. mathematics

Article

Weak Inflationary BL-Algebras and Filters of Inflationary
(Pseudo) General Residuated Lattices

Xiaohong Zhang >*{0, Rong Liang 1{© and Benjamin Bedregal 3

check for
updates

Citation: Zhang, X; Liang, R.;
Bedregal, B. Weak Inflationary
BL-Algebras and Filters of
Inflationary (Pseudo) General
Residuated Lattices. Mathematics
2022, 10, 3394. https:/ /doi.org/
10.3390/math10183394

Academic Editors: Martin Stépnitka

and Humberto Bustince

Received: 26 August 2022
Accepted: 13 September 2022
Published: 19 September 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /

40/).

Department of Mathematics, Shaanxi University of Science & Technology, Xi’an 710021, China
Shaanxi Joint Laboratory of Artificial Intelligence, Shaanxi University of Science & Technology,

Xi’an 710021, China

Departamento de Informdtica e Matematica Aplicada, Universidade Federal do Rio Grande do Norte,
Natal 59084-100, RN, Brazil

Correspondence: zhangxiaohong@sust.edu.cn

Abstract: After the research on naBL-algebras gained by the non-associative t-norms and overlap
functions, inflationary BL-algebras were also studied as a recent kind of non-associative generalization
of BL-algebras, which can be obtained by general overlap functions. In this paper, we show that not
every inflationary general overlap function can induce an inflationary BL-algebra by a counterexample
and thus propose the new concept of weak inflationary BL-algebras. We prove that each inflationary
general overlap function corresponds to a weak inflationary BL-algebra; therefore, two mistaken
results in the previous paper are revised. In addition, some properties satisfied by weak inflationary
BL-algebras are discussed, and the relationships among some non-classical logic algebras are analyzed.
Finally, we establish the theory of filters and quotient algebras of inflationary general residuated lattice
(IGRL) and inflationary pseudo-general residuated lattice (IPGRL), and characterize the properties of
some kinds of IGRLs and IPGRLs by naBL-filters, (weak) inflationary BL-filters, and weak inflationary
pseudo-BL-filters.
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1. Introduction

The notions of t-norm and residuated lattice are significant parts of fuzzy logic. Resid-
uated lattices can be used as a special unsupervised learning method in formal concept
analysis. BL-algebras are algebraic structures, proposed in [1,2], based on the residuated
lattice theory [3], which correspond to the continuous t-norms [4,5] on the interval [0, 1].
As a kind of aggregation function [6], the associativity of t-norms brings great restrictions
to them. On the contrary, other operators such as copulas [7] do not require associativity. A
non-associative fuzzy logic Lcp4, which can be regarded as a commutative basic algebra, is
also studied in [8]. This has led many scholars to explore the reasonable non-associative
extension of fuzzy logic. For instance, M. Botur introduced naBL-algebras corresponding
to non-associative t-norms and their residuated implications [9]. However, the t-norms still
have 1 as the unit element, which makes us consider a wider range of algebraic structure
corresponding to operators without a unit element.

As a special class of aggregation operators, overlap functions [10] play an important
role in many practical applications, such as classification problems, image processing, and
so on (see [11-14]). They also do not need associativity, and a continuous t-norm without
nontrivial zero factors can be seen as a special overlap function, which has attracted many
scholars to study them. This includes the subclass of naBL-algebras constructed based on
overlap functions shown in [15]. In addition, the general overlap functions [16] obtained

Mathematics 2022, 10, 3394. https:/ /doi.org/10.3390/math10183394

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10183394
https://doi.org/10.3390/math10183394
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-2320-0884
https://orcid.org/0000-0001-9336-437X
https://orcid.org/0000-0002-6757-7934
https://doi.org/10.3390/math10183394
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10183394?type=check_update&version=1

Mathematics 2022, 10, 3394

2 of 21

on the basis of relaxing the boundary conditions of overlap functions have been proven
to have a better application effect in fuzzy-rule-based classification systems, which leads
scholars to replace the t-norms with the general overlap functions, so as to study a new
kind of non-associative spread for BL-algebras, that is, the inflationary BL-algebras (briefly,
IBL-algebra) [17].

Our research is based on the paper [17]. We give two counterexamples to show that not
every inflationary general overlap function and its residuated implication can construct
an inflationary BL-algebra. Therefore, we further generalize it, provide the new concept
of weak inflationary BL-algebras (briefly weak IBL-algebra), and elaborate the one-to-one
correspondence between inflationary general overlap functions and weak IBL-algebras.
Then, some properties of weak IBL-algebra and some filters of inflationary (pseudo-)
general residuated lattices are discussed (some of the latest studies on overlap functions,
pseudo overlap functions, and residuated lattices that we refer to are contained in [18-23]).

The structure of this article is as follows. In the second part, we provide some specific
definitions of concepts that will be involved in the article. In Section 3, two specific
counterexamples are given to illustrate the omission in [17], then the concept of weak IBL-
algebras is introduced, and we analyze the relationship between some algebras mentioned
in the paper, discuss some properties that weak IBL-algebras satisfy, and finally prove that
every inflationary general overlap function and its residuated implication can induce a
weak IBL-algebra. As for Section 4, we describe the definition of some special filters of
inflationary general residuated lattices, and declare the necessary and sufficient conditions
for inflationary general residuated lattices to form naBL-algebras and weak IBL-algebras.
Then, the definition of filters of inflationary pseudo-general residuated lattices and the
construction of quotient algebras are presented, and the concept of weak inflationary
pseudo BL-filters is provided so as to characterize the requirements for an inflationary
pseudo-general residuated lattice to become a weak inflationary pseudo BL-algebra in
Section 5. The last part is the conclusions and references.

2. Preliminaries

Some related concepts of general overlap functions are reviewed first.

Definition 1 ([16,17]). Given a mapping GO: [0,1)2 — [0,1], if for any x,y € [0,1], GO meets
the requirements below, then GO is called a general overlap function (briefly, GOF):

(GO1) GO is commutative;

(GO2) GO(x,y) = 0whenx =0ory =0;

(GO3) GO(1,1) =1;

(GO4) GO has a monotonically increasing nature;

(GO5) It meets continuity.

Definition 2 ([17]). Given a GOF on [0, 1] denoted as GO, if for arbitrary x € [0, 1] it satisfies
GO(1,x) > x, then it is called inflationary.

Definition 3 ([17]). Given an inflationary GOF on [0, 1] denoted as GO, the binary mapping Rgo
on [0,1] is defined as
Reo(x,y) = max{z € [0,1]|GO(z,x) <y}

forany x,y € [0,1], it is called the residuated implication induced by GO.

In fuzzy logic, the commonly used aggregation operator is the t-norm, which is
defined below.

Definition 4 ([4,5]). Given a binary mapping T on [0, 1], when for any x,y,z € [0,1], T meets
the requirements below, it is called a t-norm:

(T1) T is commutative;

(T2) T meets associativity;
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(T3) T is a monotonically increasing property, thatis, T(x,y) < T(x,z) wheny < z;
(T4) T has 1 as the unit element, that is, T(x,1) = x.

Evidently, a continuous t-norm is a GOF by definition. Next, we present some notions
of existing algebraic structures for analysis later.

Definition 5 ([3,24]). Given an algebra (L, A, V, *,—,0,1), if it meets the requirements below,
then it is called a residuated lattice:

(L1) (L, A, V,0,1) is a bounded lattice;

(L2) (L, *) is a commutative monoid;

(L3) The pair (*, —) meets the residuation principle, that is, for arbitrary u,v,w € L, uxv < w
when and only when v < u — w.

Definition 6 ([1,2,25]). Given a residuated lattice (L, A\, V,*,—,0,1), when for arbitrary x,y €
L, it meets the requirements below, it is called a BL-algebra:

(BL1) x Ny = x * (x — y) (divisibility);

(BL2) (x = y) V (y — x) = 1 (prelinearity).

Definition 7 ([9]). Given an algebra (L, A, V, *,—,0,1), when for arbitrary x,y,z € L, it meets
the requirements below, it is called a non-associative residuated lattice:

(naL1) (L, A, V,0,1) is a lattice with 0 as the lower bound and 1 as the upper bound;

(naL2) (L, %) is a commutative groupoid with 1 as unit element, that is, L is a nonempty set, x is a
commutative binary operator with unit element 1 on L;

(naL3) (*, —) satisfies the residuation principle.

