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Abstract

:

This paper presents a new methodology to simultaneously solve the optimal conductor selection and optimal phase-balancing problems in unbalanced three-phase distribution systems. Both problems were represented by means of a mathematical model known as the Mixed-Integer Nonlinear Programming (MINLP) model, and the objective function was the minimization of the total annual operating costs. The latter included the costs associated with energy losses, investment in conductors per network segment, and phase reconfiguration at each node in the system. To solve the problem addressed in this study, a master–slave methodology was implemented. The master stage employs a discrete version of the Salp Swarm Algorithm (SSA) to determine the set of conductors to be installed in each line, as well as the set of connections per phase at each of the nodes that compose the system. Afterward, the slave stage uses the three-phase version of the backward/forward sweep power flow method to determine the value of the fitness function of each individual provided by the master stage. Compared to those of the Hurricane-based Optimization Algorithm (HOA) and the Sine Cosine Algorithm (SCA), the numerical results obtained by the proposed solution methodology in the IEEE 8- and 25-node test systems demonstrate its applicability and effectiveness. All the numerical validations were performed in MATLAB.
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1. Introduction


Due to the rapid growth of the world population, the global demand for electricity has increased, leading to a complete reliance on electrical systems to meet all basic human needs [1,2]. As a result, electrical networks that include hybrid systems, renewable energies, and three-phase distribution systems have become essential because they ensure that (industrial, commercial, and residential) end users have access to the amount of energy they need, when they need it, and at a reasonable cost [3,4,5].



An important characteristic of electrical distribution systems is that they have a radial topology, which means that there is a single path from the main node (substation) to the rest of the nodes that make up the network [6]. This type of network topology considerably reduces the costs associated with distribution lines and protective devices. In addition, three-phase distribution systems operate in an unbalanced fashion for two reasons: (i) the impossibility of applying the transposition criterion due to the short length of the distribution lines (tens of kilometers), which causes asymmetries in the network segments [7]; and (ii) the presence of single-phase, two-phase, or three-phase loads, with three-phase loads being connected either in a star (Y) or triangle (  Δ  ) configuration, which causes intrinsic imbalances in the currents flowing through the lines and the nodal voltages [8,9].



These intrinsic imbalances, added to the radial topology of three-phase distribution systems, significantly increase their power losses and thus result in higher electricity bills for end users [10]. In Colombia, the Energy and Gas Regulation Commission (CREG, for its acronym in Spanish) allows a maximum of 8% of power losses to be charged to end users, which is reflected in their final bill [10]. Hence, if power distribution companies reduced the amount of power losses to less than 8%, they could earn the surplus through billing. If power losses, however, exceed that percentage, network operators cannot charge users more than it is allowed by the CREG and would miss potential financial gains as a result of the operational inefficiencies of their networks [11].



It is clear from the above that the intrinsic characteristics of three-phase distribution networks can cause negative effects not only in terms of technical aspects (such as power losses, voltage profiles, and the loadability of lines) but also in financial terms. This, indeed, poses a challenge for engineers in charge of designing, planning, and operating three-phase distribution networks, as they must devise effective strategies and methodologies to optimize and expand them. An effective methodology should guarantee the financial viability of the network operator over a given time horizon and the safe and reliable provision of the service required by end users, while meeting the quality standards set forth by the governmental entities in charge of regulating the electricity service [12].



Given the importance of strategies for planning and operating power distribution networks, various approaches have been proposed, including (i) optimal conductor size selection [13] and (ii) optimal phase-balancing [10]. The optimal conductor size selection problem in distribution networks is a classical problem in terms of network expansion that has been extensively studied in the specialized literature. It is characterized by its nonlinear and non-convex nature, which makes it challenging to solve [14]. The phase-balancing problem has been thoroughly explored in the specialized literature as well, despite being highly complex due, also, to its nonlinear and non-convex nature [15]. However, it has caught the attention of researchers because it is a low-cost solution that guarantees correct system operation and reduces power losses in three-phase distribution networks by up to 24% [10].



According to the most recent studies in the field, the optimal conductor size selection problem is often solved using combinatorial optimization strategies based on master–slave methodologies [16]. For instance, in [17], the authors presented a master-slave methodology that combines the tabu search algorithm and the backward/forward sweep power flow method. The objective function they employed was the minimization of the costs associated with investment in conductors and power losses during a year of operation under two operating scenarios: (i) a peak demand during the entire year of operation and (ii) a demand curve discretized into three periods. In all the simulations, the authors considered a balanced three-phase distribution network, i.e., the equivalent of a single-phase network. To demonstrate the applicability and efficiency of the proposed solution methodology, they used the 8- and 101-node test systems. However, they did not perform a statistical analysis to evaluate the repeatability of the proposed methodology, analyze processing times, or compare said methodology with other optimization techniques to validate their findings.



In [18], the whale optimization algorithm was employed to solve the optimal conductor selection problem in the single-phase equivalents of the 16- and 85-node radial distribution systems. The objective function in that study was the reduction of the overall energy costs and the investment in conductors over a five-year period, considering a peak demand during the entire planning horizon. When compared to two other optimization techniques reported in the specialized literature, this solution methodology demonstrated its efficiency. The authors, however, did not conduct a statistical analysis or evaluate processing times in order to validate the repeatability and robustness of their proposed solution algorithm.



In [19], the authors proposed using the branch wise minimization technique to solve the optimal conductor selection problem. Their objective function was the minimization of the costs associated with the main feeder and energy losses during a year of operation in balanced three-phase distribution systems. The results obtained in the 16-node test system demonstrated the applicability of the proposed solution methodology. However, they did not compare said methodology with other metaheuristic techniques, making it difficult to assess its performance in terms of repeatability and processing times.



In [20], the evaporation rate water cycle algorithm was used to select the best set of conductors for the single-phase equivalent of the 16-node radial distribution system. The main goal in such study was to reduce the costs of investment and those associated with energy losses. According to the results, the proposed methodology was able to find an optimal solution while respecting the voltage and current constraints defined in the mathematical model of the problem. In addition, the authors compared their proposed methodology with another metaheuristic technique reported in the literature. However, they did not conduct a statistical analysis or evaluate processing times, which makes it difficult to evaluate the repeatability of their proposed algorithm.



In [21], the authors addressed the optimal conductor selection problem in distribution networks with a radial topology, assuming that they were balanced three-phase systems. To solve such problem, they employed the tabu search algorithm, and the objective function was the minimization of the costs of investment and those associated with energy losses for a discretized demand curve under three different load scenarios. In addition, they used the 9- and 25-node test systems to demonstrate the applicability and efficiency of their proposed methodology and compared its results with those of the sine cosine algorithm to evaluate its performance in terms of repeatability and processing times.



Since all the optimization methodologies mentioned above assume that the distribution networks are balanced three-phase systems, a single-phase equivalent is employed to solve the problem under analysis. This assumption, nonetheless, does not allow us to consider all the phenomena that occur in real distribution systems (i.e., unbalanced three-phase systems [22]). As a result of this, the authors of [13] presented a master–slave methodology to optimally select conductors for three-phase distribution networks with unbalanced loads. To that end, they used the vortex search algorithm, along with the backward/forward sweep power flow method in its three-phase version. The objective function they considered was the minimization of the investment costs together with the costs associated with the energy losses in the system over a year of operation under three demand scenarios. In the first scenario, the demand consumes the maximum power during the entire study period. In the second scenario, a demand curve discretized into three different load conditions is used. Finally, in the third scenario, a typical demand curve is considered—this is the scenario that best represents the real behavior of users. To demonstrate the applicability and efficiency of their proposed methodology, the authors employed the 8- and 27-node test systems and used, for comparison purposes, the Traditional Genetic Algorithm (TGA), the Chu & Beasley Genetic Algorithm (CBGA), and the Tabu Search Algorithm (TSA). However, they did not perform a statistical analysis or evaluate processing times to assess the repeatability and robustness of their proposed solution algorithm. Also, when they developed the mathematical model of the backward/forward sweep power flow method, they failed to consider the asymmetry of the distribution lines.



In order to further illustrate the literature on the matter, Table 1 summarizes the main methodologies that have been employed to solve the optimal conductor selection problem in distribution networks.



Recent studies in the specialized literature have aimed to solve the phase-balancing problem, which is often solved using combinatorial optimization strategies based on master–slave methodologies. For instance, the authors of [10] proposed using the vortex search algorithm to solve the phase-balancing problem in three-phase distribution systems with a radial topology. The objective function they considered was the reduction of power losses in a given demand scenario. They employed the 8-, 25-, and 37-node test systems to demonstrate the applicability and efficiency of their proposed methodology and compared its results with those obtained by the CBGA. In addition, they performed a statistical analysis and evaluated processing times in order to assess the repeatability of their methodology.



Similarly, in [23], the authors used an updated version of the crow search algorithm to solve the phase-balancing problem in the 8-, 25-, and 37-node test systems. Their objective function was the minimization of the total power losses in a given demand scenario. To demonstrate the applicability and efficiency of the proposed solution methodology, they compared its results with those of other metaheuristic techniques reported in the literature. They also conducted a statistical analysis and evaluated processing times in order to assess the repeatability and robustness of their proposed solution algorithm. In [24], the authors solved the optimal phase-balancing problem in three-phase distribution networks with a radial topology using the hurricane-based optimization algorithm. The objective function they considered was the reduction in total power losses. They implemented the 8-, 25-, and 37-node test systems to demonstrate the applicability and efficiency of their proposed methodology and compared it with the vortex search algorithm and the CBGA in order to evaluate its performance in terms of repeatability and processing times.



In [25], the authors solved the phase-balancing problem in unbalanced three-phase distribution systems using a master–slave methodology. In the master stage, an improved version of the CBGA was employed together with the three-phase version of the successive approximation method to estimate the costs associated with energy losses over a year of operation. To determine the value of the objective function, they used daily active and reactive power demand curves. In addition, to validate the results obtained by their proposed solution methodology in the 15- and 37-node test systems and demonstrate its effectiveness, they compared it with some metaheuristic algorithms reported in the specialized literature (e.g., the original version of the CBGA, the vortex search algorithm, the sine cosine algorithm, and the black hole algorithm). They also conducted a statistical analysis and evaluated processing times to determine the repeatability and robustness of their proposed methodology.



