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Abstract: In this article, we study the existence and uniqueness of multiple positive periodic solutions
for a Gilpin—Ayala predator-prey model under consideration by applying asymptotically periodic
functions. The result of this paper is completely new. By using Comparison Theorem and some
technical analysis, we showed that the classical nonlinear fractional model is bounded. The Banach
contraction mapping principle was used to prove that the model has a unique positive asymptotical
periodic solution. We provide an example and numerical simulation to inspect the correctness and
availability of our essential outcomes.

Keywords: asymptotically; periodic functions; Gilpin—-Ayala prey-predator

MSC: 34D05; 34N05

1. Introduction of the Model

In 1973, Ayala et al. conducted tests on natural product fly flow to test the legitimacy
of ten models of competition [1]. The Gilpin—Ayala biological system is one of the fore-
most vital organic numerical models. One of the model’s best ways of bookkeeping for

exploration is given by [1]
U'(s) = ¢1(s)U(s) [1 — <i(é))>vl B cl(s)a‘g;))}

V(o) = aleti(o) 1 - (o2 ) ~aale) g .

wy(5) w1 (s)

M

As we all know, many competitive systems, including ecosystems, economic systems and
some social systems, can be described by the Lotka—Volterra model. When v, = v, =1,
system (1) changes into the Lotka—Volterra competitive model. In the past decade, many
generalizations and modifications to system (1) have been proposed and studied [2-10].

More so, many authors have taken into account several important factors in the Lotka—
Volterra predator-prey model in order to get a more realistic model. In [11], the authors
introduced a complex model presented by

Mathematics 2022, 10, 3655. https:/ /doi.org/10.3390/math10193655

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10193655
https://doi.org/10.3390/math10193655
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-5142-0396
https://orcid.org/0000-0002-5262-1138
https://orcid.org/0000-0002-5450-3127
https://orcid.org/0000-0002-6762-813X
https://orcid.org/0000-0001-5142-0396
https://doi.org/10.3390/math10193655
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10193655?type=check_update&version=2

Mathematics 2022, 10, 3655 20of 18

Ul(s) =

; , i=1,...,n

Z ajj(s % (s)
n

+;aij<s>uf“ff<s>— Y a(s)U; 7 (s)
f

j=m+1

@

Uj(s) = Ui(s) | bi(s) L i=m4+1,...,n

where U; is the size of the i-th prey population, and fori = m +1,...,n, U; is the size of
the i-th predator population and a;; > 0,7, j = 1,...,n, are the parameters that modify
the classical Lotka—Volterra model and they represent a nonlinear measure of interspecific
interference. Liao et al. investigated the two-species Gilpin—Ayala competition predator-
prey system using the harvesting terms as follows:

W = aeuE|1- (29) " —aw L] -,

o) w2(s) ©)
V'(s) = Za(s)U(s) |:1 - (L((f’s))) 2 —ca(s) cljl(( ))] 52/

where ;(s) > 0, w;(s) > 0, {; > 0, the functions ¢; € C([0,0), (0,00)) are A-periodic
functions, v; are positive constants for i = 1,2 and U, and V represents the number of
individuals in the prey and predator population [2]. On the other hand, in model (3), the
interaction between populations is assumed to be instantaneous, whereas in reality, this
interaction always has a delay time due, for example, to the time of maturation or the
gestation time of the population, for this, several authors have observed that it is more
natural to assume that the growth rate also depends on the past, which can result from
a variety of causes, such as the hatching period, the slowness of food replacement, or
the profit of the stock of food, which takes us to a functional differential equation with
delay or distributed delay [12-15]. Amdouni et al. considered the following Gilpin—-Ayala
competitive system with delays, distributed delay, feedback control, and the effect of a
toxic substance, which is given by the following model

U{(ﬁ) Z ﬂz] Vl] Z bz] 5 - Tz]( )) - hi(ﬁ)di(s)

_ici]’(ﬁ) (s V” Z/ 8ij(s, )& (s + 1) dn |, @)
= %

j#i
di(s) = Li(s) — fi(s)di(s) +ki(s) ;" (s),

where Vij, Oij, and wjj are positive constants, Sij (s,17) are nonnegative, pseudo almost
periodic functions with respect to s uniformly in 5 € [—qi]-, 0], and d;, g;, hi, 1;, ki, fi
are all nonnegative pseudo almost periodic functions defined in R. More so, in recent
years, many authors have used fractional theory for modeling many phenomena, such
as physics, biology, ecology, etc. [16-20]. The authors of [20] reviewed the basic ideas of
fractional differential equations and their applications to nonlinear biochemical reaction
models and applied the idea to a nonlinear model of enzyme inhibitor reactions with a
suggested method that provides a good step forward in understanding the model dynamics
in complex enzymatic reactions. Nikan et al., in [21], focused on an efficient meshless
numerical method for seeking accurate solutions to the nonlinear time-fractional fourth-
order diffusion problem:

