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Abstract: In this work, various fractional convex inequalities of the Hermite–Hadamard type in the
interval analysis setting have been established, and new inequalities have been derived thereon.
Recently defined p interval-valued convexity is utilized to obtain many new fractional Hermite–
Hadamard type convex inequalities. The derived results have been supplemented with suitable
numerical examples. Our results generalize some recently reported results in the literature.
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1. Introduction

Convex inequalities have been an ongoing topic of research since the discovery of
the first convex inequality by Jensen. Various inequalities were derived as consequences
of the famous Jensen’s inequality; see [1,2]. Convex inequalities have many applications,
for example, in probability theory, analysis, and optimization problems [3–9]. See the
following books for further information [10,11]. The most famous inequality, namely the
Hermite–Hadamard inequality, is given in [12].

Let f : I→ R be a convex function on I in R and ρ1, ρ2 ∈ I with ρ1 < ρ2, then

f
(

ρ1 + ρ2

2

)
6

1
ρ2 − ρ1

∫ ρ2

ρ1

f(t)dt 6
f(ρ1) +f(ρ2)

2
.

Many mathematicians have applied this inequality for fractional estimates of Hermite–
Hadamard (H-H) inequalities using different kinds of convexity [13–15]. The H-H inequal-
ity has been derived using various convex generalizations of Jensen’s inequality; see [16–18].
In this paper, we employ the interval valued function setting (IVF) together with convexity
properties to derive various convex inequalities together with fractional integral operators.
The novelty in this paper is that it generalizes the recently obtained results of Srivastava.

It is interesting to note that the first idea of fractional calculus was presented by Leibniz
and L’Hospital (1695). The idea was explored further by Riemann, Liouville, Grünwald,
Letnikov, Erdéli, and Kober. They also have made valuable contributions to the field of
fractional calculus and its widespread application. Today, fractional calculus is widely used
in describing various phenomena, such as fractional conservation of mass as described by
Wheatcraft and Meerschaert (2008), fractional Schrödinger equation in quantum theory,
and many others. For more information about fractional calculus, see [19–22].

Motivation behind this paper is to derive various fractional IVF inequalities, see [23–28],
which find application in numerical analysis and related fields.
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We give the very first definition of the convex function given by Jensen [29].

Definition 1. For an interval I in R, a function f : I → R is said to be convex on I if

f(ζx + (1− ζ)y) 6 ζf(x) + (1− ζ)f(y)

for all x, y ∈ I and ζ ∈ [0, 1] holds and is said to be a concave function if the inequality is reversed.

2. Preliminaries

Let the collection of all closed and bounded intervals of R be defined as follows:

Kc = {[Ω∗, Ω∗] : Ω∗, Ω∗ ∈ R and Ω∗ 6 Ω∗}.

We say that the interval [Ω∗, Ω∗] is a positive interval if Ω∗ > 0, and it is defined
as follows:

K+
c = {[Ω∗, Ω∗] : Ω∗, Ω∗ ∈ R and Ω∗ > 0}.

The algebraic addition, the algebraic multiplication, and the scalar multiplication for
[Φ∗, Φ∗], [Ω∗, Ω∗] ∈ Kc and ζ ∈ R are defined as follows:

[Φ∗, Φ∗] + [Ω∗, Ω∗] = [Φ∗ + Ω∗, Φ∗ + Ω∗],

[Φ∗, Φ∗] · [Ω∗, Ω∗] = [min{Φ∗Ω∗, Φ∗Ω∗, Φ∗Ω∗, Φ∗Ω∗}, max{Φ∗, Ω∗, Φ∗Ω∗, Φ∗Ω∗, Φ∗Ω∗}]

and

ζ · [Φ∗, Φ∗] =


[ζΦ∗, ζΦ∗], (ζ > 0),
{0}, (ζ = 0),
[ζΦ∗, ζΦ∗], (ζ < 0)

respectively. The difference is defined as

Φ−Ω = [Φ∗, Φ∗]− [Ω∗, Ω∗] = [Φ∗ −Ω∗, Φ∗ −Ω∗].

The inclusion relation Ω ⊇ Φ means that

Ω ⊇ Φ i f and only i f [Ω∗, Ω∗] ⊇ [Φ∗, Φ∗] i f and only i f [Φ∗ > Ω∗, Ω∗ > Φ∗]

The following relation was defined in the following paper by Moore [30].

Remark 1.