Finally, in [26], the authors employed an enhanced version of the sine cosine algorithm to determine the set of load connections per phase in the nodes that make up the 15- and 37-node distribution systems, which are unbalanced systems with a radial topology. Their objective function was the reduction of the annual costs of energy losses (considering typical active and reactive power demand curves) and the costs of swapping the phases of a node (by a work crew). The results obtained by the proposed solution methodology demonstrated its applicability and efficiency and were compared with those of other metaheuristic techniques reported in the specialized literature. Furthermore, the authors performed a statistical analysis and evaluated processing times, which allowed them to determine the repeatability and robustness of their proposed solution algorithm.



Table 1 presents a complete list of the algorithms that have been used in the literature to solve the phase-balancing problem in unbalanced three-phase distribution systems.



The studies listed in Table 1 have the following main characteristics: (i) for the optimal conductor selection problem, they do not consider the unbalanced nature of real distribution systems; (ii) most of the proposed scenarios are far from reality because they do not use typical demand curves; (iii) the methodologies used for both the optimal conductor selection problem and the optimal phase-balancing problem are of a combinatorial nature, which means that they are based on metaheuristic optimization techniques due to the non-convex nature of both problems; (iv) the solution space cannot be exhaustively evaluated in both problems due to their exponential nature, which depends on the number of nodes in the network; and (v) the salp swarm algorithm has not been previously used to solve either of these two optimization problems.
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Table 1. Summary of methodologies used in the literature to solve the optimal conductor selection and optimal phase-balancing problems in distribution networks.






Table 1. Summary of methodologies used in the literature to solve the optimal conductor selection and optimal phase-balancing problems in distribution networks.





	

	
Optimal Conductor Selection

	

	




	
Solution Methodology

	
Objective Function

	
Year

	
Reference






	
Heuristic index directed method

	
Minimization of operating costs

	
2000

	
[14]




	
Constructive heuristic algorithm

	
Minimization of operating costs

	
2002, 2017

	
[27,28]




	
Harmony search algorithm

	
Minimization of operating costs

	
2011

	
[29]




	
Elitist non-dominated sorting algorithm

	
Minimization of operating costs

	
2011

	
[30]




	
Particle swarm optimization

	
Minimization of operating costs

	
2012

	
[31]




	
Genetic algorithm

	
Minimization of operating costs

	
2013

	
[32]




	
Bacterial search algorithm

	
Minimization of operating costs

	
2015

	
[33]




	
Imperialism competitive algorithm

	
Minimization of operating costs

	
2015

	
[33]




	
Sine-cosine optimization algorithm

	
Minimization of operating costs

	
2017

	
[34]




	
Crow search algorithm

	
Minimization of operating costs

	
2017

	
[35]




	
Tabu search algorithm

	
Minimization of operating costs

	
2018, 2021

	
[17,21]




	
Exact MINLP solution

	
Minimization of operating costs

	
2018, 2021

	
[17,36]




	
Branch wise minimization technique

	
Minimization of operating costs

	
2018

	
[19]




	
Whale optimization algorithm

	
Minimization of operating costs

	
2019

	
[18]




	
Evaporation rate water cycle algorithm

	
Minimization of operating costs

	
2021

	
[20]




	
Vortex search algorithm

	
Minimization of operating costs

	
2021

	
[13]




	

	
Optimal Phase-Balancing

	

	




	
Solution Methodology

	
Objective Function

	
Year

	
Reference




	
Simulated annealing algorithm

	
Minimization of power losses

	
1999

	
[15]




	
Genetic algorithm

	
Minimization of phase unbalance

	
1999

	
[37]




	
Chu & Beasley genetic algorithm

	
Minimization of power losses

	
2004, 2012

	
[10,25,38,39,40]




	

	

	
2019, 2021, 2021

	




	
Ant colony optimization algorithm

	
Minimization of energy costs

	
2005

	
[41]




	
Particle swarm optimization algorithm

	
Minimization of phase unbalance

	
2006, 2018

	
[42,43]




	
Immune optimization algorithm

	
Minimization of operating costs

	
2008

	
[44]




	
Differential evolution algorithm

	
Minimization of power losses

	
2012

	
[45]




	
Bacterial foraging algorithm

	
Minimization of power losses

	
2012

	
[46]




	
Vortex search algorithm

	
Minimization of power losses

	
2021

	
[10]




	
Mixed-integer conic reformulation

	
Minimization of power losses

	
2021

	
[22]




	
Crow search algorithm

	
Minimization of power losses

	
2021

	
[23]




	
Sine and cosine algorithm

	
Minimization of power losses

	
2021

	
[26]




	
Mixed-integer convex approximation

	
Minimization of average unbalance

	
2021

	
[47]




	
Mixed-integer convex model

	
Minimization of power losses

	
2021

	
[48]




	
Hurricane-based optimization algorithm

	
Minimization of power losses

	
2022

	
[24]









Therefore, this paper proposes a master–slave methodology. The master stage uses the Salp Swarm Algorithm (SSA) to simultaneously solve the optimal conductor selection and phase-balancing problems in three-phase distribution systems with a radial topology. The slave stage employs the three-phase version of the backward/forward sweep power flow method to find the value of the objective function. The objective function used in this study is the minimization of the overall operating costs of the distribution system over a one-year planning and operating horizon, which include the costs associated with (i) energy losses, (ii) investment in conductors, and (iii) crew’s intervention at a demand node. Moreover, we consider the asymmetry of the distribution lines (i.e., the electrical configuration of the conductors in the electrical support structures) and the typical active power behavior of an end user. The following are the key contributions of this study to the state of the art:




	
A new Mixed-Integer Nonlinear Programming (MINLP) model that represents the optimal conductor selection problem in asymmetric three-phase distribution systems considering an optimal phase-balancing.



	
A new master–slave methodology to solve the proposed exact MINLP model. The master stage uses a discrete version of the SSA to define the set of conductors to be installed in all the network segments, as well as the phase connections at all the demand nodes that make up the system. The slave stage employs the three-phase version of the backward/forward sweep power flow method to determine the feasibility of each solution and the operating costs of the network over a year of operation.



	
A new master-slave methodology that increases the possibility of finding a global optimum by solving the problem under analysis simultaneously—rather than separately or in stages—thus preventing the algorithm from falling into local optima.








The rest of this paper is structured as follows. Section 2 introduces the mathematical formulation of the optimal conductor selection and phase-balancing problems in unbalanced three-phase distribution systems. In said formulation, the objective function is the minimization of the total annual operating costs. Section 3 describes the proposed master–slave methodology, which combines the SSA and the three-phase version of the backward/forward sweep power flow method. Section 4 presents the main characteristics of the IEEE 8- and 25-node test systems, the overhead line configuration and the typical demand curves used in this study, and the parametric information required to calculate the value of the fitness function. Section 5 discusses the results obtained for the optimal conductor selection and phase-balancing problems and the total annual operating costs. Finally, Section 6 draws the conclusions and outlines future lines of research based on the findings.




2. Mathematical Formulation


The optimal conductor selection and optimal phase-balancing problems in distribution systems are often solved separately by representing them using a MINLP model. In said model, the decision variables are associated with the selection of a type of conductor per phase for each distribution line [13] (optimal conductor selection problem) and with the configuration of phases at each demand node [10] (optimal phase-balancing problem), whereas the nonlinearities of the model appear in the formulation of the three-phase power flow [49]. In this study, however, we propose using a MINLP model to simultaneously solve both problems. In the proposed solution methodology, the objective function is the minimization of the annual operating costs in unbalanced three-phase distribution systems.



The next subsections describe the objective function and the set of constraints that represent the conductor selection and phase-balancing problems considering a dynamic power flow (i.e., including a time-dependent variable).



2.1. Formulation of the Objective Function


The objective function considered in this study includes the costs associated with (i) energy losses over a year of operation, (ii) investment in the conductors to be installed per phase in each distribution line, and (iii) phase reconfiguration at demand nodes. Each component of the objective function is presented in Equations (1)–(4).


  min    A  c o s t   =  f 1  +  f 2  +  f 3   



(1)






   f 1  =  C  k W h   T  r e a l   ∑  h ∈ H    ∑  k ∈ N    ∑  j ∈ N    ∑  f ∈ F    ∑  g ∈ F    ∑  c ∈ C    Y  k j   f g , *     y  l  c    v  k , h  f   v  j , h   g , *   Δ h   



(2)






   f 2  = 3   ∑  c ∈ C    ∑  l ∈ L    C  i n v , l  c   L l   y  l  c    



(3)






   f 3  =  ∑  k ∈ N    C  b a l , k    max  f ∈ F     max  g ∈ F     x  k   f g   −     1   0   0     0   1   0     0   0   1        



(4)







In these equations,    A  c o s t     represents the total annual operating costs in the distribution network.    f 1    is the component of the objective function associated with energy losses over a year of operation.    f 2    is the component of the objective function that models the investment in the conductors to be installed per phase in each distribution line.    f 3    is the component of the objective function associated with the costs of reconfiguring the phases at demand nodes.    C  k W h     denotes the average cost of purchasing power at the substation node, while T corresponds to the number of days in a normal year (i.e., 365 days).    v  k , h  f    and    v  j , h  g    represent the complex voltages at nodes k and j for phases f and g at time period h, respectively.    Y  k j   f g     is the complex admittance that connects node k in phase f and node j in phase g.    y  k j  c    denotes the binary variable in charge of selecting the type of conductor (c) to be installed in the distribution lines that interconnect node k with node j. Note that    Y  k j   f g     is a nonlinear function of the binary variable because the complex admittance value will depend on the type of conductor that is installed per phase in the network segment that connects node k with node j.   Δ h   denotes the time period during which the electrical variables are assumed to be constant.    C  i n v , l  c    represents the cost of installing a type-c conductor in distribution line l, whereas    L l    is the length of the conductor in distribution line l.    C  b a l , k     denotes the cost of swapping the phases of a load located at node k. Finally,    x  k   f g     is the binary variable in charge of selecting the type of connection for the loads located at node k. Note that   N  ,   F  ,   C  ,   L  , and   H   are the sets that contain all the nodes, phases, conductor sizes, lines, and time periods, respectively.