Definition 8 ([9]). Given a non-associative residuated lattice (L, A\, V,*,—,0,1), it is called a
naBL-algebra when for arbitrary u,v,a,b € L, it meets the following requirements:

(naBLT) u Av = u* (u — v);

(naBL2) (u — v) V aj(v — u) = 1 (a-prelinearity)

(naBL3) (u — v) V Bi(v — u) = 1 (B-prelinearity)

The filter is a vital portion in logical algebra, especially in constructing a quotient
algebra. Here, we state the definition of filters of non-associative residuated lattices.

Definition 9 ([9]). Given a non-associative residuated lattice (L, A, V, *, —,0,1), and a nonempty
set F C L, F is called a filter of L if it satisfies the following:

(1) For arbitrary x,y € L, if x € Fand y > x, theny € F;

(2) For arbitrary x,y € F,x xy € F;

(3) For arbitrary x € Fand a,b € L, af(x), B} (x) € F, where

ap(x) = (axb) = (ax (bxx)),Bh(x) =b— (a— ((axb)*x)).

At the end of this part, we look back at the conception of inflationary pseudo-general
residuated lattices proposed in [23], as well as a few properties they satisfy and the defini-
tion of a special class of weak inflationary pseudo-BL-algebras they contain.

Definition 10 ([23]). An algebra (L, A, V,*,—,~,0,1) of type (2, 2,2, 2,2, 0, 0), where x is an
inflationary binary operator, that is, the result of operation x between any element on L and 1 is
greater than or equal to the element, is known as an inflationary pseudo-general residuated lattice
(for short, named IPGRL) when it satisfies the following conditions:

(PL1) (L, A, V,0,1) is a bounded lattice;

(PL2) (L, *) is a groupoid, that is, a binary operator * defined on a nonempty set L;

(PL3) x * z < y when and only when z < x — y, z x x < y when and only when z < x ~- y, for
arbitrary x,y,z € L.
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Proposition 1 ([23]). Given an IPGRL (L, A, V, *, —,~>,0,1), for arbitrary u,v,w € L, it meets
the requirements below:

(PLY) u* (u —v) <o, (u~v)*u <v;

(PL5) Ifu <v,thenw —u <w —=vand w ~> u < w ~> v;

(PL6) (uVv) ww=(u—=>w)A(v—=w),  uVo)~w=(u~w)A (v~ w)

(PL7)u — (vAw)=(u—0)Au—=w),u~ (vAw)=(u~v)A (1~ w)

(PL8) u < v~ (uxv),u <v— (vxu);

(PLY)u—1=u~1=1;

(PL10) u <vwhenu - v=1oru~v=1;

PLIDu<v=u~ (1xv)=1landu — (vx1) =1.

Definition 11 ([23]). An IPGRL (L, A, V, %, —,~,0,1) is known as a weak inflationary pseudo-
BL-algebra (briefly, weak inflationary PBL-algebra) when for arbitrary u,v € L, it meets the
requirements below:

(WIPBLD) Ifv <u,v=ux*(u —v) = (U~ 0) xu;

(WIPBL2) (u — (vx1))V (v = (ux1)) = (u~ (1x0))V (v~ (1xu)) =1

3. Inflationary BL-Algebras and Weak Inflationary BL-Algebras

In this part, we introduce the definition of weak inflationary BL-algebras and explore
their properties. Let us first review the definition of inflationary BL-algebra (see [17]).

Definition 12 ([17]). Given an algebra (L, A\, V, *, —,0,1), where the operator  is inflationary,
it is an inflationary general residuated lattice (briefly IGRL) when it holds that:

(A1) (L, A, V,0,1) is a lattice with 0 as the lower bound and 1 as the upper bound;

(A2) The commutative binary operator * is defined on the nonempty set L;

(A3) (*, —) satisfies the residuation principle.

Proposition 2. Given an IGRL (L, A, V, *,—,0,1), for arbitrary r,s,t € L, it meets the require-
ments below:

(Ad)rxt <sxtwhenr <s;

(AB)r =t >s — twhenr <s;

(A6)t - r <t—swhenr <s;

(A7) (rVvs) = t=(r—t)A(s—1t);

(A8)r — (sNnt)=(r—=s)AN(r—t);

(A9) (rVvs)«t= (r«t)V(sxt);

(A10)s — (sxr) >1;

(A1) r* (r = s) <s;

(A12) r+0=0;

(A13)r —1=1;

(A14)r+1 =rifand only ifr xs < r Asforeachs € L;
(A15) Ifr - s=1,thenr <s;

(A16) r < s < r,s are comparableand r — (s*1) = 1;
(A17) (r+1) — (s*1) = 1whenr — s = 1.

Proof. The above certificates of (A4)-(A6) and (A9)-(A16) are detailed in [17]. With regard
to (A7) and (A8), because an IGRL is also an IPGRL, it meets (PL6) and (PL7) according to
Proposition 2.11, and at this time, —=~+. As for (A17),if r =+ s =1, thenr x 1 < s by the
residuation principle. By (A16), we can obtain (r+1) — (s*1) =1. O

Definition 13 ([17]). Given an IGRL A = (A, A, V, %, —,0,1), it is an inflationary BL-algebra
(briefly IBL-algebra) when it meets the followng conditions:

(IBL1) x Ny = x % (x = y);

(IBL2) (x — (y* 1)) V (y — (x* 1)) = 1 (general prelinearity).
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In Lemma 5.1 of [17], it is considered that the inflationary GOF meets (BL1). In fact,
this is not true. We provide two examples below.

Example 1. (1) Given the operator GO: [0,1]> — [0,1] defined as GO(x,y) = max{0,/x +
N 1}, it satisfies (GO1)~(GOb), that is, the function GO is a GOF. Moreover, since GO(x,1) =
Vx > x, GO is inflationary. Then, we can obtain its residuated implication as follows:

1 Visy
(y—Vx+1)2, x>y

It is clear that when x = §,y =}, thereisx Ny = Sand xx (x = y) = Lbut x Ny # x % (x —
), that is, it does not satisfy divisibility.

(2) Given the operator GO: [0,1]> — [0, 1] defined as GO(x,y) = min{\/x, \/y}, it is a GOF.
Since GO(x,1) = /x > x, it is inflationary. The residuated implication Rgo induced by it is
formulated as:

Reo(x,y) = {

L Vx<y
RGO(X,y):{
v, x>y
Whenx:%, :%,thereisx/\y:%andx*(x%y):%,butx/\y#x*(x%y),thatis,

it does not satisfy divisibility.

Therefore, we can know that the algebra ([0,1], A, V, %, —,0,1) composed of the mini-
mization operator A, maximization operator V, inflationary GOF *, and its residue — of
Proposition 5.2 of [17] is not necessarily an inflationary BL-algebra. Therefore, we consider
a broader inflationary BL-algebra, which we call weak inflationary BL-algebra.

Next, we provide the definition of weak inflationary BL-algebra.

Definition 14. Given an IGRL (L, A, V, %, —,0,1), it is a weak inflationary BL-algebra (briefly
weak IBL-algebra) when for arbitrary s, t € L, it satisfies the conditions below:

(W1) Ifs > t, then t = s % (s — t) (general divisibility);

(W2) (s = (t*x1))V(t—=(sx1)) =1

Example 2. We take the mapping GO in Example 1 (1) as the operator x and the residuated
implication Rgo induced by it as the operator —, for arbitrary x,y € L, x ANy = min{x,y},
x Vy = max{x,y}, thereby the lattice L = ([0,1], A\, V, %, —,0,1) satisfies (A1)~(A3), that is, it
is an IGRL. By definition, we obtain that y < \/x when y < x, thereby y = x * (x — y), that is,
L satisfies general divisibility. Since it is clear that

(x = (y*1))V(y — (xx1)) =1 for arbitrary x,y € L,
L satisfies general prelinearity. Thus, IGRL L = ([0,1], A, V, *, —,0,1) is a weak IBL-algebra.

Evidently, every IBL-algebra is a weak IBL-algebra. In addition, we find that the
inflationary general overlap functions satisfying divisibility actually have 1 as the unit
element, and the derivation process is as follows.

Proposition 3. Given an inflationary GOF, if it satisfies divisibility, then it has 1 as the unit ele-
ment.

Proof. Suppose that the operator * is an inflationary GOF satisfying divisibility. Since
x*x1 > x, thatis, x = x A(xx1),and x A (xx1) = xx (x — (xx1)) by divisibility.
Because x * 1 < x % 1, according to residuation principle, thereis 1 < x — (x* 1) <1, that
is, x = (x*1) = 1. Therefore, x = x x 1, that is, the operator * has 1 as the unit element. [J
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Therefore, the general prelinearity satisfied by the inflationary general overlap func-
tions satisfying divisibility amounts to prelinearity. We know that the non-associative
t-norms that can form naBL-algebra are included in the general overlap functions with unit
element 1. In addition, there exist residuated lattices satisfying divisibility and prelinearity
but not a naBL-algebra under non-total order. Examples are as follows.