dU(s, 1) 9PAU(s, 1)
oT oth

—0U(s,T) + A%U(s,7) = g(s,7) + G(U), (5)
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fors € Q C R?and 0 < T < T, under initial and boundary conditions U(s,0) = #i(s)
fors € Qand U(s,7) = AU(5,7) = 0,5 € 9Q for T > 0, where 0 < B < 1, 5(t1, 1)
stands for the space variable, 9Q) is the closed curve bounding the region, Q = Q) U 9Q)
represents the space domain, g(s, T) is the forcing term with sufficient smoothness, and A(s)
is a given continuous function. The symbols A and A? denote the Laplacian and double
Laplacian operators corresponding to the space directions, respectively. An improved
asymptotic expansion approximation was constructed, and the asymptotic expansion was
approximated numerically using the Runge—-Kutta methods and hybrid finite difference
methods in [22].

In addition, the fractional calculus yields an excellent description of the interactions
and changes in ecosystems. Furthermore, the fractional derivative is not a neighborhood of
the initial state but of the past state. For this reason, this theory allows us to describe a real
object more than any other theory. Motivated by the above, in this paper, we consider the
fractional prey-predator Gilpin—Ayala model given by

DY U(e) = Ule) [6(6) ~en (BJU™ () ~cnae) [ Gp)Vs-+) g — )],
D V(s) = V(o) |fale) — cnle) V(o) +enale) [ Lan)Ule 1)y — 0a(e)] ;
for s > 0. The initial conditions associated with system (6) are of the form:
U(s) = d1(s), V(s) = da(s), s€A=:][—q,0], (7)

where DY denotes the Caputo fractional derivative of order 0 < v < 1, ¢; € Cy(A);
that is,

Cp(A) = {cb €C(A) : dis bounded},

$i(s) > 0and o; > Ofors € A, $;(0) > 0, sup, ., di(s) < oo, fori = 1,2, and {1, (o,
C11, €22, €12, 1, @2 are all nonnegative S-asymptotically A-periodic functions with the
declaration in Table 1.

Table 1. The declaration of the symbols in system (6).

Symbols Declaration
S Time variable
U(s) Prey population density
V(s) Predator population density
1(s), 0o (s Natural growth rates
c11(s), c2(s) Intraspecific competition rates
c12(s) Predation rates
C1(s), Ca(s) Kernel functions with innite distributed delay
©1(s), 92(s) Manual control functions

The solution of System (6) with the initial values is equivalent to the following Volterra
integral equation

5 (g — -1
uE) = w0+ [T I U, Vi)

s (6 —n)Y—1
Vi) = a2+ [T sl uln, Vo) an,
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where
$1(s, U(s), V(s) = U(s) [a (5) - en(s) U™ (s)
. _
—cials) [ GV s+ n)dr - ei(s)],
—-q i
25 U(s),V(s) = V(s) [@(g) ~en(s)V2(s)
rente) [ LONUG DI - e].  ®

Our model is more complicated and accurate since the theory of fractional calculus has
received extensive attention. The importance of fractional calculus in our paper is to
describe the interactions and changes in ecosystems.

The rest of the paper can be sketched out as: In Section 2, we mainly introduce the
basic concepts, important and necessary propositions results of fractional calculus, and
S-asymptotically A-periodic with related assumptions. In Section 3.1, the positivity and
boundedness solution of system (6) is obtained. Model (6) is studied with S-asymptotically
A-periodic functions, coefficient, distributed delay, and control terms, which extends the
characterization of the ecological model. In addition, by Banach’s fixed point theorem, the
existence of an S-asymptotically A-periodic fractional Gilpin—Ayala predator-prey model
with distributed delay and a control term is obtained in Section 3.2. Further, we shall show
that the unique solution is globally asymptotically stable in Section 3.3. Numerical examples
and simulations are provided in Section 3.4. Finally, Section 4 provides a conclusion.

2. Preliminaries

We consider the space of all continuous and bounded functions ¢ : [s,,00) — R",
which is denoted by Cj([so, ), R") with the norm uniform as ||¢|| = sup, -, |b(s)|. The
space of r-order continuous and differentiable functions are presented by C’([s., o), R").
The fractional integral of order v > 0 of a given function ¢ is defined by [23]

2o = [ E pan, o2

Using the definition, the fractional Riemann-Liouville derivative of order 0 <y < 1 of ¢ is
defined as [23]

d os—n)7"

“DLo() = DN (L0) () = g | Tty ¢ dn.

