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1. Introduction

Over the past four decades, the dynamical behaviors of nonlinear differential equa-
tions have been intensively studied by many researchers. This interest is justified by the
promising applications generated by these equations; see, for example, refs. [1–10] and
the references therein. Among the non-linear equations, the VdPD oscillator is a very
prominent and interesting model that has been extensively studied in the context of sev-
eral specific problems, such as chaos, control, synchronization, vibration description and
asymptotic perturbation in physics, engineering, electronics, biology, neurology and many
other disciplines; see, for instance, the research works [11–18].

The mathematical model for the VdPD oscillator is governed by a two-dimensional
nonlinear differential equation of the form:

d2u
dt2 − ε(1− u2)

du
dt

+ αu− βu3 = f sin(ωt), (1)

where ω is the external frequency of the periodic signal and f stands for the amplitude
of the external excitation. The parameters ε, α and β are the dimensionless damping
coefficient, linear and cubic nonlinearity parameters, respectively.

The authors in [19] proposed a three-dimensional problem for an autonomous VdPD
oscillator obtained by a transformation of the autonomous two-dimensional VdPD oscillator
into a jerk device with f = 0 and α = 1 in the previous Equation (1), which they presented
as follows:

d3u
dt3 +

d2u
dt2 − ε(1− u2)

du
dt

+ u− βu3 = 0, (2)

where ε and β are positive parameters.
Recently, due to the frequent appearance of fractional derivatives in various applica-

tions in fluid mechanics, viscoelasticity, biology, physics and engineering, various kinds of
VdPD jerk equations of fractional order have attracted more and more attention; see, for
instance, refs. [19–23]. In this work, we try to propose an appropriate fractional formulation
for a three-dimensional problem of the VdPD jerk type.
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Therefore, let us consider the following problem:
Dα(D2−β + λDα)x(t) + k1 f1(t, x(t), Dαx(t)) + k2 f2(t, x(t), Jpx(t)) = h(t).

x(1) = 0, D1−(α−β)Dα−βx(1) = A∗ ∈ R, x(T) = 0,

0 ≤ β < α ≤ 1, 0 ≤ α + β < 1, 0 < p, t ∈ I,

(3)

where Dα, D2−β, are the Caputo–Hadamard fractional derivatives, Jp is the Hadamard
fractional integral I = [1, T], k1, k2 are real constants, and the functions f1, f2 and h are con-
tinuous.

The motivation of our problem lies in using the Caputo–Hadamard approach in
a sequential way, and the fact that this approach has many advantages over the usual
Hadamard derivatives. Therefore, on the basis of these advantages, we have proposed
the fractional problem associated with the (VdPL) jerk equation by injecting the Caputo–
Hadamard derivatives on both sides of the equation with boundary conditions. This
consideration makes the considered problem more interesting, knowing that when α = 1
and β = 0, we recover the type model (VdPL)-jerk.

The remaining part of this manuscript is distinguished as follows: in Section 2, we
describe some basic notations of fractional derivatives and integrals and important results
that will be used in subsequent parts of the paper. In Section 3, we prove three main
theorems by applying the Banach contraction principle and Krasnoselskii fixed-point
theorem. One of them concerns the Ulam–Hyers stability of Problem (3). Finally, Section 4
provides an example to illustrate the applicability of the main results.

2. Elementary Results

At first, we recall some concepts on fractional calculus and present some additional
properties that will be used later. For more details, we refer to [24–26]. We present some
basic definitions and results from fractional calculus theory.

Definition 1 (Hadamard fractional integral). The left-sided Hadamard fractional integral of
order α ≥ 0, for a continuous function f : [a, b] −→ R, is defined as

Jα
a [ f (t)] =

1
Γ(α)

∫ t

a
(log t− logs)α−1 f (s)

ds
s

, α > 0 , a < t ≤ b,

J0
a [ f (t)] = f (t),

where Γ(α) :=
∫ ∞

0 e−uuα−1du.

Definition 2 (Caputo–Hadamard fractional derivative). Let

ACm
δ ([a, b]) :=

{
f : [a, b] −→ R : δm−1 f (x) ∈ AC[a, b], δ = t

d
dt

}
.

For a function f ∈ ACm
δ ([a, b]), m ∈ N∗ and m− 1 < α ≤ m, we define the Caputo–Hadamard

fractional derivative by

Dα f (t) =


1

Γ(m−α)

∫ t
a (log t− logs)m−α−1δm f (s) ds

s , m− 1 < α < m

δm f (t), α = m

= Jm−α[δm f (t)].

