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Abstract


In the article, a comparative analysis is performed regarding the accuracy parameter in determining the degree of self-similarity of fractal processes between the following methods: Variance-Time plot, Rescaled Range (R/S), Wavelet-based, Detrended Fluctuation Analysis (DFA) and Multifractal Detrended Fluctuation Analysis (MFDFA). To evaluate the methods, fractal processes based of Fractional Gaussian Noise were simulated and the dependence between the length of the simulated process and the degree of self-similarity was investigated by calculating the Hurst exponent (H > 0.5). It was found that the Wavelet-based, DFA and MFDFA methods, with a process length greater than 214 points, have a relative error of the Hurst exponent is less than 1%. A methodology for the Wavelet-based method related to determining the size of the scale and the wavelet algorithm was proposed, and it was investigated in terms of the exact determination of the Hurst exponent of two algorithms: Haar and Daubechies with different number of coefficients and different values of the scale. Based on the analysis, it was determined that the Daubechies algorithm with 10 coefficients and scale (i = 2, j = 10) has a relative error of less than 0.5%. The three most accurate methods are applied to the study of real cardiac signals of two groups of people: healthy and unhealthy (arrhythmia) subjects. The results of the statistical analysis, using the t-test, show that the proposed methods can distinguish the two studied groups and can be used for diagnostic purposes.
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1. Introduction


A number of studies conducted in recent years have shown that many systems in nature generate time series with fractal behaviour [1,2,3,4,5,6]. Examples of such time series are: series of intervals between consecutive heartbeats [2,3,7], economic data on exchange rates [4], electricity prices [5], geophysical data on temperature, precipitation, tides [6,8,9,10], etc. For the analysis of this type of processes, methods are applied that allow the determination of the global characteristics of the processes as well as the peculiarities of their local structures. An important characteristic of these methods for analysing fractal processes is that they are fundamental and can be applied to time series from different areas: teletraffic engineering, medicine, geography, economy and more.



The concept of a fractal was first introduced by Benoit Mandelbrot in areas such as hydrology and geophysics. The word fractal is derived from the latin word fractus, which means consisting of fragments. At present, there is no strict and generally accepted definition of fractal, although Mandelbrot uses several conditional definitions. One of them, introduced in [11], reads the following: “The fractal is a set for which the Hausdorff-Besicovitch dimension strictly exceeds the topological dimension.” The essence of this definition is to separate the class of highly broken objects for which there is no accurate topological dimension. For example, there are curves that have a topological dimension equal per unit, but they are curved in a very complicated way, such as: the curves of Peano, the trajectory of a Brown particle and others. This definition, although strictly, excludes many physical fractals and is therefore less used. Another definition of fractal is [11]: “A fractal is an irregular geometric shape that can be divided into parts in such a manner that the shape of each part resembles the shape of the whole.” This definition emphasizes that the distinctive feature of the fractal is self-similarity.



A fractal processes has the following basic properties:




	
Self-similarity—the fractal order is self-similarity if it can decompose into smaller parts, each of which is similar to the main one. The degree of self-similarity can be determined by the Hurst exponent.



	
Fractal dimension (D)—this is a non-integer value located between the Euclidean and the topological dimensions [12].








Determining the fractal dimension of signals, as well as the degree of self-similarity, by calculating the Hurst exponent, is important in the study of fluctuations in time series. With these two parameters, it is possible to obtain information about the long-term correlations of the signals and, accordingly, to predict their behavior. These two parameters are connected to the expression D = 2 − H [13] from which it follows that it is sufficient to determine only one of them. The present paper focuses on the determination of the Hurst exponent. This parameter can take values in the interval (0,1). If the value of the Hurst parameter is 0 < H < 0.5, then the process is called anti-persistent, which means that growth in the past means decline in the future and vice versa. For H = 0.5, the process is neither persistent nor anti-persistent and thus a current value of the time series does not affect any of its future values. Such processes are called Markov processes. If 0.5 < H < 1.0, it means the presence of fractal properties in the process. These processes are called persistent, i.e., if the increases were positive for some time in the past, then it is expected that in the future there will also be an average increase, i.e., the tendency to increase in the past means a tendency to increase in the future and conversely. The higher value of the Hurst exponent means that the trend is stronger. Therefore, based on the value of the Hurst exponent, it is possible to predict and predict the future values of a given time series based on present and past values. The focus in this paper is on simulating and analysing processes with Hurst exponent values in the interval (0.5,1.0).



Fractal processes are of two types: monofractal (self-similar) or multi-fractal [14,15]. A monofractal process is homogeneous in the sense that it has the same scaling properties both locally and globally and is characterized by a single scaling indicator, such as: the fractal dimension or the Hurst exponent. Unlike monofractal processes, multifractal processes decompose into a large number of homogeneous fractal subsets whose properties can be characterized by a spectrum of local Hurst exponents or fractal dimensions.



1.1. Related Work


The estimation of fractal processes is not a trivial task due to their time-varying behaviour. For this reason, these processes cannot be comprehensively described by statistical measurements, such as: mean value, standard deviation, and others. For this purpose, it is necessary to use mathematical methods created for the analysis of dynamic time series such as: Variance-time plot, Rescaled Range (R/S) analysis, Wavelet-based method, Detrended Fluctuation Analysis (DFA), Multifractal Detrended Fluctuation Analysis (MFDFA) and others. The interest in these methods of analysis led to the need to evaluate and test them according to well-defined criteria before being used for wide application in various fields of science.



