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Abstract: In the present paper, we aimed to discuss certain coefficient-related problems for the inverse
functions associated with a bounded turning functions class subordinated with the exponential
function. We calculated the bounds of some initial coefficients, the Fekete-Szego-type inequality, and
the estimation of Hankel determinants of second and third order. All of these bounds were proven to
be sharp.
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1. Introduction and Definitions

Let A and S be represented here as the classes of normalized analytic and univalent
functions, respectively. These classes are defined in the form of

A= {feHD): f(0)=f(0)-1=0, zeD} 1)

and
S =:{f € A: fisunivalentin D}, ()

where # (D) stands for the set of analytic or holomorphic functions in the region
D={z:ze€Cand|z| < 1}. (©)]

If f € A, then it can be expressed in the series expansion of the form
fz) =z+)Y az, (zeD). (4)
=2

In 1985, De Branges [1] solved the renowned Bieberbach conjecture by establishing
that, if f € S, then |a,| < n for n > 2, where the equality holds if f is a Kéebe function or
its rotation, where the Kéebe function is given by

z >
m-z—i—}gnz. (5)
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Before the Bieberbach conjecture was settled, many interesting subclasses of S linked
to different image domains were studied by different scholars. The most fundamental
subfamilies are the starlike S* and convex K functions, which are defined as

S = {feA %RZJ{(())>O (zeD)},
(

K = {feA a%(zf/(;)) >0, (zeID))}.

A function f € A is said to be in the class S*(«) of starlike functions of order «a,
0<a<l,if forzeD,

zf'(2)
R > . (6)
f(2)
Itis known that S*(¢) C S*(0) = S* for 0 < w < 1. Let S§™(p) denote the class of strongly
starlike functions of order 8,0 < 5 < 1,

55%(p) = {feA:

ar 2f'(2) pr z

Using subordination, Ma and Minda [2] introduced the class $*(¢) given by

5°(9) = {feA ]{;())wm <zem>>}, ®)

where ¢ is a regular function with a positive real part, ¢(0) = 1 and ¢’(0) > 0. In addition,
the function ¢ maps I onto a star-shaped region with respect to ¢(0) = 1, and is symmetric
with the real axis.

Another interesting subclass of univalent functions is the close-to-convex function KC,
which satisfies the condition

zf'(2)
R >0, (zeD), )
RO
where g is a starlike function.
If we choose g(z) = z, then we obtain the subclass BT of bounded turning functions
defined by
BT = {fe A:Rf'(z) >0, (zeD)}. (10)

For each univalent functions f defined in ), the famous 1/4-theorem of Koebe ensures
that its inverse f ! exists at least on a disc of radius 1/4 with the Taylor’s series of the form
representation

Y (w) :=w+ i B,w", (lw| <1/4). (11)
n=2

Utilizing the representation f(f ~!(w)) = w, we obtain

B, = —a, (12)
By = —a3+2d3, (13)
By = —ay+5aa3—5a3, (14)
Bs = —as+ 6ayay —2laja; + 3a3 + 14aj. (15)

In recent years, researchers have shown a great deal of interest in understanding
the geometric behavior of the inverse function. For example, Krzyz et al. [3] determined
the upper bounds of the initial coefficient contained in the inverse function f~! when
f € 8*(a) with 0 < w < 1. These findings were improved later by Kapoor and Mishra
in [4]. In addition, for the class SS* (&) (0 < & < 1) of a strongly starlike function, Ali [5]
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investigated the sharp bounds of the first four initial coefficients along with the sharp
estimate of the Fekete-Szego coefficient functional of the inverse function. For more
contributions in this direction, see Juneja and Rajasekaran [6], Libera et al. [7], Ponnusamy
et al. [8], Silverman [9], and Sim and Thomas [10].