Lemma 1. Let x ∈ ACm
δ ([a, b]), m ∈ N∗. The general solution of the equation

Dαx(t) = 0,
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is given by
x(t) = c0 + c1 log t + c2(log t)2 + ... + cn−1(log t)n−1,

and the following formula holds:

Jα[Dαx(t)] = x(t) + c0 + c1 log t + c2(log t)2 + ... + cn−1(log t)n−1,

for some ci ∈ R, i = 0, 1, · · · , n− 1, n = [α] + 1.

Lemma 2. Let p, q > 0, f ∈ L1([a, b]). Then,

Jp Jq[ f (t)] = Jp+q[ f (t)], t ∈ [a, b].

Lemma 3. Let q > p > 0, f ∈ L1([a, b]). Then,

Dp Jq[ f (t)] = Jq−p[ f (t)], t ∈ [a, b].

Theorem 1 (Krasnoselskii fixed-point theorem). Let A be a closed convex and nonempty subset
of a Banach space X, and let φ1 and φ2 be two operators such that

(U1) φ1x + φ2y ∈ A whenever x, y ∈ A;
(U2) φ1 is a completely continuous operator;
(U3) φ2 is a contractive operator.

Then, there exists x∗ ∈ A, such that x∗ = φ1x∗ + φ2x∗.

We prove also the following lemma:

Lemma 4. Let H ∈ C([1, T]), t ∈ I, 0 ≤ β < α ≤ 1. Then, the solution of the problem{
Dα(D2−β + λDα)x(t) = H(t).

x(1) = 0, D1−(α−β)Dα−βx(1) = A∗ ∈ R, x(T) = 0,
(4)

is given by the following expression:

x(t) =

t∫
1

(log t− logs)1−β+α

Γ(2− β + α)
H(s)

ds
s
− λ

t∫
1

(log t− logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
) T∫

1

(log T − logs)1−β+α

Γ(2− β + α)
H(s)

ds
s

(5)

+
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

λ

T∫
1

(log T − logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)A∗

Λ1
log T + A∗ log t,

where

Λ1 =

(
log(T)2−β

Γ(3−β)
+

λ log(T)2−(α+β)

Γ(3−(α+β))

)
Λ2 = 1

Λ1Γ(3−β)
Λ3 = λ

Λ1Γ(3−(α+β))
.

Proof. We apply Lemma 1, so the general solution of the Caputo–Hadamard fractional
differential equation in (3) can be written as

x(t) = J2−β+α H(t)− λJ2−(α+β)x(t)− λc0 J2−(α+β)(1)− c0 J2−β(1)− c1 − c2 log t,
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that is,

x(t) = J2−β+αH(t)− λJ2−(α+β)x(t)− c0

(
(log t)2−β

Γ(3− β)
+

λ(log t)2−(α+β)

Γ(3− (α + β))

)
− c1 − c2 log t, (6)

where ci ∈ R, i = 0, 1, 2, are arbitrary real constants.
Using these conditions, we immediately obtain

c1 = 0.

c2 = −A∗.

On the other hand, we have

c0 =
1

Λ1

(
J2−β+αH(T)− λJ2−(α+β)x(T) + A∗ log T

)
.

Finally, inserting the values of c0, c1 and c2 in (6), we obtain (5). The proof is com-
pleted.

3. Main Results

This section is concerned with the main results of the paper.
First of all, we fix our terminology. Let X be the Banach space, defined as follows:

X := {x ∈ C(I,R), Dαx ∈ C(I,R)},

endowed with the norm
‖ x ‖X=‖ x ‖∞ + ‖ Dαx ‖∞,

where
‖ x ‖∞= sup

t∈I
| x(t) |, ‖ Dαx ‖∞= sup

t∈I
| Dαx(t) | .

In view of Lemma 4, we introduce the operator φ : X → X as follows:

φx(t) =

t∫
1

(log t− logs)1−β+α

Γ(2− β + α)

[
h(s)− k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

]
ds
s

− λ

t∫
1

(log t− logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

−
(

Λ2(log t)2−β

+Λ3(log t)2−(α+β)

) T∫
1

(log T − logs)1−β+α

Γ(2− β + α)

 h(s)
−k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

ds
s

+

(
Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
λ

T∫
1

(log T − logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)A∗

Λ1
log T + A∗ log t.

