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1. Introduction

A positive random variable X is said to have a lognormal (LGN) distribution with
parameters 1 € R and o > 0, written as X ~ LN(, ¢2), if it has the probability density
function given by

1 (Inx—p)?
e OXP [— 572 } x>0
x <0.

flouo)= 1

As pointed out by H. Cramer [1], the log-normal distribution usually appears in
certain classes of biological and economic statistics. In recent times, it has been applied in
telecommunications [2,3], image processing [4], hydrology [5], geochemical exploration [6],
and many other areas in both science and engineering [7].

In probability theory, it is a common procedure to use the characteristic function in the
determination of some parameters of a distribution. On the other hand, the characteristic
function provides us with a simple way to obtain the probability density function of the sum
of random variables. This implies that it is important to calculate their Laplace transforms
(LT) and/or Fourier transforms (FT). However, this is not an easy task to accomplish in the
LGN case, as demonstrated by some of the many failed attempts, which, at best, allowed
approximations to be obtained [8-11]. This seems unusual, since the distribution is a right
continuous bounded function; In addition, it is of exponential order, which ensures the
existence of the LT with a region of convergence that is the right-hand half complex plane.
Moreover, it includes the imaginary axis, since f(x; i, o) is absolutely integrable implying
it also has FT.

However, the characteristic function of the LGN is irregular at the origin, meaning
that it is useless for computing the moments of the distribution. We can obtain an insight
into the difficulties by examining (1). Considering that the function is defined on the
complex plane, it is a multivalued expression that requires the definition of a branchcut
line. The more suitable is the negative real axis. This implies that no MacLaurin expansion
exists for this function, which creates several problems illustrated in two new attempts for
the computation of the LT. For example, J. Miles in [11] devised a procedure that started
from a Mellin transform and then used the relation between this transform and the LT to
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obtain a Mellin—Barnes integral, which was then used to obtain approximations to the LT
of the LGN.

Here, we approach the problem’s solution, by proceeding in several steps. Firstly, a
representation for the distribution in terms of a power series of the bilinear function is
obtained. This series provides good approximations with not many terms. From this series,
another one is deduced that is similar to a Laurent series. This one allows us to obtain the
LT of the distribution that assumes the form of a difference of two parcels: one involves
the exponential integral and has the right half plane as the region of convergence, and the
other is a holomorphic function.

The paper proceeds as follows. In Section 2, the attempts referred to above are
described. The new procedure is presented in Section 3. Finally, in Section 4, we examine
the gains and losses of the proposed methodology and extract some conclusions.

Remark 1. 1.  Let p = Inv. It corresponds to a simple variable change x — In(x/v). For
simplicity, we set v =1 <> u = 0,and f(x) = f(x;u,0);
2. We use the bilateral Laplace transform (BLT):

F(s) = L) = [ fx)edx, @
R

where f(x) is any real or complex function defined on R, and F(s) is its transform, provided
it has a non void region of convergence (ROC). The BLT has several advantages [12], namely,
it does not introduce any initial conditions and has the FT as a particular case.

2. Attempts to compute the Laplace Transform
2.1. First Attempt

The main objective is the computation of the LT of the LGN distribution that can read

1 =1 1 2 —sx
F(s) = \/277w/0 ;exp [—(;sz) }e dx Re(s) > 0. 3)

dx

With a simple variable change t = In(x) so that dt = <F, we can write

1 o 2 t
F(s) = / e 272¢7 %0 dt, 4)

for Re(s) > 0. As

ot 2 (—s)"
esezz( )ent,

|
=0 n:

we can write

o] _o\n (o) 2
F(s) = ! Z( S)/ e 2z edt,

270 =0 n! —oco
On the other hand, the LT of the Gaussian function is obtained from the following steps
1 2

) = 6202,
g(t) oTeos

ﬂw:—%gm

3.  that gives, by application of the LT,
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4. and
G'(s) = 0?sG(s),

5.  which leads to
2 2

G(s) = AeT*, ®)
where A is a constant such that G(0) = 1.
6. Then,
Llg(t)] = — / R T ©)
g mg 7

with the region of convergence as the whole complex plane.

Therefore, F(s) would be given by
(2
P =y, Sl

however, the series is divergent.