Example 3. (1) Given a lattice L, the structure is as shown in Figure 1. Two operations, x and —,
of it are shown below:

*x |10 e f g 1 -0 e f g 1
0j0 0 0 0 O 01 1 1 1 1
e|0 0 e e e e |le 1 1 1 1
fl10 e f e f f10 ¢ 1 g 1
§10 e e g g g 10 f f 11
110 e f g 1 110 e f g 1

Then, (L, A, V, *,—,0,1) is an IBL-algebra but not a naBL-algebra, where (f — ¢) V ocg (g —
fl=g#1

1

0
Figure 1. Lattice structure of (1) in Example 3.

(2) Given a lattice L, the structure is as shown in Figure 2. Two operations, x and —, are
shown below:

*x 10 p g r s 1 - 10 p g r s 1
0j0 0 0 0 0 O 011 1 1 1 1 1
pl0 0O p p p p plp 1 1 1 1 1
a0 p p qa 9 9 q (0 g 1 1 11
r{0 p q r q r r {0 p s 1 s 1
s|0 p q qg s s s |0 p r r 1 1
110 p g r s 1 110 p g r s 1
Then, (L, A\, V,*,—,0,1) is an IBL-algebra but not a naBL-algebra, where (r — s) \V ocg(s —
r)=s#1
1
r A

q

p

0

Figure 2. Lattice structure of (2) in Example 3.
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Thus, we can obtain the diagram shown in Figure 3. Among them, naBL-algebras can
be obtained from non-associative t-norms. The operators corresponding to IBL-algebras
are inflationary general overlap functions with unit element 1, while weak IBL-algebras no
longer require the corresponding operators to have a unit element.

IGRLs

non-associative residuated lattices

IBL-algebras

naBLs

weak IBL-algebras

Figure 3. Relationship between several algebraic structures.

In Figure 3, specific examples corresponding to several types of algebra are as follows: I
The two algebraic structures in Example 3 are IBL-algebras, but not naBLs. II The algebraic
structure in Example 2 is a weak IBL-algebra, but not an IBL-algebra. III The algebraic
structure in (1) of Example 4 is a non-associative residuated lattice, but not an IBL-algebra.
IV The algebraic structure in (2) of Example 4 is an IGRL, but it is neither a non-associative
residuated lattice nor a weak IBL-algebra.

Example 4. (1) Given a lattice L, the structure is as shown in Figure 4. Two operations, * and —,
of it are shown below:

x| 0 a b ¢ 1 -0 a b ¢ 1
0/]0 0 0 0 O 01 1 1 1 1
al0 a a a a a |0 1 1 1 1
b|0 a b b b b |0 a 1 a 1
c|0 a b ¢ c c |0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1

0

Figure 4. Lattice structure of (1) in Example 4.

(2) Given a lattice L, the structure is as shown in Figure 5. Two operations, x and —, are
shown below:

O O O O oo
a oS O ocs
a o = 2 oo
—_ a o a ok
O O 2N S RO
(=TS S S S
UG g ey

a X O 8 Ol

N
0
a
b
c
1

_—a S8 O
O QXY X0 =Y
(S T S S S S Y o
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0

Figure 5. Lattice structure of (2) in Example 4.

Next, we discuss some properties of weak IBL-algebras. Because the weak IBL-algebras
are a class of IGRL, they satisfy the properties that are satisfied by IGRL, which will not be
repeated here.

Proposition 4. Let (L, A, V, x,—,0,1) be a weak IBL-algebra; then, for arbitrary s, t € L, it meets
the requirements below:

(W3)Ifs —t=1,thens =tx*(t —s);

(W4) tx (t =) <t— (txs);

(W5) tx (t —s) <s— (sxt)whens <t

(W6)s — (sx1) =1,

(W7) s %1 = s when and only when s — s = 1.

Proof. (1) If s — t = 1, thens — t > 1, and by the residuation principle, we have that
s* 1 < t. Since the operator * is inflationary, s < s 1 < t. Thus, by general divisibility,
tx(t—s) =s.

(2) By (A10) and (A11), tx (t —s) <t — (t*s).

(3) By (A10) and (A11), it is evident.

(4) By (A10), it is clear that 1 < s — (s*1). Sinces — (s*1) < 1, it is obvious that
s— (sx1)=1.

(5) Suppose that the operator * has 1 as the unit element. It is clear that s+ 1 < s, and
thereby, according to the residuation principle, 1 < s — s. Because s — s < 1 for arbitrary
s € L,s = s = 1. Conversely, assume s — s = 1, in that way s — s > 1. By the residuation
principle, s * 1 < s. Since operator * is inflationary, we have s * 1 = s, that is, the operator x*
has 1 as the unit element. [J

Remark 1. If the operator x of an IGRL, which is total order and has 1 as unit element, then
the general divisibility it satisfies is divisibility, and the general prelinearity it satisfies is actually
prelinearity. Becausey > x = x — (yx1) =1(by Al6) = x »y=1=xx(x > y) =
x* 1= x = x A\ y when * with unit element 1; then, it meets (BL1) when y > x, and when x < y
also holds by general divisibility. In addition, if x x 1 = x, then (x = (y* 1))V (y = (xx1)) =
(x = y)V (y — x) =1, that is, operator * satisfies prelinearity.

Lemma 1. Given an inflationary GOF on [0, 1], it meets general divisibility.

Proof. Assume that the operator * is an inflationary GOF. If y < x, then we have that
xx0 <y < x < xx1. Since x is continuous, thereis z € [0,1] meets y = x*z, thenxxz < y.
Hence, by the residuation principle, z < x — y. Since by (A4), y = xxz < x* (x = y),
and by (A11), xx (x — y) < y, x* (x — y) = y. Thus, the inflationary GOF meets
general divisibility. [

The following proposition shows that every inflationary GOF and its residuated
implication can induce a weak IBL-algebra.
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Proposition 5. Given that the operator x is an inflationary GOF on [0, 1], — is the residue of *,
taking A as the minimization operation and V as maximization operation. Therefore, the algebra
([0,1], A, V, %,—,0,1) is a weak IBL-algebra.

Proof. It is clear that the algebra L has 0 as the lower bound and 1 as the upper bound; the
operator * is inflationary and commutative on [0, 1]. By the definition of the residuated
implication and continuity of *, the operators * and — satisfy (A3), that is, the algebra
L is an IGRL. Then, according to Lemma 1 and Lemma 5.2 of [17], the algebra L satisfies
general divisibility and general prelinearity. Thus, the algebra ([0,1], A, V,*,—,0,1) isa
weak IBL-algebra. [

4. The naBL-Filters, Weak Inflationary BL-Filters, and Quasi-IBL-Filters of IGRL

In this section, we discuss the filters of IGRL, including the particularity of naBLfilters,
weak inflationary BL-filters, and quasi-IBL-filters.
The definition of filters of IGRL in [17] is given first below.

Definition 15. Given an IGRL (L, A, V, *,—,0,1), F is a set of at least one element on L and
F C L. Fis called a filter of L when it meets:

(F1) If x,y € L are taken to meet y € F as well as x > y, and it holds that x € F;

(F2)Ifx,y € F, then x xy € F;

(F3)Ifx,y € F, thenx Ny € F;

(F4) x — x € F for arbitrary x € L;

(F5) Forany x € F,as well as a,b € L, aj(x), Bj(x) € F.

Remark 2. It is clear that the filter F of an IGRL also meets the properties below:
(F6) {1} C F;
(F7) When we take an arbitrary x,y € L satisfying x,x — y € F, thereisy € F.

In fact, (F5) of Definition 15 can be replaced by another equivalent expression. We give
the following proposition.

Proposition 6. Given an IGRL L and a filter F of L, the two conditions below are equal in value:
(1) For arbitrary x € F, a,b € L, it holds that aj(x), Bj(x) € F, where aj(x) = (a*xb) —
(ax(bx*x)), ,Bﬁ(x) =b— (a— ((axb)*x));

(2) For any a,b € L, it holds that (axb) «xF = ax (b F), that is, Vf; € F, 3f, € F meets
(axb)xfo <ax(bxf1)aswellasVgy € F, 3¢, € Fsuchthatax (bxgy) < (a*xb)*g (f1
and f,, g1 and g, are not necessarily equal).