For computational convenience, we set the following quantities:



Mathematics 2022, 10, 3546 5 of 16

N1 =
(

1 + |Λ2|(log T)2−β + |Λ3|(log T)2−(α+β)
)

(|k1|L1+|k2|L2)(log T)2−β+α

Γ(3−β+α)

+λ
(log T)2−(α+β)

Γ(3−(α+β))

.

N2 =

 (|k1|L1+|k2|L2)(log T)2−β

Γ(3−β)

+
λ(log T)2−(2α+β)

Γ(3−(2α+β))

+

 |Λ2|Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))

+
|Λ3|Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))

×

|k1|L1(log T)2−β+α

Γ(3−β+α)

+
|k2|L2(log T)2−β+α

Γ(3−β+α)

+
λ(log T)2−(α+β)

Γ(3−(α+β))

.

N′ =


(|k1|L1+|k2|L2)(1+|Λ2|(log T)2−β+|Λ3|(log T)2−(α+β))(log T)2−β+α

Γ(3−β+α)

+(|k1|L1 + |k2|L2)

 (log T)2−β

Γ(3−β)
+

 |Λ2|Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))

+
|Λ3|Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))

 (log T)2−β+α

Γ(3−β+α)

.

Then, we take into account the following hypothesis:

(H1): There exist non-negative constants L1, L2, such that for each t ∈ I and for all
(x1, y1), (x2, y2) ∈ R2, we have:

| f1(t, x1, y1)− f1(t, x2, y2))| ≤ L1(|x1 − x2|+ |y1 − y2|).
| f2(t, x1, y1)− f2(t, x2, y2))| ≤ L2(|x1 − x2|+ |y1 − y2|).

(H2): The functions f1 : I ×R2 → R, f2 : I ×R2 → R are continuous.
(H3): There exists non-negative constants E1, E2 and E3, such that for each t ∈ I and all

x1, x2 ∈ R, we have:

| f1(t, x1, x2))| ≤ E1, | f2(t, x1, x2)| ≤ E2, |h(t)| ≤ E3.

3.1. An Existence and Uniqueness Result in Banach Space

In this section, fixed-point theorems are applied to present an existence and uniqueness
result concerning Problem (3). First, the Banach contraction principle is applied to establish
the uniqueness result.

Theorem 2. Assume that (H1) and (H2) are valid. Assume also that

0 < N < 1, (7)

where N := N1 + N2.
Then, the problem (3) has a unique solution on I.

Proof. We shall show that the above application φ is contractive. Therefore, we need to
proceed in steps A and B:

Step A: Let x, y ∈ X; we then have:
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|φx(t)− φy(t)|

≤ supt∈I

t∫
1

(log t−logs)1−β+α

Γ(2−β+α)
|k1| | f1(s, x(s), Dαx(s))− f1(s, y(s), Dαy(s))| ds

s

+ supt∈I

( ∣∣ Λ2(log t)2−β
∣∣

+
∣∣∣Λ3(log t)2−(α+β)

∣∣∣
)

T∫
1

(log T−logs)1−β+α

Γ(2−β+α)
|k1|
∣∣∣∣ f1(s, x(s), Dαx(s))
− f1(s, y(s), Dαy(s))

∣∣∣∣ ds
s

+ supt∈I

t∫
1

(log t−logs)1−β+α

Γ(2−β+α)
|k2| | f2(s, x(s), Jpx(s))− f2(s, y(s), Jpy(s))| ds

s

+ supt∈I

( ∣∣ Λ2(log t)2−β
∣∣

+
∣∣∣Λ3(log t)2−(α+β)

∣∣∣
)

T∫
1

(log T−logs)1−β+α

Γ(2−β+α)
|k2|
∣∣∣∣ f2(s, x(s), Jpx(s))
− f2(s, y(s), Jpy(s))

∣∣∣∣ ds
s

+ supt∈I λ
t∫

1

(log t−logs)1−(α+β)

Γ(2−(α+β))
|x(s)− y(s)| ds

s

+ supt∈I

(∣∣Λ2(log t)2−β
∣∣+ ∣∣∣Λ3(log t)2−(α+β)

∣∣∣)λ
T∫
1

(log T−logs)1−(α+β)

Γ(2−(α+β))
|x(s)− y(s)| ds

s .