The Caputo derivative with ordery > 0 of function ¢(s) € C"*+1([s,,00)) is defined as [23]

s _ p\ym—a—1
Do) = [T gy, s> s,

So F(m 71/)

where m —1 < y < m, m is a positive integer number, and I'(-) is the Euler’s gamma
function. The one-parameter and two-parameter Mittag—Leffler functions are defined as

+o00 5k +o00 3k
EvG) =Y mry Ev() = L ey
V(ﬁ) kg’)l"(karl) %Y(Z) kgor(vk"‘Y)

where the real part Re(y) of complex number vy is Re(y) > 0, 3 and ¥ are also both complex
numbers.
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Definition 1 ([12]). A function ¢ € C,(R™) is called S-asymptotically A-periodic if there exists
A > 0 such that
Jim [¢(s+2) — o(s)| = 0.

In this case, we say that A is an asymptotic period of .

We denote by SAP, (R) the space of all S-asymptotically A-periodic functions endowed
with the following norm

[bllx =sup e ?|b(s)], Ve SAPA(R),

5>0

where SAP, (R) is a Banach space [6].

Lemma 1 ([5]). Let ¢(s) € C(]0,00)) and 0 <y < 1 then the following inequality holds true
almost everywhere

DY |(s)] < sgn(d(s)) DY b(s).
Corollary 1 ([24]). Let ¢ € C([0,7]), SDY d(s) € C([0,7]) and 0 < y < 1. If
DY ¢p(s) > 0 (CDJ¢(5) < o), Vs € (0,7r),
then ¢(s) is a non-decreasing function (non-increasing function).

We consider the following assumptions
(A1) The kernel satisfies

Zi(s) < eMis, VseA w>0,i=1,2; 9)
(A2)
_ -1
R Y 1; 10
(G 12 L Te <L (10)
(A3)
+c12Mq{
St euMic, . (1)
Co M2 + @3
(A4)
1—e~ T 1 — e (m1-1)g
Cl_C11(1+061)M“1—SQ1—C12M[ ‘ ‘ } <1,
= H —1
(12)
B 0 B 1—e M2 ] — e (H2—1)g
Gy — (14 o) M — @, +C1oM <1,
= H2 Hp —1

wherg ¢, = infsen Oy, €11 = SUPgep €11, C12 = SUPgep C12,'§2 = infseﬁ {2, C0 = SUp, 5 €22,
0, = infsep 01, €11 = infgep €11, Cop = infgep 022, C1p = infsen C12, @i = SUp cp @i, ©; =
infsep @; fori =1,2 and M = max{Mi, M},

AN P N
My> (2], My>|24pm22—= / . (13)
€11 €2 H2Co

3. Main Results
3.1. Positivity and Boundedness of the Solution

First, we state the following lemma.

Lemma 2. System (6) with the initial conditions of (7) has a positive solution.
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Proof. Let X(s) = (U(s), V(s)) be a solution of system (6). First, we show that U(s) >
0, Vs > 0. Suppose that it is false, so we can find 51 > 0 such that

U(s) >0, s€l0,s1),
U(s) <0, s> 8.

Under the first equation of system (6), we get

=0.

5=561

DY u(s)

By Corollary 1, we obtain U(s;") = 0, which contradicts the fact that U(s; ) < 0. Therefore,
U(s) > 0 forall s > 0. Secondly, by the same way, we can obtain that V(s) > 0 for all s > 0.
This completes the proof. [J

Lemma 3. Under (A1)-(A3) there exists T > 0 such that
m<V(s), U(s) <M, Vs>T.

Proof. Let X (s) = (U(s), V(s)) be a solution of system (6). From the first equation of

system (6) we have
DY U(s) < U(s)(51(s) — enn (s)U™1(s)).

Suppose that there exists T; > 0 such that for s > Ty,
U(ﬁ) < M], (14)

or
U(s) > M. (15)

If Inequality (14) holds, then U(s) < M; < M for s > T; and if inequality (15) holds, then
fors > Tl, we get

€11

< —eU(s) (Mixl - Q)

11

DY U(s) < U(s)({a(s) — e (5)U™(5)) < —c11u<s><“°‘l<s>—gl>

Therefore, the comparison theorem (see [3]) gives
U(s) < U(0) Ey <—C11 (Mixl - ?>5y>-
€11

For s — o0, we obtain U(s) — 0, which contradicts the fact that U(s) > M;. Now, we turn
our attention to V(s). Suppose that there exists T, > T; such that for s > T>, we have

V(s) < My, (16)

or
V(s) > My. (17)

Then, V(s) < M, for s > T, > T; whenever inequality (16) holds, and then V(s) > M, for
s > T, whenever inequality (17) holds. By the second equation of system (6) we have
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C’DEYV(E) < V(s) (@2(5) — e (5) V2 (5) + c10(s) /Oq O(mU(s +1) d;y)

IN

_ I
—cppV(s)| V2 — & Cﬁ/ e"2TU(s+n)dy
Cxn L J—g

e C1o(1 — e H2
< —cppV(s) M§‘2——52 _M1C12( ") )
Coo W2Coo

The comparison theorem leads

V(s) < V(0) Ey <—c22 <M§‘2 - le - M1M>5V>.