Proof. (1) = (2) Assume thatforany x € Fanda,b € L, aj(x) = (axb) — (a* (bxx)) € F
and B (x) =b — (a — ((axb) xx)) € F. Takings = (a*b) — (ax (b*x)),s € Fand s <
(axb) — (ax(bxx)), and by the residuation principle it holds that (a x b) s < a* (b* x).
Taking t = b — (a — ((a*xb)*xx)) € F,t <b — (a — ((axb)*x)). Hence, by the
residuation principle, b+t <a — ((axb) *x),aswellasa* (bxt) < (axb) * x.

(2) = (1) Assume that forany x € Fand a,b € L, 3y € F satisfying a x (b*x) > (axb) * y.
Then, it is obvious that af(x) = (a*b) — (a* (b*x)) > (axb) — ((a*b)*y) according
to (A6), and by (A10) it holds that af(x) > y. Therefore, af(x) € F according to (F1).
On the other side, because 3z € F satisfying a x (b*z) < (axb)*x, pj(x) =b — (a —
((asxb)*x)) >b— (a— (ax(bxz))) > b — (bxz) > z according to (A6) and (A10).
Thus, by (F1) we have that g} (x) € F. O

Next, the naBL-filter of IGRL is studied. We first provide a definition below.
Definition 16. Given an IGRL (L, A, V, %, —,0,1), and a filter F of it, for arbitrary g, h,u,v € L,

when F meets the requirements below, it is known as an naBL-filter:
(F8) (gNh) — (¢x(g—h)) €F;
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(F9) (g — h)Val(h — ), (§ = h)VBLh — g) € F, where at(h — ¢) = (u*xv) —
(ux(vx(h—g))) Bo(h—g)=v— (u— (u*(vx(h—g)))).

Example 5. Given the lattice L, as shown in Figure 6, two operations, x and —, are shown below:

«l0 n i o1 o n i j 1
0[0 0 0 0 0 01 1 1 1 1
h|0 0 h h h hln 11 1 1
il0 n onoioi ilo i 11 1
ilo h i o ilo n i 11
110 h i j 1 110 h i j 1

~.

~.

h
0
Figure 6. Lattice structure of Example 5.

Then, (L, A\, V, *,—,0,1) is obviously an IGRL. It satisfies divisibility, a-prelinearity, and B-
prelinearity, that is, it is also an naBL-algebra ((h i) xi = h # h* (i xi) = 0). After verification,
F = {j, 1} satisfies (F1)~(F5), and further, it satisfies (F8) and (F9), so it is an naBL-filter. Howeuver,
F={i,j,1},{h,i,j, 1} are not naBL-filters of L.

Some properties of the naBL-filters are as follows.

Proposition 7. Given an IGRL (L, A, V, x,—,0,1), and a naBL-filter F of it, then for arbitrary
l,m,n € L, it holds that:

(1) (IAm) — m € F;

(2)Iflx1=1,then (Ixm) — m € F;

) [l =m)Vaj(m—=1)]*[(l =m)Vpi(m—1)]€F

(4)Ifl,m € F, then ((Ixm)* (I = m))V (Ix (m*(m —1))), (Ix(mx (I = m)))V ((Ixm)=x
(m—1))€F
G)Iflx1=1,then (IANm) — (I - m) €
6)Ifl«1 =1 then [l - (mAn)] — [(l—)m) (I —-mn)] €F;
(7) (I = m)V (ag(m — 1) ABj(m — 1)) € F when L is distributive.

Proof. (1) By (A6) and (A11), we obtain that (I Am) — (Ix (I — m)) < (IAm) — m.
Therefore, since (I Am) — (I« (I — m)) € F by (F8), it is clear that (I Am) — m € F
according to (F1).

(2)If I x1 = I, according to (A5) and (A14), (I xm) — m > (I A m) — m. Then, according
to (1) and (F1), it holds that (I xm) — m € F.

(3) By (F2) and (F9), it is evident.

(4) According to Lemma 4.3 of [16], for arbitrary I, m,n € L, (I x m) * al,(n) < 1% (m *n).
Then, by (A9) we have that (I m) * [(I — m) V&b, (m — )] = [(I xm) * (I — m)] Vv [(I %
m)*al,(m — 1)) < [(Ixm)* (I — m)]VIx(m*(m —1)). Sincel,m € F = l+m € F,
(Ixm)*[(I = m)Val,(m — 1)] € Fby (F2) and (F9). Therefore, by (F1), it is clear that
((Ixm)* (I = m))V (Ix(mx(m —1))) € F. Similarly, (I« (m= (I — m)))V ((I *m) x*
(m—1)) €F.

(5)If I +1 =1, by (Al4), we have that [ « (I — m) <IA (I = m). Then, (I Am) — (I * (I —
m)) < (IAm) = [IAN( —m)] <(IANm)— (I - m) by (A6). Therefore, by (F1) and (F8),
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(IAm) — (I = m) € F. (Ontheotherside,if[x1 =11+ (l - m) <1x(l > m) = (I - m)
by (A4), thus (IAm) — (I* (I = m)) < (IANm) — (I = m) € F according to (A6), (F8),
and (F1).

(6) If I x1 = I, then for arbitrary I,m,n € L, [(I — m)A(l — n)] = [(I = m) —
(I — n)] € Fby (5). Since (I — m)A(l - n) > 1 — (m An) by (A8), it is clear that

(Il=mA(Il-n)]—=[l->m—=>10—>n]<[I-=>mAn)] —=[l—m)— (I —n)
according to (A5). Therefore, by (F1) [l — (m An)] — [(I — m) — (I — n)] € F.

(7) Since by (F1) and (F5), and [(I — m) Vaj(m — D]A[(I = m)V pi(m — 1)] =
(I = m)val(m =D)AL = m)]V[(( = m)Vaj(m = 1)) AR (m — 1)] = [(I —
m)V (ap(m — )AL — m))]V[((I = m)ABi(m — 1))V (af(m — 1) ABj(m — 1))] =
(I =m) V[l —=m)ABy(m = D]V [aj(m = I)ABj(m — 1)] = (I = m)V [af(m —
1) A B2 (m — 1)]. Thus, by (F3), (I — m) V/ (af(m — 1) A Bi(m — 1)) € F. O

Proposition 8. Given an IGRL L and an naBL-filter F of L, if G is a filter of L such that F C G,
then G is also an naBLfilter.

Proof. Since F is an naBL-filter of L, F meets (F8) and (F9). Because F C G, we can obtain
(xAy) = (xx(x = y)) € Gand (x = y) Vaj(y — x), (x = y) VB(y — x) € G for
arbitrary x,y € L, that is, G satisfies (F8) and (F9). Therefore, G is also an naBL-filter
of L. O

Next, we discuss the role of naBL-filters of IGRL in generating naBL-algebras.

Theorem 1. Given an IGRL (L, A, V, x,—,0,1), and a filter F of it, then the conditions below are
equal in value:

(1) L is an naBL-algebra;

(2) {1} is an naBLfilter of L, and the operator x has 1 as the unit element.

Proof. (1) = (2) Assume that L meets (naBL1)—(naBL3), that is, when taking an arbitrary
x,y,a,be€ L x Ny=xx(x—y)and (x »y)Vas(y = x) =1, (x = y) VB (y = x) = 1.
Obviously, {1} is a filter on IGRL, because by (F4), (x A\y) — (x* (x — y)) € {1}, that
is, {1} satisfies (F8). Because (x — y) Vaj(y — x) € {1} aswellas (x — y) V Bj(y —
x) € {1}, {1} satisfies (F9). Thus, {1} is an naBL-filter of L. Since the operation * meets
x*1 > x, according to divisibility, x = x % (x — (x *1)). On the other hand, it holds
thatx+*1 < x%1 < 1 <x — (x*1) by the residuation principle, and x — (xx1) < 1;
hence, x — (x *1) = 1. Consequently, we can get x = x * (x — (x* 1)) = x % 1, that is, the
operator * has 1 as the unit element.

(2) = (1) Assume that {1} satisfies (F8) and (F9), that is, it is an naBL-filter. Then, (x —
y)Vag(y = x) = 1and (x — y)V Bj(y — x) = 1 for arbitrary x,y € L, thatis, L
satisfies a-prelinearity and p-prelinearity. Moreover, (x Ay) — (x* (x — y)) = 1. By
(A15), x ANy < x* (x — y). If operator * has 1 as the unit element, then by (A4), we
obtain x x (x — y) < x*1 = x, and according to (All), x x (x — y) < y. Therefore,
x* (x = y) = x Ay for arbitrary x,y € L, that is, L satisfies divisibility. Hence, L is an
naBL-algebra. [

Corollary 1. Given an IGRL (L, A, V,*,—,0,1), each filter of it is an naBL-filter and * has 1 as
unit element when and only when it is an naBL-algebra.