By assumption (H1), we obtain:

|φx(t)− φy(t)| ≤ |k1|L1(‖ x− y ‖∞ + ‖ Dαx− Dαy ‖∞)
(log T)2−β+α

Γ(3− β + α)

+ |k1|L1

(
|Λ2|(log T)2−β

+|Λ3|(log T)2−(α+β)

)
(
‖ x− y ‖∞
+ ‖ Dαx− Dαy ‖∞

)
(log T)2−β+α

Γ(3− β + α)

+ |k2|L2(‖ x− y ‖∞ + ‖ Jpx− Jpy ‖∞)
(log T)2−β+α

Γ(3− β + α)

+ |k2|L2

(
|Λ2|(log T)2−β

+|Λ3|(log T)2−(α+β)

)
(
‖ x− y ‖∞
+ ‖ Jpx− Jpy ‖∞

)
(log T)2−β+α

Γ(3− β + α)

+ λ ‖ x− y ‖∞
(log T)2−(α+β)

Γ(3− (α + β))

+ λ
(
|Λ2|(log T)2−β + |Λ3|(log T)2−(α+β)

)
‖ x− y ‖∞

(log T)2−(α+β)

Γ(3− (α + β))
.

Consequently, the inequality holds:



Mathematics 2022, 10, 3546 7 of 16

‖ φx− φy ‖∞ ≤ |k1|L1 ‖ x− y ‖X
(log T)2−β+α

Γ(3− β + α)

+ |k1|L1

(
|Λ2|(log T)2−β + |Λ3|(log T)2−(α+β)

)
‖ x− y ‖X

(log T)2−β+α

Γ(3− β + α)

+ |k2|L2 ‖ x− y ‖X
(log T)2−β+α

Γ(3− β + α)

+ |k2|L2

(
|Λ2|(log T)2−β + |Λ3|(log T)2−(α+β)

)
‖ x− y ‖X

(log T)2−β+α

Γ(3− β + α)

+ λ ‖ x− y ‖X
(log T)2−(α+β)

Γ(3− (α + β))

+ λ
(
|Λ2|(log T)2−β + |Λ3|(log T)2−(α+β)

)
‖ x− y ‖X

(log T)2−(α+β)

Γ(3− (α + β))
.

≤


(|k1|L1+|k2|L2)(1+|Λ2|(log T)2−β+|Λ3|(log T)2−(α+β))(log T)2−β+α

Γ(3−β+α)

+λ
(1+|Λ2|(log T)2−β+|Λ3|(log T)2−(α+β))(log T)2−(α+β)

Γ(3−(α+β))

 ‖ x− y ‖X

≤
(

1 + |Λ2|(log T)2−β

+|Λ3|(log T)2−(α+β)

)
(|k1|L1+|k2|L2)(log T)2−β+α

Γ(3−β+α)

+λ
(log T)2−(α+β)

Γ(3−(α+β))

 ‖ x− y ‖X .

Therefore,

‖ φx− φy ‖∞ ≤ N1 ‖ x− y ‖X .

Step B: Let x, y ∈ X, we have:

Dαφx(t) =

t∫
1

(log t− logs)1−β

Γ(2− β)

[
h(s)− k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

]
ds
s

− λ

t∫
1

(log t− logs)2−(2α+β)−1

Γ(2− (2α + β))
x(s)

ds
s
+

A∗(log t)1−α

Γ(2− α)

− Λ2Γ(3− β)(log t)2−(α+β)

Γ(3− (α + β))

T∫
1

(log T − logs)1−β+α

Γ(2− β + α)

 h(s)
−k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

ds
s

− Λ3Γ(3− (α + β))(log t)2−(2α+β)

Γ(3− (2α + β))

T∫
1

(log T − logs)1−β+α

Γ(2− β + α)

 h(s)
−k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

ds
s

+ λ
Λ2Γ(3− β)(log t)2−(α+β)

Γ(3− (α + β))

T∫
1

(log T − logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

+ λ
Λ3Γ(3− (α + β))(log t)2−(2α+β)

Γ(3− (2α + β))

T∫
1

(log T − logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

− A∗Λ2Γ(3− β)(log t)2−(α+β)

Λ1Γ(3− (α + β))
log T − A∗Λ3Γ(3− (α + β))(log t)2−(2α+β)

Λ1Γ(3− (2α + β))
log T.