(i) The relation “6p” defined on Kc by

[Φ∗, Φ∗] 6p [Ω∗, Ω∗]

if and only if Φ∗ 6 Ω∗, Φ∗ 6 Ω∗ for all [Φ∗, Φ∗], [Ω∗, Ω∗] ∈ R is a pseudo order relation.
In the interval analysis case, both the pseudo order relation (6p) and partial order relation (6 )
behave alike, thus the relation [Φ∗, Φ∗] 6p [Ω∗, Ω∗] is coincident to [Φ∗, Φ∗] 6 [Ω∗, Ω∗]
on Kc, for more details see [30].

(ii) It can be easily seen that “6p” looks similar to “left and right” on the real line R, so we call
“6p” “left and right” (or “LR” order, in short).

The concept of the Riemann integral for IVF was first introduced by Moore [31] and is
defined as follows:

Theorem 1. Let f : [ρ1, ρ2] ⊂ R→ Kc be an interval valued function such that

f(x) = [f∗(x),f∗(x)].
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Then, F is Riemann-integrable over [ρ1, ρ2] if and only if f∗ and f∗ are both Riemann
integrable over [ρ1, ρ2].

(IR)
∫ ρ2

ρ1

f(x)dx =

[
(R)

∫ ρ2

ρ1

f∗(x)dx, (R)
∫ ρ2

ρ1

f∗(x)dx
]

In the following, we give a definition of the IVF convex function [31].

Definition 2. The interval-valued function F : X → K+
c is said to be LR-convex interval-valued

on a convex set X if, for all ρ1, ρ2 ∈ X , and ζ ∈ [0, 1], we have

F (ζρ1 + (1− ζ)ρ2) 6p ζF (ρ1) + (1− ζ)F (ρ2).

If the inequality is reversed, then F is said to be LR-concave on X . Moreover, F is affine on
X if and only if it is both LR-convex and LR-concave on X .

Now we define IVF fractional integrals.
The first fractional integral is due to Katugampola [32].

Definition 3. Let p, α > 0 and f ∈ L[u, v] be the collection of all complex-valued Lebesgue
integrable IVFs on [u, v]. Then, the interval left and right Katugampol fractional integrals of
f ∈ L[u, v] with order α > 0 are defined by

Jp,α
u+ f(x) =

p1−α

Γ(α)

∫ x

u
(xp − ζ p)α−1ζ p−1f(ζ)dζ (x > u),

Jp,α
v− f(x) =

p1−α

Γ(α)

∫ v

x
(ζ p − xp)α−1ζ p−1f(ζ)dζ (x < v)

where Γ(α) =
∫ +∞

0 e−xxα−1dx is the Euler Gamma function; see [33].

The concept of p-convex functions were established by Zhang and Wang [34], and
a number of properties of the functions were introduced.

Definition 4. Let p ∈ R with p 6= 0. Then, the interval I is said to be p-convex if

[ρxp + (1− ρ)yp]
1
p ∈ I .

for all x, y ∈ I , ρ ∈ [0, 1], where p = 2n + 1 and n ∈ N or p is an odd number.

Definition 5. Let p ∈ R with p 6= 0. Then, the interval I is said to be p-convex if

f
(
(ρxp + (1− ρ)yp)

1
p

)
6 ρf(x) + (1− ρ)f(y)

or all x, y ∈ [u, v], ρ ∈ [0, 1]. If the inequality is reversed, then f is called p-concave function. The
set of all p-convex (LR-p-concave, LR-p-affine) functions is denoted by

SX([u, v],R+, p) (SV([u, v],R+, p), ).

Now we define the class of functions that will be used in this paper, defined by
Khan et al. [35].
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Definition 6. The IVF f : [u, v]→ K+
c is said to be LR-p-convex-IVF if for all x, y ∈ [u, v] and

ρ ∈ [0, 1] we have

f
(
[ρxp + (1− ρ)yp]

1
p

)
6p ρf(x) + (1− ρ)f(y).

If inequality is reversed, then f is said to be LR-p-concave on [u, v]. The set of all LR-p-convex
(LR-p-concave) IVFs is denoted by

LRSX([u, v], K+
c , p) (LRSV([u, v], K+

c , p)).

3. Main Results

We present our first theorem that generalizes the theorem from the paper by Srivas-
tava et al. [36].

Theorem 2. Let f : [a, b] → K+
c be an IVF that is LR-p convex. Then the following inequal-

ity holds:

F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F (b) + Jp,α((

ap+bp
2

) 1
p
)−F (a)


6p

pα

4
(F (a) +F (b))

∫ 1

0
tptαp−1dt +

pα

2
(F (a) +F (b))

∫ 1

0
(1− tp

2
)tαp−1dt.

