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Abstract: The analytic hierarchy process (AHP) is one of the most popular multi-criteria decision-
making (MCDM) methods, and so is its extension fuzzy analytic hierarchy process (FAHP). However,
the FAHP, unlike the AHP, easily handles the trusted weights by the consistency index (CI) or
consistency ratio (CR). We need to first derive the consistent fuzzy pairwise comparison matrix
(FPCM) by the transitivity axiom and then drive fuzzy weights. We also need a flexible mechanism
for users to control the spread of fuzzy weights under tolerable consistency. In this paper, we propose
a novel model based on mathematical programming to derive rational fuzzy weights of the FAHP
and provide a parameter for decision-makers to control the spread of fuzzy weights. Three examples
are used to demonstrate the proposed method and compared with others to validate and justify the
proposed method.

Keywords: analytic hierarchy process; multi-criteria decision-making; consistency index; consistency
ratio; mathematical programming

MSC: 90B50

1. Introduction

The analytic hierarchy process (AHP) has been one of the most popular multi-criteria
decision-making (MCDM) methods in dealing with various industrial and business prob-
lems since the 1980s. With continuous development and modification, the AHP has been
extended to consider different situations, e.g., fuzzy/interval, gray [1-3], and rough [4-6]
environments. Among these methods, the fuzzy analytic hierarchy process (FAHP) is un-
doubtedly the most popular way to extend the AHP to consider the subjective uncertainty
problem [7-9]. Hence, we focus on the FAHP in this paper.

Several researchers have argued that it is erroneous to fuzzify the AHP because the
measurement scale itself, i.e., from one is equal to equal importance to nine is equal to ex-
treme importance, implies the fuzzy concept [10,11] or asserts that FAHP leads to incorrect
results [12]. However, they cannot stop the popularity of the FAHP and the application
of the FAHP in various domains, e.g., education [13-15], and engineering [16-18]. In fact,
some papers have even reported that FAHP is more stable than AHP [19] and still nec-
essary when the pairwise comparison matrix (PCM) is vague to prevent the mistakes of
the AHP [20]. The above description indicates that from one side, decision-makers do not
like too vague results since it is hard to make a decision. Conversely, we still need some
fuzzy techniques to conduct such fuzzy data. Therefore, the compromise strategies might
be (1) to derive crisp weights or (2) to obtain the minimum spread of the fuzzy weights
from a consistent fuzzy comparison matrix (FCPM).

Many papers have been proposed to fulfill the first strategy, e.g., [21-23]. However,
these methods only derive crisp weights and lose the information of fuzzy weights, which
is critical in some areas, e.g., banking and investment, which highlight possibility and
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risk. Next, the problem of finding the minimum spread of the fuzzy weights also needs
to consider the issues of determining the FPCM and consistent index. That is, in the
AHP, we can accept or tolerate the weights as long as the consistent index is less than the
tolerable level. Hence, we still need to consider that issue to derive fuzzy weights under
the acceptable inconsistent level.

The purpose here is to provide a method to derive fuzzy weights of the FAHP by
considering the consistent FPCM and the tolerable parameter. The consistent FPCM ensures
the fuzzy weights are entirely rational, i.e., the minimum spread of fuzzy weights. On the
other hand, we add the tolerable parameter to enlarge the fuzzy weights to the acceptable
level, i.e., tolerate some fuzzy weights derived from acceptably inconsistent FPCM.

The rest of the paper is organized as follows. First, we will give consideration to
the problem in Section 2. In Section 3, we will introduce how past papers handled the
inconsistent issue of the FAHP. In Section 4, we propose our model and demonstrate the
proposed method in Section 5. The discussion and conclusion are in Sections 6 and 7.

2. The Problem Description

The problem here is to tackle the consistency of the FAHP, which means that the
derived fuzzy weights of criteria should be rational with the rational judgment of a decision-
maker. We will give an example to demonstrate the consistent problem of the FAHP as
follows. First, let us consider a FPCM with three criteria as follows:

C1 C2 C3

a1 [(L1L,1) (3,45 (4,56)
A= C2 i, (1L,1,1) (1,23)
3| g iy (1,1,1)

where any 4;; = (Zi]«, mij, ri]') denotes a triangular fuzzy number and /;;, m;;, and r;; means
the left, center, and right values of the fuzzy number, respectively. Note that we use
triangular fuzzy numbers in this paper for simplicity and can easily extend to trapezoid
fuzzy numbers.

Here, we use Saaty’s eigenvalue method [24] to derive the crisp weights of the criteria
and the corresponding consistency index (CI) and consistency ratio (CR), as shown in
Table 1. Note that we use the center values of the FPCM as the data to process the
eigenvalue method.

Table 1. The AHP with the crisp weights and consistent indexes.

C1 C2 C3
Weights 0.6833 0.1998 0.1169
CI 0.0123
CR 0.0212

Note that Apax = 3.0246 and RI = 0.58.