Proof. It is obvious that {1} is a naBL-filter of L when all filters on IGRL are naBL-filters.
By Proposition 8, it holds that all filters on IGRL are naBL-filters when {1} is an naBL-filter,
so all filters of L being naBL-filters is equivalent to {1} being an naBL-filter on IGRL. Thus,
each filter of L is an naBL-filter, and x * 1 = x when and only when L is an naBL-algebra
according to Theorem 1. O

In addition, the quotient structure of IGRL is also important content. The definition of
quotient algebra constructed by a filter of IGRL has been given in [17], as follows.
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Definition 17. Given an IGRL (L, A, V,*,—,0,1) and a filter F of L, the relation = is defined
as: x =y & x —y € Fandy — x € F; then, = is a relation satisfying congruence on L
(see [17] for details).

For an IGRL L, the equivalent class of x € L is written as [x]r, the quotient set
L/p = {[x]g|x € L} is an IGRL, and [x]r ® [y]r is formulated as [x * y|r, [x]p — [y]F is
formulated as [x — y|, [x]r MF [y]F is formulated as [x A y|r, and [x]r UF [y]F is formulated
as [x V y|p; the partial order is written as [x|r < [y]r iff x — y € F (see [16] for details).
After that, we have the following theorem.

Theorem 2. Given an IGRL (L, A, V, *x,—,0,1), all filters of L are naBL-filters and the operator *
has 1 as the unit element when and only when the quotient structure L/ meets (naBL1)~(naBL3).

Proof. (=) Assume all filters of L are naBL-filters and the operator * has 1 as unit element;
by Corollary 1, we have that L meets (naBL1)~(naBL3). Thereby, when we take arbitrary
x,y,a,b e Lx Ny=xx(x—=y), (x =y)Vaj(y = x) =1land (x = y) VBi(y — x) = 1.
Since [x]r MTr [y)r = [x Aylr, (¥ ® ([xF = [y]F) = [ ® [x = ylr = [0x (x = y)]p, it
holds that [x]r (r [y]r = [x]r ® ([x]r — [y]F), thatis, the quotient set L/ meets divisibility.
Similarly, we have that L/ meets a-prelinearity and S-prelinearity. Therefore, L/ r satisfies
(naBL1)~(naBL3).

(<) If L/ meets (naBL1)~(naBL3), then [x]r Nr [y]r = [x]r ® ([x]r — [Y]r), ([x]r —
y1e) Ur (([alr ® [8)F) — ([a)r @ (8] @ (iylr — () = [ (e = llr) Ur (5] —
([alr = ([alr® (blr® ([y]lr — [x]F))))) = [1]p. Therefore, by definition we have that
xANy=xx(x—=y),(x =y Vaj(y —x)=1and (x = y)VBi(y — x) = 1lon L, that s,
L is an naBL-algebra. It is clear that {1} is an naBL-filter of L, and the operator * has 1 as
the unit element according to Theorem 1. Since for arbitrary filter F of L, {1} C F,Fisan
naBL-filter of L by Proposition 8. [

Corollary 2. Given an IGRL (L, A,V,*,—,0,1), {1} is an naBL-filter of L, and the operator *
has 1 as the unit element when and only when the quotient structure L/ meets (naBL1)~(naBL3).

Example 6. Given the lattice L and operators on it provided in Example 5, L is an IGRL. It is clear
that the operator * has 1 as the unit element, and {1}, {j, 1}, {0, h, 1, j, 1} are filters of L. Since {1}
meets (F8) and (F9) for arbitrary x,y € L, {1},{j, 1}, {0, h, i, j, 1} are naBL-filters of L. We take
F = {j, 1}, and obtain the quotient set L/p = {{0},{h},{i}, {j, 1} }. The operators ® and — of
L/ are defined as below:

.

0] [H]F — | [0]F 1]F
[0]r | [0]r [0]r [0]F [0]F O | Mr [r [ [1F
[hle | [0]F [0 [h]F [H]F W | We e [ [lF
[ir | [OlF [hF [h]F  [iF ilr | [0 [l [ [1F
e | [0 [hlr  [lr [l (e | [0 [Wr [Jr [lF

Then, the algebra (L/p, N, Ug, ®, —, [0]F, [1]F) is an IGRL. Since it meets (naBL1)~(naBL3),
L/ is an naBL-algebra.

Then, we can give the concept of weak inflationary BL-filters similar to naBL-filters
of IGRL.

Definition 18. Given an IGRL (L, A,V, x,—,0,1), and a filter F of it, for arbitrary s,t € L, F is
called a weak inflationary BL-filter (briefly weak IBL-filter) if it meets the conditions below:

(F10) Ift <s,thent — (s* (s — t)) € F;

(F11) (s = (t*1))V (t — (s*1)) € F.
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Example 7. Given the IGRL Las L = {0,h,1,j,1} in Example 5, F = {j, 1} is evidently a filter
of L. Since it meets (F10) and (F11), it is a weak IBL-filter of L.

Obviously, when F is a weak IBL-filter of IGRL L, and G is a filter of L satisfying
F C G, G also meets (F10) and (F11). Then, we obtain the theorem below.

Theorem 3. Given an IGRL (L, A,V, *,—,0,1), and a filter F of L, the requirements below are
equal in value:

(1) L is a weak IBL-algebra;

(2) Each filter of L is a weak IBL-filter;

(3) {1} meets (F10) and (F11).

Proof. (1) = (2) Assume that L meets (W1) and (W2); then, for arbitrary x,y € L, y =
x*(x - y)wheny < x,aswellas (x = (yx1))V(y — (x*1)) = 1. Ify < x, by (F4),
y— (x*(x > y)) € F.By (F6), (x - (y*1))V(y — (x*1)) =1 € F, so F meets (F10)
and (F11), that is, F is a weak IBL-filter of L.

(2) = (3) Since {1} is a filter on IGRL, by (2) we can get that {1} is a weak IBL-filter on IGRL.
(3) = (1) Assume that {1} is a weak IBL-filter of L, theny — (x % (x — y)) =1 € {1} when
y<x,and (x — (y*1))V(y — (xx1)) € {1}. Therefore, we have that y — (x* (x —
y)) =1wheny < x, (x = (y*1)) V(y = (x+1)) = 1, and it is clear that L satisfies
general prelinearity. On the other side, by (A15) we can obtain y < x * (x — y) when
y < x. Since by (A11), we have that x * (x = y) <y, y = x *x (x = y) wheny < x. Thus, L
satisfies general divisibility. Therefore, L is a weak IBL-algebra. [

The relationship between the naBL-filters and the weak IBL-filters of IGRLs is analyzed
as follows.

Proposition 9. Given an IGRL L = (L, A,V, x,—,0,1). If all filters of L are naBL-filters, and *
has a unit element of 1, then all filters of L are weak IBL-filters.

Proof. Itis clear by Corollary 1 and Theorem 3. O

The inverse of the above proposition does not necessarily hold. We give the follow-
ing example.

Example 8. We take the lattice in Example 3 (1) as L. It is clear that L is an IGRL, and {1} is
a weak IBL-filter of it, that is, all filters of L are weak IBL-filters. However, F = {1} is not an
naBL-filter because it does not satisfy (F9), for instance, (f — g) Vag(g — f) =g & {1}.

Finally, a new class of filters is also studied in this part. The quasi IBL-filter of IGRL is
defined as follows.

Definition 19. Given an IGRL L and a filter F on it, F is called a quasi IBL-filter when F
meets (F10).

Example 9. Given the lattice L = {0,m,n, 1} shown in Figure 7, two operations, * and —, are as
detailed below:

2T 2 2 o=
QIR O
_ X I of -
3 3 ol
o o o r|lo
S - I R
_ o | e

m
1
1
0

m

_ X I of %
o o o o|lo

Then, L is an IGRL, and it is clear that F = {m, 1} is a quasi IBL-filter of L.
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0

Figure 7. Lattice structure of Example 9.

It is obvious that every weak IBL-filter and naBLfilter of IGRL is a quasi IBL-filter.
Some of the properties they satisfy are given below.