€ H2E27
Similarly, we obtain that V(s) — 0 as s — oo, which contradicts inequality (17). Let
M = max {Ml,Mz},

then 0 < U(s), V(s) < M for s > T,. Next, we have to show that U(s) > mj. The first
equation of system (6) gives

CDYU(s) > U(s) (@1(5) - (cn(s)Mcxl +c1p(s)M /_OL7 Z1(n) dy + (01(5)>).
Let
D5 = 56)(g, - (enmes o= 15)), a0

N(s) = os), seA

By the fractional comparison principle (see [4]), we get U(s) > $(s). Now let us prove that
$(s) > my. Suppose that there exists T3 > T» such that for s > T3, we have

H(s) < my, (18)

or
H(s) > m;. (19)

If inequality (19) holds, then $(s) > mj for s > Tj. If (18) holds, then for s > T3,

_ _ 1—e 1 4
DY 5i(s) = H(s) <C11M°‘1 +ooM——+ @1) - —=1 ——— 1.
# Cll]vﬂSl + oM _Z] + 1
Therefore,
= x — 1—e M o
H(s) = ©(0)E (CuM 1—|—c12MT +(Pl>

X 511 i —11sY|, s>0.
M+ M—=— + 7,

By (A2), $(s) — co as s — oo, which contradicts (18). Consequently, there exists Ty >0
such that for s > Ty,
0<m <U(s) < M.
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Now, we have to prove that V(s) > mj for s > Ty. Suppose that there exists Ts > T, such
that for s > T5, we have
V(5 ) < my, (20)

or
V(s) > my. (21)

If (21) holds, then V(s) > mj for s > Ts. If (20) holds, then for s > T5,

g, +c12Mql, (1) B 1)

CphY = o —
DSV(s) >V 2
¥ V(s) > V(s)(coaM +<Pz)< M2 + 0,

Therefore,

+ c12Mg.
V)2 0a0) ([szM“2 +7) (M - 1))

for s > 0. For s — o0, V(s) — oo, which contradicts the fact that V(s) < my. Therefore,
there exists T > Ts such that m < V(s),U(s) < M where m = min{my, mp}. O

3.2. Existence and Uniqueness of the Solution
Lemma 4. Let $ € Cy([0,00),R), 0 <y < 1. Then

s _ -1
o o) = [T s

is bounded.
Proof. To prove the boundedness of |, we have to prove the boundedness of the intervals

[0,0], [0.20], ..., [np,(n+1)p], neN.

Let us prove the boundedness of ] in [0, p]. For s € [0, p], we have

N ) v 19l
1](s)| —/0 () 19(7)|dy < p )"
Therefore, -
K3)
< Y -1,
5561[101,‘)0] el <p T(y)

Hence, ] is bounded on [0, p]. Similarly, using the same method in [p, 2p], ..., [np, (n +1)p],
n € N, we prove that | is bounded. O

Theorem 1. Under (A1)-(A4). System (6) has a unique asymptotically A-periodic solution.

Proof. Let & : SAP\(R) — Cp([0,00), R) be the operator defined by

s _ -1
010+ [ LD 00, U, V)

5 _ -1
0200+ [ Dt ), V)

where §; and §; are defined by (8). Next, we prove the above theorem in two steps.
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Step 1: Now, we show that (EX)(.) € SAP\(R).

Let X = (U, V) € SAP\(R),
(EX)(s+7) — (2X)(s)
_ <(Ell)(5 +A) — (EU)(s))
(BEV)(s+A) — (EV)(s)
s _ -1
LT 0 U,V 0) = 81, U ), V)
-
S TR a0 A U+ 0, V01 4.20) = a0, U ), V)
On the other hand,
S1(n+ AU +N),V(n+X)) =Sy, U(y), V(1))
= U+ |2 = e+ WU +)
~eraly+) [ 200V A+ ) du— gy )
-q
0 S
~U() |2n) = en (U 1) =) | 10V du— ()]
= G+ MU ) = U]+ U)E (7 +3) — G )]
HUC)[01(7) — @10+ N] + 01 (1 + AU () ~ UGy + )]
UM (4 W) e (14 A) = eaa ()] + e () U421 (- 2) — U+ ()]
+/ 81 (0) [V + wena () [U ) — Uy +3)]
+U(y +A)Cu<n +N [V +u) = Vi +A+u)]
+V (g + WU +A) [era(n) = ey +A)] | du,
and