As shown in Table 1, since CI and CR are less than the acceptable level of 0.1, we can
conclude that the above weights are rational and trusted.

Next, we use the FAHP to derive the fuzzy weights of the criteria and illustrate
how irrational fuzzy weights happen. Note that we use Huang’s method [25] without
considering the transitivity axiom to derive the fuzzy weights for simplicity. The fuzzy
weights of the criteria and the corresponding fuzzy CI and CR are in Table 2.
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Table 2. The FAHP with the fuzzy weights and consistent indexes.
C1 C2 C3
Weights [0.614, 0.6833, 0.732] [0.138, 0.1998, 0.268] [0.088, 0.1169, 0.174]
CI [0.000, 0.098]
CR [0.000, 0.170]

Here, we derive three fuzzy weights of the criteria and calculate the corresponding
fuzzy Cl and CR, respectively. As we can see from the fuzzy CR, some fuzzy weights result
in irrational results. For example, if we take wy = 0.6795, w, = 0.2111, and w3 = 0.1093, we
can calculate CR = 0.170 and conclude that the weights are irrational. The method to handle
the problem is to add the transitivity axiom of the pairwise comparison elements. Next, we
will review the literature about the consistency of the FAHP.

3. Literature Review for the Consistent Issue of the FAHP

The consistency of the AHP means that the PCM fulfills both the reciprocal and
transitivity axioms to ensure the decision-maker is neither random nor illogical to give
pairwise comparison elements. Since the AHP is an expert opinion method, consistency
and rationality are essential to derive the correct result. Generally, a consistent matrix with
n criteria of the AHP means that all pairwise comparing weight ratios i to j (i.e., a;;) should
follow (i) the transitivity axiom:

ajj = aj x ayj,Vk € n — {i,j} @

and (ii) the reciprocal axiom:
1
= o @
where 4;; is called a consistent multiplicative reciprocal preference relation.

Next, we can derive weights of criteria by one of the AHP methods, e.g., eigenvalue
method [24], least square method [26], and geometric mean method [27], and then calculate
the consistency of weights to check if the weights of criteria are acceptable. Otherwise, we
should revise the comparison weight matrix to avoid the inconsistent issue of the AHP. For
example, we can use the eigenvalue method to obtain the weights of criteria by solving
Equation (3):

Aw = Amaxw 3)

where A denotes the PCM, Amax denotes the maximum eigenvalue, and w is the weight
vector. Next, we can use consistent indexes to judge whether the weights are correct
and rational.

Many indexes have been proposed to measure the consistency of weights derived
from the AHP. For example, Let us consider an AHP problem with # criteria, and Saaty’s
Cl and CR [24] are defined, respectively, as follows:

. Amax — 11
Cl= 1 (4)
and 1
CR :ﬁ 5)

where RI denotes the random index, and weights are considered rational when CI and
CR < 0.1. In addition, Crawford and Williams [28] also proposed the geometric consistency
index as:

Y (log(ay) — log(w;) + log(w;))* ©)

1 n
GCl = /————min
2) =S4

(n—1)(n—
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where GCI = 0.31 for n =3, GCI = 0.35 for n = 4, and GCI = 0.37 for n > 4 as the thresholds for
the consistent result [29]. Surely, more consistent indexes have been proposed, e.g., [30-32],
to ensure the derived weights are rational and trusted.

When the consistent issue of the AHP shifts to the FAHP, the first problem is to find
the consistent FPCM. Although the consistent indexes can be easily detected by using the
given PCM, it suffers many problems when extending to the fuzzy environment. Before
introducing the conditions in the FAHP, we first give some basic fuzzy arithmetic operations.
Let two triangular fuzzy numbers, @ = (a;,a.,a,) > 0 and b= (b, be, by) > 0, the basic
fuzzy arithmetic operations can be described as follows:

a+b=(a+byac+be,a, +by) @)
a—b=(ay—by,ac—be,a, —by) ®)
ixb= (a; X by, ac X be,ar X by) )
~ .7 a4 ac ay
b= (2, == 1
a+b b b by ) (10)
First, the reciprocal and transitivity axioms of the fuzzy comparison weight ratios mean:
1
L
Eij = G X Ek]-, Vken— {Z,]} (12)

which is not held in the general fuzzy situation. Although we usually view Equation (11)
as the postulation, we need more considerations to conduct Equation (12), i.e., the fuzzy
multiplicative reciprocal property or transitivity axiom. Note that compared to the crisp
AHP that uses 1 to 9 to indicate the levels from identical importance to extreme importance,
we use fuzzy numbers to represent each linguistic scale. For example, we can use the fuzzy
number (4,5,6) to indicate strong importance.