The Hankel determinant A, (f), forg,n € N = {1,2,...}, containing coefficients of
the function f € S

an ﬂn+1 . ﬂn+q_1
Ap41 Ap42 ... ﬂn+q

Agn(f) =1 . : : , (16)
An+q-1 An+q --- OAp42q-2

was examined by Pommerenke [11,12]. By varying the parameters g and n, we obtained
the determinants listed as

Moa(f) = a3—a3, (17)
Mop(f) = gy — a3, (18)
N31(f) = 2apa3a4 — a% — aﬁ + azas — a%a_r,. (19)

They are referred to as first, second, and third Hankel determinants, respectively.

Recently, the problems of finding the Hankel determinants sharp bounds for a certain
class of complex valued functions have attracted the interest of many specialists. For
instance, Janteng et al. [13,14] estimated the sharp bounds of | Ay (f)]| for the families of /C,
S*, and BT . The exact bound of the second Hankel determinant for the collection S*(¢)
of starlike functions was found in [15], and further studied in [16]. This problem was also
investigated for different families of bi-univalent functions in [17-19].

The task of obtaining the sharp bounds of |Az1(f)| is much more difficult than cal-
culating the bounds of [A(f)|. In [20], Babalola studied the third Hankel determinant
for the IC, S* and BT families. Many scholars [21-27] calculated the upper bounds of of
|A31(f)| for various subclasses of univalent functions. For the sharp bounds of the third
Hankel determinant, Kowalczyk et al. [28] and Lecko et al. [29], in 2018, obtained that

-

5/ fekx,
, fes(3)

Recently, more results have been found in this direction. For details, see [30-34].

The exponential function ¢(z) = €* has a positive real part in D,
¢(D) = {we C:|logw| <1} is symmetric with respect to the real axis and starlike
with respect to 1, and ¢’(0) > 0. Using the exponential function, Mendiratta et al. [35]
introduced a subclass of starlike function defined by

(20)

Ol =

[As1(f)] < {

. z2f'(z
Sexp 1= {fE.A: j]:(i)) <, ZE]D}. (21)
This class was later studied in [36] and generalized by Srivastava et al. [37], in which, the
authors determined the upper bound of the Hankel determinant.
Motivated by the above works, we introduced a class of bounded turning functions
BT exp defined as
BTexp={feA: fl(z)<¢ (zeD)}. (22)

The goal of this paper is to compute the sharp bounds of some initial coefficient re-
sults, Fekete-Szego-type problems, and Hankel determinants for the inverse functions of
this class.
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2. A Set of Lemmas

Before stating the results that are applied in the main contributions, we defined the
class P in terms of a set-builder notation:

P:{qu: q(z)<1f§, (ZE]D)}, (23)

where the function g has a series expansion of the form
q(z) =1+ ) ciz", (zeD). (24)
n=1

To prove our main results, we need the following Lemmas.

Lemma 1 (see [38]). Let q € P be given by (24). Then, for some p,o, x € D, we have

200 = G+x(4-4), (25)
des = G+2(4-d)ax—a(4-d)2+2(4-F) (1 1), (26)
8cs = cf+ (4 D[} 3x+3) +4x| — 44— D)1 - |xP)

[cl(x —1)o+¥0?—(1— |(7|2)p]. (27)

Lemma 2 (see [39]). Ifq € P, and is given by (24), then, forall A € Rand n,k € N,

|Chk — Acnck] 2max(1,[2A — 1)), (28)

<
< 2, n>1, (29)

|nl
Lemma 3. Let
2 2 3 2 1s 2

T(c, x) = (4 —c )(1 +c)x" + (c +20c” +12¢ — 64)x + 5C 19¢= +60.  (30)
Then, T(c,x) > 0 forall (c,x) € [0,2) x (%,1).
Proof. It is not difficult to observe that

(e, x) > (4 - cz)xZ + (20c2 +12¢— 64)x —19¢2 + 60
= (—xz +20x — 19) ? +12xc + 4x% — 64x + 60 := v(c, x).

Since # < x < 1, we have —x2 +20x — 19 > —4 and 4x2 — 64x + 60 > 0. Using x > %, it

follows that 18 1
v(c,x) > —4c + zc= —4c(c— §> > 0.