Proof. From the definition of the LR-p convex IVF, we have

F

(
[ρxp + (1− ρ)yp]

1
p

)
6p ρF (x) + (1− ρ)F (y).

Setting ρ = 1
2 , we obtain

2F

(
[
xp + yp

2
]

1
p

)
6p F (x) +F (y).

Setting xp = tpap

2 + 2−tp

2 bp, yp = 2−tp

2 ap + tpbp

2 , we obtain

2F

(
[
ap + bp

2
]

1
p

)
6p F

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
+F

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
.

Therefore, from the definition of the IVF, we have

2F∗

(
[
ap + bp

2
]

1
p

)
6 F∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
+F∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
and

2F ∗
(
[
ap + bp

2
]

1
p

)
6 F ∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
+F ∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
.

Multiplying both inequalities with tαp−ptp−1 and integrating with respect to t from 0
to 1, we get

2
∫ 1

0
tαp−1F∗

(
[
ap + bp

2
]

1
p

)
dt 6

∫ 1

0
tαp−1F∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
dt +

∫ 1

0
tαp−1F∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
dt.



Mathematics 2022, 10, 3491 5 of 16

and

2
∫ 1

0
tαp−1F ∗

(
[
ap + bp

2
]

1
p

)
dt 6

∫ 1

0
tαp−1F ∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
dt +

∫ 1

0
tαp−1F ∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
dt.

Now setting tpap

2 + 2−tp

2 bp = ωp, tpbp

2 + 2−tp

2 ap = vp, we obtain

2
αp

F∗

(
[
ap + bp

2
]

1
p

)
6

2α

(bp − ap)α

∫ b

( ap+bp
2 )

1
p
(bp −ωp)α−1ωp−1F∗(ω)dω +

∫ ( ap+bp
2 )

1
p

a
(vp − ap)α−1vp−1F∗(v)dv.


and

2
αp

F ∗
(
[
ap + bp

2
]

1
p

)
6

2α

(bp − ap)α

∫ b

( ap+bp
2 )

1
p
(bp −ωp)α−1ωp−1F ∗(ω)dω +

∫ ( ap+bp
2 )

1
p

a
(vp − ap)α−1vp−1F ∗(v)dv.


which, when identified in terms of the Katagumpola fractional integral, we obtain

2
αp

F∗

(
[
ap + bp

2
]

1
p

)
6

2αΓ(α)
p1−α(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F∗(b) + Jp,α((

ap+bp
2

) 1
p
)−F∗(a)


and

2
αp

F ∗
(
[
ap + bp

2
]

1
p

)
6

2αΓ(α)
p1−α(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F ∗(b) + Jp,α((

ap+bp
2

) 1
p
)−F ∗(a)

.

Consequently, we have

2
αp

[F ∗
(
[
ap + bp

2
]

1
p

)
, F∗

(
[
ap + bp

2
]

1
p

)
]

6p
2αΓ(α)

p1−α(bp − ap)α

(Jp,α((
ap+bp

2

) 1
p
)+F ∗(b) + Jp,α((

ap+bp
2

) 1
p
)−F ∗(a)

,

Jp,α((
ap+bp

2

) 1
p
)+F∗(b) + Jp,α((

ap+bp
2

) 1
p
)−F∗(a)

).

From which we obtain the following:
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F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F (b) + Jp,α((

ap+bp
2

) 1
p
)−F (a)

.

Now to obtain the right hand side inequality, we apply the definition of the LR-p
convex IVF on the expression

F

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
+F

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
.

Multiplying everything by tαp−1 and integrating with respect to t from 0 to 1, we get
the original inequality

F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F (b) + Jp,α((

ap+bp
2

) 1
p
)−F (a)


6p

pα

4
(F (a) +F (b))

∫ 1

0
tptαp−1dt +

pα

2
(F (a) +F (b))

∫ 1

0
(1− tp

2
)tαp−1dt.

Corollary 1. If F∗ = F ∗, then p-convex-IVF reduces to the classical fractional p-convex inequality.

Corollary 2. Setting p = 1 in the derived theorem, we obtain Theorem 6 from Srivastava et al. [36]:

F

(
a + b

2

)
6p

2α−1Γ(α + 1)
(b− a)α

(
J1,α

(( a+b
2 ))

+F (b) + J1,α

(( a+b
2 ))

−F (a)
)

6p
F (a) +F (b)

2
.