In [14], the authors presented a comparative analysis of three methods, Variance-time plot, R/S analysis, Wavelet-based and concluded that the first two methods are not very accurate. These methods can only be used to show whether the studied process has a fractal behaviour and if it does, the methods can be used to approximately to determine the value of the Hurst exponent. The authors of the publication determine the Wavelet-based method as an accurate method. Although the R/S method is not the most accurate, nowadays it is actively applied in the analysis of fractal processes in various scientific fields due to its easy of use [16,17,18,19,20,21,22].



As a result of the work on heartbeat dynamics described in [15], multifractal analysis has become a widely used tool for applied research, in cases where non-stationary processes are limited by the application of the classical analysis methods [23,24,25,26,27].



Accurate reference signals are required to evaluate fractal time series analysis methods. Fractal time series can be simulated by applying the models based on fractional Brownian motion (FBM) and fractional Gaussian noise (FGN). In this article, the FGN model is chosen to simulate fractal processes. This model is fully described by two parameters only, namely by a variance and Hurst exponent [14,28,29,30,31].



In recent years, there has been an active introduction of mathematical methods for fractal and multifractal analysis in medical practice. Many scientists have studied the complex nature of changes in the parameters of electrocardiographic signals using not only linear but also nonlinear methods [32,33]. The linear methods perform analysis in the time and frequency domain, while some of the nonlinear methods use the fractal approach in the analysis of cardiological data. According to the European and North American Society of Cardiology, the study of the applicability of these methods for the analysis of cardiological data is one of the important priority areas, which opens new perspectives for their future use in the diagnosis and prediction of cardiovascular diseases [34].



The authors of [35] advise physicians to interpret the results obtained from fractal and traditional heart rate variability analysis methods with caution, as they are still under investigation and the resulting measurements are not fully described as biomarkers for clinical use.




1.2. Purpose and Objective of the Article


The purpose of this article is to perform a comparative analysis between the following methods: Variance-time plot, Rescaled Range analysis(R/S), Wavelet-based method, DFA and MFDFA in terms of the accuracy parameter when determining the value of the Hurst exponent. The most accurate methods determined will be used to analyse real cardiac data. To achieve the set goal, the following tasks have been formulated:




	
Simulate an exact FGN-based self-similar (fractal) process by applying Hosking’s algorithm.



	
Comparative analysis of the following 5 methods: Rescaled Range analysis (R/S), Variance-time plot, Wavelet-based method, DFA, MFDFA to determine the value of the Hurst exponent with respect to the accuracy parameter.



	
Study of cardiac signals of two groups of patients by applying the most accurate methods of analysis.










2. Materials and Methods


To study fractal processes, methods are used that, based on one or more statistical properties, determine the degree of self-similarity (Hurst exponent). Due to the wide variety of statistical methods and due to the fact that so far there is no universally recognized methodology for determining the degree of self-similarity, an analysis and evaluation of the most frequently used methods in terms of their main parameters is necessary. The most accurate possible determination of the degree of self-similarity is of great importance in the study of simulated and real fractal processes.



2.1. Hosking’s Algorithm for Simulation Modeling of Fractal Processes


The Hosking algorithm (also known as the Durbin-Levinson algorithm) generates an exact self-similar process based on the FGN [36,37,38]. The main idea of the algorithm is to generate a self-similar sequence by using a zero-mean Gaussian process. Each generated point has a mean and variance dependent on the previous generated values. It is necessary to know the autocorrelation function of the process when calculating the point values.



The coefficients of the autocorrelation function of an exactly self-similar process in the broad sense with parameter H (0.5 < H < 1.0) are determined by the following formula [10]:


   r k  =    σ 2   2   [     (  k + 1  )    2 H   − 2  k  2 H   +    (  k − 1  )    2 H    ]  ,    k  = 0 , 1 , 2 ,  



(1)




where:




	
rk are autocorrelation coefficients;



	
σ is the variance;



	
H is the Hurst exponent.








The algorithm for simulating an exact self-similar (fractal) process {X1, X2, …, Xn} of length n points consists of the following steps:



Step 1: Calculation the coefficients of the autocorrelation function for n points using Formula (1).



Step 2: The X1 value of the first element of the process is determined using the formula:    X 1  =    r 0   Z 1     . The value of Z1 is a random variable with a normal probability distribution N (0,1).



Step 3: The following variables are defined:


   σ 0 2  =  r 0  ,    ϕ  11   =    r 1     r 0    ,      σ   1 2  =  σ 0 2   (  1 −  ϕ  11  2   )   



(2)




where:



	
   σ 0 2    and    σ 1 2    are the variances of the first two elements of the generated process;



	
   ϕ  11     is the correlation coefficient for the first element X1 of the fractal process;



	
r0 and r1 are the autocorrelation coefficients of the first two elements of the generated process.






Step 4: For n = 2…K the following coefficients and variables are calculated:


    ϕ  n , n   =  [   r n  −   ∑   j = 1   K − 1    ϕ  n − 1 , j    r  n − j    ]  /  σ  n − 1  2     σ n 2  =  σ  n − 1  2   [  1 −  ϕ  n , n  2   ]    



(3)







Step 5: For j = 1, …, n−1 the following calculations were performed:


   ϕ  n , j   =  ϕ  n − 1 , j   −  ϕ  n , n    ϕ  n − 1 , n − j    



(4)







Step 6: To generate a fractal process {X1, X2, …,Xn} the following formula is used:


   X  n + 1   =  ϕ  n , 1    X n  + … +  ϕ  n , n    X  1 +      σ n 2     Z  n + 1   ,    n  ≥ 1  



(5)




where {Z1, Z2, …, Zn} are random variables with a normal probability distribution N (0,1).