S2( + AU +A), V(g +2N) —F20n,U(n), V(n))

= VO [+ 8) = exal+ NV
0 S

+ealy+0) [ Ul +)du - ()
—q

V) [2a0n) = camVer) + xa() [ 20Uy + ) 02()

= L +NV+N =V +V)[G(n+2A) — ()]
+V()[e2(1) — @201 + M) + @207 + N[V (17) — V(17 +7)]
+VIT (g 4+ N)[exa (17 +A) — c22(7)]
+sz(17)[V”°‘2(17 +A) — Ve (y)]

+/ Zo(u
+v<n>clz<n)[ U+ ) + U+ A+ )]
HU(p + A+ 1)V () [—era () + cra( +A)]] .

U +A+u)ern(n +M[=V(y) + V(g +2A)]
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Since, ¥(s) = |pj — p5| are monotonically increasing functions, p1, p, > 0 and s > 1. Then

e ) — Ut )| < (T o) Uy +A) = U(y) M
VIR (p+8) = VTR ()] < (14 a)[V(p+A) = V()M

Since (1, G2, ©1, ®2, €11, €12, €22, U, V are asymptotically A-periodic functions, then for each
e > 0, there exists 5, > 0 such that for s > s, we obtain

IC1(s +A) = Ci(s)] <, IC2(s +A) = Ca(s)] <,
[p1(s+A) — @1(8)| <, [@a(s+A) — @2(s)] <,
[U(s+A) —U(s)| <e, [V(s+A)—V(s)| <e¢

and |c11(s +A) —c11(8)| <& [ca(s+A) —cn(s)] < ¢ |c12(s+A) —c12(s)| < & which leads

[ (s =) [$207 -+ AU +2), Vi +2) = &1 (7, UG, V()| d
o Ty PRI e

< /05(ﬁ_r(”y))y_l(|g1(;7+)\)||u(;7+7\)—u(17)|+U(ﬂ)l|§1(77+7\)—51(’7)|

HU@)| o) — @1(n +A) +@(n +N)[U(n) — Uy +A)]
Ut (y +A>| ler1 (7 +A) = ca1 ()| + |exa ()| UM% (7 + A) = UM ()|

+ [ 21V ) exan) uty) = Ur-+3)
UG+ W) el + V0 -+0) ~ Vr-+3-+0)
V07401 UG + ) eran) = xaly + V)] ) dy

IN

5 _ -1
/O (5 r(qy);/ <|€1(77+7\)|€+28U(17)| —|—g(p(;7_|_)\)

UM ) e+ fea ()] 1+ )M+ [ 2300 eV O+ )llena()

HUGr+ W eraly +Vle-+lV 0+ ] [UGy + V)] du ) ey

5 _ -1
‘“’/0 = r(ﬂy))y (Iar + M1 + 20U + o+ )]

+U (57 + )|+ [en () [ (1 + oq ) M™
1—e 11
H1

IN

+

[V e ()l + U exa (7 + M)+ MIUGp +A)[]) dy.

Similarly,

/5@—’7)“‘3( F AU+ ), V() — B0, Uly), V() d
o Ty PRI R

s _ -1
< | @r(@;(mw V0 +A) = V)| + [V 2207 +2) = Ca(n)]

V[ lelr) = @201 + N[+ [e20n + M| [V () = V(1 + M)
HVITR(y +7\)| le22 (57 +A) = can ()] + lea2 () [ [VIH2 (5 +A) = VIHo2 ()

+/ Go(u |U77+?\+M)||Clz(17+7\)||— V() +V(n+A)l
HV)Hew()] | = Uy +u) + U@ + A+ u)

UG+ 3+ 0)| V] = xal) +enay + 3] )
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IN

5 _ -1
[ B (14 N+ VOl VDI + lgalo-+ N+ V152 e
remln(+ae [ e 10+ A ) sty + Ve + VD el

+H U+ N+ u) |V(17)|8:| du) dy

IN

s _ -1
e [ [Iral + M+ 2V + lgar-+ )]+ V43

1— e_qVZ |:

Fen (1) (14 o) M2 + Ul ferz(n + M)+ [V e ()| + (U] IV(U)IH d.