Example 1. Let p be an odd number and the I-V-F F : [a, b] = [−1, 1] → R+
l defined by

F (ω) = [ωp, ewp
]. End point functions F∗(ω) = ωp and F ∗(ω) = eωp

are both p-convex
functions, hence F is LR-p-convex-I-V-F. We will compute the following while setting p = 1, α = 2:

F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F (b) + Jp,α((

ap+bp
2

) 1
p
)−F (a)


6p

pα

4
(F (a) +F (b))

∫ 1

0
tptαp−1dt +

pα

2
(F (a) +F (b))

∫ 1

0
(1− tp

2
)tαp−1dt.

F∗

(
(

ap + bp

2
)

1
p

)
= F∗(0) = 0,

2α−1 pαΓ(α + 1)
(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F∗(b) + Jp,α((

ap+bp
2

) 1
p
)−F∗(a)

 = 0,

and

pα

4
(F∗(a) +F∗(b))

∫ 1

0
tptαp−1dt +

pα

2
(F∗(a) +F∗(b))

∫ 1

0
(1− tp

2
)tαp−1dt = 0.
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This means 0 6 0 6 0.
Computing the upper end point function, we get

F ∗
(
(

ap + bp

2
)

1
p

)
= F ∗(0) = 1,

2α−1 pαΓ(α + 1)
(bp − ap)α

Jp,α((
ap+bp

2

) 1
p
)+F ∗(b) + Jp,α((

ap+bp
2

) 1
p
)−F ∗(a)


=

1
3

(
E 1

3
(−1) + 3

√
−1Γ

(
2
3

)
+ (−1)2/3

(
Γ
(

1
3

,−1
)
− Γ

(
1
3

)))
+

1
3

(
E 1

3
(1)− Γ

(
2
3

)
+ 3Γ

(
4
3

)
− Γ

(
1
3

, 1
))
∼ 1.01832,

Here E denotes the exponential integral and Γ(a, b) denotes the incomplete Gamma function.

pα

4
(F ∗(a) +F ∗(b))

∫ 1

0
tptαp−1dt +

pα

2
(F ∗(a) +F ∗(b))

∫ 1

0
(1− tp

2
)tαp−1dt

=
1
2

(
e +

1
e

)
∼ 1.54308

From which, it follows that

1 6 1.01832 6 1.54308.

Thus, we have,
[0, 1] 6p [0, 1.01832] 6p [0, 1.54308].

Theorem 3. Let f : [a, b] → K+
c be an IVF that is LR-p convex. Then the following inequal-

ity holds:

F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F

( q
2
(ap − bp) + bp

)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F

( q
2
(bp − ap) + ap

))

6p
pα

2
(F (a) +F (b))

∫ 1

0

q + tp

2
tαp−1dt

+
pα

2
(F (a) +F (b))

∫ 1

0

(
1− q + tp

2

)
tαp−1dt.

Proof. From the definition of the LR-p convex IVF, we have

F

(
[ρxp + (1− ρ)yp]

1
p

)
6p ρF (x) + (1− ρ)F (y).

Setting ρ = 1
2 , we obtain

2F

(
[
xp + yp

2
]

1
p

)
6p F (x) +F (y).
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Setting xp = q+tp

2 ap + (1− q+tp

2 )bp, yp = q+tp

2 bp + (1− q+tp

2 )ap, we obtain

2F

(
[
ap + bp

2
]

1
p

)
6p F

(
[
q + tp

2
ap + (1− q + tp

2
)bp]

1
p

)
+F

(
[
q + tp

2
bp + (1− q + tp

2
)ap]

1
p

)
.

Therefore, from the definition of the IVF, we have

2F∗

(
[
ap + bp

2
]

1
p

)
6 F∗

(
[
q + tp

2
ap + (1− q + tp

2
)bp]

1
p

)
+F∗

(
[
q + tp

2
bp + (1− q + tp

2
)ap]

1
p

)
and

2F ∗
(
[
ap + bp

2
]

1
p

)
6 F ∗

(
[
q + tp

2
ap + (1− q + tp

2
)bp]

1
p

)
+F ∗

(
[
q + tp

2
bp + (1− q + tp

2
)ap]

1
p

)
.