Then,
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‖ Dαφx− Dαφy ‖∞ ≤ (|k1|L1 + |k2|L2)(log T)2−β

Γ(3− β)
‖ x− y ‖X +λ

(log T)2−(2α+β)

Γ(3− (2α + β))
‖ x− y ‖X

+ (
|k1|L1
+|k2|L2

)

 |Λ2|Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))

+
|Λ3|Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))

 (log T)2−β+α

Γ(3− β + α)
‖ x− y ‖X

+ λ

 |Λ2|Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))

+
|Λ3|Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))

 (log T)2−(α+β)

Γ(3− (α + β))
‖ x− y ‖X

≤ N2 ‖ x− y ‖X .

Thus,

‖ Dαφx− Dαφy ‖∞ ≤
[
(|k1|L1 + |k2|L2)(log T)2−β

Γ(3− β)
+

λ(log T)2−(2α+β)

Γ(3− (2α + β))

]
‖ x− y ‖X

+

 |Λ2|Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))

+
|Λ3|Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))

×

|k1|L1(log T)2−β+α

Γ(3−β+α)

+
|k2|L2(log T)2−β+α

Γ(3−β+α)

+
λ(log T)2−(α+β)

Γ(3−(α+β))

 ‖ x− y ‖X

≤ N2 ‖ x− y ‖X .

Therefore, the final result is given by:

‖ φx− φy ‖X≤ N ‖ x− y ‖X .

Consequently, by (7), φ is a contraction, and by applying Banach’s fixed point theorem,
Problem (3) has a unique solution. The proof is completed.

Now, by applying the Krasnoselskii fixed-point theorem, we prove an existence result
for Problem (3).

Theorem 3. Assume that the hypotheses (H2) and (H3) are satisfied. Then, Problem (3) has at
least a solution on I, provided that 0 < N′ < 1.

Proof. We verify that the assumptions of a Krasnoselskii fixed-point (Theorem 1) are
satisfied by the operator φ.
First of all, we introduce the convex closed subspace Br ∈ X defined by:

Br := {x ∈ X : ‖x‖X ≤ r}

Then, we split the operator φ into the sum of two operators, φ1 and φ2, on the closed
ball Br as:

φ1x(t) = −λ

t∫
1

(log t− logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

+
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

λ

T∫
1

(log T − logs)1−(α+β)

Γ(2− (α + β))
x(s)

ds
s

,

and
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φ2x(t) =

t∫
1

(log t− logs)1−β+α

Γ(2− β + α)

[
h(s)− k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

]
ds
s

−
(

Λ2(log t)2−β

+Λ3(log t)2−(α+β)

) T∫
1

(log T − logs)1−β+α

Γ(2− β + α)

 h(s)
−k1 f1(s, x(s), Dαx(s))
−k2 f2(s, x(s), Jpx(s))

ds
s

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)A∗

Λ1
log T + A∗ log t.

The proof is divided into three steps.
First, we show that φ1x + φ2y ∈ Br, ∀x, y ∈ Br. Then, we prove that the operator φ2

is a contraction on Br. Finally, we show that φ1 is a compact operator.

1: For x, y ∈ Br, t ∈ I, we can write:

|φ1x(t) + φ2y(t)|

≤ supt∈I

∣∣∣∣∣ t∫
1

(log t−logs)1−β+α

Γ(2−β+α)

 h(s)
−k1 f1(s, y(s), Dαy(s))
−k2 f2(s, y(s), Jpy(s))

 ds
s

−
(

Λ2(log t)2−β

+Λ3(log t)2−(α+β)

) T∫
1

(log T−logs)1−β+α

Γ(2−β+α)

 h(s)
−k1 f1(s, y(s), Dαy(s))
−k2 f2(s, y(s), Jpy(s))

 ds
s

+

(
Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
λ

T∫
1

(log T−logs)1−(α+β)

Γ(2−(α+β))
x(s) ds

s

− λ
t∫

1

(log t−logs)1−(α+β)

Γ(2−(α+β))
x(s) ds

s −
(

Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
A∗
Λ1

log T + A∗ log t
∣∣∣∣.

