfill with two-layered MSWs was calculated by the semi-
analytical solution in Yu et al.’s study. The calculation example of the two-layered landfill
was adopted here. A schematic diagram of the landfill is shown in Figure 2a. The initial
excess gas pressure was assumed to be 0. The parameter ma

3 in this study was approximately
set to −1/E0 in ma

k of Yu et al.’s study. The other parameters were the same as those in Yu
et al.’s study. The values of the parameters are listed in Table 1. COMSOL Multiphysics is a
widely used software based on the finite element method [29]. COMSOL simulation was
used to verify the proposed transient analytical solution. The gas pressure at the bottom of
the landfill obtained by the proposed transient analytical method and COMSOL is shown
in Figure 2b. The relative error between the two methods was less than 0.5%. The analytical
solution agreed with the numerical solution very well. Therefore, the correctness of the
transient analytical solution was proved.

The proposed transient analytical method and Yu et al.’s semi-analytical method were
compared. The gas pressure at the bottom of the landfill determined by the two methods is
presented in Figure 2b. The results obtained by these two methods were in good agreement.
However, the mechanical compression of the solid skeleton was coupled with gas pressure
using the K-H viscoelastic model in Yu et al.’s study, while the unsaturated soils theory
of Fredlund and Rahardjo [28] was adopted in this study. Thus, the parameter α was
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different in the two studies, which resulted in a slight difference in the gas pressure at the
early times.
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Table 1. Model parameters used by Yu et al. [19].

Parameters Value

kz,1 (m·s−1) 5 × 10−7

kz,2 (m·s−1) 1.2 × 10−6

n0,1 0.5
n0,2 0.5
Sl0,1 0
Sl0,2 0
u0,1 (Pa) 0
u0,2 (Pa) 0
T1 (K) 310
T2 (K) 310
ma

3,1 (kPa−1) −5 × 10−20

ma
3,2 (kPa−1) −2 × 10−4

ω (kg·mol−1) 0.03
R (J·mol−1·K−1) 8.314
GT1 (kg·m−3) 100
GT2 (kg·m−3) 220
λ1 (year−1) 2.523
λ2 (year−1) 0.02523
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3.3. Application of the Transient Analytical Solution

The effect of the parameter α on the gas pressure was also investigated by the transient
analytical solution. Three groups of the parameters Sl0,1, Sl0,2, T1, T2, ma

3,1 and ma
3,2 are

shown in Table 2 and resulted in different values of the parameters α1 and α2. The values
of other parameters were the same as those in Table 1. It can be seen in Figure 3 that the
effects of the parameter α are only relevant for the early response.

Table 2. Parameters groups.

Parameter Group 1 Group 2 Group 3

α1 (m2·s−1) 177,365 147,858 217,613
α2 (m2·s−1) 177,365 147,858 217,613
Sl0,1 0 0 0.2
Sl0,2 0 0 0.2
T1 (K) 310 310 330
T2 (K) 310 310 330
ma

3,1 (kPa−1) 0 −8 × 10−4 −2 × 10−4

ma
3,2 (kPa−1) 0 −8 × 10−4 −2 × 10−4

On the other hand, Equation (15) can be rewritten as follows

1
αi

∂ua,i

∂t
=

kz,i

g
∂2ua,i

∂z2 + qa,i, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (33)

It can be seen from Table 2 that the values of the parameter αi were much larger than
1. Thus, the left side of Equation (15) approximated 0. This means that the time scale of
the gas flow dynamics within the landfill could be neglected, and the gas flow could be
approximated to a quasi-steady-state process, as follows

kz,i

g
∂2ua,i

∂z2 + qa,i = 0, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (34)
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4. Quasi-Steady-State Analytical Solution and Validation
4.1. Quasi-Steady-State Analytical Solution

Solving the ordinary differential Equation (34) by the direct integration method, the
quasi-steady-state analytical solution can be obtained as follows

ua,i(z, t) = − g
kz,i

Q2,i + riz + si, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (35)
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where
Q2,i =

∫
Q1,idz, Q1,i =

∫
qa,idz (36)

Substituting Equation (35) into the boundary conditions of Equations (17) and (19) yields