2.2. Set of Constraints


The optimal conductor selection and phase-balancing problems in unbalanced three-phase distribution networks encompass a set of constraints that represent multiple operational limitations found in electrical distribution systems, including the complex power balance at each node, voltage regulation limits, the loadability of conductors, and the binary nature of the decision variables [10]. All the constraints that model the problem addressed in this study are defined in Equations (5)–(14).


   s  c s k , h  f  −  ∑  g ∈ F    x  k   f g    S  d k , h  g  =  v  k , h  f   ∑  j ∈ N    ∑  g ∈ F    ∑  c ∈ C    Y  k j   f g , *     y  l  c    v  j , h   g , *   ,      ∀ f ∈ F       ∀ k ∈ N       ∀ h ∈ H       



(5)






   i  l , h  f  = F   v  k , h  f  ,  v  j , h  f  ,  Y  k j   f g   ,  y  l  c   ,      ∀ f ∈ F       ∀ l ∈ L       ∀ h ∈ H       



(6)






   ∑  g ∈ F    x  k   f g   = 1 ,      ∀ f ∈ F       ∀ k ∈ N       



(7)






   ∑  f ∈ F    x  k   f g   = 1 ,      ∀ g ∈ F       ∀ k ∈ N       



(8)






   ∑  c ∈ C    y  l  c  = 1 ,      ∀ l ∈ L       



(9)






   ∑  l ∈ L    ∑  c ∈ C    y  l  c  = n − 1  



(10)






   V min  ≤  |  v  k , h  f  |  ≤  V max  ,      ∀ f ∈ F       ∀ k ∈ N       ∀ h ∈ H       



(11)






   |   i  l , h  f   | ≤   ∑  c ∈ C    y  l  c   I  l , max  c       ∀ l ∈ L       ∀ h ∈ H       



(12)






   x  k   f g   ∈  0 , 1  ,      ∀ f ∈ F       ∀ g ∈ F       ∀ k ∈ N       



(13)






   y  l  c  ∈  0 , 1  ,      ∀ c ∈ C       ∀ l ∈ L       



(14)







In these equations,    s  c s k , h  f    is the complex power produced by a conventional source at node k in phase f at time period h.    S  d k , h  g    denotes the complex power demanded at node k in phase g at time period h.    i  l , h  f    is the complex current flowing through distribution line l in phase f at time period h.    V min    and    V max    denote the voltage regulation limits allowed for all the nodes that make up the network at each time period h. Finally,    I  l , max  c    is the maximum thermal current that a type-c conductor in distribution line l can withstand.



Note that the set of constraints in Equations (5)–(14) has a direct impact on the expected solution to the problem under study because it limits the solution space using physical restrictions associated with the expected operation of the distribution system under steady-state conditions. The following are the most important elements in this formulation:




	
The first component in the objective function (i.e.,    f 1   ) defines the total investment and operating costs of the distribution system plan. Said component is affected by the network’s final voltage profiles, which clearly depend on the conductors selected for each distribution line as well as the final load connection. In addition, the components in the objective function that represent the investment in conductors and the cost balance (i.e., components    f 2    and    f 3   ) are also directly related to the type of conductors selected for each distribution line and the number of interventions required in the distribution network to reduce the load imbalance.



	
The power balance constraint defined in Equation (5) is the most complicated constraint in this optimization problem since it represents the nonlinear non-convex relation between voltages and demand consumption. However, note that this set of constraints is dependent on the nodal admittance matrix, which is in turn defined as a function of the calibers selected for all the distribution lines.



	
The verification of the feasibility of the solution space (regarding the current capabilities of the selected conductors) depends on the expected current flow in all the branches of the network (see Equation (6)). However, to calculate such feasibility, it is mandatory to solve the power balance constraints in (5). This implies that the model represents a complex MINLP model with intrinsic and implicit relations between all the constraints. For this reason, it is necessary to implement efficient solution techniques that enable us to deal with the complexities of the model via sequential programming.








The next section provides a general interpretation of the set of constraints that represent the problems of optimal selection of conductors and load balancing in three-phase networks.




2.3. Model Interpretation


The model defined in Equations (1)–(14), which represents the optimal conductor selection and phase-balancing problems in unbalanced distribution systems, is interpreted as follows. Equation (1), i.e., the objective function in the problem, is the sum of the costs associated with (i) energy losses in a year of operation, described in Equation (2); (ii) investment in conductors, described in Equation (3); and (iii) the phase-balancing work done by the crew, described in Equation (4). Equation (5) represents the complex power balance at each node, phase, and time period. This is the most challenging constraint in the problem under analysis because of its nonlinear and nonconvex nature, which requires numerical methods to be solved adequately [50]. Equation (6) expresses the complex current flow at each distribution line, phase, and time period, which depends on the complex voltages at the nodes that the distribution line interconnects and the complex admittance of the distribution line. Equations (7) and (8) guarantee that the phases of node k are connected in a unique form. Equation (9) ensures that a single conductor (c) is installed in each distribution line that makes up the system. Equation (10) guarantees that the number of conductors installed in the distribution system is   n − 1  , i.e., the network has a radial topology [51]. Box constraint (11) defines the lower and upper voltage regulation bounds for each node, phase, and time period. Inequation (12) ensures that the current flow at a distribution line, phase, and time period does not exceed the maximum thermal current that a type-c conductor installed in a network segment can withstand. Finally, Equations (13) and (14) determine the nature of the decision variables associated with the conductor size selection (i.e.,    y  l  c   ) and phase-balancing (i.e.,    x  k   f g    ), respectively.



Note that the MINLP model defined in Equations (1)–(14) is a general representation of the optimal conductor selection and phase-balancing problems in unbalanced three-phase systems. The following are the main drawbacks of this model:




	
The presence of nonlinearities and nonconvexities in the complex power balance equation.



	
The combination of binary and integer variables.



	
The need to recalculate the power demand for each combination of phase connections.



	
The need to recalculate the three-phase impedance matrix for each combination of conductor sizes.








Since there may be multiple solutions to this model, each of which will be a local optimum, we should use metaheuristic techniques, which are effective in solving nonlinear optimization models containing binary variables [52]. Therefore, to solve the problem addressed in this study, we present a master–slave methodology that combines the SSA and the backward/forward sweep power flow method in its three-phase version. This methodology has not been previously reported in the specialized literature and represents one of the main contributions of this paper.





3. Proposed Solution Methodology


In this study, we propose a master–slave methodology to solve the optimal conductor selection and phase-balancing problems in unbalanced distribution networks, which were modeled in the previous section. The master stage employs a discrete version of the SSA [53]; and the slave stage, the three-phase version of the backward/forward sweep power flow method [54,55]. The objective function considered here is the reduction of the operating costs of the network over a year of operation. In the proposed methodology, the master stage is in charge of defining the size per conductor to be installed in each distribution line, as well as the phase configurations at each demand node that makes up the distribution system. Meanwhile, the slave stage is responsible for evaluating the constraints associated with the power flow in the complex domain, which are defined in Equations (5)–(14).



The next subsection describes the coding used here to represent the problem under analysis and each stage (i.e., master and slave) of the proposed solution methodology.



3.1. Proposed Coding


As mentioned above, we will solve the optimal conductor selection and phase-balancing problems in unbalanced three-phase distribution networks using a discrete version of the SSA. Before explaining how the SSA works, we first present the coding we adapted here to address such problem. Equation (15) shows the configuration of individual m at iteration t.


   S  m  t  =   4 ,   3 ,   c ,   … ,    N  c   a v a      | 6 ,   2 ,   z ,   … , 1    ; m = 1 , 2 , … ,  N i   



(15)







In this equation,    S  m  t    represents the configuration of individual m in the set of candidate solutions at iteration t, whose size is   1 × ( b + n − 1 )  , where b denotes the number of distribution lines, and n is the number of nodes that make up the three-phase distribution system. Additionally, c is a random integer that defines the type of conductor to be installed in a line of the system. This integer can take a value between 1 and the number of conductor sizes available for installation (i.e.,    N  c   a v a    ). z denotes a random integer that defines the type of connection that a demand node can have. This integer can take a value between 1 and 6 because the maximum number of possible connections in a three-phase node is 6 (for further information, see [10]). Finally,    N i    is the number of individuals in the population.



As observed in Equation (15), individual m is divided into two components: (i) the first b parameters of the solution vector, which are associated with all the distribution lines where the conductors of the available size will be installed, and (ii) the subsequent   n − 1   parameters of the solution vector, which define the optimal connections for all the demand nodes in the system. The main advantage of this coding is that the optimal conductor selection and optimal phase-balancing problems, which have been previously solved separately, are now solved using a unified representation. As a result, the solution space can be efficiently explored and exploited in shorter processing times because the solution methodology is reduced by one stage.




3.2. Master Stage: Salp Swarm Algorithm


The SSA is a bio-inspired metaheuristic optimization technique based on the behavior of salps in their natural habitat. Salps are very similar to jellyfish in terms of both appearance and behavior. They have gelatinous, transparent, barrel-shaped bodies [53,56] and move similarly to jellyfish, i.e., they use the surrounding water as a propellant, pumping it through their bodies to move forward. One of the main characteristics of salps is that they live in swarms due to the conditions of their environment (deep oceans). This allows them to move more easily by forming chains and access difficult-to-reach areas in order to feed [53,57]. Although the main reason why they move in swarms is unclear, this behavior has attracted the attention of researchers because this fast, coordinated, harmonious movement allows salps to travel toward the best food source [53,58]. This behavior can be mathematically modeled using a few simple criteria in order to properly explore and exploit the solution space [53,59].



The key feature of this algorithm is that it is a population-based optimization technique, which means that the individuals that make up the initial population are generated randomly. In the SSA, the salps are the individuals that compose the population, the deep ocean is the solution space, the quality of the food source is the objective function, and the best food source is the best solution to the optimization problem.



3.2.1. Initial Population


The SSA starts with a population of salps that are randomly distributed in the deep ocean, which allows it to begin exploring and exploiting the solution space efficiently [60]. The structure of the initial population of salps is shown in the following equation:


   S t  =      s  11  t     s  12  t    ⋯    s  1  N v   t       s  21  t     s  22  t    ⋯    s  2  N v   t      ⋮   ⋮   ⋱   ⋮      s   N i  1  t     s   N i  2  t    ⋯    s   N i  ,  N v   t      ,  



(16)




where    S t    is the population of salps at iteration t (when   t = 0  , the initial population is generated), and    N v    denotes the number of variables or the size of the solution space.



To generate an initial population that is capable of maintaining the structure shown in Equation (15), we use Equation (17), which creates a matrix of random numbers (within the lower and upper bounds) that contains all the possible solutions to the problem under study.