By Lemma 4, there exists ¢ > 0, such that

sup 05 (s_r(ﬂy))y_l 1Ci(n +A)[dn <,

sup 05 (ﬁ_r(@;l lpi(n +N)|dyp <g, i=12
i‘;%’ 05 (s }g;_l lci2(7 +A)|dy < g,

sup [ iy + )y <

sup 05 @r(ﬂy))y_l V(n+A)dn <g,

sup [ ey <

sup 05 (sr(ﬂy))y_l V(n)ldy <,

sup 05 @}(’Q;l lci(n+A)[dp <g,  i=12

Therefore, we have

)L
L B A U0, V) = 10, U ), V)

IN

1—e M
€g (5 + (14 o) M™ + 3Mu>
1

and

5 5 — -1
/0 (r(ﬂy))y 13207+ AU +A), V(g + X)) — S (1, U(y), V() dy

1—e 92
2

IN
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From the above estimates, we obtain

(EU)(s +A) = (EU)(s)| < eg(5+ (14 0a)M™ 4 3M _;W>

1—e 92
[(EV)(s+A)—(EV)(s)] < eg <5 + (14 o) M*2 4+ 3M ™ )

For s > s., we have

lim [(EU)(s +A) — (EU)(s)] =0 and hm [(EV)(s+A) — (EV)(s)| =0.

5—00

In addition,

(EWE)] < [41(0 )810r) = en (U ()
~era(l >/ L)V (7 + ) du = @1 ()] iy
< o)+ [ S a0l ay
< o >+”(Y'§/<5 DYl dy <o

which results that (EU)(SAP)(R)) C SAPA(R).
Step 2: Let X = (U, V), 3 = (A,B) € SAPA(R), || X||]x = max{|U]x, |V|A},

and

= = (QnIU0) ~ Al = @)U - AG)] - en (U ) - AT )
- [ G lers (W) — AV )+ AV O+ ) ~ B+ )]
= ({6l — enln) 1+ o)M= 01()
~ea(n) [ GV +wle TuG) - Al
- [ Gt AGe T e Y0+ 1) = By )] du),
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which gives,

01(n) —e1(n) — () (1 + &g ) M™

el [ GV = [ lentname |12 =3l

s (6 —p)Y—1 _
< =3l O T e )M -
-0 0
—C12M e"Mdu+ [ etMe du} d
| [eman ], ’7
1o _
< X =3laggy [ e e G e (1 @M — 0y
1o 1 ] —e(m1—1)g
—¢;M d.
“ [ Mmoo w1 } 1
Consequently,
eo|(@)e) - @AYa)] < 1 -3l [ CT e e -y (14 o)
- o T o
1—e " 1 —e(r-1)g
—@; — oM d
o1 { m n—1 } 1
< & =3l
In addition,
_5\(3 )( ) = (EB)(s)]
= (Gt DA 1 ), v(y) - 3201, A(y), B(n))] d
= T (5201, U(n), V(7)) = 520, Aln), B(p))] dy
5(5 17)1/ ! —(s—
< 1) _ %)
< /0 T T )~ exn) — enln) (1 + 00)M
0 . 0 . B
venln) [ &) B+ + [ Gen(nue
s (6 —p)Y—1 _
< =3l [T ETE e g - a1 a0
0 0
—c M{ e "2 du + e“”ze”du} d
12 /fq /7’1 U
"5 _ v-1 _
= HX*BH)\/O %e_(ﬁ_q) 0 — (14 ) M™ — @)
— e m — e (n2=1)q
+C12M|:1 ¢ 2+1 ¢ :|d17
H2 Hp —1
< X =3 /swe(sn)d
Moo TH) 1
< & =3l

Therefore, there exists a unique asymptotically A-periodic solution X* = (U*, V*) of

system (6). O
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3.3. Stability of the Solution

Theorem 2. Assume that (A1)-(A4) holds. Furthermore, suppose that the following assump-
tions holds

mingcg ( = C1(s) +en(s)m™ (1 + o) — 12 fgq Ca(n7) dyp + (91(5)> >0 -
22

mingeg ( — 0a(s) + e (s)m™2 (14 o) —C1o fgq Ci (i) dy + (92(5)> > 0.
Then, System (6) is globally asymptotic stable.

Proof. Let X*(s) = (U*(s),V*(s)) and Y(s) = (H(s), J(s)) be a solution for system (6)
with initial condition (U, Vi), (Ho, Jo), respectively. Consider Laypunov’s function V(s) =
% (5) + Vz(s), with
0 . 5
Vils) = U(s)~H@) +a [ Gl [ V)~ ()| dedy
-1 s+1
0 "5
Vals) = V')~ J@) +7 [ aln) [ |U*(e) ~ H(e) dedy
-1 Js+1

Under Lemma 1, the upper right derivative “D) V; (s) and D, V,(s) along the solution of
system (6), gives

DY) < [Ga(s) — oa(a)]IU(s) — Hls] — e ()] (L) ) — HH )
wen [ aIv'(e) - 1)y
DIVa(s) < [cals) — @as))IV*(s) — I (5] — em(a) (V') (5) — 4 o)
s [ LI ()~ HE) dy.
Hence

CD;/V(S) < |:€1 (5) — (p1(5) +C12 /Oq 62(17) d17 — 11 (5) (1 + oq)moﬁ] |u*(5) — H(5)|

+|2a(e) = oa(e) +2 [ 2101) = cnle) 1+ o)V (5) — 0

IN
|

@1(5) +c11(8) (1 + ag)m™ — Z1(s) — 12 /Oq Za(n) dﬂ} |U*(s) — H(s)|

- |6a(e) + emle)1-+ o~ tate) 2 | 2a0n) ][V (0) TG

By (22), let F be a positive constant such that

0

oz mm( 1(s) +enn(s)m™ (1+ o1) =Tz | Ca(n) dyp + @1(s),
=

0
—02(5) +c2(s)m™2 (1 + ap) — 12 qél d17+(pz(s)> > 0.