By (H3), we have:

‖φ1x + φ2y‖∞ ≤ (1 + S1))×

 (Eh+|k1|E f1
+|k2|E f2

)(log T)2−β+α

Γ(3−β+α)

+
λr(log T)2−(α+β)

Γ(3−(α+β))

+ |A∗| log T
(

S1

|Λ1|
+ 1
)

≤ (1 + S1))×

 (Eh+|k1|E f1
+|k2|E f2

)(log T)2−β+α

Γ(3−β+α)

+
λr(log T)2−(α+β)

Γ(3−(α+β))

+ C1,

where S1 = |Λ2|(log T)2−β + |Λ3|(log T)2−(α+β).
Then, we have:
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‖Dαφx + Dαφy‖∞ ≤ (Eh + |k1|E f1 + |k2|E f2)

[
(log T)2−β

Γ(3− β)
+ S2

(log T)2−β+α

Γ(3− β + α)

]
+ λr

[
(log T)2−(2α+β)

Γ(3− (2α + β))
+ S2

(log T)2−(α+β)

Γ(3− (α + β))

]

+ |A∗|
[
(log T)1−α

Γ(2− α)
+ S2 log T

]
≤ (Eh + |k1|E f1 + |k2|E f2)

[
(log T)2−β

Γ(3− β)
+ S2

(log T)2−β+α

Γ(3− β + α)

]
+ λr

[
(log T)2−(2α+β)

Γ(3− (2α + β))
+ S2

(log T)2−(α+β)

Γ(3− (α + β))

]
+ C2,

where S2 = |Λ2| Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))
+ |Λ3| Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))
.

We put

r =



(1 + S1))×

 (Eh+|k1|E f1
+|k2|E f2

)(log T)2−β+α

Γ(3−β+α)

+
λr(log T)2−(α+β)

Γ(3−(α+β))

+ C1

+(Eh + |k1|E f1 + |k2|E f2)
[
(log T)2−β

Γ(3−β)
+ S2

(log T)2−β+α

Γ(3−β+α)

]
+λr

[
(log T)2−(2α+β)

Γ(3−(2α+β))
+ S2

(log T)2−(α+β)

Γ(3−(α+β))

]
+ C2.

Then, we deduce that
‖φx + φy‖X ≤ r.

This implies that φ1x + φ2y ∈ Br ,∀x, y ∈ Br.

2: We will show that φ2 is a contraction on Br. Let x, y ∈ Br, with t ∈ I. We have

‖ φ2x− φ2y ‖∞ ≤
(|k1|L1 + |k2|L2)

(
1 + |Λ2|(log T)2−β

+|Λ3|(log T)2−(α+β)

)
(log T)2−β+α

Γ(3− β + α)
‖ x− y ‖X .

On the other hand, we have:

‖ Dαφ2x− Dαφ2y ‖∞ ≤ (
|k1|L1
+|k2|L2

)



(log T)2−β

Γ(3−β)

+

 |Λ2|Γ(3−β)(log T)2−(α+β)

Γ(3−(α+β))

+
|Λ3|Γ(3−(α+β))(log T)2−(2α+β)

Γ(3−(2α+β))


× (log T)2−β+α

Γ(3−β+α)

 ‖ x− y ‖X .

Therefore, it yields that

‖ φ2x− φ2y ‖X≤ N
′ ‖ x− y ‖X .

3: We show that φ1 is a compact operator. To do this, we must show that φ1 is continuous
and relatively compact.

* Since the functions f , g and h are continuous (see (H2)), hence the operator φ1 is
also continuous; this proof is trivial and is omittedthus .
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* We will prove that the operator φ1 is bounded.
Let x ∈ Br, ∀t ∈ I; we then have:

‖φ1(x)‖∞ ≤
λr(log T)2−(α+β)

Γ(3− (α + β))

(
1 + |Λ2|(log T)2−β + |Λ3|(log T)2−(α+β)

)
.

In the same way, we obtain:

‖Dαφ1(x)‖∞ ≤ λr(log T)2−(2α+β)

Γ(3− (α + β))

(
1 + |Λ3|(log T)2−(α+β)

)
+

λr|Λ2|Γ(3− β)(log T)4−2(α+β)

(Γ(3− (2α + β)))2 .

We deduce that
‖φ1x‖X ≤ +∞.

The operator φ1 is then bounded on Br.
* We will show that φ1 is equicontinuous.