This completes the proof of Lemma 3. [

Lemma 4. Suppose that
F(c,x) = (4—62) (1—x2) [cz+4x<4—c2)} (31)

Then F(c,x) < 25 forall (c,x) € [0,2) x {0,%}.
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Proof. Let ¢? = s. Itis clear that s € [0,4) and
Fle,x) = (4=s)(1-27)[s +4x(4—9)]
= (1 - xz) {(—1 + 4x)s? + 4(1 — 8x)s + 64x].

Ifx <l wehave —1+4x <0and1—8x >0. Using1 —x?> < land (—1+4x)s> <0, it
follows that

F(c,x) < 4(1 — 8x)s + 64x < 16(1 — 8x) + 64x = 16 — 64x < 16. (32)

If % <x< %, we can observe that —1 + 4x < 0and 1 — 8x < 0. Thus, it is easily obtained
that
F(c,x) < (1 - x2> (64x) < 64x < 16. (33)

If% <x< %,we note that —1 +4x > 0and 1 — 8x < 0. Define
@(s,x) = (—1+4x)s? +4(1 — 8x)s + 64x. (34)
As
90 _
ds
we obtain @(s, x) < @(0, x). Then,

2(—1+4x)s +4(1 — 8x) < 8(—1+4x) +4(1 —8x) = —4 < 0,

F(c,x) < 64x(1 — xz) = h(x). (35)

A basic calculation shows that 11(x) achieves its maximum value of approximately 24.63361
at x ~ 0.5773503. Therefore, we conclude that F(c, x) < 25 for all (¢, x) € [0,2) x {0, %}
The proof of Lemma 4 is thus completed. [

3. Coefficient Bounds for the Family BTexp

We began this part by determining the first two initial coefficients bounds for the
inverse function of the function class B7 exp-

Theorem 1. Let f € BT exp be represented by (4). Then,
1 1
< = < -
B2f =5, & [Bs| <3 (36)

These bounds are sharp and can be obtained from the following extremal function given by
z

fl(z):/etdt:z—l—%zz—l—%z?’—l—w-. (37)
0

Proof. From the definition of the class BT exp along with the subordination principal, there
exists a Schwarz function w such that

f'(z) =e“B), (zeD). (38)
When writing the Schwarz function w in terms of p € P, we have

14 w(z)

p(z)*1_7(4](2):1+C12+C2Z2+0323+..._ (39)
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Or equivalently,

p(z) =1  cz+o?+cad+azt+---
Cop(z)+1 24zt 2+ B oyt

Using (4), we easily obtain
f'(z) =1+ 2apz + 3a3z* + 4ayz® + 5asz* + - - -
By simplification and using the series expansion of w(z), we can observe that
1 1 1 1 1 1
¢ = 1tzazt (2 2= 8C1> " ( SR 4C1C2)23
—i—lc 1c+1 4 1cc—1cc 2+
24782 31 T 612 T 9%

Comparing (41) and (42), we may obtain

1
az = 101,
az = 1(1C2—162>

3\2 g 1)
ag = 1(1C3+1C3—1CC>

4\2 4871 4172 )
a5 = 1(1c 1cz+ 1chlcc 1cc)
> 5024 8273841 16172 41 )

For By, putting (43) in (12) and then using (29), we easily obtain
1
For B, putting (43) and (44) in (13), it follows that
1
|B3| = 6‘C2 - C%’
Then, by using (28), we achieve the required bound given by
1
B3| < -.
|Bs| < 3

O

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

Now, we study the Fekete-Szego-type problem for f ! of the function f € BT exp.

Theorem 2. Let f € BT exp be given by (4). Then, for v € R,

11 3
Bs — B3| < max{5,5[1- 37|}
Ba =183 < max(5, 31— 39
This inequality is sharp.

Proof. From (12), (13), (43), and (44), we obtain

s - (-3

(50)

(51)
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An application of (28) leads to

3

11
’Bg—’)’B%‘ <max{3,3’1—4’y % (52)

and the required result follows. O

Putting v = 1, we establish the below inequality.