Then
“DYV(s) < —F V(s). (23)

Consequently, “D) V(s) < 0, for all 5 > 0. Therefore, the asymptotically A-periodic solution
of (6) is globally asymptotically stable. [
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3.4. An Example with Numerical Simulation

In this section, we present a few illustrative examples that guarantee our main results.
Furthermore, we provide nice algorithms that help us calculate all numerical results.

Example 1. In model (3), we consider the following Gilpin—Ayala predator-prey system with the
harvesting terms as:

DYuU(s) = U(s) [3 25+ 2sin(s) — {275"'0525“1(5)} () U V5(5)

2+\@COS )/Oq ,72:—6V(5+’7)d17_ (18‘:551“(5)”,

(24)
CDYV(s) = V(s) {4.25 +cos(s) — [W} V07 (s)
0 .
. 2+ /3 cos(s) / exp(25) U(s + 1) i — <1.5+sm(5)>}
36 g 10
fors > 0and fory € {0.13,0.5,0.96}, under initial conditions
Us) = 1.2 +COS(5), (s) = 243+ sm(ﬁ), seA=[-1,0] 25)
12 7
Without a doubt {1(s) = 3.25+2sin(s), c11 = £(2.75+0.2sin(s)), c12 = £ (2 + v/3cos(s)),
{i(s) = 25 @1(s) = $5(1.8 +sin(s)), 2(5) = 425+ cos(s), cx = (V7 + cos(s)),
{a(s) = exp(2s), @2(s) = 75(1.5+sin(s)), « f’ oy = 0.7, we have
g, = ggjf\él = ;2£<ﬁ+251n(5)) =V7-2,
{1 = suply = sup(\ﬁ—i—Zsin(s)) =V7+2,
sEA sEA
g, = 5121[:\ 0o = E}glf\(ll + cos(s)) =0.1,
o, = suplp =sup(l.l+cos(s)) =21,
SEA sEA
_ 1 . 1
®1 = supg@) = sup(15(4+sm(5))> =3
SEA sSEN
= inf inf i(4—i—sm( ) ) = !
€1 = SEA ¢1= seA\ 15 -5
_ 1 . 2
P2 = supgy = sup(lo(3+sm(5))> =z
sEA sEA
— inf @y — inf (= (3+sin(s)) ) =
€2 = seA(p275€A 10 s -5
C11 = supcep = sup<1(8+5:sin(5))> = 1—3,
SEA SEA 5 5
¢, = infey = inf(~(845sin(s)) ) = 2
S S LA A B
C1p = supcpp = sup<1(1.9+ ﬁcos(s))) = M,
SEA A 9 9
¢ip = infcpp = inf 1(1.9—|— V3cos(s)) | = M,
sEA seA\ 9 9
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V1144

Ty = supczzzsup<é(m+4cos(s))>

sEA sEA 6
¢y = infcy = inf 1(\/ﬁ+4COS(5)) = @
sEA seA\ 6 6

Obviously, {1(s), C2(s), £1(s), £2(s), c11, c12, c22, ©1(5), @2(s) are all asymptotically A-periodic
functions with periodic N = 27t and (A1) holds for all s € A as follows

, 1 )
Ci(s) = 711 < exp(s), if w =025>0,
Zi(s) = exp(2s) <exp(3s), if o =0.50>0.

Tables 2—4 show the numerical results of all variables and (A1)-(A4).