2.2. Methods for Determining the Hurst Exponent


2.2.1. Variance-Time Plot


Variance-Time plot [14] is based on the following property of fractal (self-similar) processes: the variance of the generalized stochastic process X(m) decreases more slowly than the reciprocal of the size of the blocks (m) into which the process is divided:


   σ 2   (   X   ( m )     )  ∼   cm   2 H − 2    



(6)




where c is some finite positive constant.



The Variance-time plot consists in constructing the graphical relationship between Log(disperse) and Log(block size) and determining the slope of the regression line. The degree of self-similarity, i.e., the Hurst exponent, is determined by the following relationship:


    H ^   = 1 −    β ^   2     



(7)




where:



	
   β ^    is the slope of the regression line;



	
   H ^    is the determined value of the Hurst exponent.







2.2.2. Rescaled Range Statistics


The algorithm of the Rescaled Range Statistics (R/S) method [14,39,40,41] for determining the degree of self-similarity calculates the range and standard deviation of the blocks into which the process is divided. For each block are calculated:




	
The Range R(n), which defines the differences between the min and max value of the sum of the deviation Wj from the mean value of the data for an area of n points, is given by the expression:










  R  ( n )  = max  (  0 ,  W 1  ,      W   2  , … ,  W n   )  − min  (  0 ,  W 1  ,  W 2  , … ,  W n     )   



(8)




where:


   W j  =  (   X 1  +  X 2  + … +  X j   )  − j   X  ( n )   ¯  ,    j  = 1 , 2 , … , n  



(9)







	
Standard deviation S(n):








  S  ( n )  =   E  (   X j  − μ  )     



(10)




where μ is the mean of (X1, X2,…,Xj) [14].



Based on a regression model between the dependent variable Log(R/S) and the independent variable Log(block size), the following regression coefficients are determined by the method of least squares:




	
     β ^   0    is the point where the regression line intersects the ordinate;



	
     β ^   1    is the slope of the regression line.








The value of the Hurst exponent is determined by the following formula:


    H ^   =    β ^   1   



(11)








2.2.3. Wavelet-Based Method


The wavelet-based method [14,42,43] uses the wavelet transform, which is suitable for studying fractal processes because the structure of wavelets is similar to the self-similar structure of fractal processes. The wavelet transform is known to be better than the Fourier transform for the following reasons:




	
The Fourier transform is used to transform stationary processes from the frequency domain to the time domain, and the process is transformed as a sum of sinusoids with different frequencies. It cannot represent the information in the time domain.



	
The wavelet transform can represent the process in the time and frequency domains simultaneously. It can transform both stationary and non-stationary processes without loss of information.








Wavelet transform algorithms are recursive and consist of two wavelet filters: low-pass and high-pass. After the low-pass filter, approximate information is obtained, and after the high-pass filter, detailed information is obtained. The approximating information obtained at the output of the low-pass filter becomes the input information for the next level of decomposition.



Wavelet algorithms consist of the following two components:




	
A wavelet function (ψi,j) applied to the high-pass filter that is run two or more times and computes wavelet coefficients;



	
A scalable function (φi,j) relating the low-pass filter that creates a smoother version of the original data. The received data after the low-pass filter become input data for the next step of the algorithm.








The mathematical descriptions of the above functions are:


     ϕ  i , j    ( t )  =  2  −  i 2     ϕ 0   (   2  − i   t − j  )  ,    i  , j ɛ Z  



(12)






       ψ    i , j    ( t )  =  2  −  i 2     ψ 0   (   2  − i   t − j  )  ,    i  , j ɛ Z  



(13)




where:



	
   ϕ 0    is a scalable function;



	
   ψ 0    is the mother wavelet and originates from    ϕ 0  .  






Applying Multi-Resolution analysis to the input data x means representing x in each of the approximating subspaces Vi:


    approx  i   ( t )  =   ∑  j   a x   (  i , j  )   ϕ  i , j    ( t )   



(14)




where the coefficient ax(i,j) is calculated by multiplying the input data x with    ϕ  i , j   :  


   a x   (  i , j  )  =  〈  x ,  ϕ  i , j    〉   



(15)







The approximating information approxi is a rough approximation of the input data x to approx(i−1) and information is lost        detail   i   ( t )  =   approx   i − 1    ( t )  −   approx  i   ( t )  .   The detail information of the input data x is determined by a formula:


    detail  i   ( t )  =   ∑  j   d x   (  i , j  )   ψ  i , j    ( t )   



(16)




where the coefficient dx(i,j) is calculated by multiplying the input data x with    ψ  i , j   :  


   d x   (  i , j  )  =  〈  x ,  ψ  i , j    〉   



(17)







The input information x is represented as a sum of the approximating and detailed information:


  x  ( t )  =   approx  N   ( t )  +   ∑   i = 1  N    detail  i   ( t )  =   ∑  j   a x   (  N , j  )   ϕ  N , j    ( t )  +   ∑   i = 1  N    ∑  j   d x   (  i , j  )   ψ  i , j    ( t )   



(18)







Equation (18) is called the wavelet decomposition of the signal x, and the coefficients ax(j,k) and dx(j,k) are determined by multiplying the input data with the scalable function    ϕ  i , k     and the wavelet function, respectively.