Corollary 1. If f € BT exp and has the series expansion (4), then
5 1
‘33 - Bz‘ <3 (53)

The equality can be obtained from f defined by

z

1 1
fz(Z):/etzdt:z+fz3+—25+~- . (54)
/ 3 10

Now, we investigate bounds of | Ay, (f 1) | for the class BT exp.

Theorem 3. Let f € BT exp be specified by (4). Then,

1
H<z
‘A” () ‘ =9 %
The equality can be obtained from (54).
Proof. The determinant Ay, (f~!) can be reconfigured as
As> ( f—l) = ByBy — B2 = a} — Baz + apay — a. (56)
From (43), (44), and (45), we have
’An(f‘l)‘ - L‘%‘* —14c2c, + 36¢1c3 —32c2’. (57)

Using (25) and (26) to express cp and c3 in terms of ¢, and noticing that we can putc; = ¢,
with 0 < ¢ < 2 without affecting generality, we obtain

’A2,2<f*1>‘ = 11152 c4—9c2x2(4—c2)—5c2x<4—c2)

+se(-) (1 1P)o -84 - )]

Applying the triangle inequality and invoking |o| <1, |x| = b < 1, it follows that

A2a(F71)] < ﬁ{4+9c2b2<4—c2)+5c2b(4—c2)+18c(4—c2)

(1-02) +802(4— cZ)z} = ¢(c,b).

Differentiating about the parameter b, we have

%’:ﬁ[(z&-%w@) (4—c2)b+5c2(4—c2)] (58)

It is an easy task to illustrate that g—f > 0for b € [0,1], thatis, ¢(c,b) < ¢(c,1). Thus,
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1 2
-1 4 2(4_ 2 2\ .
‘Az,z(f )‘ < 115 [c +142 (4= ) +8(4- ) ] = (c). (59)
Since {'(c) < 0, we have {(c) < £(0). Therefore, we obtain that
1 1
1) « L. _ 1
‘A“ (f ) 1m0 (€0)

The equality is accomplished from (54). O

4. Third Hankel Determinant for the Class BTexp
We can now study the determinant Az 1 (f 1) for f € BT exp.

Theorem 4. If f € BT exp with the series expansion (4), then

[Asa ()] < 4 (61)
The inequality is sharp.
Proof. From the definition, we can observe that the determinant (19) is described as
sAs1(f7") = 2BaBsBy— B} — B} + BsBs — B3Bs.
= ag — 311‘21113 + 3a%ag - a§a5 + 2aza3a4 — 211% + azas — aﬁ.

In virtue of (43), (44), (45), and (46), along with c; = ¢ € [0, 2], we obtain

1 (35
-1\ _ 39 6 g4 3 22 2
A3,1(f ) = 11520<3 c® — 59ctc, + 1533 + 89c2c2 — 120c%¢y
464 , ,
+204ccycs — = c3 +192cpc4 — 180c3 . (62)

To simplify the computation, we take t = 4 — ¢? in (25), (26), and (27). Using (25), (26),
and (27), along with straightforward algebraic computations, we have

1 1 58 9
A -1} _ 6 1 48123 — 2218.3 _ 10242 — 3c4x3 4+ 2 crix2
3,1<f ) 11520{12c+ 8t x 3tx c“tx® — 3¢ x+4c x
3 33 2
_ 4 5224 99223 421 12) 2
CHtx + AT = Ty 45t(1 \x\)a
3 3 2 3 2 2= 2\ 2
—|—2c t(l |x] )0’+12€ tx(l |x| )U—i—lZC tx(l | x| )0’
—12c2t(1 - |x|2) (1 - |0'|2)p — 3ct?x? (1 - |x|2)0
748t2\x|2(1 - |x]2)c72 + 12Ct2x(1 - |x|2)0

+48t2x(1 - |x|2) (1 - |a|2)p}.