Multiplying both inequalities with tαp−ptp−1 and integrating with respect to t from 0
to 1, we get

2
∫ 1

0
tαp−1F∗

(
[
ap + bp

2
]

1
p

)
dt 6

∫ 1

0
tαp−1F∗

(
[
q + tp

2
ap + (1− q + tp

2
)bp]

1
p

)
dt +

∫ 1

0
tαp−1F∗

(
[
q + tp

2
bp + (1− q + tp

2
)ap]

1
p

)
dt

and

2
∫ 1

0
tαp−1F ∗

(
[
ap + bp

2
]

1
p

)
dt 6

∫ 1

0
tαp−1F ∗

(
[
q + tp

2
ap + (1− q + tp

2
)bp]

1
p

)
dt +

∫ 1

0
tαp−1F ∗

(
[
q + tp

2
bp + (1− q + tp

2
)ap]

1
p

)
dt.

Now setting q+tp

2 ap + (1− q+tp

2 )bp = ωp, q+tp

2 bp + (1− q+tp

2 )ap = vp, we obtain

2
αp

F∗

(
[
ap + bp

2
]

1
p

)
6

2α

(bp − ap)α

( ∫ (
q
2 (ap−bp)+bp)

1
p

(
q
2 (ap−bp)+ bp

2 + ap
2 )

1
p
(

q
2
(ap − bp) + bp −ωp)α−1ωp−1F∗(ω)dω

+
∫ (

q
2 (b

p−ap)+ ap
2 + bp

2 )
1
p

(
q
2 (b

p−ap)+ap)
1
p

(vp − q
2
(bp − ap)− ap)α−1vp−1F∗(v)dv

)
and

2
αp

F ∗
(
[
ap + bp

2
]

1
p

)
6

2α

(bp − ap)α

( ∫ (
q
2 (ap−bp)+bp)

1
p

(
q
2 (ap−bp)+ bp

2 + ap
2 )

1
p
(

q
2
(ap − bp) + bp −ωp)α−1ωp−1F ∗(ω)dω

+
∫ (

q
2 (b

p−ap)+ ap
2 + bp

2 )
1
p

(
q
2 (b

p−ap)+ap)
1
p

(vp − q
2
(bp − ap)− ap)α−1vp−1F ∗(v)dv

)
.

When identified in terms of the Katagumpola fractional integral, we obtain

2
αp

F∗

(
[
ap + bp

2
]

1
p

)
6

2αΓ(α)
p1−α(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F∗((

q
2
(ap − bp) + bp)) +

bp

2
+

ap

2
)
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+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F∗(

q
2
(bp − ap) + ap)

)

and
2

αp
F ∗
(
[
ap + bp

2
]

1
p

)
6

2αΓ(α)
p1−α(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F ∗((

q
2
(ap − bp) + bp)) +

bp

2
+

ap

2
)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F ∗(

q
2
(bp − ap) + ap)

)
.

Consequently, we have

2
αp

[F ∗
(
[
ap + bp

2
]

1
p

)
, F∗

(
[
ap + bp

2
]

1
p

)
]

6p
2αΓ(α)

p1−α(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F ∗((

q
2
(ap − bp) + bp)) +

bp

2
+

ap

2
)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F ∗(

q
2
(bp − ap) + ap),

Jp,α((
q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F∗((

q
2
(ap − bp) + bp)) +

bp

2
+

ap

2
)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F∗(

q
2
(bp − ap) + ap)

)
.

From which, we obtain the following:

2
αp

F

(
[
ap + bp

2
]

1
p

)
6p

2αΓ(α)
p1−α(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F ((

q
2
(ap − bp) + bp)) +

bp

2
+

ap

2
)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F (

q
2
(bp − ap) + ap)

)
.

Now, to obtain the right hand side inequality, we apply the definition of the LR-p
convex IVF on the expression

F

(
[
q + tp

2
ap + (1− q + tp

2
)bp]

1
p

)
+F

(
[
q + tp

2
bp + (1− q + tp

2
)ap]

1
p

)
.

Multiplying everything by tαp−1 and integrating with respect to t from 0 to 1, we get
the original inequality
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F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F

( q
2
(ap − bp) + bp

)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F

( q
2
(bp − ap) + ap

))

6p
pα

2
(F (a) +F (b))

∫ 1

0

q + tp

2
tαp−1dt +

pα

2
(F (a) +F (b))

∫ 1

0
(1− q + tp

2
)tαp−1dt.

Setting q = 1
3 , we have the following new inequality:

Corollary 3.