   S 0  =  x min  o n e s  (  N i  ,  N v  )  +  (  x max  −  x min  )  r a n d  (  N i  ,  N v  )   



(17)







In this equation,   o n e s  (  N i  ,  N v  )  ∈  R   N i  ×  N v      is a matrix filled with ones, and   r a n d  (  N i  ,  N v  )  ∈  R   N i  ×  N v      denotes a matrix filled with random numbers between 0 and 1, which are generated by a uniform distribution. Finally,    x min  ∈  R   N v  × 1     and    x max  ∈  R   N v  × 1     are vectors that represent the lower and upper bounds of the solution space, as shown in the following equation:


   x min  =      x  1  min       x  2  min      ,  x max  =      x  1  max       x  2  max      ,  








where    x  1  min  ∈  R  b × 1     and    x  1  max  ∈  R  b × 1     are the lower and upper bounds of the decision variables associated with the installation of conductors in the distribution lines, respectively, and    x  2  min  ∈  R  ( n − 1 ) × 1     and    x  2  max  ∈  R  ( n − 1 ) × 1     denote the lower and upper bounds of the decision variables associated with changes in the connections at the demand nodes, respectively.



Finally, after the initial population has been generated, the impact of each individual on the fitness function is evaluated (see Equation (43)). At this point, the population is rearranged according to the value of the fitness function [61]. Since we are dealing with a minimization problem in this case, such values are sorted from lowest to highest, as indicated in Equation (18).


   S t  =       F f   (  S  1  t  )         F f   (  S  2  t  )       ⋮       F f   (  S   N i   t  )        



(18)







The individual with the best value in the objective function is selected as the leader, as shown in Equation (19), while the others are considered followers.


   S  l d r  t  =  S  b e s t  t  =  F f   (  S  1  t  )   



(19)








3.2.2. Salp Chain Movement


As mentioned above, salps are divided into two groups: leader and followers. The leader (i.e., the individual with the best fitness function) is in charge of guiding the swarm to the best food source found thus far, whereas the remaining salps (followers) follow each other, thus directly or indirectly following the leader. Depending on their position in the salp chain, salps can move in two ways: (i) with respect to the leader’s position and (ii) based on the principles of classical mechanics [62].




	
Case 1: Movement with respect to the leader’s position








From the leader to half of the individuals in the population, the salp chain moves considering (i) the coordinates of the best food source found by the leader, (ii) the upper and lower bounds of the solution space, and (iii) a constant that controls the advance of the salp chain. This movement allows an adequate exploration of the solution space around the leader and can be mathematically modeled in two ways, as shown in Equation (20) [63].


   S  m , q   t + 1   =       S  l d r ( 1 , q )  t  +  C 1   (  (  x q max  −  x q min  )   C 2  +  x q min  )       C 3  ≥ 0.5        S  l d r ( 1 , q )  t  −  C 1   (  (  x q max  −  x q min  )   C 2  +  x q min  )       C 3  < 0.5       



(20)




where    S  m , q   t + 1     is the new position of salp m in the   q −  th dimension when the evolution criterion of the algorithm is applied, with   p = 1 , 2 , … ,  N v   ;    S  l d r ( 1 , q )  t    denotes the position of the leader within the solution space in the   q −  th dimension; and    C 2    and    C 3    are randomly generated values in the [0, 1] range. Note that, since the leader was initially the one who found the area with the best food in the solution space, this location is used by the SSA to determine the new position of the salps.



Parameter    C 1    is the most important parameter in the SSA because it is responsible for maintaining the balance between the exploration and exploitation of the solution space [53]. It is given by Equation (21), where t is the current iteration, and    t max    denotes the maximum number of iterations.


   C 1  = 2  e  −   (   4 t   t max   )  2     



(21)












	2.

	
Case 2: Movement based on the principles of classical mechanics









To update the position of the remaining individuals in the salp chain (i.e., from the one in the middle plus one to the last individual in the population), Newton’s laws of motion are employed to represent the movement of the followers [62], as shown in Equation (22). This movement enables neighboring salps to share information with one another, allowing information to flow between salps with the best and poorest responses based on the order in which the salp chain was constructed [63].


   S  m , p   t + 1   =    S  m , q  t  −  S  m − 1 , q  t   2   



(22)








3.2.3. Updating the Leader


For the solutions to be feasible, the new positions of the salps (generated by the movements described above) must be within the bounds of the solution space. Hence, the lower and upper bounds of each individual contained in the set of new positions (   S  t + 1    ) are verified as indicated in the following equation:


   S  m   t + 1   =      S  m   t + 1       x min  ≤  S  m   t + 1   ≤  x max         x min  + r a n d  (  x max  −  x min  )      otherwise      ,  



(23)




where   r a n d   provides random numbers with a normal distribution between 0 and 1. After the lower and upper bounds of the individuals have been verified and the infeasible solutions have been adjusted, the fitness function described in Equation (43) is evaluated for each individual. Any individual in the set of candidate solutions (   S  t + 1    ) can be selected as the new leader if and only if the value of its objective function is better than that of the current leader’s (  S  l d r  t  ). This updating process is given by Equation (24).


   S  l d r   t + 1   =      S  m   t + 1      Si   F f   (  S  m   t + 1   )  <  F f   (  S  l d r  t  )        S  l d r  t     otherwise       



(24)




where    F f   ( · )    represents the objective function to be minimized.



Algorithm 1 briefly details the process followed by the SSA to solve the optimal conductor selection and phase-balancing problems.



	Algorithm 1 Salp swarm algorithm used to solve optimization problems.
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3.3. Slave Stage: Formulation of the Three-Phase Power Flow Method


A real power distribution system is responsible for feeding unbalanced loads (i.e., three-phase, two-phase, or single-phase loads) through non-transposed network segments, which, when combined with the large number of nodes and lines that make up a real system, result in three-phase currents and voltages in the nodes [64]. For this reason, a three-phase analysis should be conducted to account for all of the impacts caused by the imbalance in electrical variables (i.e., voltage, current, and power) [65].



3.3.1. Modeling the Components of the Three-Phase Distribution System


To analyze the impacts mentioned above as accurately as possible using the power flow method, we should model the different elements that make up a three-phase distribution system. Thus, this subsection presents the model of the system components that are often employed to solve the power flow problem in three-phase distribution systems.




	
Model of three-phase distribution lines








Distribution lines in three-phase systems are usually non-transposed and feed unbalanced loads. Therefore, in addition to taking into account the return path of unbalanced currents, the parameters of self- and mutual impedance of the conductors must be considered [66].



Figure 1 shows a three-phase distribution line connecting nodes i and j, as well as the self-impedances (i.e.,    Z  i j   f f    ) and mutual impedances (between the conductor in phase f and the conductor in phase g, i.e.,    Z  i j   f g    ) of each conductor per phase f. This network segment features three phases and a neutral wire, which means that it is a three-phase four-wire line. When Kirchhoff’s second Law is applied to the circuit depicted in Figure 1, expression (25) is obtained.


       V  i  A       V  i  B       V  i  C       V  i  N      =      V  j  A       V  j  B       V  j  C       V  j  N      +      z  i j   A A      z  i j   A B      z  i j   A C      z  i j   A N        z  i j   B A      z  i j   B B      z  i j   B C      z  i j   B N        z  i j   C A      z  i j   C B      z  i j   C C      z  i j   C N        z  i j   N A      z  i j   N B      z  i j   N C      z  i j   N N            I  i j  A       I  i j  B       I  i j  C       I  i j  N       



(25)







This expression can be represented compactly, that is, by means of vectors and matrices, as shown in the following equation:


   V  i   A B C N   =  V  j   A B C N   +  Z  i j   A B C N    I  i j   A B C N   ,  



(26)




where    V  i   A B C N   ∈  R  4 × 1     and    V  j   A B C N   ∈  R  4 × 1     are the vectors containing the voltages of nodes i and j per phase, respectively;    I  A B C N   ∈  R  4 × 1     denotes the vector containing the current (per phase) flowing through the distribution line that connects nodes i and j; and    Z  i j   A B C N   ∈  R  4 × 4     is the three-phase impedance matrix that contains the self- and mutual impedance of each conductor per phase and that of the neutral conductor in the distribution line connecting nodes i and j. The components of this matrix can be determined by applying the modified Carson’s equations, which are shown in Equation (27) [66].


      z  i j   f f   =  r  i j  f  + 0.09530 + j 0.012134  ln  1  G M  R  i j  f    + 7.93402  Ω / mile        z  i j   f g   = 0.09530 + j 0.012134  ln  1  D  f g    + 7.93402  Ω / mile     



(27)




where    r  i j  f    is the resistance (in   Ω /  mile) of the conductor that connects node i to node j in phase f;   G M  R  i j  f   , the geometrical mean radius (in   f t  ) of the conductor that connects node i to node j in phase f; and    D  f g    , the spacing (in   f t  ) between the conductors in phases f and g.



Applying Equation (27) to a three-phase distribution line with a neutral wire results in a matrix of size 4 × 4, as can be seen in Equation (25). For many applications (such as a three-phase power flow), the three-phase impedance matrix must be reduced to a matrix of size 3 × 3 that is based on the self- and mutual equivalent impedances of the conductors per phase, excluding the neutral conductor [66]. To do this, the impedance matrix of the distribution line should be first separated into conductors per phase and neutral conductor, as shown in the following equation:


   Z  i j   A B C N   =      Z  i j   f f      Z  i j   f N        Z  i j   N f      Z  i j   N N       ,  



(28)




where    Z  i j   f f   ∈  R  3 × 3     is the component of the impedance matrix that relates the phases to each other;    Z  i j   f N   ∈  R  1 × 3   =    Z  i j   N f   ∈  R  3 × 1    T   , the component of the impedance matrix that relates the phases to the neutral conductor and vice versa; and    Z  i j   N N   ∈  R  1 × 1    , the component of the impedance matrix associated with the neutral conductor.



Once the matrix is divided into conductors per phase and neutral conductor, Kron’s reduction method is applied, as shown in Equation (29) [67].


   Z  i j   A B C   =  Z  i j   f f   −  Z  i j   f N      Z  i j   N N     − 1    Z  i j   N f    



(29)







The result is a 3 × 3 matrix, as can be seen in Equation (30). This matrix includes, among its parameters, the effect of the neutral conductor.


   Z  i j   A B C   =      z  i j   A A      z  i j   A B      z  i j   A C        z  i j   B A      z  i j   B B      z  i j   B C        z  i j   C A      z  i j   C B      z  i j   C C        Ω / mile   



(30)







In a non-transposed distribution line, the terms on the diagonal of Equation (30) will not be the same, as occurs with the terms outside the diagonal [66]. The impedance matrix, however, will always be symmetrical.



We will use an example to demonstrate the applicability and usability of the modified Carson’s equations and Kron’s reduction method (given by Equations (27) and (29), respectively) in determining the three-phase impedance matrix of a real distribution line.