The wavelet-based method [14] for determining the Hurst exponent consists in determining the average value of the wavelet detail coefficients      |   d x   (  i , j  )   |   2    for a given scale:


   Y x  =  1   n j      ∑  j     |   d x   (  i , j  )   |   2   



(19)




where nj is the number of wavelet coefficients for a given scale in the interval [i,j], i.e.    n j  =  2  − i     n, and n is the number of the input points.



To determine the Hurst exponent, a discrete wavelet transform is performed relative to the studied process using a wavelet algorithm (Daubechies, Haar, etc.) [44,45,46,47] and the values of Yx by Equation (19). A linear regression model is constructed, with the dependent variable being Log(Yx) and the independent variable being the scale in the interval [i,j]. The relationship between the two variables is linear if the process under study is fractal. The slope of the straight line is determined using the method of least squares. For fractal processes the slope    β 1    is between 0 and 1, and the Hurst exponent is determined using the following relationship:


    H ^   =  1 2   (  1 +    β ^   1   )   



(20)







In order to determine the value of the Hurst exponent, it is necessary to perform a discrete wavelet transformation on the investigated process, proposing a wavelet algorithm and setting values for the (i,j) scale.




2.2.4. Detrended Fluctuation Analysis


The DFA method allows studying the structures of different types of non-stationary signals from the point of view of statistical self-similarity. The non-stationary dynamics of systems with time-varying characteristics limits the applicability of classical methods for spectral-correlation analysis. For this reason, for the study of long-term correlations in experimental data, the method of detrended fluctuation analysis (DFA) is most often used, which is described in detail in publications [7,32,33,48,49].



The DFA method has the following two characteristic features:




	
Instead of using a decreasing correlation function, an increasing function is introduced, which provides a more reliable estimation of processes with long-term correlations, especially in the presence of noise and sample size limitations;



	
An integral part of the calculation algorithm is the approximation and subsequent elimination of the low-frequency trend, which makes it possible to apply the method to both stationary and non-stationary processes without their prior filtering.








These circumstances determine the wide use of DFA, for example, in the processing of experimental data in physiology and medicine, as well as in various fields of physics. DFA is used for time series with a random structure, as well as to detect short-term correlations through the parameter α1 and long-term correlations through α2. Initially, the entire process is divided into segments of equal size, and for each segment a regression line is formed by applying the method of least squares and the slope of the regression curve is determined. The parameter αall is calculated for the whole process. This parameter is called the self-similar parameter and its value varies between 0.5 and 1.0 and is close to the value of the Hurst exponent.



The advantage of DFA over conventional methods such as spectral analysis lies in the fact that this type of analysis makes it possible to detect the self-similarity property of the process.




2.2.5. Multifractal Detrended Fluctuation Analysis


MFDFA is applied to analyse the complexity and non-uniformity based on the scaling behaviour of the studied time series. A detailed description of this method is presented in publications [50,51,52]. In this article, the relationship between the generalized Hurst exponent H(q) and parameter q is used to study the fractal and multifractal properties of simulated and real fractal processes. The generalized Hurst exponent H(q = 2) = H reflects the structural inhomogeneity of the signal. If H(q) does not depend on q, the process is monofractal, otherwise it is multifractal. The parameter q can take any real value.





2.3. Data


Two types of data are used in the paper: simulated fractal processes and real cardiac signals.



The simulated fractal processes have been created using Matlab R2013b. The simulated processes have two input parameters: process length and Hurst exponent value. On the basis of the simulated fractal processes, a comparative analysis was performed between the five methods for determining the value of the Hurst exponent, and on the basis of the obtained results, the most optimal methods were determined in terms of the accuracy parameter. Real cardiac data (RR time series) were recorded with a Dynamic ECG Systems TLC9803 Holter device. Data from 48 patients diagnosed with arrhythmia and 48 healthy subjects were studied. The duration of the recordings are 24 h with approximately 100,000 RR time intervals.





3. Results and Discussion


3.1. Analysis of Simulated Data


In order to perform a comparative analysis between the methods used to determine the Hurst exponent, it is necessary to first determine the minimum length of the generated process in order to achieve more accurate results. Second, due to the fact that the wavelet-based method does not offer a methodology for determining the scale size and selection of the wavelet algorithm, in this paper, two wavelet algorithms are investigated and compared in terms of the accurate determination of the Hurst exponent: Haar and Daubechies.



3.1.1. Determining the Minimum Length of a Simulated Fractal Process


With the Hosking algorithm described above, fractal processes with varying degrees of self-similarity were generated. Figure 1 shows two generated processes with low and high degree of self-similarity: H = 0.6 and H = 0.9.



When determining the minimum length of the fractal process, the dependence between the length of the simulated process and the Hurst exponent, determined through the five methods, was investigated. Due to the presence of a random component in the Hosking algorithm, 20 realizations of the process with different lengths were simulated: from 212 (4096) to 217 (131,072) points for the following 4 values of the Hurst input parameter: H = 0.6, 0.7, 0.8 and 0.9. In the present work, it is assumed that the size of the generated fractal process is acceptable when the Relative Standard Error (RSE) of the Hurst exponent is less than 1%.