F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

(
Jp,α((

1
6 (ap−bp+ bp

2 + ap
2

) 1
p
)+F

(
1
6
(ap − bp) + bp

)

+Jp,α((
1
6 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F

(
1
6
(bp − ap) + ap

))

6p
pα

2
(F (a) +F (b))

∫ 1

0

1
3 + tp

2
tαp−1dt

+
pα

2
(F (a) +F (b))

∫ 1

0

(
1−

1
3 + tp

2

)
tαp−1dt.

Example 2. Let p be an odd number and the I-V-F F : [a, b] = [−1, 1] → R+
l defined by

F (ω) = [ωp, ewp
]. Since end point functions F∗(ω) = ωp and F ∗(ω) = eωp

are both p-convex
functions, F is LR-p-convex-I-V-F. Setting p = 1, α = 2, q = 1

3 in the above inequality, we have:

F

(
[
ap + bp

2
]

1
p

)
6p

2α−1 pαΓ(α + 1)
(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F

( q
2
(ap − bp) + bp

)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F

( q
2
(bp − ap) + ap

))

6p
pα

2
(F (a) +F (b))

∫ 1

0

q + tp

2
tαp−1dt +

pα

2
(F (a) +F (b))

∫ 1

0
(1− q + tp

2
)tαp−1dt.

F∗

(
(

ap + bp

2
)

1
p

)
= F∗(0) = 0,

2α−1 pαΓ(α + 1)
(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F∗

( q
2
(ap − bp) + bp

)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F∗

( q
2
(bp − ap) + ap

))
= 0,
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and

pα

2
(F∗(a) +F∗(b))

∫ 1

0

q + tp

2
tαp−1dt +

pα

2
(F∗(a) +F∗(b))

∫ 1

0
(1− q + tp

2
)tαp−1dt = 0.

This implies
0 6 0 6 0.

Computing the upper end point function, we get

F ∗
(
(

ap + bp

2
)

1
p

)
= F ∗(0) = 1,

2α−1 pαΓ(α + 1)
(bp − ap)α

(
Jp,α((

q
2 (ap−bp)+ bp

2 + ap
2

) 1
p
)+F ∗

( q
2
(ap − bp) + bp

)

+Jp,α((
q
2 (b

p−ap)+ ap
2 + bp

2

) 1
p
)−F ∗

( q
2
(bp − ap) + ap

))
∼ 1.00076,

pα

4
(F ∗(a) +F ∗(b))

∫ 1

0
tptαp−1dt +

pα

2
(F ∗(a) +F ∗(b))

∫ 1

0
(1− tp

2
)tαp−1dt

=
3
8

(
1
e
+ e
)
∼ 1.15731

Hence,
1 6 1.00076 6 1.15731.

From which we get
[0, 1] 6p [0, 1.00076] 6p [0, 1.15731].

Theorem 4. Let p, α > 0, u, v ∈ I with v > u and F , G ∈ L([u, v]). If F , G ∈ LRSX([u, v],
K+, p), then we have

2α pαΓ(α + 1)
(bp − ap)α

(
Jp,α

(( ap+bp
2 )

1
p )+

F (b)G (b) + Jp,α

(( ap+bp
2 )

1
p )−

F (a)G (a)
)

6p
α

4(α + 2)
(F (a)G (a) +F (b)G (b)) +

α(α + 3)
4(α2 + 3α + 2)

(F (a)G (b) +F (b)G (a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F (b)G (b) +F (a)G (a)).

Proof. Since F , G ∈ LRSX([u, v], K+
c , p), then for ρ ∈ [0, 1], we have

F

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6p

tp

2
F (a) + (1− tp

2
)F (b)

and

G

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6p

tp

2
G (a) + (1− tp

2
)G (b).

From the definition of the IVF, we have

F∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6

tp

2
F∗(a) + (1− tp

2
)F∗(b),



Mathematics 2022, 10, 3491 12 of 16

F ∗
(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6

tp

2
F ∗(a) + (1− tp

2
)F ∗(b),

G∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6

tp

2
G∗(a) + (1− tp

2
)G∗(b)

and

G ∗
(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6

tp

2
G ∗(a) + (1− tp

2
)G ∗(b).