2.2. Second Attempt

set

In looking for an alternative, let us return to (4) and consider the function g(t) = e~
defined on R. As shown in [13,14], there is an interesting relation involving this function
that reads

Z Bkk(|x) tk — e(t‘:‘t—l)x, (7)
k=0 :
with L
e K
By(x)=e " Z 7 (8)
k=0
being the Bell polynomials that can be written as
n
Bu(x) = }_ S(n k)x", ©)

We arrive to this formulation through the computation of the successive derivatives of
<(#) to obtain its MacLaurin expansion (7). We can write

t

e =e , (10)
ar S
where x = —s. Therefore,
1 e Bk(—s) © 2 K
F(s) = e’ / e 202 t*dt, 11
= LA [T an

for Re(s) > 0. However, the integral,
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o 2
M, = / e 22 ke, (12)
—0o0
represents the kth moment of the Gaussian distribution. As is clear, the odd moments are

null. For the even moments, we can show by computing the successive derivatives relative
to « that they are given by [15]

© o apy, 13(@n-1) [
[ preetar— = et (13)

With & = =L, we obtain

5577
My, =13---(2n — 1) 1\2m. (14)
Then, " N

for Re(s) > 0. Again, the behavior of the solution is not the expected, since the summation
in (15) is divergent.

3. A Different Approach
3.1. A New Series Representation for the Gaussian of the Logarithm

The above failed attempts motivated us to look for a different alternative. We started
by looking for a new series representation for the function

In2(t)

g(t)y=e 27, teRT. (16)

As noted above, attending to the characteristics of this function and the existence
conditions for the LT [12], we conclude that the LT, G(s), exists. As itis absolutely integrable,
the region of convergence (ROC) is defined by Re(s) > 0. In the following, we will present
the appropriate steps for its calculation.

Theorem 1. Let t € RT. Then,

(17)

Proof. The well known geometric series reads

1 (o]
Tix ZO@D”x”, x| <1,
n=

that provides by the anti-derivative computation

In(1+x) =+ il(m)"’;".

Then, o X
In(1—x)—In(1+x) =) [(-1)" - 1]7,
n=1
that gives
1 x ) x2k+l
In = — ,
1+x =2k +1

convergent for |x| < 1. Letting t = %jr—;, we are led immediately to (17). O
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Corollary 1. Let In(t) be given by (17). Then,

7

In?(t) —ii 1 t—1]%F2
202 o2 Hok+2 K|t +1

with
ko q
b=} 1

n=

which is the odd harmonic number.

The proof is immediate by using the Cauchy product of series.

(18)

(19)

This result allows us to obtain another one that is very important to give a new form

to (16).

Theorem 2. The function g(t) has a convergent series representation,
0 F1 2k
t) = —| , teR".
=L L - 1} ©

with
1 n—m

_2 n
o2(n+1) mEOZm—i-l =

An4+1 =

—1.
[EN

(0]
z)=) a2
k=0

Proof. For simplicity, we substitute z for

The logarithmic derivative of g(z) allows us to write

!/ !/
%\ _ 2m 2%k+2
Y ayz =—=| )Y anz ) ———bz > )
(k_o ) o? ( ) (k_o 2k +2

Computing the derivatives, we obtain

Y 2kapz 1 = <Z Amz? ) Y bz,
k=1

and
= 2k—2 — 2k
Y 2kayz == Y Z Apmbrz™.
k=1 m=0 k=
The product of the right-hand series is
[ee] [ee] [ee] n
Y Y aubz Z2ktm) =Y | Y abyi |2
m=0k=0 n=0 \k=0
Therefore,
o0 4 (e ) n
Z:Zkakzz"*2 =—-— Z Z agb,_x | 2%
k=1 % 1=0 \k=0
or
[ee] 4 (0] n 2
Y .2 (k+ 1)agyq 2% 2 Yo Y axby |2
k=0

k=0 n=0

Ak, nzolll"'

(20)

(21)
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from where, we deduce

2

WZakbn & n=0,1,- (22)

Ap4+1 =

which is a discrete convolution. This relation leaves gy indetermined. However, from (20),
ap = g(1) = 1. With some manipulations, (22) can be rewritten as

-2 1 — -2 n
””“‘WH),{; ; m+1 2n+1) m; 2m+1 Z“" (23)
This formula with o = 1, gives
a = -2,a —ga —Ea —ﬁ
17 7oR 73BT 45 ™ T 630

In the upper strip in the following picture (Figure 1), we depict this sequence. To see how
fast it decreases, we plot the sequence forn = 5,6,7, - - -. The value for n = 5 is ~ 0.0013
and for n =20is ~ 6 x 107°.