The results of the comparative analysis between the five methods are shown in Table 1. At different lengths of the process, the values of the Hurst exponent       H ^    , and the RSE(%) were determined. Based on the obtained results, the following conclusions can be drawn:




	
Variance-time plot and R/S are not very accurate methods, as their RSE are in a wide range from 0.2% to 11.3%, and these methods can only be used to test whether the studied process is fractal or not, and if it is fractal, approximately to be determined the value of the Hurst exponent;



	
The determined values of the Hurst exponent with the methods: Wavelet-based, DFA and MFDFA reach the input values of this parameter with a RSE of less than 1% for process lengths greater than 214 (16,384) points. These three methods have a high degree of accuracy and can be used in the analysis of simulated and real processes;









3.1.2. Evaluation of the Wavelet-Based Methods


In order to determine the value of the Hurst exponent with this method, it is necessary to perform a discrete wavelet transformation to the investigated process, applying a wavelet algorithm and assigning scale values (i,j).



Due to the fact that the wavelet-based method does not offer a methodology for determining the size of the scale and the choice of the wavelet algorithm, in this paper two wavelet algorithms are investigated and compared in terms of the exact determination of the Hurst exponent: Haar and Daubechies at the following scale values (i,j): 1 ≤ i ≤ 6, and j = 10. The Daubechies algorithm was tested with the following wavelet coefficients: 4, 8, 10 and 12.



Table 2 shows the determined values and relative errors of the Hurst exponent of a simulated fractal process of length 215 points using the two algorithms with different values of the wavelet scale.



Figure 2 shows the graph of the wavelet-based method using the Daubechies algorithm with 10 coefficients to determine the Hurst exponent of a generated fractal process with a length of 215 (32,768) points and an input value of H = 0.8. The obtained value of the Hurst exponent is    H ^    = 0.8004, and the relative error is RSE(%) = 0.05.



Based on the obtained results, the following conclusions can be drawn about the wavelet-based method:




	
The RSE in determining the Hurst exponent using the Haar and Daubechies algorithms is the smallest when the scale is (i,j) = (2,10) and (i,j) = (3,10). In the article, when applying this method, the scale (i,j) = (2,10) is used;



	
The RSE in determining the Hurst exponent is smaller when using the Daubechies algorithm compared to the Haar algorithm;



	
The RSE of the Hurst exponent is the smallest when using the Daubechies algorithm with 10 coefficients and it is less than 0.5%.









3.1.3. Evaluation of the DFA Method


Figure 3 shows how the fluctuations of a simulated fractal process (H = 0.8) are changed through the parameters α1, α2 and αall. The fluctuation function Fs at large values of the scale s increases according to the power law:


Fs ∼ sH(q)



(21)




where H(q) is a scaling exponent.



The first part of the slope of the graph (colored in green) corresponds to the short-term fractal exponent α1 = 0.8750 for segments of size 4 < s < 16, and the second part (colored in red) corresponds to the long-term fractal exponents α2 = 0.8010 for segment size 16 < s < 64, and the parameter αall = 0.8022 corresponds to the Hurst exponent as the RSE(%) = 0.22. The values of these parameters are evidence that the simulated process is fractal.




3.1.4. Evaluation of the MFDFA Method


To study the fractal behaviour of the simulated processes in relation to the Hurst exponent with the MFDFA method, the relationship between the generalized Hurst exponent H and the parameter q was determined. This connection is shown in Figure 4, from which it follows that the determined value of the generalized Hurst exponent is almost a constant quantity depending on q and this is a confirmation that the generated process is monofractal.





3.2. Analysis of Real Cardiological Data


In this paper, the following three methods were used to study the fractality of real cardiac data: wavelet-based, DFA and MFDFA, which were determined to have a high degree of accuracy in determining the Hurst exponent. The studied cardiological data refer to the intervals between heartbeats (RR interval series), with the help of which information related to the health status of the patients is obtained. For diagnostic purposes, these methods can be used both autonomously and in combination with other methods for monitoring the cardiovascular condition of patients.



The use of nonlinear statistical methods in cardiology, to which the proposed three methods also apply, is a relatively new trend. One of the advantages of these methods is that they can detect subtle changes in the dynamics of the RR interval series and with their help solve many prognostic and diagnostic tasks.



In Figure 5 shows the graphs of the dependence between the generalized Hurst exponent H and the parameter q for a healthy subject and for a patient with arrhythmia. In a healthy subject, the Hurst exponent changes for the different values of the parameter q, from which it follows that the process is multifractal, while in a sick patient, the Hurst exponent is almost a constant value, therefore the process is monofractal.



Table 3 shows the results obtained through the methods used in the analysis of two groups of patients: healthy subjects and patients with arrhythmia. Results are shown as: mean ± sd. The results show that the values of the studied parameters are lower in the patients with arrhythmia, and the p-values determined by t-test are less than 0.05. Therefore, the studied parameters of the three methods have statistical significance, which makes it possible to distinguish the two studied groups.





4. Conclusions


In the present paper, the self-similarity property of fractal processes is determined by calculating the Hurst exponent of process fluctuations in order to obtain information on long-term correlations and to predict the behaviour of the studied processes. The theoretical and practical significance of the obtained results, which are part of the project “Investigation of the application of new mathematical methods for the analysis of cardiac data”, are concluded in studying the possibilities of using nonlinear statistical methods, such as: wavelet-based, DFA and MFDFD for the diagnosis of the cardiovascular condition of the human body. Changes in the body related to disease or under the influence of external factors lead to changes in heart rate variability, which as a rule have fractal behaviour. In this regard, the knowledge related to the fractal and multi-fractal features of cardiac signals can help doctors to correctly diagnose patients.