Ast =4 — 2, it is noted that
1
-1\ _ 2
A3 (f ) = 11520 <U1(C, x)+va(c, x)o +vs3(c, x)o” +¥(c, x,(r)p), (63)

where x,0,0 € D, and
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_ 1 2 8 5 17 53 324
v1(c,x) = 3¢ +(4 )[(4 c)( 3x—i—6cx + o

(4-2) (1= 15 [ (4= ) (sex - 3022) #1260+ 3¢,
vs(ex) = (4-)(1—1x?) [ (4= ) (-3lx> - 45) +126%%],
¥ox0) = (4-)(1-[x1) (1-|of?) [-1262 + 48x (4 - 2) .

By setting |x| = x, |o| = y and utilizing the assumption |p| < 1, we obtain

—12¢%x% — 33 + Zc4x2 — c4x} ,

(e, x) =

_ 1
Aaa(F71)] < gz (el + loale, )y + fos(e x)ly? + [ e, x,0)] ).
< -
< 1 ry) (64)
where
Q(e,x,y) = 016, %) + @26, %)y + ga(c, 1) + s, %) (1 ), (65)
with
S 2 _ 88 3, 1725, 3, et
gi(c,x) = 12c+<4 )[(4 c)(3x+6cx+4
+ c x ) + 12622 4 3c*x® + Zc4x2+c4x}
go(c,x) = (4 2) (l ) {( cz) (9cx + 3cx2) +12¢%x + ic?’] ,
gs(c,x) = (4 2) (1 ) K cz) (Bx2 —0—45) + 12c2x],
ga(c,x) = (4 - cz) (1 —Xx ) {12c +48x(4 - cz)].
Now, for finding the upper bound of | Az (f 1), (¢, x,y) in
the closed cuboid Q) : [0,2] x [0,1] X [0, 1]. By noting that
Q(0,0,1) = 720, (66)
we know
max {Q(c,x,y)} > 720. (67)
(cx,y)eQ
In the following, we aim to prove that
max {Q(c,x,y)} = 720. (68)
(cxy)eQ
It is easy to calculate that
16
Q(2,x,y) = 3 < 720, x,y €10,1]. (69)
If we put x = 1, then Q(c, x,y) becomes
_1 6 4 _ o2
¢lc) = 3 11¢® — 109¢* — 88¢” 4 1408 ). (70)
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Then, differentiating ¢(c) with respect to c, we have

gé =22¢° — 4%6& — ?c (71)
Solving 3—5 = 0 for ¢ € [0,2], we obtain ¢ = 0. Thus, ¢ obtains a maximum valve at ¢ = 0,
which is 4% < 720. Hence, the global maximum value of Q is impossible to achieve on the
face c = 2 and x = 1 of Q). Thus, we assume that ¢ € [0,2) and x € [0,1) in the following
discussions.

We first show that the global maxima of Q can only be obtained on the face y = 1 of Q).
Let (¢,x,y) € [0,2) x [0,1) x (0,1). By differentiating partially (65) about y, we have

?)S = %(4—8)(1—xz){4{(4—cz)(x—15) +4cz} (x—=1)y

+c {Zx (4 — c2) (3+x) +c*(8x + 1)} }
By setting %—g = 0, we obtain

_c[2x(4— )3+ x)+c*(8x+1)] B
T - D[@-2)(15-x) 47 (72)

If yo is a critical point within (), then yo € (0, 1), which is only achievable if
A(8x +1) + 2cx (4 - c2) (3+x) +4(1—x) (4 - cz) (15—x) <16c2(1—x),  (73)

: 4(15 — x)
2 FUo—X)
> 1 . (74)

Now, we must find solutions that meet both inequality (73) and (74) for critical points
to exist.