Let us consider the overhead distribution line in Figure 2, which is a three-phase four-wire line first reported in [68]. Figure 2 shows the spacing between the phase conductors and the neutral conductor. All the distances are expressed in feet (ft).



Table 2 details the parametric information of the conductors used for this overhead configuration, which corresponds to Configuration 300 of the IEEE 34-node test system [68].



When the modified Carson’s equations are applied using the parameters given in Table 2, we obtain the three-phase impedance matrix shown in Equation (31).


   Z  A B C N   =      1.2153 + j 1.6195     0.0953 + j 0.8515     0.0953 + j 0.7266     0.0953 + j 0.7524       0.0953 + j 0.8515     1.2153 + j 1.6195     0.0953 + j 0.7802     0.0953 + j 0.7865       0.0953 + j 0.7266     0.0953 + j 0.7802     1.2153 + j 1.6195     0.0953 + j 0.7674       0.0953 + j 0.7524     0.0953 + j 0.7865     0.0953 + j 0.7674     1.2153 + j 1.6195      Ω / mile  



(31)




When Kron’s reduction method is applied, we obtain the impedance matrix shown in Equation (32), which corresponds to the impedance matrix of Configuration 300 of the IEEE 34-node test system reported in [69].


   Z  A B C   =      1.3238 + j 1.3569     0.2101 + j 0.5779     0.2066 + j 0.4591       0.2101 + j 0.5779     1.3368 + j 1.3343     0.2130 + j 0.5015       0.2066 + j 0.4591     0.2130 + j 0.5015     1.3294 + j 1.3471      Ω / mile  



(32)







As demonstrated in the previous example, the modified Carson’s equations and Kron’s reduction method are both reliable tools to model real distribution lines. Therefore, we will use them in this study to determine the impedance matrices of the network segments based on the size of the conductor provided by the master stage.




	2.

	
Model of three-phase loads









The unbalanced loads that can be found in a three-phase distribution system will be modeled based on the analysis of the current they inject into the network, as this current will vary depending on the nature of the load. Therefore, all the loads in a three-phase distribution system are assumed to be connected in a star (Y) or delta (  Δ  ) configuration. Moreover, the loads connected to the demand nodes are assumed to be constant power loads (which is the most critical case in terms of energy losses) [10].




	
Solidly-grounded Y-connected loads



As reported in [70], the three-phase current demanded at node k for a solidly-grounded Y-connected load can be written in a matrix form as shown in the following equation:


   I  d k 3 φ   = −  diag  − 1    (  V  d k 3 φ  *  )   S  d k 3 φ  *  ,  



(33)




where    I  d k 3 φ   ∈  R  3 × 1     is the vector containing the current per phase demanded at node k;   diag ∈  R  3 × 3    , a positive-definite diagonal matrix;    V  d k 3 φ   ∈  R  3 × 1    , a vector containing the voltage per phase demanded at node k; and    S  d k 3 φ   ∈  R  3 × 1    , the vector containing the complex power per phase demanded at node k.



	
  Δ  -connected loads



According to [70], the three-phase current demanded at node k for a   Δ  -connected load can be expressed in a matrix form as shown in the following equation:


   I  d k 3 φ   = −  (   diag   − 1    ( M  V  d k 3 φ  *  )  +   diag   − 1    (   M  T   V  d k 3 φ  *  )  H )   S  d k 3 φ  *  ,  



(34)




where matrices   H   and   M   have the following structure:





  H =     0   0   1     1   0   0     0   1   0     , M =     1    − 1    0     0   1    − 1       − 1    0   1     .  








.








Remark 1.

When the modified Carson’s equations are applied to a three-phase three-wire distribution system (i.e., a system with only three phases), an impedance matrix of the form shown in Equation (30) is obtained.






3.3.2. Three-Phase Version of the Backward/Forward Sweep Power Flow Method


After the key elements to solve the power flow problem in three-phase systems (i.e., distribution lines and unbalanced loads) have been modeled, a recursive formulation must be developed to find an exact solution to the power flow problem given by Equation (5) [10]. In this study, the power flow is expanded using the three-phase version of the backward/forward sweep power flow method [10,23], which was selected due to its excellent convergence towards the solution and short processing times. It was also selected because its mathematical formulation considers the currents flowing through the network segments, which is an important constraint when solving the optimal conductor selection problem, as shown in Equation (6). This method is based on Equation (35).


   V  d 3 φ   = −  Z  d d 3 φ         A  d 3 φ    Y  p 3 φ    A  s 3 φ  T   V  s 3 φ   −  I  d 3 φ         



(35)







In this equation,    V  d 3 φ   ∈  R  3 ( n − 1 ) × 1     is the vector containing the three-phase voltage at the load nodes, i.e., the variables of interest.    A  s 3 φ   ∈  R  3 × 3 b     denotes the component of the three-phase incidence matrix that relates the generation nodes to each other, while    A  d 3 φ   ∈  R  3 ( n − 1 ) × 3 b     is the component of the three-phase incidence matrix that relates the demand nodes to each other.    Y  p 3 φ   ∈  R  3 b × 3 b     is the inverse of the primitive three-phase impedance matrix (   Z  p 3 φ   ∈  R  3 b × 3 b    ), which contains the impedance matrices of all the network segments in the system. Additionally,    V  s 3 φ   ∈  R  3 × 1     denotes the vector containing the three-phase voltage at the slack node, which is a known parameter to solve the power flow problem.    I  d 3 φ   ∈  R  3 ( n − 1 ) × 1     is the vector containing the net three-phase currents injected into the demand nodes. Finally,    Z  d d 3 φ   =   [  A  d 3 φ    Y  p 3 φ    A  d 3 φ  T  ]   − 1    .



All the demanded three-phase voltages can be calculated using Equation (35). However, to estimate the demanded three-phase current (i.e.,    I  d 3 φ    ), the type of load connection (Y or   Δ  ) must be considered in Equation (35), as shown in Equations (33) and (34).



To solve Equation (35), an iterative counter (t) is added to determine the final demanded three-phase voltages based on a starting point, which is usually the voltage at the slack node, i.e.,    V  d 3 φ  0  =  1  d 3 φ    V  s 3 φ    . Thus, the equation representing the three-phase power flow (35) is solved recursively as defined in Equation (36).


   V  d 3 φ   t + 1   = −  Z  d d 3 φ         A  d 3 φ    Y  p 3 φ    A  s 3 φ  T   V  s 3 φ   −  I  d 3 φ  t        



(36)







The iterative process to solve Equation (36) ends when the convergence criterion shown in Equation (37) is met.


  max       | |   V  d 3 φ   t + 1    | − |   V  d 3 φ  t   | |       ≤ ϵ  



(37)




where   ϵ   is the maximum allowable error between two consecutive iterations, which takes a value of   1 ×  10  − 10    , as recommended in [71].



Remark 2.

The convergence of the backward/forward sweep power flow method can be demonstrated by utilizing the characteristics of the incidence matrix while applying Banach’s fixed-point theorem [72].





Our interest, however, is to solve the complex power balance problem stated in Equation (5), which is time-dependent. Therefore, the iterative equation obtained for the backward/forward sweep power flow method in its three-phase version is expanded by including a time variable (h), which results in the recursive formula shown in Equation (38).


   V  d 3 φ , h   t + 1   = −  Z  d d 3 φ         A  d 3 φ    Y  p 3 φ    A  s 3 φ  T   V  s 3 φ , h   −  I  d 3 φ , h  t        



(38)







Importantly, the values of matrix    Y  p 3 φ     are calculated by means of the modified Carson’s equations and Kron’s reduction method—see Equations (27) and (29)—depending on the conductor sizes available for installation and the candidate solutions provided by the master stage. Similarly,    I  d 3 φ , h     is determined based on the three-phase complex power demanded at time period h (i.e.,    S  d 3 φ , h    )—see Equations (33) and (34)—which will depend on the connections per phase reported by each individual in the master stage. Also, the solution to (38) is obtained when the convergence criterion defined in Equation (37) is met, extending said criterion to the time domain, that is,   m a x       | |   V  d 3 φ , h   t + 1    | − |   V  d 3 φ , h  t   | |       ≤ ϵ  .



The component of the objective function associated with the costs of energy losses in the system must also be calculated after solving the multi-period three-phase power flow, which is key to solving the problem addressed in this paper. For this purpose, the sum of the powers dissipated by the distribution lines is computed according to the Joule effect, as shown in Equation (39) [23].


   P  loss , h   = real       J  3 φ , h  T   Z  p 3 φ    J  3 φ , h  *        



(39)




where    P  loss , h     denotes the total active power losses in the system at time period h; and    J  3 φ , h   ∈  R  3 b × 1     represents the three-phase current flowing through the network segments at time period h, which is expressed as shown in Equation (40) by means of Ohm’s law [10].


   J  3 φ , h   =  Y  p 3 φ    E  3 φ , h    



(40)




where    E  3 φ , h   ∈  R  3 b × 1     denotes the three-phase voltage drop in the distribution lines of the system at time period h, which can be written in terms of power generation and demand using the three-phase incidence matrix, as indicated in Equation (41) [10].


   E  3 φ , h   =  A  s 3 φ  T   V  s 3 φ , h   +  A  d 3 φ  T   V  d 3 φ , h    



(41)







Finally, the energy losses in the system determined by the three-phase version of the backward/forward sweep power flow method are calculated using the following equation:


   E  l o s s   =  ∑  h ∈ H    P  loss , h   Δ h ,  



(42)




where    E loss    denotes the energy losses in the system.



Once the power flow problem in the complex domain is solved for each time period h, as shown in Equation (38), and the total energy losses in the system in the time period under analysis are determined, as shown in Equation (42), the fitness function is calculated for each individual provided by the master stage. A fitness function is a modification of the objective function which is frequently employed when metaheuristic techniques are used to restrict the optimization process to only feasible solutions [73,74]. One of the main advantages of using a fitness function instead of the original objective function is that it makes it easier for the metaheuristic optimization algorithm to explore and exploit the solution space effectively, thus increasing the likelihood of finding a global optimal solution that respects the constraints set forth in the mathematical model [75]. The fitness function proposed in this study to solve the optimal conductor selection and phase-balancing problems is given by the following equation:


      F f  =  A  cost       −  α 1    min  h ∈ H    0 ,  min  k ∈ N    ( |   V  d 3 φ , h    | )  −  V min            +  α 2    max  h ∈ H    0 ,  max  3 φ ∈ A , B , C    ( |   J  3 φ , h    | )  −  I max   ,     



(43)




where    α 1    is a penalty factor associated with the violation of the lower voltage regulation bound and is assigned a value of   100 ×  10 4    US$/V, and    α 2    denotes a penalty factor associated with the violation of the thermal limits in all the distribution lines that make up the system and is assigned a value of   100 ×  10 4    US$/A. Importantly, when the solution obtained by an individual is feasible and within the solution space, both the original objective function and the fitness function yield the same value.