Interest in the use of electrocardiographic signals recorded by a Holter device for continuous 24-h monitoring of the cardiovascular state of the human organism has been continuously growing in recent years. This opportunity offers a range of science, technology, engineering and mathematics (STEM) skills and information designed not only for doctors but also for a wide range of people. Based on the information obtained related to cardiac health allows patients to learn to use and understand the electrical rhythms of the human body.



Future work related to the topic of the present paper is the analysis of the stress on heart rate variability. Two types of stressful situations will be explored. The first type of stress states will be simulated by playing 3D extreme games, and the second type will be real stress states that will be generated during sports training and fitness.
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Figure 1. Simulated FGN fractal processes (a) H = 0.6 (b) H = 0.9. 
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Figure 2. Wavelet-based method for determining the Hurst exponent. 
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Figure 3. DFA method for determining the Hurst exponent. 
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Figure 4. MFDFA method for determining the generalized Hurst exponent. 
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Figure 5. MFDFA method for determining the Hurst exponent (a) healthy subject with H(q = 2) = 0.8192 (b) sick patient (arrhythmia) with H(q = 2) = 0.5892. 
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Table 1. Comparative analysis between five statistical methods in determining the Hurst exponent at different FGN fractal process lengths.






Table 1. Comparative analysis between five statistical methods in determining the Hurst exponent at different FGN fractal process lengths.





	
Length (Points)

	
H = 0.6

	
H = 0.7

	
H = 0.8

	
H = 0.9




	
    H ^    

Mean ± sd

	
RSE

(%)

	
    H ^    

Mean ± sd

	
RSE

(%)

	
    H ^    

Mean ± sd

	
RSE

(%)

	
    H ^    

Mean ± sd

	
RSE

(%)






	
Variance-Time Plot




	
212

	
0.611 ± 0.07

	
2.56

	
0.703 ± 0.04

	
1.27

	
0.783 ± 0.08

	
2.28

	
0.848 ± 0.21

	
5.54




	
213

	
0.541 ± 0.09

	
3.72

	
0.639 ± 0.17

	
5.95

	
0.736 ± 0.21

	
6.38

	
0.834 ± 0.33

	
8.85




	
214

	
0.534 ± 0.13

	
5.44

	
0.626 ± 0.21

	
7.50

	
0.713 ± 0.32

	
10.03

	
0.798 ± 0.41

	
11.49




	
215

	
0.604 ± 0.06

	
2.22

	
0.691 ± 0.10

	
3.24

	
0.771 ± 0.11

	
3.19

	
0.835 ± 0.28

	
7.07




	
216

	
0.578 ± 0.08

	
3.09

	
0.664 ± 0.19

	
6.40

	
0.744 ± 0.22

	
6.61

	
0.835 ± 0.35

	
9.37




	
217

	
0.582 ± 0.07

	
2.69

	
0.671 ± 0.18

	
6.00

	
0.761 ± 0.15

	
4.41

	
0.840 ± 0.27

	
7.19




	
Rescaled range (R/S) method




	
212

	
0.645 ± 0.21

	
7.28

	
0.730 ± 0.12

	
3.68

	
0.809 ± 0.04

	
1.11

	
0.873 ± 0.11

	
2.82




	
213

	
0.609 ± 0.08

	
2.94

	
0.694 ± 0.03

	
0.97

	
0.775 ± 0.11

	
3.20

	
0.841 ± 0.19

	
5.05




	
214

	
0.607 ± 0.05

	
1.84

	
0.690 ± 0.05

	
1.62

	
0.768 ± 0.13

	
3.78

	
0.851 ± 0.20

	
5.26




	
215

	
0.620 ± 0.09

	
3.25

	
0.681 ± 0.08

	
2.63

	
0.780 ± 0.10

	
2.87

	
0.851 ± 0.21

	
5.52




	
216

	
0.596 ± 0.04

	
1.50

	
0.687 ± 0.06

	
1.95

	
0.763 ± 0.16

	
4.69

	
0.853 ± 0.19

	
4.98




	
217

	
0.601 ± 0.02

	
0.74

	
0.703 ± 0.01

	
0.32

	
0.771 ± 0.14

	
4.06

	
0.856 ± 0.17

	
4.44




	
Wavelet-based method (Daubechies algorithm with 10 coefficients)