Several papers have been proposed to consider the consistency of the FPCM to respond
to the transitivity axiom. For example, [33] suggested that the FPCM is consistent if the
matrix includes the middle number. In addition, [34] defined that an interval multiplicative
reciprocal matrix is consistent if the following condition holds:

By _ Ty 13)
Ajkakj ajj

Although Equation (13) seems rationable, the strict equality between fuzzy sets indi-

ai;i AjjcAxi
—L— values would belong to -~
AjkAkj ajj

ordinary situations.

cates all

, and vice-versa. However, this is not feasible in

Hence, [35] suggested that a FPCM Ais strongly transitive if
Ajje X Ajke = Aike (14)

and

\/ﬂijr X ajji \/ﬂjkr X i) = /iy X ajgg, Vi, j, k (15)

where a;; = (al-]-l, Aijc, aijr). The conditions above ensure the consistency of the derived
fuzzy weights by logarithmic least square methods (LLSM).

Then, [36] mentioned that a FPCM ;1 with 7 criteria is said to be a multiplicative
reciprocal matrix if it follows the following transitive condition:

aiﬂaijr = aiklaikrakjlakjrr Vl,],k = 1,2, coo.n, (16)
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or as:
aijl = aiklakﬂ, al-]-r = aik,akjr, Vi,j,k =1,2,...,n (17)

Furthermore, [37] also asked that a FPCM is called knowledge-based consistency if its
elements satisfy:

(m(ﬁik x ak]-) miij) £ o (18)
Vijel,..nli<j

The purpose of Equation (18) is to replace the strict equality between fuzzy sets by
the intersection operator. We can depict the consistent comparison ratio of [37] for 453, as
shown in Figure 1, and ¢p3 can be viewed as the element of the consistent FPCM.

Membership

function

Weight ratio
Figure 1. The consistent comparison ratio for a3.

No matter which conditions we use, once we obtain a consistent FPCM, the next step is
to derive (fuzzy) weights to ensure the consistency of the FAHP. For example, we can derive
weights of criteria by one of the FAHP methods from the fuzzy eigenvalue method [33,38],
the logarithmic least square method [39,40], and the fuzzy geometric mean method [41,42],
and then calculate the consistency ratio (CR) to check if the weights of criteria are accept-
able. Usually, three kinds of methods can be used [37]: (1) mathematical programming,
(2) direct fuzzification (DF) methods, and (3) fuzzy feasible region (FFR) methods. FFR
methods only derive crisp weights, and DF methods usually ignore the transitivity axion to
derive inconsistent results. Hence, we develop our method by optimizing a mathematical
programming model. However, the distinction between the proposed method and other
mathematical programming models is that our method provides the flexibility to obtain
different fuzzy weights instead of only one solution.

4. The Proposed Method

This paper proposes a novel model to consider the FAHP with the following properties.
First, we need to derive fuzzy weights of criteria rather than crisp weights due to the
consideration of risk evaluation and sensitivity analysis. Hence, FFR methods are not
suitable for the purpose here. Second, FPCM should follow the consistent multiplicative
reciprocal preference relation to ensure the comparison matrix is consistent. Hence, DF
methods are inappropriate since these methods do not consider extra constraints. Third, we
can derive the CI/CR from the FPCM to understand the level of consistency of the FAHP.
Finally, those methods only provided one solution, no matter crisp or fuzzy weights. Here,
we provide a flexible solution to obtain different fuzzy weights according to the tolerable
parameter determined by the decision-maker.
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To achieve the above purposes, we can develop the following mathematical program-
ming to derive the consistent fuzzy AHP as follows:

min/max w;

= ~ .. onsistent FPCM 19
Cij - aik[lX] ®ﬂkj[0é] +€ij,Vk en— {l,]} (19)
@n—l = Ejvn—lnf/ﬁn
W2 = 3 (Cu—2n—1Wn—1 + Cp—2nWn) o '
) Deriving fuzzy weights (20)
W1 = 717 (Crowy + Ci3ws + -+ + Cpwyn)
n
€= Z eiz]- < B, Tolerable parameter (21)

Lj=Li#]
where a denotes the x —cut operation and B denotes the tolerable parameter, which controls
the spread of fuzzy weights. We can view f as the relaxation of the transitivity axiom in the
FAHP. Note that ¢;; can be considered as the sensitivity parameter. If ¢;; = 0, we can explain
that ¢;; cannot be enlarged to avoid the inconsistency problem of fuzzy weights.

The proposed model first use Equation (19) to derive consistent FPCM, C, by incorpo-
rating the transitivity axiom. However, we add the tolerable parameters to each consistent
fuzzy pairwise comparison element, i.e., ¢j;, to enlarge fuzzy weights under the acceptable
level B. If we ignore the tolerable parameters, we can only derive the fuzzy weights with
CI/CR = 0. Hence, the tolerable parameters can be considered as a trade-off between the
perfectly consistent and acceptably consistent FPCMs. In addition, we use Equation (21) to
restrict the range of fuzzy weights in our method.