− g
kz,m

Q1,m|z=zm
+ rm =

Rt

zm

[
− g

kz,m
Q2,m|z=zm

+ rmzm + sm

]
(37)

− g
kz,1

Q1,1|z=0 + r1 =
Jl g
kz,1

(38)

Substituting Equation (35) into the continuity conditions Equation (20) yields

− g
kz,i

Q2,i|z=zi
+ rizi + si = −

g
kz,i

Q2,i+1|z=zi
+ ri+1zi + si+1 (39)

− g Q1,i|z=zi
+ kz,iri = −g Q1,i+1|z=zi

+ kz,i+1ri+1 (40)

Using Equations (37)–(40), ri and si can be determined in the form of matrices, as follows

C = D−1E (41)

where C, D, E are a 2n × 1, 2n × 2n, 2n × 1 matrix, as follows

C =
[
rm sm . . . ri si . . . r1 s1

]T (42)

D =



Dup . . . 0 . . . 0
Dn−1 . . . 0 . . . 0

. . . . . . . . . . . . . . .
0 . . . Di . . . 0

. . . . . . . . . . . . . . .
0 . . . 0 . . . D1
0 . . . 0 . . . Dlo


(43)

E =
[
Eup En−1 . . . Ei . . . E1 Elo

]T (44)

In Equations (43) and (44), 0 indicates a zero matrix,

Di =

[
zi 1 −zi −1

kz,i 0 −kz,i+1 0

]
(45)

Dup =
[
1− Rt

zm
zm − Rt

zm
0 0

]
(46)

Dlo =
[
0 0 1 0

]
(47)

Ei =
[

g
kz,i

Q2,i|z=zi
− g

kz,i+1
Q2,i+1|z=zi

g Q1,i|z=zi
− g Q1,i+1|z=zi

]
(48)

Eup =

[
− g

kz,m

Rt

hm
Q2,m|z=zm

+
g

kz,m
Q1,m|z=zm

]
(49)

Elo =

[
Jl g
kz,1

+
g

kz,1
Q1,1|z=0

]
(50)

4.2. Comparison of the Quasi-Steady-State and Transient Solutions

A new calculation example was proposed, in which the temporal and spatial variability
of the gas generation rate was considered. A landfill containing two layers of MSW and
an intermediate cover was considered. The landfill is illustrated in Figure 4. The height of
each MSW layer was assumed to be 10 m, and the filling of each MSW layer took 2 years.
The filling time of the intermediate cover was much shorter than the time required to form
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an MSW layer and was not considered in the study. A high mass fraction of food waste
was shown to result in a high liquid saturation of wastes in China [30,31]. The values of
porosity n and liquid saturation Sl were selected according to their common value range for
landfills in China. The gas permeability of MSW corresponding to a specific porosity n and
liquid saturation Sl was based on the experimental result by Shi et al. [32]. Two kinds of
boundary conditions on the top surface of the landfill were considered, i.e., with or without
the top cover. When there is no top cover, Rt approaches infinity. The thickness and vertical
gas permeability of the top cover are shown in Table 3. The initial excess gas pressure was
assumed to be 0 in the following analysis.
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Equation (3) was adopted to describe the gas generation in the two MSW layers. The
gas generation in the first MSW layer was as follows

qa,1 = GTλe−λ(t+2× 10−z
10 ) (51)

The gas generation in the second MSW layer was as follows

qa,3 = GTλe−λ(t+2+2× 21−z
10 ) (52)

Table 3. Model parameters.

Parameters Value

kz1 (m·s−1) [32] 1 × 10−7

kz ,2 (m·s−1) [21] 6 × 10−8

kz ,3 (m·s−1) [32] 3 × 10−7

kc (m·s−1) [19] 3 × 10−8

hc (m) [19] 1
n0,1 [30,31] 0.667
n0,2 [31,32] 0.333
n0,3 [30,31] 0.737
Sl0,1 [30,31] 0.8
Sl0,2 [30,31] 0.78
Sl0,3 [30,31] 0.75
T1 (K) [19] 310
T2 (K) [19] 310
T3 (K) [19] 310
ma

3,1 (kPa−1) [28] −6 × 10−4

ma
3,2 (kPa−1) [28] −6 × 10−4

ma
3,3 (kPa−1) [28] −6 × 10−4

ω (kg·mol−1) [8,23] 0.03
R (J·mol−1·K−1) [8,23] 8.314
GT (kg·m−3) [21] 138
λ (year−1) [21] 0.7
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All parameters are listed in Table 3. They were within the typical ranges suggested
from previous publications.