	
212

	
0.579 ± 0.10

	
3.86

	
0.678 ± 0.11

	
3.63

	
0.790 ± 0.05

	
1.42

	
0.930 ± 0.09

	
2.16




	
213

	
0.585 ± 0.06

	
2.29

	
0.687 ± 0.06

	
1.95

	
0.788 ± 0.04

	
1.14

	
0.890 ± 0.07

	
1.76




	
214

	
0.583 ± 0.07

	
2.68

	
0.686 ± 0.08

	
2.61

	
0.787 ± 0.03

	
0.85

	
0.888 ± 0.06

	
1.51




	
215

	
0.606 ± 0.02

	
0.74

	
0.705 ± 0.03

	
0.95

	
0.804 ± 0.03

	
0.83

	
0.904 ± 0.04

	
0.99




	
216

	
0.601 ± 0.01

	
0.37

	
0.702 ± 0.02

	
0.64

	
0.803 ± 0.02

	
0.56

	
0.903 ± 0.03

	
0.74




	
217

	
0.599 ± 0.01

	
0.37

	
0.700 ± 0.01

	
0.32

	
0.801 ± 0.01

	
0.28

	
0.901 ± 0.01

	
0.25




	
Detrended Fluctuation Analysis method




	
212

	
0.615 ± 0.09

	
3.27

	
0.715 ± 0.10

	
3.13

	
0.814 ± 0.12

	
3.39

	
0.914 ± 0.20

	
4.89




	
213

	
0.614 ± 0.06

	
2.18

	
0.711 ± 0.08

	
2.52

	
0.810 ± 0.10

	
2.76

	
0.910 ± 0.18

	
4.42




	
214

	
0.611 ± 0.05

	
1.83

	
0.710 ± 0.10

	
3.15

	
0.790 ± 0.07

	
1.98

	
0.910 ± 0.09

	
2.21




	
215

	
0.606 ± 0.02

	
0.74

	
0.707 ± 0.02

	
0.63

	
0.808 ± 0.03

	
0.83

	
0.906 ± 0.04

	
0.99




	
216

	
0.605 ± 0.02

	
0.74

	
0.707 ± 0.03

	
0.95

	
0.803 ± 0.03

	
0.84

	
0.904 ± 0.03

	
0.74




	
217

	
0.602 ± 0.01

	
0.37

	
0.707 ± 0.02

	
0.63

	
0.801 ± 0.02

	
0.56

	
0.898 ± 0.02

	
0.50




	
Multifractal Detrended Fluctuation Analysis method




	
212

	
0.628 ± 0.19

	
6.77

	
0.744 ± 0.17

	
5.11

	
0.825 ± 0.15

	
3.12

	
0.850 ± 0.18

	
4.74




	
213

	
0.627 ± 0.19

	
6.78

	
0.726 ± 0.11

	
3.39

	
0.822 ± 0.10

	
2.79

	
0.876 ± 0.06

	
1.53




	
214

	
0.594 ± 0.09

	
3.39

	
0.714 ± 0.08

	
2.50

	
0.812 ± 0.09

	
1.51

	
0.889 ± 0.06

	
1.51




	
215

	
0.599 ± 0.02

	
0.75

	
0.708 ± 0.03

	
0.95

	
0.792 ± 0.03

	
0.85

	
0.897 ± 0.03

	
0.75




	
216

	
0.601 ± 0.01

	
0.37

	
0.704 ± 0.02

	
0.64

	
0.807 ± 0.02

	
0.55

	
0.908 ± 0.03

	
0.74




	
217

	
0.600 ± 0.01

	
0.37

	
0.703 ± 0.01

	
0.32

	
0.805 ± 0.02

	
0.56

	
0.905 ± 0.01

	
0.25











 





Table 2. Determining the value and relative error of the Hurst exponent using a wavelet-based method.
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Scale (i,j)

	
H = 0.6

	
H = 0.7

	
H = 0.8

	
H = 0.9




	
    H ^    

Mean ± sd

	
RSE

(%)

	
    H ^    

Mean ± sd

	
RSE

(%)

	
    H ^    

Mean ± sd

	
RSE

(%)

	
    H ^    

Mean ± sd

	
RSE

(%)






	
Haar algorithm




	
(1,10)

	
0.596 ± 0.06

	
2.25

	
0.698 ± 0.06

	
1.92

	
0.801 ± 0.07

	
1.95

	
0.904 ± 0.08

	
1.98




	
(2,10)

	
0.596 ± 0.04

	
1.50

	
0.699 ± 0.04

	
1.27

	
0.803 ± 0.04

	
1.11

	
0.906 ± 0.06

	
1.48




	
(3,10)

	
0.598 ± 0.05

	
1.87

	
0.702 ± 0.05

	
1.59

	
0.806 ± 0.05

	
1.39

	
0.911 ± 0.05

	
1.23




	
(4,10)

	
0.599 ± 0.06

	
2.24

	
0.705 ± 0.07

	
2.22

	
0.811 ± 0.06

	
1.65

	
0.917 ± 0.07

	
1.71




	
(5,10)

	
0.607 ± 0.07

	
2.57

	
0.714 ± 0.06

	
1.88

	
0.821 ± 0.07

	
1.91

	
0.927 ± 0.09

	
2.17




	
(6,10)

	
0.597 ± 0.06

	
2.25

	
0.711 ± 0.06

	
1.89

	
0.824 ± 0.08

	
2.17

	
0.936 ± 0.10

	
2.39




	
Daubechies algorithm with 4 coefficients




	
(1,10)

	
0.599 ± 0.06

	
2.24

	
0.702 ± 0.07

	
2.23

	
0.804 ± 0.08

	
2.22

	
0.906 ± 0.09

	
2.22




	
(2,10)

	
0.599 ± 0.03

	
1.12

	
0.702 ± 0.04

	
1.27

	
0.804 ± 0.06

	
1.67

	
0.905 ± 0.06

	
1.48




	
(3,10)

	
0.600 ± 0.05

	
1.86

	
0.702 ± 0.03

	
0.96

	
0.804 ± 0.07

	
1.95

	
0.905 ± 0.08

	
1.98




	
(4,10)