In addition, we use Equation (20) to derive fuzzy weights [25]. The main reason is that
only upper triangular consistent FPCM information is needed here to derive the result. Fur-
thermore, these conditions are linear and easily conducted by mathematical programming.

Finally, the result can be validated by the following mathematical programming;:

maxCI or CR

~ nono_
)\max = Z Z Cijwj/
==l (22)

Equations (19)—-(21), where the highest values of CI and CR should be less than 0.1 to
validate the derived fuzzy weights are rational and reliable.
The flowchart of the proposed method is depicted as shown in Figure 2.
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FPCM

Y
Consistent FPCM

Derive fuzzy weights

|

Check highest values of
CIl and CR

Adjust f3

Maximum

CI/CR < 0.1?

Consistent FAHP

Figure 2. The flowchart of the proposed method.

5. Numerical Example

In this section, we propose three examples to demonstrate the proposed method.
For simplicity, we only consider the situation with a—cut = 0, i.e., the most spread situ-
ation of fuzzy weights. Surely, we can release the spread of fuzzy weights by using the
tolerable parameter.

Example 1. Let us first reconsider the toy example presented in Section 2 and derive the fuzzy
weights based on the proposed method, as shown in Table 3. Note that we use the tolerable parameter
B = 0 here.

Table 3. Fuzzy weights derived from the consistent FPCM in Example 1.

C1 C2 C3 Max CI Max CR
The Proposed [0.632, 0.686] [0.143,0.222]  [0.111, 0.167] 0.000 0.000
Without transitivity [0.614, 0.732] [0.138,0.268]  [0.088, 0.174] 0.098 0.170

Compared with the result of the FAHP without considering the transitivity axiom,
the proposed method can solve the consistent problem of the conventional FAHP that
ensures the maximum CI or CR is less than 0.1. However, at some point, we still hope to
enlarge the spread of fuzzy weights by releasing CI and CR with some tolerable levels
to understand the sensitive situation or fluctuated possibilities. Therefore, we can add
the tolerable parameter f in the following examples to consider more situations of fuzzy
weights from different consistent FPCMs.
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Example 2 ([43]). This example is also used by Kubler et al. [37] to demonstrate their method. It
contains four criteria and assumes that an expert gave the FPCM as follows:

C1 C2 C3 C4
ct [ (1,1,1) (3/2,2,5/2) (2/3,1,2) (1,3/2,2)
1o @2 iy (1,1,1)  (2/3,1,2) (1/2,2/3,1)
~C3 Ay g (1,1,1)  (1/2,2/3,1)
C4 | @ lyy gy (1,1,1)

Here, we first derive the fuzzy weights using the proposed method and compare the
result with Kubler et al. [37], as shown in Table 4. In addition, we also show the fuzzy
weights, which are derived without adding transitivity conditions.

Table 4. Different FAHP results in Example 2.

Weights C1 C2 C3 Cc4
The proposed (B = 0) [0.2727,0.4167] [0.1428, 0.2353] [0.1579, 0.2727] [0.2000, 0.3333]
Max CI 0.00 Max CR 0.00
The proposed (B = 0.02) [0.2548, 0.4167] [0.1389, 0.2476] [0.1532, 0.2818] [0.1993, 0.3521]
Max CI 0.0356 Max CR 0.0396
The proposed (B = 0.04) [0.2482, 0.4167] [0.1373, 0.2524] [0.1512, 0.2852] [0.1989, 0.3594]
Max CI 0.0485 Max CR 0.0538
The proposed (B = 0.06) [0.2433, 0.4167] [0.1361, 0.2559] [0.1497, 0.2877] [0.1986, 0.3648]
Max CI 0.0577 Max CR 0.0641
The proposed (B = 0.08) [0.2393, 0.4167] [0.1351, 0.2589] [0.1483, 0.2898] [0.1983, 0.3692]
Max CI 0.0651 Max CR 0.0723
The proposed ( = 0.10) [0.2359, 0.4167] [0.1342, 0.2615] [0.1471, 0.2915] [0.1980, 0.3730]
Max CI 0.0713 Max CR 0.0792
Without transitivity [0.2470, 0.4247] [0.1305, 0.3121] [0.1154, 0.2915] [0.1644, 0.3892]
Max CI 0.1143 Max CR 0.1270
Gogus & Boucher [35] [0.2727, 0.4167] [0.1428, 0.2353] [0.1579, 0.2727] [0.2000, 0.3333]
Max CI 0.00 Max CR 0.00
Wang [36] [0.2727, 0.4167] [0.1322, 0.2553] [0.1333, 0.2727] [0.2000, 0.3333]
Max CI 0.0392 Max CR 0.0426
Kubler et al. [37] 0.332 0.186 0.220 0.262
Max CI 0 Max CR 0