Now multiplying the corresponding functions of F , G , we get

F∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
G∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)

6
(

tp

2
F∗(a) +

2− tp

2
F∗(b)

)(
tp

2
G∗(a) +

2− tp

2
G∗(b)

)
=

t2p

4
F∗(a)G∗(a) +

(2− tp)2

4
F∗(b)G∗(b) +

tp

2
2− tp

2
G∗(b)F∗(a) +

2− tp

2
tp

2
F∗(b)G∗(a)

=
t2p

4
F∗(a)G∗(a) +

(2− tp)2

4
F∗(b)G∗(b) +

tp(2− tp)

4
(F∗(a)G∗(b) +F∗(b)G∗(a))

and

F ∗
(
[
tpap

2
+

2− tp

2
bp]

1
p

)
G ∗
(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6
(

tp

2
F ∗(a) +

2− tp

2
F ∗(b)

)(
tp

2
G ∗(a) +

2− tp

2
G ∗(b)

)
=

t2p

4
F ∗(a)G ∗(a)+

(2− tp)2

4
F ∗(b)G ∗(b)+

tp

2
2− tp

2
G ∗(b)F ∗(a)+

2− tp

2
tp

2
F ∗(b)G ∗(a)

=
t2p

4
F ∗(a)G ∗(a) +

(2− tp)2

4
F ∗(b)G ∗(b) +

tp(2− tp)

4
(F ∗(a)G ∗(b) +F ∗(b)G ∗(a)).

Analogously, we have

F∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
G∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)

6
(

tp

2
F∗(b) +

2− tp

2
F∗(a)

)(
tp

2
G∗(b) +

2− tp

2
G∗(a)

)
=

t2p

4
F∗(b)G∗(b) +

(2− tp)2

4
F∗(a)G∗(a) +

tp

2
2− tp

2
G∗(a)F∗(b) +

2− tp

2
tp

2
F∗(a)G∗(b)

=
t2p

4
F∗(b)G∗(b) +

(2− tp)2

4
F∗(a)G∗(a) +

tp(2− tp)

4
(F∗(b)G∗(a) +F∗(a)G∗(b))

and

F ∗
(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
G ∗
(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
6
(

tp

2
F ∗(b) +

2− tp

2
F ∗(a)

)(
tp

2
G ∗(b) +

2− tp

2
G ∗(a)

)
=

t2p

4
F ∗(b)G ∗(b)+

(2− tp)2

4
F ∗(a)G ∗(a)+

tp

2
2− tp

2
G ∗(a)F ∗(b)+

2− tp

2
tp

2
F ∗(a)G ∗(b)

=
t2p

4
F ∗(b)G ∗(b) +

(2− tp)2

4
F ∗(a)G ∗(a) +

tp(2− tp)

4
(F ∗(b)G ∗(a) +F ∗(a)G ∗(b)).
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Adding the corresponding parts of the inequalities, we get

F∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
G∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)

+F∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
G∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6

t2p

4
(F∗(a)G∗(a) +F∗(b)G∗(b)) +

tp(2− tp)

4
(F∗(a)G∗(b) +F∗(b)G∗(a))

+
(2− tp)2

4
(F∗(b)G∗(b) +F∗(a)G∗(a))

and

F ∗
(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
G ∗
(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
+F ∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
G ∗
(
[
tpap

2
+

2− tp

2
bp]

1
p

)
6

t2p

4
(F ∗(a)G ∗(a) +F ∗(b)G ∗(b)) +

tp(2− tp)

4
(F ∗(a)G ∗(b) +F ∗(b)G ∗(a))

+
(2− tp)2

4
(F ∗(b)G ∗(b) +F ∗(a)G ∗(a)).

Multiplying both inequalities above with tαp−1 and integrating with respect to t from
0 to 1, we obtain∫ 1

0
tαp−1F∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
G∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
dt

+
∫ 1

0
tαp−1F∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
G∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
dt

6
α

4(α + 2)
(F∗(a)G∗(a) +F∗(b)G∗(b)) +

α(α + 3)
4(α2 + 3α + 2)

(F∗(a)G∗(b) +F∗(b)G∗(a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F∗(b)G∗(b) +F∗(a)G∗(a))

and ∫ 1

0
tαp−1F ∗

(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
G ∗
(
[
tpbp

2
+

2− tp

2
ap]

1
p

)
dt

+
∫ 1

0
tαp−1F ∗

(
[
tpap

2
+

2− tp

2
bp]

1
p

)
G ∗
(
[
tpap

2
+

2− tp

2
bp]

1
p

)
dt

6
α

4(α + 2)
(F ∗(a)G ∗(a) +F ∗(b)G ∗(b)) +

α(α + 3)
4(α2 + 3α + 2)

(F ∗(a)G ∗(b) +F ∗(b)G ∗(a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F ∗(b)G ∗(b) +F ∗(a)G ∗(a)).