Proposition 10. Given an IGRL (L, A,V,*,—,0,1), and a quasi IBL-filter F of it, for arbitrary
s, t € L satisfying t < s, the requirements below are true:

(1)t s €F;

2)t—[sx(s—>s)] €F

B)t—[s— (sx t)] € F if x is associative;
Dt — (sx1) €

G)t— (tx1) €

6)t— (s —t) eszs*l—s

Proof. (1) Thereist — t <t — s whent < sby (A6). Thus, t — s € F by (F1).

(2) When t <s, thereis s — t < s — s. Then, by (A4) and (A6), we have that t — (s * (s —
t)) <t — (s* (s —s)). Therefore, t — [s* (s — s)] € F by (F1).

(3) By (A10), s < t — (t*s);then, t = (s*(s = 1)) <t — ((t = (t*s))*(s = t)).
If s % (txz) = (s=t)*z, that is, the operator * is associative, then s * [(s — ) * ( —
(txs))] =[s*x(s = 1)« (t = (txs)). By (All), [s* (s — )] * (t — (t*s)) < t=*(t —
(txs)) < txs, thereby s« [(s — t)* (t — (t*s))] < t*s. By the residuation principle, it is
clear that (s — t) x (t = (txs)) <s — (s*t). Therefore, t — (s* (s > 1)) <t — ((t =
(txs))x(s—=1t)) <t— (s— (sxt)),and t — [s — (s xt)] € F by (F1).

(4) Because the operator * is inflationary, that is, s * 1 > s, by (A6), (2), and (F1), t — s <
t— (sx1) €F.

(5) Similar to the above, we can get t — (¢ * 1) € F according to (1).

(6)If s*1 =s, by (Al4) we have thats* (s — t) <sA (s — t) < s — t. Then, by (A6),
t— (sx(s—1t)) <t— (s — t). Therefore, by (F1) and (F10), t — (s - t) € F. O

It is clear that for an IGRL, {1} is a quasi IBL-filter of L when and only when all filters
of L are quasi IBL-filters. The proof will not be repeated. The equivalent conditions for an
IGRL to form a weak IBL-algebra through quasi IBL-filters are as follows.

Proposition 11. Given an IGRL (L, A,V,*,—,0,1), which is total order, every filter of L is a
quasi 1BL-filter when and only when L is a weak 1BL-algebra.

Proof. (1) In total order, there is x < y or y < x for arbitrary x,y € L. Then, according
to (A16), we have that x — (yx1) =1lory — (x*1) =1, thatis, [x — (y*1)]V]y —
(x*1)] =1, so L satisfies general prelinearity under total order. If all filters of L are quasi
IBL-filters, then y — (x * (x = y)) = 1 when y < x. According to (A15), it is clear that
y < xx(x = y). Since, by (A11), we have x * (x — y) <y, itis clear thaty = x x (x = v),
that is, L satisfies general divisibility. Therefore, L is a weak IBL-algebra. (2) Suppose that
L is a weak IBL-algebra; by Theorem 3, we have that all filters of L are weak IBL-filters. It
then holds that all filters of L are quasi IBL-filters. [

5. Filters and Weak Inflationary Pseudo BL-Filters of IPGRL

In this section, we mainly study filters of IPGRLs. The exact definition of filters is
given as follows.
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Definition 20. Let (L, A,V,*, —,~>,0,1) be an IPGRL. A nonempty set G C L is called a filter
of L when it meets the following conditions:

(F1)y € Gwhen x € G,y € Lsatisfying x < y;

(F2) When we take x,y € G, thereis x xy € G;

(F3)Ifx,y € G, then x ANy € G;

(F4) Forallx € L,x — x € G;

(F5)Ifx € G, a,b € L, then af(x),Bi(x) € G and ¢j(x), v} (x) € G, where aj(x) = (a*
b) = (ax(bxx)), Bj(x) =b — (@ = ((axb)*x)), pj(x) = (a*xb) ~ ((x*a)x*b),
Ye(x) =b~» (a~ (xx(bxa)));

(F6')Ifa,b € G, for arbitrary x € L, 3c € G, ax (x *b) > c*x x; if x € G, for arbitrary a,b € L,
de,d € G, such that (axx) xb > ax (bxc), ax (x*b) > (d*a)*b.

Additionally, G is called the normal filter when it meets:

(F7)x =y € Giffx ~y € G for arbitrary x,y € L.

Example 10. Given the lattice L = {0, e, f,g,h,1}, as shown in Figure 8, the operators x, —, and
~ are defined as below, respectively:

= 0 w0 O
— 0 YN 0 O|F

m 300 YN 0 O %
S O O O © OO
XN O O
R N O Y O™
0Q 0Q 0 "~ © OO0

=10 e f g h 1 ~ 10 e f g h 1
o1 1 1 1 1 1 o1 1 1 1 11
e e 1 g 1 1 1 e |le 1 e 1 1 1
f1f g 1 1 11 fl1f g1 1 11
g/10 e f 1 1 1 g0 e f 1 1 1
h |10 e f g 1 1 h 10 e f g 1 1
1 (0 e f g h 1 110 e f g h 1

L is an IPGRL. It is clear that {h,1} and {g, h, 1} are filters of L. However, {h, 1} is also a
normal filter, and {g, h, 1} is not. In addition, {e, g, h,1}, {f, g, h, 1} are not filters of L.

1

h

g

0

Figure 8. Lattice structure of Example 10.

Some properties of filters are revealed as follows.

Proposition 12. Given an IPGRL L and a filter F of L, it meets requirements below:
(F8)1 € F.
(F)x +1€F,x~1€&Fforanyx € L.
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(F10°) For arbitrary m,n € L, (i) ¥s € F, 3t € F, such that mx (n xs) > (m*n) * t and
Vs' € F, 3t € F, such that (m*n) xs' > mx (n=t') (ii) Vs € F, 3t € F, which meets
(sxm)*xn>tx(mxn)andVs' € F,3t' € F, such that s’ « (m xn) > (t' * m) * n.

Proof. (1) Since the filter F is a nonempty set, at least one element belongs to it. We suppose
that thereis z € Lsuch thatz € F. Dueto1 € L and z < 1, by (F1) it holds that 1 € F.
Therefore, F satisfies (F8’).

(2) According to (PL9), x -+ 1 = x ~» 1 = 1. By (F8’), itis clear that x =+ 1 € F and
x ~» 1 € F; thus, F satisfies (F9').

(3) We prove that (F10’) is equivalent to (F5"). (F10") = (F5") If s € F,Vm,n € L, 3t € F,
such that a'(s) = (mxn) — (mx(nx*s)) > (m*n) — (m=xn)*t > tby (i), (PL5)
and (PL8), then by (F1) we have that al’(s) € F. It is clear that 3¢ € F, satisfying
Bi(s) =n — (m — (mxn)*s)) >n— (m— (mx(nxt))) >n— (nxt') >V,
so B (s) € F. Analogously, we have ¢}/(s) € F and v}}(s) € F. (F5') = (F10’). For
arbitrary m,n € L, Vs € F, we take t = a'(s) = (mxn) — (m=* (n=s))and t € F, then
t < (mxn) = (mx(nxs)) < (m*xn)xt < mx*(nxs)by (PL3). Taking t' = B (s) =
n — (m — ((m+n)=*s)) € F, obviously there is t/ < n — (m — ((m*n)xs)) iff
nxt' <m— ((mxn)xs)iff m* (nxt') < (m=*n)*s. Similarly, we can get (ii). O

Proposition 13. Let (L, A,V, %, —,~,0,1) be an IPGRL. Given a filter F C L, it meets state-
ments below:

(1)t € Fwhens,s —t € F;

(2)t € Fwhens,s~t € F.

Proof. (1) By (F2),s* (s — t) € Fifs,s — t € F. Since (L, A, V,*,—,~,0,1) satisfies
(PL4),s* (s = t) < t,and t € F according to (F1).

(2) Similarly, since (s ~~ t) *s < t according to (PL4), it is clear thats,s ~» t € F = (s ~
t)xs € F(byF2)= (s~ t)*s <t € F(byFl). O

Lemma 2. Let (L, A, V, %, —,~>,0,1) be an IPGRL. Then, for arbitrary c,d,s € L, it holds that:
(1) (cxd)xag(s) <cx(dxs), @5(s) * (cxd) < (s*c)xd;
(2) cx (d*p5(s)) < (cxd)*s, (v5(s) xd) xc <sx(dxc).

Proof. (1) By (PL4), it holds that s x (s — y) < y. Thereby, (c *d) * a§(s) = (c*d) * ((c *
d) = (c*(d*s))) < cx(dxs). Similarly, ¢5(s) * (cxd) < (s*c)*d.