The results of Example 2 indicate that the fuzzy weights derived by the proposed
method with B = 0 are perfectly rational, i.e., CI and CR are zeros. The result is the same
as Gogus & Boucher’s method [35] and indicates that the proposed method is correct and
rational. Although Kubler et al.’s weights can also obtain the perfect consistency, their
weights are crisp rather than fuzzy, which is required in this paper. In addition, Wang’s
method [36] can also obtain rational fuzzy weights with tolerable CI and CR levels. Finally,
suppose we ignore the transitivity axiom of the FPCM, just as in these DF methods. In
that case, we will obtain fuzzy weights, which do not meet the acceptable level of the
consistent index, i.e., CI or CR is less than 0.1. For example, when w; = 0.3810, wp = 0.1905,
w3 = 0.1429, and w4 = 0.2857, the corresponding CR will be 0.1270, which indicates the
weights are not trusted.

Example 3. In this example, we consider a given FPCM with a six criteria problem, which is
proposed by Wang & Chen [44], as follows:
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i C1 C2 C3 C4 C5 Cé i
c1 | [(1,1,1) (2/3,1,2) (2/51/2,2/3) (2/5,1/2,2/3) (1/2,2/3,1) (2/5,1/2,2/3)
c2 Ele (1,1,1) (1,1,1) (1/2,1,3/2) (1/2,1,3/2) (1,1,1)
1. C3 @1 @1 (1£,11) (1/2,1,3/2) (1,3/2,2) (1/2,2/3,1)
2451 @,41 g%l 2341 (lil'll) (2/3,1,2) (1/2,2/3,1)
s s s s (1,1,1) (2/3,1,2)
Co | ay g ag Ay Asg (1,1,1)

Here, we consider two situations, i.e., f = 0 and = 1, in our method, and compare
the results with others, as shown in Table 5. Note that although Wang and Chen did not
report the CI/CR in their paper, we calculate the corresponding maximum CI and CR.
Table 5. Different FAHP results in Example 3.

Weights C1 C2 C3 Max CI Max CR
[0.1176, 0.1250] [0.1765, 0.1875] [0.1765, 0.1875]
The proposed (B = 0) C4 C5 C6 0.0000 0.0000
[0.1765, 0.1875] [0.1250, 0.1765] [0.1765, 0.1875]
Cc1 Cc2 C3
[0.0898, 0.1356] [0.1261, 0.2090] [0.1231, 0.2319]
The proposed (B = 1) C4 C5 C6 0.0298 0.0241
[0.1169, 0.2382] [0.1035, 0.2380] [0.1429, 0.2715]
Cc1 C2 C3
[0.1176, 0.1176] [0.1765, 0.1765] [0.1765, 0.1765]
Gogus & Boucher [35] C4 C5 C6 0.0000 0.0000
[0.1765, 0.1765] [0.1765, 0.1765] [0.1765, 0.1765]
c1 Cc2 C3
[0.1176, 0.1176] [0.1765, 0.1765] [0.1765, 0.1765]
Wang [36] C4 C5 C6 0.0000 0.0000
[0.1765, 0.1765] [0.1765, 0.1765] [0.1765, 0.1765]
Cc1 C2 C3
[0.084, 0.180] [0.120, 0.228] [0.107, 0.270]
Without transitivity Cc4 C5 Cé 0.2350 0.1895
[0.095, 0.291] [0.101, 0.317] [0.075, 0.294]
C1 C2 C3

[0.06, 0.21] [0.09, 0.26] [0.11,0.31]

Wang & Chen [42] ca cs C6 0.4598 0.3708

[0.10, 0.37] [0.08, 0.32] [0.12,0.35]

From the presented results in Table 5, we can see that [35,36] only derive crisp weights,
despite the fact that these methods should obtain fuzzy weights. The main reason is that
with the increase in criteria, it is hard for these methods to find fuzzy weights under the
strict equality constraints, i.e., their transitivity axioms. However, if we do not consider the
transitivity axiom of the FPCM, the derived fuzzy weights are irrational, i.e., the maximum
Cl or CR is larger than 0.1. This inconsistent situation also happens in [44]. In contrast, the
proposed method is the only method to derive fuzzy and rational weights in this example.
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6. Discussion

Obtaining rational fuzzy weights is an important issue in the AHP to ensure the given
PCM is rational and the result is trusted. Therefore, many consistency indexes have been
proposed to verify this issue. However, the problem becomes more complicated when
we extend the AHP to FAHP since the transitivity axiom is hard to apply in fuzzy sets.
Although several papers have proposed the transitivity axiom to handle FPCM, there are
still many issues and open questions. First, the transitivity axiom is used to derive the
consistent FPCM. However, the past methods usually used strict equality to handle the
fuzzy sets and restrict the flexible solution region. Take Example 3, for example. The
methods of [35,36] can only derive crisp weights rather than fuzzy weights. In addition,
the result of Example 2 also indicates that we can consider the past methods as one special
case of the proposed method.