The evolution of gas pressure with time at the bottom of the landfill was calculated
by the transient analytical solution and quasi-steady-state analytical solution, as shown in
Figure 5a. The evolution of the gas pressure with depth at t = 1 year was also calculated
by the transient analytical solution and quasi-steady-state analytical solution, as shown in
Figure 5b. The relative error of the gas pressures (t > 0.006 year) determined using the two
methods was less than 0.5%. The results obtained from the transient analytical solution
and quasi-steady-state analytical solution were in good agreement. There was only a slight
difference in the gas pressure at an early time (<0.006 year). This demonstrates that the
quasi-steady-state solution can reliably estimate the gas pressure in landfills.
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Figure 5. Gas pressure calculated by the transient analytical solution and the quasi-steady-state
analytical solution. (a) Gas pressure changing with time. (b) Gas pressure changing with depth at
t = 1 year.

4.3. Comparison of the Quasi-Steady-State and Steady-State Solutions

When the gas generation rate qa,i in Equation (34) is a constant, the quasi-steady-state
governing equations become the steady-state governing equations. Li et al. [9] proposed a
steady-state analytical model for the vertical gas flow in a landfill with layered MSW. The
values of the gas generation rate in each layer at a certain time used in the steady-state
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model are the average values of the gas generation rate in the layer or the gas generation
rate corresponding to the average age of each layer.

The average value of gas generation qa,i was calculated as follows

qa,i =
1

zi − zi−1

∫ zi

zi−1

qa,idz (53)

The landfill in Section 4.2 was considered. The gas pressure was calculated by the
proposed quasi-steady-state solution and the steady-state solution by Li et al. [9]. As shown
in Figure 6, the steady-state model resulted in an error in the estimation of gas pressure. For
instance, the gas pressure at the bottom of the landfill without a top cover obtained by the
steady-state solution using the average gas generation rate corresponding to the average
age was 8.7% greater than that obtained by the quasi-steady-state solution, at t = 0.5 year.
The gas pressure at the bottom of the landfill with a top cover obtained by the steady-state
solution using the average gas generation rate was 8% greater than that obtained by the
quasi-steady-state solution, at t = 1 year. Thus, it is necessary to consider the variation of
the gas generation rate in the depth of a landfill in relation to the fill age when predicting
the gas pressure in MSW landfills.
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5. Conclusions

In this paper, a one-dimensional analytical model was proposed to simulate the
vertical gas flow in a landfill with layered MSW. Temporal and spatial variations of the gas
generation rate in the MSW were considered. A transient analytical solution was obtained
by the superposition method and the orthogonal expansion technique. A quasi-steady-state
analytical solution was also obtained by the direct integration method. Several conclusions
can be drawn on the basis of the adopted solution, as shown below:

(1) According to the results of the parameter analysis by the transient analytical solution,
the vertical gas flow in landfills can be simplified to a quasi-steady-state flow.

(2) The gas pressure values obtained by the transient and quasi-steady-state analytical
solutions were in good agreement. There was only a slight difference in the gas
pressure at the early times. The quasi-steady-state solution can reliably estimate the
gas pressure in landfills.

(3) Using the average gas generation rate or the gas generation rate corresponding to the
average age of the MSW layer in the steady-state model resulted in an error in the
estimation of gas pressure in landfills.