(2) By (PL4), it holds that (7§(s) xd) xc = ((d ~ (c ~ (s*(dxc)))) *xd)*c < (c ~
(s*(dxc)))xc <sx*(dx*c). Similarly, it is clear that c * (d x B5(s)) < (c xd) xs. [

Corollary 3. Let (L, A,V,*,—,~,0,1) be an IPGRL. Given a filter F C L, for arbitrary
r,s,t € L,s — (r — t) € F when and only whenr+s — t € F, r*s ~ t € F when and only
whenr ~ (s~ t) € L.

Proof. (1) We verify thatr*s ~»t € F < 1 ~» (s ~» t) € F. (i) Assume thatr*s ~» t € F.
We take @ = r*s ~» t. Then, a < rxs ~ t < ax (r*s) < t according to (PL3).
By Lemma 2, (yi(a) xr)*s < ax (r*s) < t, where 7;(a) € F according to (F5’). Since
(vi(a)xr)xs < t = (y3(a)*r) < s~ t = v5(a) <r ~ (s ~ t)according to (PL3),
we have r ~» (s ~» t) € F by (F1). (ii) Assume thatr ~» (s ~» t) € F,b =1 ~» (s ~> ).
According to (PL3), it holds thatb < 7 ~> (s ~> ) iff bxr < s~ tiff (bxr)xs < t. Since
@5(b) * (r*s) < (bxr)xs < tby Lemma 2, and ¢}(b) * (r+s) < t = ¢L(b) < (rxs) ~t
according to (PL3), where ¢ (b) € F,soby (F1) r*s ~»t € F.

(2) Analogously,s — (r = t) e F<rxs -t € F. [

The quotient algebras obtained by filters of IPGRLs are discussed below.
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Proposition 14. Given an IPGRL (L, A, V, *, —,~>,0,1) and a normal filter F of it, and given
~r defined ast ~p sifft —+s € F,s — t € F, the relation ~p is a congruence relation.

Proof. (i) We first verify that ~r is an equivalent relation of IPGRL. (1) By (F3),s — s €
F = s = s, so it satisfies reflexivity. (2) It is clear that it satisfies symmetry according to the
definition. (3) Suppose s ~r t and t ~r z; by definition, it holds thats -t € F,t = s € F
andt — z € F,z — t € F. According to (F2) and (F5’), (z — t) x BZ_,,(t = s) € F; thus,
itis clear that z* ((z — t) % pZ_,(t = 5)) < (zx(z = 1)) *x(t = s5) <t*x(t = s) <s
according to Lemma 2. Then, by (PL3), we have that (z — t) * fZ_,(t = s) < z — s, that
is, z = s € F by (F1). Similarly, it holds that s — z € F. Therefore, it satisfies transitivity.
(i1) We verify that ~ is congruent regarding five operations on L. Suppose that s ~r ¢,
a ~p b. (1) It is obvious that @5 (v¢(¢5(s ~ t))) € F and a5(a — b) € F. Then, by
Lemma 2 we have ¢}(12(@}(s ~ 1)) *[(s*a) xai(a — b)] < ¢}(1(g}(s ~ 1)) *
(s % (ax(a = b)) < (VP55 ~ 1)) x5) * (ax (a = b)) < (Y(gj(s ~ 1)) ) x b (by
PL4) < @j(s ~ t) *x (s*b) < ((s ~ t) xs)*b < txb (by PL4). Since the existence of
f € F makes ¢5(7(¢(s ~ 1)) x [(s*a) xa5(a — b)] > f « (s xa) according to (F6’),
it holds that f * (sxa) < t*b, by (PL3), f < (s*a) ~» (txb) € F, thus (s*xa) —
(t xb) € F by (F7’'). Analogously, we have (t«xb) — (s*a) € F. Thus, s xa = t xb. (2)
According to (F3), it holds that (t — s) A (b — a) € F. Since (t - s) A (b — a) < (t —
(sva))AN(b — (sVa)) (by PL5) = (tVb) — (s Va) (by PL6), and by (F1), (tVb) —
(sVVa) € F. Analogously, (sVVa) — (tVb) € F. Therefore, sVa ~p tVb. (3) Since
(t—=>s)ANb—a) < ((tAb) = s)AN((tAD) = a) = (tAD) — (s Aa) € F, analogously,
(sNha) — (tADb) € F. Hence, sAa ~p tAb. (4) Sinces — t € F, by (F6’), there
exists ¢ € F,suchthatsx ((f = a)xc) < (sx(s = £)*x(t = a) <tx(t > a) <aq,
then by (PL3), we have (t — a)xc < s - a = ¢ < (t - a) — (s — a), that s,
(t = a) — (s = a) € F according to (F1). Analogously, we can obtain (s — a) — (t —
a) € F; thus, s — a ~p t — a. In addition,a — b € F = pi_ (a — b) € F, because
tx((t—a)xBl (a—b)) <(tx(t—a))x(a—b) <ax(a—b) <bbyLemma?2, and it
holds that (t — a)* Bl (a = b) <t —b= Bl (a —b) <(t—a)— (t = b) according
to (PL3). Therefore, by (F1) (t — a) — (t — b) € F, and similarly, (t — b) — (t - a) € F,
thatis, t - a ~p t — b. Atlast, wecangets — a ~p t - a ~p t — b according to
transitivity. (5) Suppose s ~f t, a &~ b, because (s ~» a) * ((t ~>s) xt) < (s ~>a) xs < a,
t ~»s € F, by (F6'), dc € F, it holds that (c* (s ~» a)) *t < (s ~» a) * ((t ~» s) *t) < a.
Then, by (PL3) we obtain c* (s ~» a) < t ~a = ¢ < (s ~ a) ~ (t ~ a), that is,
(s ~ a) ~ (t ~ a) € F according to (F1). Similarly, (f ~ a) ~ (s ~» a) € F. Thus,
s ~» a ~p t ~ a. On the other hand, it is clear that 7! (2 ~ b) € F, according to Lemma
2, (v (@~ b)x(t~a))xt < (a~b)x((t~a)x«t) < (a~ b)xa<b,soby (PL3),
Yo @a~~>b)x(t~a) <t~ b=l (a~Db)<(t~ a)~ (t~ b);then, by (F1)
(t ~ a) ~» (t ~» b) € F. Analogously, (t ~» b) ~» (t ~ a) € F. Hence, t ~» a = t ~» b.
Afterwards, it is clear that s ~» a ~r t ~» b according to transitivity. Therefore, ~r is
congruent with respect to operations *, V, A, =, and ~». O

Definition 21. Given an IPGRL (L, A, V, %, —,~>,0,1), a normal filter I of L, and the congruence
relation x ~1 y, when and only when x — y € I, y — x € 1. When taking an arbitrary x € L,
we define [x|; as the equivalent classes of x concerning ~p, and the quotient structure L/ ~, as
L/~; = {[x]1|x € L}, and we define some operations of L/ ~, as follows: [x]; M [y] is formulated
as [x Ayl [x]; U [ylg is formaluted as [x \/ y|1, [x]; ® [y]1 is formulated as [x * y]j, [x]; —1 [yl
is formulated as [x — y|1, [x]; ~»1 [y]1 is formulated as [x ~» y|;, and [x]; < [y]; & x =y € L

Proposition 15. Let (L, A,V,*,—,~,0,1) be an IPGRL. G is a normal filter of L. The con-
gruence relation x ~g yiff x =y € G,y — x € G. Then, the quotient structure L/~_ =
<L/zc, Mnu®,—g, ~ag, [O]G, [1](;) meets (PL1)~(PL3).
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Proof. It is clear that [0]; is the lower bound and [1] is the upper bound of L/~ . For
arbitrary x,y,z € L, by (F3) [x]c < [x]g, [x]c < [y]¢ and [y]¢ < [x]c = x ~¢ y, that is,
[x]c = [y]c. Assume that [x]c < [y]g, [vlc < [z]g. Then, we verify that [x]g < [z]¢. Since
x — y € G, according to (F6’) there exists ¢ € G that meets x x ((y — z) *x¢) < (x* (x —
y))*(y = z); then, x = (x* ((y = z) *xc)) < x = ((x*(x = y)) * (y = z)) by (PL5).
Sinccy »z€G= (y —>z)xce€ Gby(F2)and (y — z)*c < x — (x*((y — 2z) *x¢))
on the basis of (PL3), x — ((x* (x — y)) * (y — z)) € G by (F1). Therefore, by (PL4),
itis obvious that x — ((x* (x = ¥))*(y = 2)) < x = (yx(y - 2)) < x = z € G,
ie, [x]c < [z]g. By (PL11), x < x = x — (x*1) = 1,s0x = (x*1) € G according
to (F8'). Then, [x]c ® [1]g = [x * 1]g > [x]g by definition; thus, ® is inflationary. Since
xlc®zlc < g & [x*z]c < [yl & (x*xz) 2 ye Gz — (x > y) €G(by
Corollary 3) & [zl < [x — ylg & [lo < [tg = [vlo and 216 ® (¥l < o <
zxx]g <[ylc & (zxx) ~»y € G &z~ (x~y) € G (by Corollary 3) & [z]g < [x ~
vl © [zlc < [x]lg ~¢ [vlc, it satisfies (PL3). Therefore, the quotient set L/~ meets
(PL1)~(PL3). [

At the end of this part, we describe the concept of weak inflationary pseudo BL-filters
of IPGRLs and characterize the sufficient and necessary conditions for an IPGRL to form a
weak inflationary pseudo-BL-algebra.