Next, in terms of practical consideration, we need to understand the possible range of
fuzzy weights, since this can be realized as sensitivity analysis or risk level. In addition,
our method considers different consistency levels of fuzzy weights. In the AHP, we derive
the crisp weights and the corresponding CI and CR. Then we use the values of CI and CR
to conclude if the weights are rational. However, in the fuzzy environment, since weights,
CI, and CR are fuzzy, the ranges of fuzzy weights get large as CI and CR increase. As
long as the maximum CI or CR is less than 0.1, the fuzzy weights are considered to be
rational. Hence, to consider risk, we can release the tolerable parameter to understand the
possibility of a fuzzy weight. In contrast, past methods only derive one of the solutions. We
should highlight the difference between the a—cut operation and the use of the tolerable
parameter, B, in this paper. As we know, the a—cut operation reflects the level of subjective
uncertainty and a—cut is reduced if the decision-maker has smaller subjective uncertainty.
On the other hand, the tolerable parameter is used to release fuzzy weights to tolerate some
levels of inconsistency of the FPCM.

However, our method also triggers another problem. That is, how to find the ap-
propriate tolerable parameter. From our tests, we know that the setting of 8 depends on
the number of criteria. That is, we can increase the value of § when conducting more
criteria and vice versa. Although we cannot determine 8 in advance, we can reduce g if the
maximum CI or CR exceeds the acceptable setting level and vice versa. Without doubt, this
also can be further researched.

7. Conclusions

In this paper, we developed a novel model to derive rational fuzzy weights of the
FAHP. Compared with other methods, the proposed method is more flexible and ensures
rational fuzzy weights. In addition, we used three examples to demonstrate the proposed
method with different tolerable parameters and compare the results with others. The results
justified the rationality of the proposed method.

Author Contributions: Conceptualization, C.-Y.C. and J.-J.H.; methodology, J.-].H.; writing—original
draft preparation, C.-Y.C. and J.-]. H.; writing—review and editing, C.-Y.C. and J.-J.H. All authors
have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

1. Cui, D;; Zhang, X. Application of Gray Analytic Hierarchy Process in Project Risk Evaluation. In Proceedings of the 2009
International Conference on Artificial Intelligence and Computational Intelligence, Shanghai, China, 7-8 November 2009;

Volume 4, pp. 592-594.

2. Li, H,; Zhang, C.; Zhao, D. Stock Investment Value Analysis Model Based on AHP and Gray Relational Degree. Manag. Sci. Eng.

2011, 4, 1-6. [CrossRef]

3.  Liu, Y.-L.; Wang, X.-L. The Risk Evaluation of Construction Programme Based on Gray-AHP Method. In Proceedings of the 2009
International Workshop on Intelligent Systems and Applications, Wuhan, China, 23-24 May 2009; pp. 1-4.


http://doi.org/10.3968/j.mse.1913035X20100404.001

Mathematics 2022, 10, 3499 11 of 12

Nej

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

Guo, X.; Kapucu, N. Assessing social vulnerability to earthquake disaster using rough analytic hierarchy process method: A case
study of Hanzhong City, China. Saf. Sci. 2020, 125, 104625. [CrossRef]

Liu, Z.; Ma, R.; Wang, H. Assessing urban resilience to public health disaster using the rough analytic hierarchy process method:
A regional study in China. J. Saf. Sci. Resil. 2022, 3, 93—-104. [CrossRef]

Meshram, S.G.; Singh, V.P,; Kahya, E.; Sepehri, M.; Meshram, C.; Hasan, M. A ; Islam, S.; Duc, P.A. Assessing erosion prone areas
in a watershed using interval rough-analytical hierarchy process (IR-AHP) and fuzzy logic (FL). Stoch. Environ. Res. Risk Assess.
2022, 36, 297-312. [CrossRef]

Mikhailov, L.; Tsvetinov, P. Evaluation of services using a fuzzy analytic hierarchy process. Appl. Soft Comput. 2004, 5, 23-33.
[CrossRef]

Emrouznejad, A.; Ho, W. Fuzzy Analytic Hierarchy Process; CRC Press: Boca Raton, FL, USA, 2017; ISBN 978-1-4987-3248-2.

Xu, Z.; Liao, H. Intuitionistic Fuzzy Analytic Hierarchy Process. IEEE Trans. Fuzzy Syst. 2014, 22, 749-761. [CrossRef]

Saaty, T.L. There is no mathematical validity for using fuzzy number crunching in the analytic hierarchy process. J. Syst. Sci. Syst.
Eng. 2006, 15, 457-464. [CrossRef]

Saaty, T.L.; Tran, L.T. On the invalidity of fuzzifying numerical judgments in the Analytic Hierarchy Process. Math. Comput.
Model. 2007, 46, 962-975. [CrossRef]

Wang, Y.-M.; Luo, Y.; Hua, Z. On the extent analysis method for fuzzy AHP and its applications. Eur. J. Oper. Res. 2008, 186,
735-747. [CrossRef]

Naveed, Q.N.; Qureshi, M.R.N.; Alsayed, A.O.; Muhammad, A.; Sanober, S.; Shah, A. Prioritizing barriers of E-Learning for
effective teaching-learning using fuzzy analytic hierarchy process (FAHP). In Proceedings of the 2017 4th IEEE International
Conference on Engineering Technologies and Applied Sciences (ICETAS), Salmabad, Bahrain, 29 November-1 December 2017;
pp- 1-8.