Algorithm 2 presents the process followed by the three-phase version of the backward/forward sweep power flow method to solve the power flow problem and assess the value of the fitness function.



	Algorithm 2 Solution to the multi-period three-phase power flow problem using the backward/forward sweep power flow method in order to calculate the fitness function of the optimization problem under study.
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4. Three-Phase Test Systems and Additional Considerations


This section presents the main characteristics of the two three-phase test systems (i.e., the 8- and 25-node test systems) that were used to validate the master–slave methodology proposed in this study to solve the optimal conductor selection and phase-balancing problems in unbalanced distribution networks. Both test systems have a radial topology and were initially reported in [10].



4.1. 8-Node Test System


This unbalanced three-phase test system consists of 7 distribution lines and 8 nodes, and it has a radial topology that operates at a nominal line-to-line voltage of 11 kV at the substation node. Its electrical configuration is illustrated in Figure 3. In the peak load scenario, the power consumption of this system is    1005 + j 485    kVA for phase A,    785 + j 381    kVA for phase B, and    1696 + j 821    kVA for phase C.



Table 3 details the parametric information about its distribution lines (i.e., number of lines and length) and the complex power consumption per phase. This information was taken from [10].




4.2. 25-Node Test System


This unbalanced three-phase test system consists of 24 distribution lines and 25 nodes, and it has a radial topology that operates at a nominal line-to-line voltage of 4.16 kV at the substation node. Its electrical configuration is shown in Figure 4. In the peak load scenario, the power consumption of this system is    946 + j 648    kVA for phase A,    573.6 + j 430.6    kVA for phase B, and    771.8 + j 554    kVA for phase C.



Table 4 presents the parametric information about its distribution lines (i.e., number of lines and length) and the complex power consumption per phase. This parametric information was taken from [10].




4.3. Overhead Line Configuration and Set of Available Conductors


To solve the problem addressed in this paper, all the distribution lines in the test systems described above are assumed to be three-phase, three-wire lines. Their geometrical configuration is illustrated in Figure 5. This type of overhead line configuration is known as LA202, and it is commonly used by Enel Codensa, an electricity distribution company located in Bogotá (Colombia) [76]. All the distances in Figure 5 are expressed in millimeters (mm) and were taken from [77].



To determine the optimal conductor size that the master stage should assign to each distribution line in each test system under analysis, we considered eight different types of conductors (i.e.,    N  c   a v a    ), which are presented in Table 5.



Table 5 details several aspects of the eight available conductor sizes (from left to right): size number, resistance (r), geometrical mean radius (  G M R  ), thermal current limit (   I max   ), and cost per kilometer (  C o s t  ). The information on the resistance, GMR, and thermal current limit of each conductor corresponds to that of real conductors and can be found in [66]. Likewise, the cost of each conductor was taken from [13].



Based on the information in Figure 5 and Table 5, we calculated the impedance matrix of each of the eight conductor sizes considered in this study. Equations (27) and (29) were used for such purpose. The resulting impedance matrices are shown in Table 6.



The primitive impedance matrix (   Y  p 3 φ    ) of each test system can be determined based on the set of conductor sizes provided by the master stage. Then, the three-phase power flow can be evaluated in order to find the value of the fitness function.




4.4. Load Profile Curve


To assess the impact of the conductor selection and phase-balancing on the test systems describe above, we employed a typical demand curve in Colombia, which is illustrated in Figure 6. Data on variations in consumption can be found in [78]. As observed in Figure 6, the peak demand occurs at 20 and 21 h.



In addition, to assess the value of the objective function defined in Equation (1), the energy cost is assumed to be 0.1390 USD/kWh, which corresponds to the average energy cost in Bogotá (Colombia) in May 2019 [79]. The number of days considered here is 365 (a calendar year), and the time period during which power consumption remains constant for the three-phase power flow (  Δ h  ) is one hour. The voltage regulation limits are set at   ± 10 %  , as established by the CREG in Resolution 025 of 1995 [80]. Additionally, the cost of reconfiguring the phases of the system by a work crew is set at 100 USD for each node requiring intervention, as recommended by the authors of [26].





5. Numerical Results and Discussion


This section presents the numerical validation of the master–slave methodology (proposed here to solve the optimal conductor selection and phase-balancing problems in the 8-node and 25-node test systems) considering a one-year operation scenario. To demonstrate the efficiency of the proposed solution methodology, we compared it with two other metaheuristic optimization techniques that have been employed to solve the phase-balancing problem in distribution systems: the Hurricane-based Optimization Algorithm (HOA) [24] and the Sine Cosine Algorithm (SCA) [26].



Additionally, to define a baseline for comparison, we used 10 individuals and 1000 iterations in all the computational simulations of the three optimization algorithms. Moreover, we considered 100 consecutive evaluations in order to find the best, average, and worst values of the objective function. Likewise, we calculated the standard deviation of the 100 solutions, as well as the average time required by each algorithm to find both the set of conductors for the distribution lines and the set of connections at the demand nodes for the two test systems under analysis.



The optimization model defined in Equations (1)–(14) was implemented and solved in MATLAB (version 2022a) using native scripts on a desktop computer with an Intel(R) Core(TM) i9-11900 CPU@2.50 GHz processor, 64.0 GB of RAM, and 64-bit Windows 10 Pro.



5.1. Results in the 8-Node Test System


5.1.1. Numerical Results


Table 7 presents the numerical results obtained by the discrete version of the SSA and the two other metaheuristic techniques (used for comparison) when they solved the optimal conductor selection and phase-balancing problems in the 8-node test system.



In said table, the proposed SSA and the HOA both yielded the (same) best operating cost, i.e., 125,348.49 USD/year. Meanwhile, the SCA produced the worst value in this regard (i.e., 125,351.07 USD/year), which represents a difference of 2.58 USD/year compared to the solution obtained by the discrete version of the SSA. The three methods compared here provided the same set of conductor sizes, with an investment cost of 62,361.00 USD/year. Finally, all the optimization methodologies made only three changes to balance the system. Nevertheless, the set of connections determined by the HOA and the SSA were found to better distribute the load within the phases of the system, which is reflected in the lower cost associated with energy losses (62,687.49 USD/year) and confirms the difference of 2.58 USD/year mentioned above.



Figure 7 compares the initial and final unbalance percentages (total and per phase) over a one-day operation in the 8-node test system considering the set of connections provided by the proposed SSA. As observed, there was a 25.3% reduction in the system’s average unbalance and 5.51%, 30.03%, and 40.37% reductions in the unbalance in phases A, B, and C, respectively. According to the phase-balancing results, the system’s average and per-phase unbalance decreased significantly, which allows the system to reach an optimal operating point.




5.1.2. Statistical Analysis


To validate the effectiveness and robustness of the SSA (in its discrete version) to solve the problem addressed in this paper, 100 consecutive executions of the master–slave methodology were carried out in the 8-node test system. According to the results, which are reported in Table 8, the SSA performed better than the HOA and the SCA when they solved the optimal conductor selection and phase-balancing problems in the 8-node test system. Regarding the best response, the SSA and the HOA showed an improvement of 0.0021%, i.e., 2.5 USD/year, compared to the SCA. Likewise, in terms of the average and worst responses, the SSA presented an improvement of approximately 2431 USD/year and 10,089.95 USD/year, respectively, compared to the HOA and of approximately 3175.44 USD/year and 16,039.14 USD/year, respectively, compared to the SCA. This demonstrates that, compared to alternative solution approaches like the HOA and the SCA, the proposed methodology is superior in finding a solution to the problem under analysis in terms of the best, average, and worst values of the objective function.



As reported in Table 8, the SSA presented a standard deviation of 1506.07 USD/year, which is a difference of 1.17% compared to the average value. It also represents an improvement of approximately 1405.69 USD/year over the standard deviation of the HOA and of 2096.44 USD/year over that of the SCA. This demonstrates the repeatability of the SSA in solving the optimal conductor selection and phase-balancing problems because, when it is executed multiple times in the 8-node test system, it is likely to produce the average value or one very close to it within a range of less than 1507 USD/year.



Additionally, the processing time required by each one of the three methodologies to solve the problem under study in the 8-node test system was approximately 60 s. We consider this a really fast processing time, given that 24 three-phase power flows were evaluated for each combination of sizes per conductor and phase connections per node provided by each algorithm. This means that approximately 240,000 three-phase power flows were evaluated for a population of 10 individuals and 1000 iterations. Furthermore, the algorithms had to explore and exploit a solution space with a size of     (  N  c   a v a   )  b  ·  6  ( n − 1 )    , i.e.,    8 7  ·  6 7  = 5.8707 ×  10 11    possible solutions. According to the results, the SSA required the shortest average processing time to find a solution (i.e., 57.47 s), followed by the SCA (57.57 s), and the HOA (60.25 s).



These results demonstrate the efficiency and robustness of the SSA (in its discrete version) to solve the optimal conductor selection and phase-balancing problems because, compared to other solution methodologies, it presented a high repeatability and required a short processing time.




5.1.3. Feasibility Check


The optimal solution provided by the SSA is feasible if it respects the electrical constraints established in the mathematical model defined in Equations (5)–(14), which were considered in the formulation of the fitness function (see Equation (43)). To verify such feasibility, we analyzed the behavior of the maximum three-phase current in the 8-node test system after installing the conductors per phase in each distribution line and establishing the phase connections for each demand node (see Figure 8).



In this test system, the maximum three-phase current was always found in the main feeder, that is, in the distribution line connecting nodes 1 and 2, i.e., distribution line 1. As expected, the three-phase current followed the power demand curve and reached its highest value at 20 and 21 h (peak demand scenario), with a value of 193.75 A for phase A, 216.01 A for phase B, and 219.90 A for phase C.



As observed in Figure 8, the current per phase in all the time periods respected the maximum current constraint because, based on the information provided in Table 7, a conductor of size 5 with a maximum current rating of 300 A was installed in this distribution line. In addition, during the period of peak demand (from 20 to 21 h), the loadability of the conductor in phase A was 64.58%; in phase B, 72%; and, in phase C, 73.3%.