05+ " 1

& -0.5F 1
q 4
15t 1

0.015 ‘ ‘ ‘ ‘ |
0.01 f 1
0.005 1

© -0.005 - o 1
001 -
0015 . -
_002 L L L L L L

Figure 1. Numerical computation of a,, n =0,1,2,- - - (upper strip); in the (lower strip) a zoom of
the sequence, a,, n =5,6,7,- - -, is depicted.

As the sequence of coefficients decreases to zero, and |z| < 1, the series (20) converges
uniformly for every t > 0. [

Corollary 2. Under the conditions of the previous theorem,

Y 4= 0. (24)
k=0

This very important result is a consequence of the fact that %ir% g(t) =0.
—

Therefore, we can write

In® ¢t 1 & [t-11%
— | = i R*. 2
S ‘*XP[ 202] Jz?at,gak[t+1] e )

1
\2mot
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3.2. The Laplace Transform of the Bilinear Function
To continue, we compute the LT of the bilinear function.
Theorem 3. The LT of
t—1
=(— R
) = (157 )u0) tek, )
where u(t) is the Heaviside unit step, is given by
1
Hy(s) = S 2E1(s), Re(s) >0, (27)
with -
E _ —st R 2
1(s) /0 1 1° dt, Re(s) >0, (28)
which can be easily expressed in terms of the exponential integral of order 1.
Proof. To obtain (27) we only have to note that
2
(1) = u(t) = () 9)
and apply the BLT. O
The function E;(s) can assume the form [16]
Ei(s) =¢° /Oo Le_s’fdt =—¢|y+Ins+ i (=1)7%" Re(s) >0 (30)
! 1 t+1 = ! | ’
where v = 0.5772156649 is the Euler’s constant.
Corollary 3. Let N > 0 be an integer number and
i = (223) @1
AN '
Its LT is given by
1, X (-N
Hy(s) = -+ Y ( o )kaEk(s), (32)
k=1 :

with (a)y =a(a+1)---(a+n—-1), m=0,1,---, (a)g = 1 being the Pochhammer symbol for
the raising factorial and

Ei(s) = /OOO (t—i—ll)keStdt' Re(s) >0, (33)

related to the k™ order exponential integral [16].

The proof is immediate; by using (29) and the binomial theorem, with (—1)¥(}) = (_,f\!] e,
k=0,1,---,N, we obtain o (t) — % (—N)i ok )
MU & (R

to which we apply the LT. It is possible to relate Ei(s) and E;(s) as we will see in the
following.

Theorem 4. Let Ei(s) be as in (33). It can be expressed as

1 k=1

k
Epii(s) = (4)’%*51(5) — Y (—1)"misk=1m, Re(s) > 0. (35)
: *m=0
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Proof. The repeated derivative computation of ] u(t) leads to
d* 71 Kk
L [ S T L R k—1— m)istm (¢
A [] = o+ £ - m)s™ ()
and o
1 (—Dkdk T 1 15 i
— _u(t) = =l ——u)] = = Y (=1)"mtsk1m 4y,
et = T ) g L 0T ®. - ©9
Applying the LT and using the derivative property [12], we obtain (35). O
With this result, we can give a new form to (32),
1 u K (=N)k N)k k [ k—1—m
Hy(s) = S Ei(s) ) _(-1) o Z k| g "inls .37

k=1

This transform is not relevant to the following. Therefore, we will leave it.
It is important to remark that (34) is nothing else than a partial fraction decomposition
of hy(t) that can be used to obtain the decomposition of the function

() = 1(H)Nu<t). 38)

t+1

However, we will follow a different procedure.