Let t1, t2 ∈ I with t1 < t2. Then, it yields

|φ1x(t1)− φ1x(t2)|

=

∣∣∣∣∣−λ
t1∫
1

(log t1−logs)1−(α+β)

Γ(2−(α+β))
x(s) ds

s

+
(

Λ2(log t1)
2−β + Λ3(log t1)

2−(α+β)
)

λ
T∫
1

(log T−logs)1−(α+β)

Γ(2−(α+β))
x(s) ds

s

+ λ
t2∫
1

(log t2−logs)1−(α+β)

Γ(2−(α+β))
x(s) ds

s

−
(

Λ2(log t2)
2−β + Λ3(log t2)

2−(α+β)
)

λ
T∫
1

(log T−logs)1−(α+β)

Γ(2−(α+β))
x(s) ds

s

∣∣∣∣∣.
Hence,

‖ φ1x(t1)− φ1x(t2) ‖∞

≤ λr
Γ(3−(α+β))

[
(log t1)

2−(α+β) − (log t2)
2−(α+β)

]
+

λr(log T)2−(α+β)

Γ(2−α+β)

 |Λ2|
(
(log t1)

2−(α+β) − (log t2)
2−(α+β)

)
+|Λ3|

(
(log t1)

2−(α+β) − (log t2)
2−(α+β)

) .

Similarly,

‖ Dαφ1x(t1)− Dαφ2x(t2) ‖∞

≤ λr(1+|Λ3|(log T)2−(α+β))
Γ(3−(α+β))

[
(log t1)

2−(2α+β) − (log t2)
2−(2α+β)

]
+

λr|Λ2|Γ(3−β)(log T)2−(α+β)

(Γ(3−(2α+β)))2

[
(log t1)

2−(α+β) − (log t2)
2−(α+β)

]
.

The right-hand sides of the previous two inequalities are independent of x ∈
Br and tend to zero as t1 → t2. Therefore, φ1 is an equi-continuous operator.
Therefore, according to the Arzela–Ascoli theorem, φ1 is compact.
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As a consequence of the previous steps and thanks to the Krasnoselskii fixed-point
theorem, we conclude that the operator φ admits at least one fixed point which is a
solution to the problem (3). Hence, Theorem 3 is proved.

3.2. Stability Results

Among the notions of stability, that of Ulam–Hyers has received great attention in
recent years (see [10,27–29] and references therein).

Now, we describe some stability results for (3).
Let ε > 0 and consider the equation

Dα(D2−β + λDα)x(t) + k1 f1(t, x(t), Dαx(t)) + k2 f2(t, x(t), Jpx(t)) = h(t),

with
x(1) = 0, D1−(α−β)Dα−βx(1) = A∗ ∈ R, x(T) = 0,

and the following inequality∣∣∣Dα(D2−β + λDα)y(t) + k1 f1(t, y(t), Dαy(t)) + k2 f2(t, y(t), Jpy(t))− h(t)
∣∣∣ ≤ ε, t ∈ I. (8)

Definition 3. The problem (3) is Ulam–Hyers stable if there exists a real number S > 0 such that
for each solution y ∈ X to the previous inequality (8), there exists a solution x ∈ X of the problem
(3) with

‖y− x‖X ≤ Sε.

Definition 4. The problem (3) is generalized Ulam–Hyers stable if there exists z ∈ C(R+,R+),
such that z(0) = 0 for any ε > 0, and for each solution y ∈ X to the inequality (9), there exists a
solution x ∈ X of the problem (3) with

‖y− x‖X ≤ z(ε).

Now, we give the main results, which are Ulam–Hyers-stable results.

Theorem 4. The hypotheses of Theorem 2 holds. Then, the problem (3) has Ulam–Hyers stability.

Proof. Let ε > 0, and suppose that y ∈ X is a function that satisfies the previous inequality
related to the definition of stability:∣∣∣∣∣∣∣∣∣∣∣∣∣

y(t)− J2−β+α[H2(u)](t) + λJ2−(α+β)[y(u)](t)

+
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

J2−β+α[H2(u)](T)

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

λJ2−(α+β)[y(u)](T)

+
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

A∗
Λ1

log T − A∗ log t.

∣∣∣∣∣∣∣∣∣∣∣∣∣
≤ ε× t2−β+α

Γ(3− β + α)
.