(4) The axisymmetric transient and quasi-steady-state analytical models for the gas flow
around a vertical well in a layered landfill can be proposed by extension of the results
of this paper.
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Appendix A. Development of the Transient Analytical Solution

Both the governing Equation (15) and the boundary condition Equation (19) are non-
homogeneous. To transform the nonhomogeneous boundary conditions into homogeneous
boundary conditions, a new function vi was introduced.

vi satisfies the homogeneous governing equation and nonhomogeneous boundary
condition as follows

∂vi
∂t

= 0, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (A1)

∂vm

∂z

∣∣∣∣
z=zm

=
Rt

zm
vm|z=zm

(A2)

kz,1

g
∂v1

∂z

∣∣∣∣
z=0

= Jl (A3)

The continuity conditions of vi are

vi|z=zi
= vi+1|z=zi

, kz,i
∂vi
∂z

∣∣∣∣
z=zi

= kz,i+1
∂vi+1

∂z

∣∣∣∣
z=zi

, i = 1, 2, . . . , m− 1 (A4)

vi can be obtained as follows
vi = aiz + bi (A5)
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Substituting Equation (A5) into Equations (A2)–(A4), ai and bi can be determined as:

a1 = Jl g
kz,1

, b1 =
(

kz,1hm
Rtkz,m

− kz,1zm
kz,m

)
a1 −

i
∑

q=1

(
kz,1
kz,q
− kz,1

kz,q+1

)
zqa1

ai+1 =
kz,1

kz,i+1
a1, bi+1 = b1 +

i
∑

q=1

(
kz,1
kz,q
− kz,1

kz,q+1

)
zqa1, i = 1, 2, . . . , m− 1

(A6)

The solution of ua,i can be obtained as follows

ua,i = vi + wi, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (A7)

The substitution of Equations (A1) and (A7) into Equation (15) results in

∂wi
∂t

= αi
kz,i

g
∂2wi
∂z2 + αiqa,i, zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (A8)

Using Equations (17), (19), (A2), (A3) and (A7), the boundary conditions of wi are as follows

∂wm

∂z

∣∣∣∣
z=zm

=
Rt

zm
wm|z=zm

(A9)

∂w1

∂z

∣∣∣∣
z=0

= 0 (A10)

Using Equations (20), (A4) and (A7), the continuity conditions of wi are

wi|z=zi
= wi+1|z=zi

, kz,i
∂wi
∂z

∣∣∣∣
z=zi

= kz,i+1
∂wi+1

∂z

∣∣∣∣
z=zi

, i = 1, 2, . . . , m− 1 (A11)

Using Equations (21), (A5) and (A7), the initial conditions of wi are as follows

wi|t=0 = u0,i − vi, i = 1, 2, . . . , m (A12)

The above nonhomogeneous linear partial differential Equation (A8) subject to the ho-
mogeneous boundary conditions can be solved using the method of eigenfunction expansion.

Let wh,i(z,t) be the solution of the homogeneous differential Equation (A8), which
is used to obtain the characteristic function. According to Equation (A8), the governing
equation of wh,i is

∂wh,i

∂t
= αi

kz,i

g
∂2wh,i

∂z2 , zi−1 ≤ z ≤ zi, i = 1, 2, . . . , m (A13)

According to Equations (A9) and (A10), the boundary conditions of wh,i are as follows

∂wh,m

∂z

∣∣∣∣
z=zm

=
Rt

zm
wh,m

∣∣
z=zm

(A14)

∂wh,1

∂z

∣∣∣∣
z=0

= 0 (A15)

Using Equations (20), (A4) and (A7), the continuity conditions of wh,i are

wh,i
∣∣
z=zi

= wh,i+1
∣∣
z=zi

, kz,i
∂wh,i

∂z

∣∣∣∣
z=zi

= kz,i+1
∂wh,i+1

∂z

∣∣∣∣
z=zi

, i = 1, 2, . . . , m− 1 (A16)

wh,i can be expressed as follows

wh,i(z, t) = Zi(z)Ti(t) (A17)
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where Zi(z) and Ti(t) are unknown functions to be determined.
Substituting Equation (A17) into Equation (A13) results in

1
αiTi(t)

dTi(t)
dt

=
1

Zi(z)
d2Zi(z)

dz2 = −β2
i , i = 1, 2, . . . , m (A18)

where βi is the separation constant.
Equation (A18) can be rewritten as follows

d2Zi(z)
dz2 + β2

i Zi(z) = 0,
dTi(t)

dt
+ αiβ

2
i Ti(t) = 0, i = 1, 2, . . . , m (A19)