Theorem 5. Let N € Zg . Then, for t > 0,

) A A\
an(t) = ( t) + ; (t+k1)k’ (39)
where .
Ao = ~(-DN Y gk (40)
k=0 .

Proof. The formula (39) comes directly from the residue computation and the use of the
product deriative’s Leibniz rule. In fact, from the residue theorem, we can write [17]

1 dm [(t—l)N] 1 & m!  df(t —1)N @mke1
AN-m = —
t=—1

mbdem |t B ﬁkgo (m—k)kt dtkdemk|
from where we obtain (40). O

The second term in (39) is a polynomial in (t 4+ 1)~!. The coefficients of the lower
order polynomials are

-8 32 —48 32
—12 48 —-112 128 —64

12

210 —4

312 —4 8
410 -8 16 -—16
512

60
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(_N)kZN*k

i , wWe obtain:

Letting An_m = L'y

Ay =2V,

- - —N
AN-m = AN—m11 T (7n7')"12N7m, m=1,2,---

For m = N — 1, we obtain

N Ny (N ()
Al_kgo o kZN k_sz;O . k2 k_ N!N/
and
A= =¥ (2= 0 - ) = oV - (M) = (1- (1Y), @y

an interesting result that will be used later, because it has a deep influence on the final result.
Recursions in order can be found easily. As

—_

1

1
tt+1) ot t4+17

and

2
an+1(t) = gn(t) (1 — )
we are led to

_(_1)N N+1 AN+1 _(_1)N N AN 2 (_1)1\]
t +k§(t—kk1)k_ t +Z (t+1)k t+1<

where the superscript represents the order of the recursion. Then,

N+1 AII(\]Jrl N 2 N A N

e —1 ,
ear - Y t+1+zl(t+1 ; t+1k+1

which gives the recursive relation

AN = AN —2AY,, k=23,---,N, (42)
with
N+1 N
ANt = 24N
Asa consequence,
AVT2 = AN —4AY  +AY, k=34, ,N (43)
with
AN+2 Aé\f _
N
ANTE = —aAf + AN,
N+2 _ N _ N+2
AN = 4AN =2

3.3. A New Series for the Lognormal Distribution

The above results show that, for an even order, 2N, the case we are interested in, we

obtain the decomposition
1 2N A2N

_ k
qan(t) = 7 +k§2mf (44)
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1
since the terms in 1 disappear, because the coefficients, A{\’ ,N=0,2,4,. -, are always
null, from (41).

Theorem 6. The lognormal distribution is represented, for t > 0, by the series
1 e8]
t) = —— ) anfon(t), 45
f() \/zTTo_ng:l n’hn() (45)

with the a,, n = 1,2, - - given by (22) and
2n A%n

Gon(t) = k;m (46)

1
Proof. It is enough to attend to (24) to conclude that the partial fractions in n do
not appear. [

Attending to (38) and to (44), we can write

2n Ain n—1 o2 tZk
T (1) = -2 . 47
Ton(t) k;(ml)k ,?;) (2k+1> (t+1)2n (47)

The second expression on the right is better than the first from a numerical point
of view.

Remark 2. Given the form of the relation (45),

00 2n 2n

1
1) = \/ﬁanz a"k;z (t+k1)12'

=1

we would be tempted to invert the order of summation, to obtain a Laurent series

1 &1
T = Jome LB

(48)
with B, = [Zf:k anA%”]. The problem is in the fact that sequence A% =1,2,--- increases
faster than a,, n = 1,2, - - -, and the series does not converge. It is also interesting to see that, if it
converged, then, it would be simple to show that the convolution of two LGN distributions is a LGN
distribution. This result is a consequence of the fact that

t
/ 1 1 dr, k,n>2,
0o (t+Dk(t—T+1)"

1
is a linear combination of fractions of the type GIOF k > 2. This result allows us to understand

1)k’
why the lower summation limit in (48) is 2. If it was less than two, the convolution would not be of

the same type, and the corollary would not be valid. However, this reasoning remains valid if we
consider (45).