Cebi, A.; Karal, H. An Application of Fuzzy Analytic Hierarchy Process (FAHP) for Evaluating Students’ Project. Educ. Res. Rev.
2017,12,120-132.

Nagpal, R.; Mehrotra, D.; Bhatia, PK.; Bhatia, A. FAHP Approach to Rank Educational Websites on Usability. Int. J. Comput. Digit.
Syst. 2015, 4, 251-260. [CrossRef]

Chirra, S.; Kumar, D. Analysis of supply chain issues under sales promotional schemes using FAHP. Int. ]. Logist. Syst. Manag.
2018, 31, 224-248. [CrossRef]

Jianwei, Z.; Minjie, Z.; Liwei, Z. Risk Evaluation of the Logistics Ecological Environment System Based on FAHP. Procedia Eng.
2011, 15, 381-385. [CrossRef]

Lyu, H.-M.; Sun, W.-].; Shen, S.-L.; Zhou, A.-N. Risk Assessment Using a New Consulting Process in Fuzzy AHP. J. Constr. Eng.
Manag. 2020, 146, 04019112. [CrossRef]

Mosadeghi, R.; Warnken, J.; Tomlinson, R.; Mirfenderesk, H. Comparison of Fuzzy-AHP and AHP in a spatial multi-criteria
decision making model for urban land-use planning. Comput. Environ. Urban Syst. 2015, 49, 54—65. [CrossRef]

Krejci, J.; Pavlacka, O.; Talasova, J. A fuzzy extension of Analytic Hierarchy Process based on the constrained fuzzy arithmetic.
Fuzzy Optim. Decis. Mak. 2017, 16, 89-110. [CrossRef]

Salo, A.A. On fuzzy ratio comparisons in hierarchical decision models. Fuzzy Sets Syst. 1996, 84, 21-32. [CrossRef]

Leung, L.C.; Cao, D. On consistency and ranking of alternatives in fuzzy AHP. Eur. J. Oper. Res. 2000, 124, 102-113. [CrossRef]
Ohnishi, S.; Dubois, D.; Prade, H.; Yamanoi, T. A Fuzzy Constraint-Based Approach to the Analytic Hierarchy Process. In
Uncertainty and Intelligent information Systems; WORLD SCIENTIFIC: Singapore, 2008; pp. 217-227. ISBN 978-981-279-234-1.
Saaty, T.L. The Analytic Hierarchy Process; Mcgraw Hill: New York, NY, USA, 1980; Volume 70.

Huang, J.-J. Consistent Fuzzy Analytic Hierarchy Process by Considering Fuzzy Input and Output Data. In Proceedings of the
2016 Joint 8th International Conference on Soft Computing and Intelligent Systems (SCIS) and 17th International Symposium on
Advanced Intelligent Systems (ISIS), Sapporo, Japan, 25-28 August 2016; pp. 564-569.

Saaty, T.L.; Vargas, L.G. Comparison of eigenvalue, logarithmic least squares and least squares methods in estimating ratios.
Math. Model. 1984, 5, 309-324. [CrossRef]

Tone, K. Two Technical Notes on the AHP Based on Geometric Mean Method. Proc. ISAHP 1996, 96, 375-381.

Crawford, G.; Williams, C. A note on the analysis of subjective judgment matrices. J. Math. Psychol. 1985, 29, 387-405. [CrossRef]
Aguaron, J.; Moreno-Jiménez, ].M. The geometric consistency index: Approximated thresholds. Eur. . Oper. Res. 2003, 147,
137-145. [CrossRef]

Stein, W.E.; Mizzi, P.J. The harmonic consistency index for the analytic hierarchy process. Eur. J. Oper. Res. 2007, 177, 488-497.
[CrossRef]

Alonso, ].A.; Lamata, M.T. Consistency in the analytic hierarchy process: A new approach. Int. J. Uncertain. Fuzziness Knowl.-Based
Syst. 2006, 14, 445-459. [CrossRef]

Aguaron, ].; Escobar, M.T.; Moreno-Jiménez, ].M.; Turén, A. The Triads Geometric Consistency Index in AHP-Pairwise Comparison
Matrices. Mathematics 2020, 8, 926. [CrossRef]