Let g(x) = 4(1195:;). Then, q'(x) < 01in (0,1). Thus, g(x) is decreasing over (0,1).
Hence, ¢2 > %. Thus, if there exists a critical point (¢, xo, yo) satisfying yp € (0,1), we can

observe that Z\Tﬁ < ¢p < 2and 0 < xy < 1. Then, we find that

q1(co, x0) < q1(co, 1) := 91 (co) (75)
and
3
ga(co, x9) < (4 - C%) [12c0 (4 — C%) + 12(:8 + 20(3)} := t(co),
g3(co, x9) < (4 — c(z)) [48 (4 — C%) + 120(2)] := 93(cp),
ga(co, x9) < (4 - C%) [12c% +48 (4 - C%)] = 04(co)-
Thus, it yields
Q(co, x0,y0) < B1(co) + B2(co)y + 93(co)y* + Balco) (1 - }/2)‘ (76)

As it is observed that 93(cg) = 94(co), the above inequality leads to

Q(Co, xo,yo) <% (Co) + 194(C0) + 192(C0)}/. (77)

Since ¥, (cg) > 0, we obtain

Q(CO, XQ,yQ) <t (CO) + 194(60) + 192(6'0) = K(Co). (78)
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A basic calculation gives that
1 N2(59 , 232
k(co) = 0t (4 - co) (6C0 +12¢c + 3
25 27
+(4—c0)< 1 g+ 2c8+24c0>. (79)
Using ¢y < 2, we have
1 ¢ 422 2\ 2
< . == (4- —¢).
K(co) < 7320+ = (4 co) +256(4 — ¢o) (80)

Now it is easy to calculate that x(cg) has an upper bound of approximately 386.6996 with
the equality achieved at ¢y ~ 1.763834. Thus, in this situation, all critical points of Q(c, x,y)
in [0,2) x [0,1) x (0,1) achieve their values at most at 386.6996. In virtue of the global
maxima of Q being only possible to be obtained in critical points or at the boundary of (),
we conclude that, for Q, it cannot gain its global optimal maximum value on any points of
Qwithy € (0,1).

Making y = 0, Q(c, x,0) := I'(c, x) reduces to

I'(c,x) =q1(c,x) +qa(c, x). (81)
Let A(c, x) :== Q(c, x,1). It is easy to observe that
A = q1(¢,x) +g2(c, x) +g3(c, x). (82)

Thus, we have

Ae,x) =T (c, x) g2(c, x) 4+ g3(c, x) — ga(c, x)

3(4 — cz) (1 — xz)x(c, x),

where
_ 2 2 3 2 . 1 3 2
k(c,x) = (4—c")(14+c)x" 4 (¢’ +20c” + 12¢ — 64 x+2c 19¢* 4+ 60.  (83)

For x > 2, when using Lemma 3, it yields to A(c, x) > I'(c, x) for all (¢, x) € [0,2) x (%, 1).
Hence, Q cannot achieve the global maxima with y = 0 and (¢, x) € [0,2) X (%, 1). For
x < %, it is easy to find that

nien <m(e3) = n &)
From Lemma 4, it is seen that
ga(c,x) < 12@(c, x) < 300. (85)
Then, we obtain

ka(c,x) < xi1(c) +300 := pu(c). (86)