Finally, Figure 9 illustrates the behavior of the minimum voltage per phase in the 8-node test system after the solution provided by the SSA was implemented.



From Figure 9, we may conclude that the minimum voltage per phase respected the voltage regulation constraint in all the time periods because it was always within the   ± 10 %   range. Furthermore, from 20 to 21 h (when the system loads demanded the maximum possible power), the minimum voltage in phase A was 0.9591 pu at node 4; in phase B, 0.9463 pu at node 8; and, in phase C, 0.9689 pu at node 4.





5.2. Results in the 25-Node Test System


5.2.1. Numerical Results


Table 9 presents the numerical results obtained by the proposed solution methodology and the two metaheuristic techniques used here for comparison in the 25-node test system.



According to the results presented in said table, the SSA produced the best operating costs, i.e., 94,505.81 USD/year. Meanwhile, the operating costs yielded by the SCA and the HOA were 96,404.47 USD/year and 98,068.39 USD/year, respectively, which represent differences of 1898.66 USD/year and 3562.58 USD/year, respectively, compared to the solution obtained by the SSA in its discrete version. Additionally, even though all the methodologies provided different sets of conductor sizes, lines 1 and 2 presented the same conductor sizes (i.e., 7 and 4) in all the solutions. This is explained by the fact that the largest amount of three-phase current flows through these two lines, as they are the network segments in charge of interconnecting the substation node and the system loads. The SCA provided the lowest investment costs (46,843.43 USD/year). However, although the SSA requires a larger investment (approximately 886.94 USD/year more than the SCA), the latter helps to reduce energy losses over a year of operation, producing savings of roughly 2465.60 USD/year compared to the SCA, which clearly justifies the additional investment in conductors. Finally, the SSA reported the least number of changes to balance the system (only 6), which results in savings of 300 USD/year compared to the SCA and of 100 USD/year compared to the HOA.



As with the previous test system, Figure 10 compares the initial and final unbalance percentages (total and per phase) over a one-day operation in the 25-node test system considering the set of connections provided by the SSA. As observed, there was a 15.29% reduction in the system’s average unbalance and 22.93%, 22.94%, and 0% reductions in the unbalance in phases A, B, and C, respectively. According to the phase-balancing results, the system’s average and per-phase unbalance decreased significantly, which allows the system to reduce its energy losses in one year of operation and, thus, the associated costs.




5.2.2. Statistical Analysis


To validate the effectiveness and robustness of the SSA (in its discrete version), 100 consecutive executions of the proposed methodology were performed in the 25-node test system. According to the results, which are reported in Table 10, the SSA performed better than the SCA and the HOA when they solved the optimal conductor selection and phase-balancing problems in the 25-node test system. Regarding the best response, the SSA showed an improvement of 1.97%, i.e., 1898.66 USD/year, over the SCA and an improvement of 3.63%, i.e., 3562.58 USD/year, over the HOA. Also, in terms of the average and worst responses, the SSA showed improvements of approximately 13,078.38 USD/year and 36,561.13 US$/year, respectively, compared to the SCA and of approximately 9927 USD/year and 18,706.11 USD/year, respectively, compared to the HOA. This demonstrates that, compared to other solution approaches like the SCA and the HOA, the proposed methodology is superior in finding a solution to the problem under study in terms of the best, average, and worst values of the objective function.



As reported in Table 10, the SSA obtained a standard deviation of 717.61 USD/year, which represents a difference of 0.74% compared to the average value. It also represents an improvement of approximately 8178.67 USD/year compared to the standard deviation of the SCA and of 3473.78 USD/year compared to the standard deviation of the HOA. This demonstrates the repeatability of the SSA when it solves the optimal conductor selection and phase-balancing problems because, if it is executed multiple times in the 25-node test system, it is likely to produce the average value or one very close to it within a range of less than 718 USD/year.



Regarding processing times, all three methodologies required more than 400 s to solve the problem under analysis in the 25-node test system. We consider this an acceptable processing time given that each algorithm evaluated around 240,000 three-phase power flows. Furthermore, the algorithms had to explore and exploit a solution space with a size of    8 24  ·  6 24  = 2.2376 ×  10 40    possible solutions. According to the results, the SSA took the longest average processing time to find a solution (526.19 s), whereas the SCA and the HOA required processing times of 446.20 s and 451 s, respectively. These processing times can be considered negligible with regard to the planning horizon used in this study case (one year of operation), i.e., 31,536,000 s.



These results demonstrate the efficiency and robustness of the SSA (in its discrete version) to solve the optimal conductor selection and phase-balancing problems because it showed a high repeatability compared to the two other solution methodologies.




5.2.3. Feasibility Check


To verify that the optimal solution provided by the SSA is feasible, we analyzed the behavior of the maximum three-phase current in the 25-node test system after installing the conductors per phase in each distribution line and establishing the phase connections for each demand node (see Figure 11).



In this test system, the maximum three-phase current was always found in the main feeder. As in the previous test system, the three-phase current followed the power demand curve and reached its highest value at 20 and 21 h, with a value of 409.44 A for phase A, 398.90 A for phase B, and 409.71 A for phase C.



As observed in Figure 11, the current per phase respected the maximum current constraint in all the time periods because, based on the information provided in Table 9, a conductor of size 7 with a maximum current rating of 600 A was installed in this distribution line. In addition, during the period of peak demand (from 20 to 21 h), the loadability of the conductor in phase A was 68.24%; in phase B, 66.48%; and, in phase C, 68.29%.



Finally, Figure 12 illustrates the behavior of the minimum voltage per phase in the 25-node test system after the solution provided by the SSA was implemented.



Based on Figure 12, we may conclude that the minimum voltage per phase respected the voltage regulation constraint in all the time periods because it was always within the   ± 10 %   range. Additionally, from 20 to 21 h, the minimum voltage in phase A was 0.9457 pu at node 12; in phase B, 0.9498 pu at node 13; and, in phase C, 0.9543 pu at node 12.






6. Conclusions and Future Work


In this paper, we presented a master–slave methodology that uses a discrete version of the SSA to solve the optimal conductor selection and phase-balancing problems in three-phase unbalanced electrical distribution systems. In the master stage, the SSA is in charge of defining the set of sizes to be used per conductor in each network segment, as well as the set of connections per phase at the system’s demand nodes. In the slave stage, the three-phase version of the backward/forward sweep power flow method is responsible for calculating the value of the fitness function. The objective function we considered here was the minimization of the total annual operating costs, which include the costs associated with (i) energy losses over one year of operation, (ii) investment in conductors, and (iii) phase-balancing by a work crew.



The numerical results obtained by the proposed solution methodology in the 8- and 25-node test systems demonstrated its applicability and efficiency compared to other methods reported in the specialized literature, such as the HOA and the SCA. The following are the main conclusions in this study:




	🗸

	
In the 8-node test system, the SSA achieved a reduction in total annual operating costs of 0.0021% compared to the SCA. In the 25-node test system, it achieved a reduction of 1.97% compared to the SCA and of 3.63% compared to the HOA.




	🗸

	
The proposed solution methodology presented a low standard deviation when it solved the optimal conductor selection and phase-balancing problems in the 8- and 25-node test systems (1506.07 USD/year and 717.61 USD/year, respectively). These values were lower than those of the two methods used here for comparison (i.e., the SCA and the HOA), which confirms the repeatability and robustness of the proposed SSA when it solves the problem under study. Also, this ensures that, in each evaluation, its solution falls within a range of 1507 USD/year in the 8-node system and of 718 USD/year in the 25-node system with respect to the average value obtained for each system.




	🗸

	
The processing time required by the proposed methodology to find an optimal and feasible solution to the problem under study was 57.47 s in the 8-node test system and 526.19 s in its 25-node counterpart. These processing times are acceptable, considering that the SSA evaluated approximately 240,000 three-phase power flows and explored and exploited a solution space with a size of   5.8707 ×  10 11    in the 8-node test system and of   2.2376 ×  10 40    in the 25-node test system. Therefore, we may conclude that the proposed solution methodology is independent of the number of nodes, as long as the system under study has a radial topology. Nevertheless, if the number of nodes in the system increases, the solution space expands, lengthening the processing time needed to find a solution to the problem. This increase in time, however, is not critical in the planning of three-phase distribution systems because its most important concern is the quality of the solution.




	🗸

	
In both test systems, the three-phase current reached its highest value in all the conductors in the system during the period of peak demand (from 20 to 21 h). Particularly, the most critical case was that of distribution line 1, with values of 193.75 A in phase A, 216.01 A in phase B, and 219.90 A in phase C in the 8-node test system and of 409.44 A in phase A, 398.90 A in phase B, and 409.71 A in phase C in the 25-node test system. These results confirm that, in both test systems, the thermal current limit constraint set for the installed conductors was respected because, in the most critical case, the loadability of line 1 in the 8-node test system was 64.58% in phase A, 72% in phase B, and 73.3% in phase C, while that in the 25-node test system was 68.24% in phase A, 66.48% in phase B, and 68.29% in phase C.




	🗸

	
Regarding the voltage profiles, the minimum voltage during the period of peak demand was 0.9591 pu in phase A, 0.9463 pu in phase B, and 0.9689 pu in phase C in the 8-node test system and 0.9457 pu in phase A, 0.9498 pu in phase B, and 0.9543 pu in phase C in the 25-node test system. This demonstrates that the solution provided by the SSA respected the voltage regulation constraint established for the system, which was set at   ± 10 %  .