	
0.603 ± 0.06

	
2.22

	
0.704 ± 0.05

	
1.59

	
0.806 ± 0.08

	
2.22

	
0.908 ± 0.10

	
2.46




	
(5,10)

	
0.611 ± 0.07

	
2.56

	
0.713 ± 0.07

	
2.20

	
0.816 ± 0.09

	
2.47

	
0.917 ± 0.11

	
2.68




	
(6,10)

	
0.601 ± 0.06

	
2.23

	
0.703 ± 0.08

	
2.54

	
0.805 ± 0.10

	
2.78

	
0.909 ± 0.09

	
2.21




	
Daubechies algorithm with 8 coefficients




	
(1,10)

	
0.610 ± 0.05

	
1.83

	
0.713 ± 0.07

	
2.20

	
0.815 ± 0.09

	
2.47

	
0.916 ± 0.10

	
2.44




	
(2,10)

	
0.612 ± 0.04

	
1.46

	
0.714 ± 0.06

	
1.87

	
0.815 ± 0.07

	
1.92

	
0.915 ± 0.08

	
1.96




	
(3,10)

	
0.615 ± 0.06

	
2.18

	
0.717 ± 0.07

	
2.18

	
0.817 ± 0.8

	
2.19

	
0.916 ± 0.09

	
2.20




	
(4,10)

	
0.625 ± 0.12

	
4.29

	
0.727 ± 0.10

	
3.08

	
0.827 ± 0.12

	
3.24

	
0.926 ± 0.14

	
3.38




	
(5,10)

	
0.638 ± 0.19

	
6.66

	
0.739 ± 0.18

	
5.45

	
0.839 ± 0.17

	
4.53

	
0.936 ± 0.19

	
4.54




	
(6,10)

	
0.661 ± 0.25

	
8.46

	
0.763 ± 0.26

	
7.62

	
0.862 ± 0.27

	
7.00

	
0.957 ± 0.23

	
5.37




	
Daubechies algorithm with 10 coefficients




	
(1,10)

	
0.600 ± 0.03

	
1.12

	
0.704 ± 0.03

	
0.95

	
0.804 ± 0.04

	
1.11

	
0.908 ± 0.04

	
0.98




	
(2,10)

	
0.600 ± 0.01

	
0.37

	
0.701 ± 0.01

	
0.32

	
0.804 ± 0.01

	
0.28

	
0.904 ± 0.01

	
0.25




	
(3,10)

	
0.601 ± 0.02

	
0.74

	
0.702 ± 0.02

	
0.64

	
0.803 ± 0.02

	
0.56

	
0.904 ± 0.02

	
0.49




	
(4,10)

	
0.605 ± 0.04

	
1.48

	
0.705 ± 0.04

	
1.27

	
0.806 ± 0.04

	
1.11

	
0.907 ± 0.05

	
1.23




	
(5,10)

	
0.614 ± 0.06

	
2.19

	
0.715 ± 0.07

	
2.19

	
0.816 ± 0.08

	
2.19

	
0.917 ± 0.07

	
1.22




	
(6,10)

	
0.612 ± 0.05

	
1.83

	
0.711 ± 0.05

	
1.57

	
0.813 ± 0.07

	
1.92

	
0.916 ± 0.06

	
1.46




	
Daubechies algorithm with 12 coefficients




	
(1,10)

	
0.601 ± 0.02

	
0.74

	
0.705 ± 0.03

	
0.95

	
0.808 ± 0.04

	
1.11

	
0.911 ± 0.05

	
1.23




	
(2,10)

	
0.600 ± -0.01

	
0.37

	
0.704 ± 0.01

	
0.32

	
0.807 ± 0.03

	
0.83

	
0.908 ± 0.04

	
0.98




	
(3,10)

	
0.601 ± 0.01

	
0.37

	
0.704 ± 0.01

	
0.32

	
0.807 + 0.03

	
0.83

	
0.908 ± 0.04

	
0.98




	
(4,10)

	
0.696 ± 0.03

	
0.96

	
0.710 ± 0.05

	
1.57

	
0.813 ± 0.06

	
1.65

	
0.916 ± 0.07

	
1.71




	
(5,10)

	
0.618 ± 0.07

	
2.53

	
0.722 ± 0.09

	
2.79

	
0.826 ± 0.12

	
3.25

	
0.928 ± 0.14

	
3.37




	
(6,10)

	
0.626 ± 0.09

	
3.21

	
0.734 ± 0.13

	
3.96

	
0.842 ± 0.18

	
4.78

	
0.948 ± 0.23

	
5.42











 





Table 3. Comparison between healthy and unhealthy subjects.






Table 3. Comparison between healthy and unhealthy subjects.





	
Parameter

	
Healthy Subject

(Mean ± sd)

N = 48

	
Unhealthy Subject

(Mean ± sd)

N = 48

	
p-Value






	
Wavelet-based method




	
Hurst exponent

	
0.8402 ± 0.012

	
0.6019 ± 0.010

	
0.0001




	
DFA method




	
α1

	
1.0106 ± 0.091

	
0.6079 ± 0.046

	
0.0001




	
α2

	
0.7913 ± 0.058

	
0.6923 ± 0.082

	
0.0001




	
αall

	
0.8530 ± 0.072

	
0.6150 ± 0.071

	
0.0001




	
MFDFA method




	
Generalized Hurst exponent at q = 2

	
0.8201 ± 0.031

	
0.5932 ± 0.024

	
0.0001
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