Csutora, R.; Buckley, ].J. Fuzzy hierarchical analysis: The Lambda-Max method. Fuzzy Sets Syst. 2001, 120, 181-195. [CrossRef]
Xia, M.; Chen, J. Studies on Interval Multiplicative Preference Relations and Their Application to Group Decision Making. Group
Decis. Negot. 2015, 24, 115-144. [CrossRef]


http://doi.org/10.1016/j.ssci.2020.104625
http://doi.org/10.1016/j.jnlssr.2021.12.003
http://doi.org/10.1007/s00477-021-02134-6
http://doi.org/10.1016/j.asoc.2004.04.001
http://doi.org/10.1109/TFUZZ.2013.2272585
http://doi.org/10.1007/s11518-006-5021-7
http://doi.org/10.1016/j.mcm.2007.03.022
http://doi.org/10.1016/j.ejor.2007.01.050
http://doi.org/10.12785/ijcds/040404
http://doi.org/10.1504/IJLSM.2018.094936
http://doi.org/10.1016/j.proeng.2011.08.073
http://doi.org/10.1061/(ASCE)CO.1943-7862.0001757
http://doi.org/10.1016/j.compenvurbsys.2014.10.001
http://doi.org/10.1007/s10700-016-9241-0
http://doi.org/10.1016/0165-0114(95)00303-7
http://doi.org/10.1016/S0377-2217(99)00118-6
http://doi.org/10.1016/0270-0255(84)90008-3
http://doi.org/10.1016/0022-2496(85)90002-1
http://doi.org/10.1016/S0377-2217(02)00255-2
http://doi.org/10.1016/j.ejor.2005.10.057
http://doi.org/10.1142/S0218488506004114
http://doi.org/10.3390/math8060926
http://doi.org/10.1016/S0165-0114(99)00155-4
http://doi.org/10.1007/s10726-014-9383-9

Mathematics 2022, 10, 3499 12 of 12

35.

36.

37.

38.

39.
40.

41.
42.

43.

44.

Gogus, O.; Boucher, T.O. Strong transitivity, rationality and weak monotonicity in fuzzy pairwise comparisons. Fuzzy Sets Syst.
1998, 94, 133-144. [CrossRef]

Wang, Z.-]. A note on “A goal programming model for incomplete interval multiplicative preference relations and its application
in group decision-making”. Eur. J. Oper. Res. 2015, 247, 867-871. [CrossRef]

Kubler, S.; Derigent, W.; Voisin, A.; Robert, J.; Le Traon, Y.; Viedma, E.H. Measuring inconsistency and deriving priorities
from fuzzy pairwise comparison matrices using the knowledge-based consistency index. Knowl.-Based Syst. 2018, 162, 147-160.
[CrossRef]

Wang, Y.-M.; Chin, K.-S. An eigenvector method for generating normalized interval and fuzzy weights. Appl. Math. Comput. 2006,
181, 1257-1275. [CrossRef]

van Laarhoven, PJ.M.; Pedrycz, W. A fuzzy extension of Saaty’s priority theory. Fuzzy Sets Syst. 1983, 11, 229-241. [CrossRef]
Ahmed, F; Kilic, K. Fuzzy Analytic Hierarchy Process: A performance analysis of various algorithms. Fuzzy Sets Syst. 2019, 362,
110-128. [CrossRef]

Buckley, ].J. Fuzzy hierarchical analysis. Fuzzy Sets Syst. 1985, 17, 233-247. [CrossRef]

Helmy, S.E.; Eladl, G.H.; Eisa, M. Fuzzy analytical hierarchy process (FAHP) using geometric mean method to select best
processing framework adequate to bit data. J. Theor. Appl. Inf. Technol. 2021, 9, 207-226.

Ju, Y; Wang, A ; Liu, X. Evaluating emergency response capacity by fuzzy AHP and 2-tuple fuzzy linguistic approach. Expert
Syst. Appl. 2012, 39, 6972-6981. [CrossRef]

Wang, T.; Chen, Y. Some Issues on Consistency of Fuzzy Analytic Hierarchy Process. In Proceedings of the 2006 International
Conference on Machine Learning and Cybernetics, Dalian, China, 13-16 August 2006; pp. 1818-1822.


http://doi.org/10.1016/S0165-0114(96)00184-4
http://doi.org/10.1016/j.ejor.2015.06.015
http://doi.org/10.1016/j.knosys.2018.09.015
http://doi.org/10.1016/j.amc.2006.02.026
http://doi.org/10.1016/S0165-0114(83)80082-7
http://doi.org/10.1016/j.fss.2018.08.009
http://doi.org/10.1016/0165-0114(85)90090-9
http://doi.org/10.1016/j.eswa.2012.01.061

	Introduction 
	The Problem Description 
	Literature Review for the Consistent Issue of the FAHP 
	The Proposed Method 
	Numerical Example 
	Discussion 
	Conclusions 
	References