Definition 22. Given the lattice (L, A\, V, *,—,~»,0,1) is an IPGRL, and a filter F, if F meets
the requirements below for arbitrary p,q € L, then it is called a weak inflationary pseudo-BL-filter
(briefly WIPBL-filter):

(F11)Ifg < p,q = [p*(p = q)] € Fand g = [(p ~ q) xp] € F;

(F12) [p = (q+ 1]V Ig = (px1)] € Fand [p ~ (1xq)] Vg~ (1xp)] € F.

Remark 3. If H is a WIPBL-filter of an IPGRL L, and G is a filter on IPGRL satisfying H C G,
then G also meets (F11') and (F12').

Example 11. Given a lattice L, as shown in Figure 9, the three operators x, —, and ~ are defined
as follows, respectively:

* |0 j kK I m n 1

0/0 0 0 0 0 0 O

j1o0 0 G jojj

k1o j j k k k k

o j k 1 1 1 1

m|0 j k I m I m

n|0 j kK I I n n

110 j kI m n 1
=10 j k I m n 1 ~ 10 j k I m n 1
o1 11 1 1 1 1 o0f1 11 1 1 1 1
j k1.1 1 1 1 1 jlj 11 1 1 1 1
k|10 k1 1 1 1 1 k|{j k1 1 1 1 1
rfo j k 1 1 1 1 rfyo j k 1 1 1 1
m |0 j kK n 1 n 1 m|0 j kK n 1 n 1
n|0 j k m m 1 1 n|0 j k m m 1 1
10 j kK I m n 1 110 j kK I m n 1

Then, L is an IPGRL. It is clear that {n, 1} is a normal filter on IPGRL. Since for arbitrary
vyeLly—-xx(x—yl=1€{l}andy — [(x ~ y)*xx] =1 € {1} wheny < x,
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(x=(*1)V(y— (xx1)) =1€ {1} and (x ~ (1xy))V(y ~ (gxx)) =1 € {1}, {1}
satisfies (F11') and (F12'). Therefore, {n, 1} is a WIPBLfilter. In addition, {m, 1} and {l, m, n, 1} are
also WIPBLfilters of L.

Figure 9. Lattice structure of Example 11.

Theorem 4. Given the lattice (L, \,V,*,—,~>,0,1) is an IPGRL, the requirements below are
equal in value:

(1) L is a weak inflationary PBL-algebra;

(2) Each filter of L is a WIPBLfilter;

(3) {1} is a WIPBLfilter of L.

Proof. (1) = (2) Assume that L is a weak inflationary PBL-algebra; then, for arbitrary
u,v € L, it meets (WIPBL1) and (WIPBL2). Suppose F is a filter on the lattice; then, 1 € F.
By (F4),v — [u* (u — v)] € Fand v — [(u ~» v) *u] € F if v < u. Therefore, F satisfies
(F11"), since (u — (v*1))V (v — (u*1)) = (u~ (1*0)) V (v~ (1xu)) € F, F satisfies
(F12%). Thus, all filters of L are WIPBL-filters.

(2) = (3) Evidently, {1} is a filter on the lattice, so {1} is a WIPBL-filter of L by (2).

(3) = (1) Assume that {1} is a WIPBLfilter of L; then, it meets (F11’) and (F12’). By (PL10),
v<ux(u—0v),v<(u~v)xuifu>ov. Sinceu* (u — v) < v, (U~ v)*xu < vby
(PL4), v = u* (u — v) = (u ~» v) * u for arbitrary u,v € L when u > v, that is, L satisfies
general 2-divisibility. On the other hand, it is clear that L satisfies general 2-prelinearity.
Thus, L is a weak inflationary PBL-algebra. [

Proposition 16. Given the lattice (L, \,V,*,—,~>,0,1) is an IPGRL, and G is a normal filter
on IPGRL. Suppose that {1} is a WIPBLfilter of L; then, it holds that the quotient algebra
L/~; = (L/~¢,M,U,®, =g, ~¢, [0, [1]c) meets (WIPBL1) and (WIPBL2).

Proof. It holds that L is a weak inflationary pseudo-BL-algebra according to Theorem 4.
Moreover, G is also a WIPBL-filter by Remark 3. It is clear that the quotient set L/~ is an
IPGRL by Proposition 15. Since if [y]g < [x]g, ¥ = x € G =y < x, then [y|g = [x * (x —
Ylc = [(x » y) xx]g = [x]c ® ([x]c —¢ [vlc) = ([x]c ~c [v]c) ® [x]g, and ([x]c —¢
(e ® [1]6) U (o = (Mo ®[Me) = [(x = rx 1))V (y = (xx )]g = (Mg =
[(x ~ (1xy) V(y ~ (1xx))]c = ([x]c ~c ([l ® [yvlc)) U ([vlc ~c ([l ® [x]c)) for
arbitrary [x]¢, [y]c € L/~, the IPGRL L/~ satisfies (WIPBL1) and (WIPBL2). Hence, the
quotient structure L/~ is a weak inflationary pseudo-BL-algebra. [

Example 12. Given the lattice L and the operators in Example 11, L is an IPGRL, and G = {n,1}
is a normal filter of L. Since {1} is a WIPBL-filter of L, we can obtain that the following binary
operators on quotient algebra L/ ~. = {{0}, {j}, {k}, {l,m}, {n,1}}:
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® | 0c [lc ke [c e

[0lc | [0]c [0lc [0]¢ [0]lc [0]g

flc | [0lc [0lc [0]c [ilc e

klc | 0l [lc [lc [Klc kg

le | Ol e [Ke [Me e

[Mc | Ol e ke e e
= | Ol llc ke e [lg ~c | 0l llc [k (e [lg
Ol | [llc e [ e [e Olc | [llc [le [ [ [
fle | kle e [ e [e lle | lle e e e [le
klc | 0lc [kKlc [e [le e kle | lle Ko e [ e
e | 0lc [le [Kle [ [le le | [Olc [l [kl e [lc
e | Ol e ke [Me e e | Olc [le ke [Me e

References

It is clear that L/ ~ is a weak inflationary pseudo-BL-algebra.

6. Conclusions

In this article, we first propose the concept of weak IBL-algebras, verify that they can be
obtained from inflationary general overlap functions, and illustrate the relationship between
them and naBL-algebras and inflationary BL-algebras through some examples. Then, we
give the properties they satisfy. Second, we elaborate the equivalent characterization of
filters of IGRL by describing a new condition, and study special naBL-filters and weak
IBL-filters of IGRL, by which IGRL can form naBL-algebras and weak IBL-algebras. In
addition, a new class of quasi IBL-filters of IGRL is researched, as well as each filter of
IGRL, under a totally ordered structure is a quasi-IBL-filter, which is equivalent to IGRL
being a weak IBL-algebra. Finally, the definitions of filters of IPGRL are presented, some
of their properties are shown, and on this basis, the quotient structure is obtained. In
addition, a special class of WIPBLfilter is proposed to prove that an IPGRL becomes a
weak inflationary pseudo-BL-algebra if and only if {1} is its WIPBL-filter.

As further research, we can refer to [24] to discuss other new subclasses of filters of the
inflationary (pseudo-) general residuated lattices and explore the relationship between them.
In addition, considering non-commutative fuzzy logic, the non-commutative generalization
of weak IBL-algebras is also worth studying, which is what we are doing. Moreover, as an
interesting research topic, we can consider a new model of fuzzy rough sets (see [26-28])
based on inflationary (pseudo-) general residuated lattices.
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