Table 2. Numerical results of (A1)-(A4) of the Gilpin—Ayala predator-prey system with harvesting terms (24)
whenever vy = 0.13.

v =013
° fi(s) et L(s)  ev2® (A2) (A3 (AD-1 (A2 >E,

~1.00 01429 06703 01353 04724 04042 04559 07870 18612 63003 x 10110
~0.90 0.1468  0.6977 01653  0.5092 04270 04665 09468 02805  3.2441 x 10*1°
—0.80 0.1506 0.7261 0.2019 0.5488 0.4506 0.4742 1.0912 1.2166 1.5212 x 1010
—-0.70 0.1541 0.7558 0.2466 0.5916 0.4782 0.4818 1.2124 2.6493 63.5932 x 10+8
~0.60 01572 07866 03012  0.6376 05106 04895 13123 40233  23.0184 x 1078
~0.50 0.1600 08187 03679  0.6873 05495 04971 13926 53440  6.9238 x 108
—0.40 0.1623 0.8521 0.4493 0.7408 0.5967 0.5048 1.4552 6.6164 1.6291 x 10*8
-0.30 0.1642 0.8869 0.5488 0.7985 0.6553 0.5124 1.5015 7.8452 27.2936 x 107°
~0.20 0.1656 09231 06703  0.8607 07299 05201 15330  9.0347 27867 x 10*
—0.10 0.1664 0.9608 0.8187 0.9277 0.8281 0.5277 1.5509 10.1892 13.1477 x 10+*

0.00 0.1667 10000  1.0000  1.0000 09628 05354 15567 113123  19.3259 x 102

Table 3. Numerical results of (A1)—(A4) of the Gilpin-Ayala competition predator-prey system with harvesting
terms (24) whenever y = 0.13.

v =050
® L(s)  eM1t l(s)  emas A2 A3 A91 (A9 >E,
—1.00 0.1429 0.6703 0.1353 0.4724 0.4042 0.4559 0.7870 1.8612 21.5243 x 1016
—0.90 0.1468 0.6977 0.1653 0.5092 0.4270 0.4665 0.9468 0.2805 8.9914 x 10*°
~0.80 01506 07261 02019  0.5488 04506 04742 10912 12166  3.4485 x 107
—0.70 0.1541 0.7558 0.2466 0.5916 0.4782 0.4818 1.2124 2.6493 1.2008 x 1016
060 01572 07866 03012  0.6376 05106 04895 13123 40233  37.5030 x 10**
050 01600 08187 03679  0.6873 05495 04971 13926 53440  10.3696 x 10**
040 01623 08521 04493 07408 05967 05048 14552 66164 25060 x 10**
—0.30 0.1642 0.8869 0.5488 0.7985 0.6553 0.5124 1.5015 7.8452 52.2701 x 10*2
020 01656 09231 06703  0.8607 07299 05201 15330  9.0347  9.2586 x 10°2
010 01664 09608 08187  0.9277 08281 05277 15509 101892  1.3395 x 10°2

0.00 01667 10000  1.0000  1.0000 09628 05354 15567 113123 13.8332

Table 4. Numerical results of (A1)—(A4) of the Gilpin-Ayala competition predator-prey system with harvesting
terms (24) whenever y = 0.13.

v =094
° L(s)  eM1t l(s) M A2 A3 A91  (A9=2 >E,
—1.00 0.1429 0.6703 0.1353 0.4724 0.4042 0.4559 0.7870 1.8612 1.1229
090 01468 06977 01653 05092 04270 04665 09468 02805 543416 x 10-2
—0.80 0.1506 0.7261 0.2019 0.5488 0.4506 0.4742 1.0912 1.2166 29.4215 x 1072
—0.70 0.1541 0.7558 0.2466 0.5916 0.4782 0.4818 1.2124 2.6493 17.8922 x 102
—0.60 01572 07866 03012  0.6376 05106 04895 13123 40233 121087 x 102
050 01600 08187 03679  0.6873 05495 04971 13926 53440  9.1835x 10-2
—0.40 0.1623 0.8521 0.4493 0.7408 0.5967 0.5048 1.4552 6.6164 8.3030 x 102
030 01642 08869 05488  0.7985 06553 05124 15015 78452 84919 x 102
020 01656 09231 06703  0.8607 07299 05201 15330  9.0347  8.6983 x 10-2
—0.10 0.1664 0.9608 0.8187 0.9277 0.8281 0.5277 1.5509 10.1892 9.3835 x 102

0.00 0.1667 1.0000 1.0000 1.0000 0.9628 0.5354 1.5567 11.3123 12.4923 x 102
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4. Conclusions

Time plays an important role in the study of any phenomena (ecology, biology, etc.)
because it makes dynamic behavior more realistic. For this reason, in our research paper,
we took into account the time for all the coefficients. In this paper, we have derived a
classical nonlinear fractional prey-predator Gilpin—Ayala model (6) with distributed delays
and control terms. The model is an important and well-known differential equation. The
study of the dynamic behavior and properties of this model can provide a theoretical
basis for governance and protection. First, using some inequality techniques, we obtain a
priori estimates of the boundedness region of the solution. Then, sufficient criteria for the
existence of asymptotic A-periodic solutions are obtained by using the Banach fixed-point
theorem. We showed that by means of control, one can control the existence and stability
of our model. The results in the model can be considered with A-fractional differential
equations [25]. We simulate the correctness of our results through a numerical example.
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