It is not hard to calculate that u(c) attains its maxima of approximately 540.3760 at
c /= 0.2398224. This implies that it is impossible for Q to gain its global maximum value
with y = 0 and (c,x) € [0,2) x (0, %] Thus, we conclude that Q(c, x,0) has no global
optimal solution in [0,2) x [0,1). Therefore, we only need to discuss Q on the face y = 1 of
) to find the global optimal value.
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For y = 1, a basic calculation shows that Q(c, x,1) = A(c, x) has the form of
_ 15 2\2[3/ 2 4, 1o 3
Ac,x) = 3¢ + (4 c ) [4(6 4c 4>x —|—6(17c 54c+176>x
1
+1(2502+120— 168) x2+9cx+45]
3
+ (4 — cz) {3 (cz —4c — 4) A3+ 1 (3c2 —2c+ 16) 2x?
3
—i—(cz +12c + 12) x + 2C3:|.
By observing that ¢ — 4c — 4 < 0, we have
16 2\?|1 2 3
< _ — _
Aex) < ¢+ (4 c ) {6(1% 54c+176)x
1
+1(25c2+12c— 168)x2 +9cx+45}
3 3
2\ |9 (a2 2.2 2 2 o3
+(4 C)L(Sc 2c+16)cx +(c +12c+12)c x+2c].
Using 17¢2 —54¢ +176 > 0,3¢2 —2c+16 > 0and 0 < x < 1, it further leads to
16 2\% |1 2 2
< _ - _
Alc,x) < 3¢ +(4 c) {6<17C 54c+176>x
1
+1(2562+120— 168)x2 +9cx+45}
3 3
N\ [2(22 2 2 2,93
+(4 C)L(E}c Zc+16>c +(c +12c+12)c +2c}
- Ly (4 - 02)2 1 (1o9c2 — 72— 152) x% +9cx + 45
12 |12
+Z (4 - cz) (c4 11663 + 32c2)
1 211
< 16 A 2 2
< e +<4 c) _12(1o9c 152)x 4 9cx +45
3 2\ [ 4 3 2\ =
+Z(4 ) (et + 166 +32¢) = E(c, ).
Define .
O(c,x) = 15 (109c2 - 152)x2 1 9cx -+ 45. 87)

If c > /132, it is clear that ©(c,x) < ©(c,1). For ¢ < /12, we obviously have

11—2 (109¢? — 152) < 0. Taking ©(c, x) as a polynomial on x, it can be observed that the
symmetric axis

54c
= — 88
07 152 — 109¢2 (88)
Let ¢y be the only root of the equation 109¢? + 54c — 152 = 0. It is known that
o = ’27% V917297 ~ 0.9588813. For ¢ > ¢y, it is noted that x; > 1. Thus, we obtain
R(c,x) < R(c,1). Thus, we can observe that
O(c,x) <0O(c, 1), c€ (co,2). (89)

This leads to
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E(c,x) < 11—2c6 + (4 — CZ)ZR(C, 1) + Z(él — cz) <c4 +16c% + 32c2) =1(c), (90)

where ¢ € (1/cp,2). Itis calculated that 71 (c) has a maxima of approximately 570.5751 on
¢ = ¢g. Now, we consider ¢ < cg. In this case, we can observe that xo < 1. Then, we have

243¢? 243¢? 243 , 5
<454 — = <45+ ——— =45+ —c* <4 . 1
Olex) <85+ 15 o2 S B 15109 - B o =B +6e ®b
Hence, we obtain
= 16 2)? 2\ 3 2\ (4 3 2
= < — - —\4— =
(c,x) < ¢ +3(4 c) (15+26)+4<4 c )(c + 16¢ —|—320) n2(c), (92)

where ¢ € (0,cp). This is a simple exercise to show that 17, (c) attains its maximum value of
720atc = 0.
Consequently, from all of the preceding situations, we established that

Q(c,x,y) <720 0n [0,2] x [0,1] x [0.1]. (93)
Hence, from (64), we have

‘A3,1 (f‘l)‘ < HéizOQ(c,x,y) < Hé—zo 720 = 11? (94)

Thus, the proof is completed. The extremal function for this sharp result is given by

4

Y PSR 0 S S
f3(z)—b/e dt—z+4z +14z+ . (95)

O

5. Conclusions

Although there is a large amount of literature on the Hankel determinants in the
field of geometric function theory, it is still difficult to calculate the sharp bound on the
third Hankel determinant. In the current article, we considered a family of bounded
turning functions BT exp connected with the exponential function. For the inverse of the
functions in this class, we obtained some sharp results on the coefficient-related problems.
In particular, by transforming the third Hankel determinant to a real function with three
variables defined on a cubioid, we found the exact bound of the third Hankel determinant
with the inverse coefficient as the entry. This helps us to understand more geometric
properties of this function class. By improving the present methods, we may be able to
obtain more outcomes on the known various subclasses of univalent functions.
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