Identifying the product of the functions under the integral to be Katagumpola type
integral, we obtain

2α pαΓ(α + 1)
(bp − ap)α

(
Jp,α

(( ap+bp
2 )

1
p )+

F∗(b)G∗(b) + Jp,α

(( ap+bp
2 )

1
p )−

F∗(a)G∗(a)
)

6
α

4(α + 2)
(F∗(a)G∗(a) +F∗(b)G∗(b)) +

α(α + 3)
4(α2 + 3α + 2)

(F∗(a)G∗(b) +F∗(b)G∗(a))
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+
α2 + 5α + 8

4(α2 + 3α + 2)
(F∗(b)G∗(b) +F∗(a)G∗(a))

and
2α pαΓ(α + 1)
(bp − ap)α

(
Jp,α

(( ap+bp
2 )

1
p )+

F ∗(b)G ∗(b) + Jp,α

(( ap+bp
2 )

1
p )−

F ∗(a)G ∗(a)
)

6
α

4(α + 2)
(F ∗(a)G ∗(a) +F ∗(b)G ∗(b)) +

α(α + 3)
4(α2 + 3α + 2)

(F ∗(a)G ∗(b) +F ∗(b)G ∗(a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F ∗(b)G ∗(b) +F ∗(a)G ∗(a)).

As a consequence, we obtain

2α pαΓ(α + 1)
(bp − ap)α

(
Jp,α

(( ap+bp
2 )

1
p )+

F ∗(b)G ∗(b) + Jp,α

(( ap+bp
2 )

1
p )−

F ∗(a)G ∗(a),

Jp,α

(( ap+bp
2 )

1
p )+

F∗(b)G∗(b) + Jp,α

(( ap+bp
2 )

1
p )−

F∗(a)G∗(a)
)

6p
α

4(α + 2)
(F∗(a)G∗(a) +F∗(b)G∗(b), F ∗(a)G ∗(a) +F ∗(b)G ∗(b))

+
α(α + 3)

4(α2 + 3α + 2)
(F∗(a)G∗(b) +F∗(b)G∗(a), F ∗(a)G ∗(b) +F ∗(b)G ∗(a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F∗(b)G∗(b) +F∗(a)G∗(a), F ∗(b)G ∗(b) +F ∗(a)G ∗(a)).

From which we obtain the original inequality, namely

2α pαΓ(α + 1)
(bp − ap)α

(
Jp,α

(( ap+bp
2 )

1
p )+

F (b)G (b) + Jp,α

(( ap+bp
2 )

1
p )−

F (a)G (a)
)

6p
α

4(α + 2)
(F (a)G (a) +F (b)G (b)) +

α(α + 3)
4(α2 + 3α + 2)

(F (a)G (b) +F (b)G (a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F (b)G (b) +F (a)G (a)).

Setting p = 1 in the above theorem, we obtain Theorem 7 of Srivastava et al. [36].

Corollary 4.

2α−1Γ(α + 1)
(b− a)α

(
J1,α
(( a+b

2 ))+
F (b)G (b) + J1,α

(( a+b
2 ))−

F (a)G (a)
)

6p
α

4

(
1

α + 2
− 2

α + 1
+

2
α

)
Ψ(a, b) +

α

4

(
2

α + 1
− 1

α + 2

)
Ω(a, b).

where
Ψ(a, b) = F (a)G (a) +F (b)G (b),

Ω(a, b) = F (a)G (b) +F (b)G (a)

Corollary 5. Setting p = 7 in the previously derived theorem, we obtain the following new in-
equality:
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2α7αΓ(α + 1)
(b7 − a7)α

(
J7,α

(( a7+b7
2 )

1
7 )+

F (b)G (b) + J7,α

(( a7+b7
2 )

1
7 )−

F (a)G (a)
)

6p
α

4(α + 2)
(F (a)G (a) +F (b)G (b)) +

α(α + 3)
4(α2 + 3α + 2)

(F (a)G (b) +F (b)G (a))

+
α2 + 5α + 8

4(α2 + 3α + 2)
(F (b)G (b) +F (a)G (a)).

4. Conclusions

In this paper, various new inequalities have been obtained in the IVF setting. As
a consequence of the IVF setting, we recover the previously obtained inequalities by setting
the lower and upper bound to be the same. Our theorems generalize the results reported
in the recent past, which have been supplemented with suitable numerical examples. It is
an open problem as to whether our inequalities can be generalized further using various
different fractional operators and inequality settings using suitable techniques.
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