In Figure 2, we depict four approximations to the LGN function using (45). There is
no visible difference between the approximations for 50 and 100 terms. This is confirmed
by the square approximation errors that are around 5 x 107°.
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num. terms = 2 num. terms =5
0.5 r\
= 0
= -05
-1
5 10 15 5 10 15
t t
num. terms = 50 num. terms = 100
0.6 0.6
= 04 = 04
= 0.2 = 0.2
0 0
5 10 15 5 10 15
t t

Figure 2. Numerical computation of f(t) (45) for 2,5,50, and 100 terms of the series.

To make another fair comparison, we computed the FT of the resulting functions. In
Figure 3, we present the corresponding absolute values on a logarithmic scale. A sampling
interval equal to 0.0001 was used to obtain the sampled signal that was transformed using
the fast Fourier transform with length 21°. The red line represents the spectrum of the
sampled signal obtained from (1).

num. terms = 2 num. terms =5

log [F(f)]
oNBO®O

T
g ~
2 bS5l
4 e
107" 10° 10' 10% 10° 10* 107" 10° 10" 10° 10° 10*
f f
num. terms = 50 num. terms =100
10 10
8 8
= 6 = 6
o 4 o 4
o 2 o 2
S 0 S 0
-2 -2
-4 -4
107" 10° 10' 102 10% 10* 107" 10° 10" 102 10° 10*
f f

Figure 3. Numerical computation of the FT, F = F[f(t)] for the approximate functions depicted in
Figure 2.

3.4. The LT of the Lognormal Distribution

Let us return to (46) and use (36) to obtain

i) = & A | G | - & 8 caymmastiomy
ot = L e T gk Kl = " ’
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whose LT is
_ 2n-1 (—Dksk 1 K .
Qon(s) = k; Ak+1 Eq1(s) k! k! 2<_1> mls*—1=m
which can be written as
2n—1 kok  2n—1 k—1
_ 1)%s m! o _1_
Qan(s) = Ei(s) ) Ak+1% Y AP Y (mymse (49)
k=1 k! k=1 m=0 k!

As Eq(s) tends to infinity logarithmically when s — 0, the other terms term tend to
zero, which implies, by the final value theorem, that g, (c0) = 0. This is coherent with our
knowledge of the function. The initial value theorem is not easy to apply.

Theorem 7. The LT of the lognormal distribution (45) is given by

F(s) = \/2L [ ZanPl Zaan ] (50)

where PJ'(s) and P} (s) are polynomials given respectively by
1)k s*
k! ’

2 k—1—m)ls™.

2n—1

Z AL | (

and
2n—1

= L Al

W“p—\

Proof. This result comes directly from (48) and (35). O

We must note that the first term on the right-hand side in (50) is the product of
two functions with very different analytic behavior: the first, E;(s), has the region of
convergence defined by Re(s) > 0, while the second is holomorphic and assumes the form
of a Taylor polynomial. Therefore, the main important behavior of the LGN distribution is
imposed by E1 (s). Since this function is not regular at the origin, the characteristic function
cannot be used to define the moments of the distribution.

4. Conclusions

In this paper, we aimed to find the Laplace transform of the lognormal distribution.
We proceeded in steps, starting from a first series representation in terms of the bilinear
function, from where we obtained a simplified version, from where we obtained the
transform. Let us balance the gains and losses by moving from representation (1) to (25):

1. f(x)is represented in (1) by a composition involving two transcendental functions,
while in (25), it is defined through a series with only algebraic terms.
2. With (25) we can approximate f(x) with a finite number of terms.

Passing from (25) to (45) provided us with the following:

1. The series in (45) has simpler terms that have LT. Thus, the series can be transformed
term by term.

2. The convolution of two LGN functions is a difficult task when using representation
(1), but it is simple using (45), since the convolution of two functions of the type

Wu(t), k=2,3,4,-- is alinear combination of functions of the same type.

From the final result stated in (50), we can say that

1. Itisvery curious, since it expresses the LT of the LGN as the difference of two functions:
one is analytic in the right half complex plane, while the other is holomorphic.
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2. The LT initial value theorem tells us that the two terms must tend mutually asymp-
totically on the real axis, since they have polynomial behavior and the initial value
is zero.

3. Although interesting from a theoretical point of view, it is not very useful for nu-
merical implementations due to the presence of the factorial function that causes the
appearance of numerical overflows.

It may be that the two terms have particular meaning relative to probability theory.
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