Based on the conclusions drawn here, future studies could solve the problem under study using new metaheuristic methods with high numerical performance, such as the genetic algorithm, the vortex search algorithm, and the crow search algorithm. They could also consider using a multi-objective optimization approach that improves technical, economic, and environmental aspects while respecting the operating conditions of three-phase distribution systems. Finally, future research could include the problem of how to optimally integrate distributed generators based on renewable resources in the planning of three-phase distribution networks while considering the investment and maintenance costs of each distributed generator.
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Figure 1. Network segment of a three-phase distribution system. 
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Figure 2. IEEE ID-500 overhead distribution line. 
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Figure 3. Electrical configuration of the 8-node test system. 
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Figure 4. Electrical configuration of the 25-node test system. 
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Figure 5. LA202 overhead distribution line. 
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Figure 6. Typical behavior of a demand curve in Colombia over a 24-h period. 
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Figure 7. Average unbalance percentage over a one-day operation in the 8-node system. 
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Figure 8. Behavior of the current magnitude at the main feeder in the 8-node test system over a one-day operation. 
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Figure 9. Behavior of the minimum voltage magnitude in the 8-node test system over a one-day operation: (a) phase A, (b) phase B, and (c) phase C. 
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Figure 10. Average unbalance percentage over a one-day operation in the 25-node system. 
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Figure 11. Behavior of the current magnitude at the main feeder in the 25-node test system over a one-day operation. 
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Figure 12. Behavior of the minimum voltage magnitude in the 25-node test system over a one-day operation: (a) phase A, (b) phase B, and (c) phase C. 
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Table 2. Parametric information of the IEEE ID-500 overhead distribution line.
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	Parameter
	Value
	Unit





	Conductor size
	1/0 AWG
	-



	Conductor type
	ACSR
	-



	    r  i j  f    
	1.12000
	  Ω  /mile



	   G M  R  i j  f    
	0.00446
	   f t   



	    D  A B     
	2.50000
	   f t   



	    D  B C     
	4.50000
	   f t   



	    D  C A     
	7.00000
	   f t   



	    D  A N     
	5.65685
	   f t   



	    D  B N     
	4.27200
	   f t   



	    D  C N     
	5.00000
	   f t   










[image: Table] 





Table 3. Parametric information about the 8-node test system (all powers in kW and kvar).
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	Branch
	Node

i
	Node

j
	    L ij    

(km)
	     P jA     
	     Q jA     
	     P jB     
	     Q jB     
	     P jC     
	     Q jC     





	1
	1
	2
	1
	519
	250
	259
	126
	515
	250



	2
	2
	3
	1
	0
	0
	259
	126
	486
	235



	3
	2
	5
	1
	0
	0
	0
	0
	226
	109



	4
	2
	7
	1
	486
	235
	0
	0
	0
	0



	5
	3
	4
	1
	0
	0
	0
	0
	324
	157



	6
	3
	8
	1
	0
	0
	267
	129
	0
	0



	7
	5
	6
	1
	0
	0
	0
	0
	145
	70
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Table 4. Parametric information about the 25-node test system (all powers in kW and kvar).
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	Branch
	Node

i
	Node

j
	    L ij    

(km)
	     P jA     
	     Q jA     
	     P jB     
	     Q jB     
	     P jC     
	     Q jC     





	1
	1
	2
	0.3048
	0
	0
	0
	0
	0
	0



	2
	2
	3
	0.1524
	36
	21.6
	28.8
	19.2
	42
	26.4



	3
	2
	6
	0.1524
	43.2
	28.8
	33.6
	24
	30
	30



	4
	3
	4
	0.1524
	57.6
	43.2
	4.8
	3.4
	48
	30



	5
	3
	18
	0.1524
	57.6
	43.2
	38.4
	28.8
	48
	36



	6
	4
	5
	0.1524
	43.2
	28.8
	28.8
	19.2
	36
	24



	7
	4
	23
	0.1219
	8.6
	64.8
	4.8
	3.8
	60
	42



	8
	6
	7
	0.1524
	0
	0
	0
	0
	0
	0



	9
	6
	8
	0.3048
	43.2
	28.8
	28.8
	19.2
	3.6
	2.4



	10
	7
	9
	0.1524
	72
	50.4
	38.4
	28.8
	48
	30



	11
	7
	14
	0.1524
	57.6
	36
	38.4
	28.8
	60
	42



	12
	7
	16
	0.1524
	57.6
	4.3
	3.8
	28.8
	48
	36



	13
	9
	10
	0.1524
	36
	21.6
	28.8
	19.2
	32
	26.4



	14
	10
	11
	0.0914
	50.4
	31.7
	24
	14.4
	36
	24



	15
	11
	12
	0.0610
	57.6
	36
	48
	33.6
	48
	36



	16
	11
	13
	0.0610
	64.8
	21.6
	33.6
	21.1
	36
	24



	17
	14
	15
	0.0914
	7.2
	4.3
	4.8
	2.9
	6
	3.6



	18
	14
	17
	0.0914
	57.6
	43.2
	33.6
	24
	54
	38.4



	19
	18
	20
	0.1524
	50.4
	36
	38.4
	28.8
	54
	38.4



	20
	18
	21
	0.1219
	5.8
	4.3
	3.4
	2.4
	5.4
	3.8



	21
	20
	19
	0.1219
	8.6
	6.5
	4.8
	3.4
	6
	4.8



	22
	21
	22
	0.1219
	72
	50.4
	57.6
	43.2
	60
	48



	23
	23
	24
	0.1219
	50.4
	36
	43.2
	30.7
	4.8
	3.6



	24
	24
	25
	0.1219
	8.6
	6.5
	4.8
	2.9
	6
	4.2










[image: Table] 





Table 5. Parametric information about the conductors considered for the two test systems.
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	Conductor Size
	r (   Ω   /km)
	   GMR    (mm)
	I     max     (A)
	   Cost    (USD/km)





	1
	1.0501
	1.2741
	180
	1986



	2
	0.8575
	1.2741
	200
	2790



	3
	0.6959
	1.3594
	230
	3815



	4
	0.5561
	1.5545
	270
	5090



	5
	0.4493
	1.8288
	300
	8067



	6
	0.3679
	2.4811
	340
	12,673



	7
	0.1609
	8.4734
	600
	23,419



	8
	0.1155
	9.5402
	720
	30,070
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Table 6. Impedance matrix of the conductors considered for the two test systems.
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	Conductor Size

(    Ω /    km)
	
	
	





	
	   1.1093 + j 1.0112   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	1
	   0.0592 + j 0.4877   
	   1.1093 + j 1.0112   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   1.1093 + j 1.0112   



	
	   0.9167 + j 1.0112   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	2
	   0.0592 + j 0.4877   
	   0.9167 + j 1.0112   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.9167 + j 1.0112   



	
	   0.7552 + j 1.0063   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	3
	   0.0592 + j 0.4877   
	   0.7552 + j 1.0063   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.7552 + j 1.0063   



	
	   0.6153 + j 0.9962   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	4
	   0.0592 + j 0.4877   
	   0.6153 + j 0.9962   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.6153 + j 0.9962   



	
	   0.5085 + j 0.9839   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	5
	   0.0592 + j 0.4877   
	   0.5085 + j 0.9839   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.5085 + j 0.9839   



	
	   0.4271 + j 0.9609   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	6
	   0.0592 + j 0.4877   
	   0.4271 + j 0.9609   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.4271 + j 0.9609   



	
	   0.2202 + j 0.8683   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	7
	   0.0592 + j 0.4877   
	   0.2202 + j 0.8683   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.2202 + j 0.8683   



	
	   0.1747 + j 0.8594   
	   0.0592 + j 0.4877   
	   0.0592 + j 0.4618   



	8
	   0.0592 + j 0.4877   
	   0.1747 + j 0.8594   
	   0.0592 + j 0.5551   



	
	   0.0592 + j 0.4618   
	   0.0592 + j 0.5551   
	   0.1747 + j 0.8594   
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Table 7. Numerical results in the 8-node test system (all units in USD/year).
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Method

	
Caliber

	
     A cost     

	
     f 1     

	
     f 2     

	
     f 3     




	
Connection






	
SCA

	
    5 , 2 , 1 , 1 , 1 , 1 , 1    

	
125,351.07

	
62,690.07

	
62,361.00

	
300.00




	
    2 , 1 , 3 , 1 , 4 , 1 , 1    




	
HOA

	
    5 , 2 , 1 , 1 , 1 , 1 , 1    

	
125,348.49

	
62,687.49

	
62,361.00

	
300.00




	
    6 , 1 , 5 , 1 , 4 , 1 , 1    




	
SSA

	
    5 , 2 , 1 , 1 , 1 , 1 , 1    

	
125,348.49

	
62,687.49

	
62,361.00

	
300.00




	
    6 , 1 , 5 , 1 , 2 , 1 , 1    
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Table 8. Statistical data on the performance of the three methodologies in the 8-node test system (all units in USD/year).
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	Method
	Best
	Mean
	Worst
	SD
	Avg. Time (s)





	SCA
	125,351.07
	131,673.85
	146,483.13
	3602.51
	57.57



	HOA
	125,348.49
	130,929.42
	140,533.94
	2911.76
	60.25



	SSA
	125,348.49
	128,498.41
	130,443.99
	1506.07
	57.47
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Table 9. Numerical results in the 25-node test system (all units in USD/year).
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Method

	
Conductor Size

	
     A cost     

	
     f 1     

	
     f 2     

	
     f 3     




	
Connection






	
HOA

	
    7 , 4 , 5 , 4 , 3 , 1 , 4 , 4 , 1 , 1 , 2 , 1 , 3 , 1 , 2 , 1    

	
98,068.39

	
45,968.05

	
51,400.34

	
700.00




	
    1 , 2 , 1 , 1 , 1 , 2 , 2 , 2 , 1 , 1 , 6 , 1 , 6 , 1 , 1 , 6    




	
    1 , 6 , 1 , 1 , 6 , 1 , 1 , 1 , 6 , 1 , 1 , 1 , 6 , 1 , 1 , 1    




	
SCA

	
    7 , 4 , 4 , 1 , 1 , 1 , 1 , 4 , 1 , 4 , 1 , 1 , 1 , 1 , 4 , 1    

	
96,404.47

	
48,661.03

	
46,843.43

	
900.00




	
    1 , 2 , 1 , 2 , 1 , 1 , 1 , 1 , 1 , 1 , 2 , 1 , 1 , 1 , 2 , 1    




	
    1 , 1 , 2 , 3 , 2 , 1 , 2 , 1 , 1 , 1 , 2 , 1 , 2 , 2 , 1 , 1    




	
SSA

	
    7 , 4 , 5 , 1 , 2 , 1 , 1 , 4 , 1 , 4 , 1 , 1 , 2 , 1 , 1 , 1    

	
94,505.81

	
46,195.44

	
47,710.37

	
600.00




	
    1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 6 , 6 , 1 , 1 , 1 , 6    




	
    1 , 1 , 1 , 6 , 1 , 1 , 1 , 6 , 6 , 1 , 1 , 1 , 1 , 1 , 1 , 1    
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Table 10. Statistical data on the performance of the three methodologies in the 25-node test system (all units in USD/year).
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	Method
	Best
	Mean
	Worst
	SD
	Avg. Time (s)





	HOA
	98,068.39
	106,388.04
	117,337.29
	4191.39
	451.00



	SCA
	96,404.47
	109,539.42
	135,192.31
	8896.28
	446.20



	SSA
	94,505.81
	96,461.04
	98,631.18
	717.61
	526.19
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