According to the solutions for Zi(z) and Ti(t) in Equation (A19), wh,i can be expressed
as follows

wh,i(z, t) =
∞

∑
j=1

Zi,j(z)Ti,j(t) (A20)

where
Zi,j(z) = ci,j sin

(
βi,jz

)
+ di,j cos

(
βi,jz

)
(A21)

Ti,j(t) = e−αi,j β
2
i,jt (A22)

Substituting Equations (A20)–(A22) into Equation (A15) yields

c1,j = 0 (A23)

Without loss of generality, d1,j is assumed the be 1.
Substituting Equations (A20)–(A22) into Equation (A16) yields

βi,j =

√
αmkz,m

αikz,i
βm,j (A24)

ci,j sin
(
λi,jzi,j

)
+ di,j cos

(
λi,jzi,j

)
= ci+1,j sin

(
λi+1,jzi,j

)
+ di+1,j cos

(
λi+1,jzi,j

)
(A25)

kz,iλi,j
[
ci,j cos

(
λi,jzi

)
− di,j sin

(
λi,jzi

)]
= kz,i+1λi+1,j

[
ci+1j cos

(
λi+1,jzi

)
− di+1,j sin

(
λi+1,jzi

)]
(A26)

From Equations (A25) and (A26), the recursive relationship between ci,j, di,j and ci+1,j,
di+1,j (i = 1, 2, . . . , m − 1) are obtained as follows[

ci+1,j
di+1,j

]
=

[
Fi,jFi+1,j + χi,jFi,jGi+1,j Gi,jFi+1,j − χi,jFi,jGi+1,j
Fi,jGi+1,j − χi,jFi,jFi+1,j Gi,jGi+1,j + χi,jFi+1,jGi+1,j

][
ci,j
di,j

]
(A27)

In Equation (A27),

χi,j =
kz,iβi,j

kz,i+1βi+1,j
, Fi,j = sin

(
βi,jzi

)
, Gi,j = cos

(
βi,jzi

)
(A28)

Substituting Equations (A20)–(A22) into Equation (A14), a transcendental equation of
βm,j is obtained as follows

Sm−1,j

[
0
1

][
Rt sin

(
βm,jzm

)
− hm cos

(
βm,jzm

)
Rt sin

(
βm,jzm

)
+ hm cos

(
βm,jzm

)]T

= 0 (A29)

In Equation (A29),

Sm−1,j =
m−1

∏
i=1

[
Fi,jFi+1,j + χi,jFi,jGi+1,j Gi,jFi+1,j − χi,jFi,jGi+1,j
Fi,jGi+1,j − χi,jFi,jFi+1,j Gi,jGi+1,j + χi,jFi+1,jGi+1,j

]
(A30)
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According to the Sturm–Liouville theory [33], the characteristic function Equation (A21)
satisfies the following orthogonal relationship

m

∑
i=1

∫ zi

zi−1

Zi,j(z)Zi,p(z)
(

1
αi

)
dz =

{
0, j 6= p
ψ, j = p

(A31)

Based on the orthogonal expansion technique and the characteristic function obtained
above, wi is expressed as

wi(z, t) =
∞

∑
j=1

Zi,j(z)Tw,j(t) (A32)

The orthogonal expansion of qw,i can be expressed as follows

qw,i =
∞

∑
j=1

Zi,j(z)Tq,j(t) (A33)

where

Tq,j(t) =
(

1
ψ

) m

∑
i=1

∫ zi

zi−1

Zi,j(z)αiqa,i

(
1
αi

)
dz (A34)

Substituting Equations (A32) and (A33) into Equation (A8), an ordinary differential
equation is obtained as follows

dTw,j(t)
dt

+ αi
kz,i

g
β2

i,jTw,j(t) = Tq,j(t) (A35)

The solution of the ordinary differential Equation (A35) is obtained as:

Tw,j(t) =
∫ t

0
e−αi

kz,i
g β2

i,j(t−τ)Tq,j(τ)dτ + ϕje
−αi

kz,i
g β2

i,jt (A36)

Substituting Equations (A32) and (A36) into Equation (A12), ϕj is calculated using the
orthogonality of the characteristic function Zi,j(z) as follows

ϕj =

(
1
ψ

) m

∑
i=1

∫ zi

zi−1

Zi,j(z)wi|t=0

(
1
αi

)
dz (A37)
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