Thanks to Theorem 2, there is a unique solution x of Problem (3) given by:

x(t) = J2−β+α[H1(u)](t)− λJ2−(α+β)[x(u)](t)

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

J2−β+α[H1(u)](T)

+
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)

λJ2−(α+β)[x(u)](T)

−
(

Λ2(log t)2−β + Λ3(log t)2−(α+β)
)A∗

Λ1
log T + A∗ log t,

where H1(u) = h(u)− k1 f1(t, x(u), Dαx(u))− k2 f2(t, x(u), Jpx(u)),
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and
H2(u) = h(u)− k1 f1(t, y(u), Dαy(u))− k2 f2(t, y(u), Jpy(u)) .

Hence, it follows that

|y(t)− x(t)|

≤

∣∣∣∣∣∣ ε× t2−β+α

Γ(3−β+α)
+ J2−β+α[H2(u)](t)− J2−β+α[H1(u)](t)

− λJ2−(α+β)[y(u)](t) + λJ2−(α+β)[x(u)](t)

−
(

Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
J2−β+α[H2(u)](T)

+

(
Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
J2−β+α

[
H1(u)

]
(T)

+ λ

(
Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
J2−(α+β)[y(u)](T)

− λ

(
Λ2(log t)2−β

+Λ3(log t)2−(α+β)

)
J2−(α+β)[x(u)](T)

∣∣∣∣∣∣,
which implies

‖x− y‖∞ ≤ ε

Γ(3− β + α)
+ N1‖x− y‖X .

By the same arguments, we find

‖Dαx− Dαy‖∞ ≤ ε

Γ(3− β)
+ N2‖x− y‖X ,

As a consequence, we have

‖x− y‖X ≤
[

ε

Γ(3− β + α)
+

ε

Γ(3− β)

]
+ N‖x− y‖X .

Finally, we obtain

‖x− y‖X ≤

 1
Γ(3−β+α)

+ 1
Γ(3−β)

1− N

ε = Sε.

Consequently, the solution of problem (3) is Ulam–Hyers stable.

Remark 1. If we take z(ε) = Sε, we deduce that the solution to the considered problem is also
generalized Ulam–Hyers stable.

4. Example

We present the following example.


Dα(D2−β + 1

200 Dα)x(t) + k1

(
sin(πt)

12t + 1
26 x(t) + 1

6 Dαx(t)
)
+ k2

(
9
t +

1
123 x(t) + 1

8 Jpx(t)
)

= 2cos(0.2t).

x(1) = 0, D1−(α−β)Dα−βx(1) = − 22
7 , x(T) = 0, t ∈ [1, T],

(9)

α = 0.99, β = 0.01, p =
1
7

, λ =
1

200
, k1 = − 1

300
, k2 = − 1

400
, T = e,
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and

f1(t, x, y) =
sin(πt)

12t
+

1
26

x +
1
6

y.

f2(t, x, y) =
9
t
+

1
123

x +
1
8

y.

h(t) = 2cos(0.2t).

Using the given data, we find that

L1 = 0.2051, L2 = 0.1331, N1 = 0.0103, N2 = 0.0157.

For all (x1, y1), (x2, y2) ∈ R2, t ∈ I, we have:

| f1(t, x1, y1)− f1(t, x2, y2)| ≤ 0.2051[|x1 − x2|+ |y1 − y2|].
| f2(t, x1, y1)− f2(t, x2, y2)| ≤ 0.1331[|x1 − x2|+ |y1 − y2|].

It is clear that the Lipschitz constants are L1 = 0.2051, L2 = 0.1331.
Moreover, 0 < N = 0.0103 + 0.0157 = 0.0261 < 1.

Thus, all the conditions of Theorem 2 are satisfied; thus, Problem (9) has a unique
solution on I.

The graph of the solution x is displayed in Figure 1. Note that the solution has
been obtained here by a discretization method, which is a very effective tool to give semi-
analytical solutions for FDEs (see for details [30,31]).

Figure 1. The graphical presentation of the approximate solution x of (9) and the exact solution.

5. Discussion

In this work, we proposed to study a non-linear sequential fractional problem asso-
ciated with the (VdPL)-jerk equation. This problem is inspired by physics when we fall
into the classical case. Then, we practically touched the analytical side, i.e., the analytical
solvency (existence, uniqueness and stability of the solutions) for our problem according to
the Caputo–Hadamard approach, using the Banach contraction principle, Krasnoselskii
fixed-point theorem and Ulam–Hyers stabilities. An example was presented to illustrate
the effectiveness of the results.

An interesting direction for future research of course would be to consider the numeri-
cal side and applications and try to use the theory of approximations to validate the results,
which have already been treated analytically in this work as well as others.
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