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1. Introduction

Since Alber and Guerre-Delabrere [1] introduced a class of strongly compressed maps
called weakly contracted maps on closed convex sets of Hilbert spaces and proved that it
was an iterative operator on Hilbert spaces that extended the Banach principle, which was
formerly applied to strongly contracted maps alone, Rhoades [2] extended these works
to arbitrary Banach spaces and proved that their conclusions still held. On the basis of
the conclusions proposed by the previous authors, Chuanxi Zhu [3] succeeded in gaining
some results, which were related to the common fixed point of four mappings under a
generalized weak contraction of a partially ordered metric space. Inspired by this research,
we demonstrate that the results still hold when the space is replaced by a b, metric space [4]
consisting of a b-metric space [5-8] and a 2-metric space [9-15].

Simultaneously, we found that the authors [4,16-18] discussed and obtained the com-
mon fixed point theorem for a limited mapping family in the b, metric space, but they
largely studied it under explicit or semiexplicit contraction conditions. Notwithstanding,
by introducing implicit contraction conditions, the authors [19] discussed the common
fixed point problem in the metric space and gained better results. Consequently, if one
continues to introduce a new class of functions in the b, metric space and establish implicit
contraction conditions, is it feasible to obtain the presence and uniqueness theorems for
common fixed points of many mappings.

Through the analysis presented above, this paper attempts to establish a new gen-
eralized weak contraction condition in the by metric space to demonstrate that when the
metric space is replaced by the b, metric space, there are still common points between
various mappings, and uniqueness can still be proven. In addition, we establish an implicit
contraction condition in the b, metric space and obtain that there still exist unique fixed
points between various mappings in the by metric space when the explicit or semiexplicit
contraction condition is changed to an implicit contraction condition.

The following core ideas are necessary for comprehending and validating our ma-
jor findings.
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Definition 1 ([5]). Assume that X is a nonempty set, Ry denotes the set of all non-negative
numbers, and s > 0 is a specified real number, then b : X2 Ry is a b-metric on X, if the
following requirements hold true for any x,y,z € X:

(1) b(x,y) =0ifand only ifx = y;

(2) b(x,y) = b(y,x);

(3) b(x,z) <s[b(x,y) +b(y,z)].

In this scenario, a pair of (X, b) is referred to as a b-metric space with the parameter s.

Definition 2 ([14]). Assume that X is a nonempty set. A functiond : X3 — [0, +00) is a 2-metric
if and only if the following conditions are satisfied for all x,y,z € X:

(1) Ifx #y, then there is a point z € X such that d(x,y,z) # 0;

(2) d(x,y,z) = 0 ifat least two of the three points are equal;

(3) d(x,y,z) =d(x,z,y) = d(y,z x) (symmetry about three variables);

4) d(x,y,z) <d(x,y,u)+d(y,z,u)+d(zx,u), forallu € X.

Then, (X, d) is referred to as a 2-metric space.

Example 1 ([15]). Let X = {1,2,3} and d(x,y,z) = min{|x —y|, |y — z|, |z — x|} for all
x,y,z € X. Then, (X,d) is a 2-metric space.

by metric spaces are introduced as an extension of 2-metric spaces and b-metric spaces,
and are described in detail below.

Definition 3 ([4]). Assume that X is a nonempty set and A > 1 is a given real number. Suppose
that the following criteria are met for the function d : X> — R, forall a,b,c € X :

(b1) Ifa # b, then there is a point ¢ € X such that d(a,b,c) # 0;

(bp) If at least two of three points a, b, ¢ are the same, then d(a,b,c) = 0;
(b3) d(a,b,c) =d(b,a,c)=d(c,a,b) (symmetry about three variables);
(bg) d(a,b,c) < Ald(a,b,u) +d(b,c,u)+d(c,a,u)),ucX

The d in X is thus termed b, metric, the pair (X, d) is referred to as a by metric space
with the parameter A in this case. Obviously, for A = 1, a by metric reduces to a 2-metric.

In [4], Zead Mustafa also gave some basic properties about b, metric spaces after
giving the definition of by metric spaces in 2014.

Definition 4 ([4]). Assume a sequence {x,,} in by-metric space (X, d).

(1) Ifnlg%o d(xn,x,0) = 0 forall & € X, then the sequence {x,} is by-convergent to x € X,
denoted by nlgIgo Xp = X.

2) If n}zrgood(xn, Xm, ) = 0 forall & € X, then the sequence {x, } is by-Cauchy sequence.

(3)  If all by-Cauchy sequences are by-convergent, then the pair (X, d) is by-complete.

Definition 5 ([20]). Let (X, w,) be a modular metric space and let C be a nonempty subset of X.

If A, S: C — C are two mappings, then A and S are said to be:

(1) Commuting if ASx = SAx, forall x € C;

(2)  Weakly commuting if wy (ASx, SAx) < wy(Ax,Sx), forall x € C;

(3)  Compatible if 1311 w) (ASxy, SAxy,) = 0 for each sequence {xy, } in C such that l§11 Ax, =
n—oo n—oo

1211 Sxy;

n (o)

(4)  Noncompatible if there exists a sequence {x,} in C such that lim Ax, = lim Sx, but
n—oo n—oo

lim wy (ASxy,, SAxy,) is either nonzero or nonexistent;
n—,oo

(56)  Weakly compatible if they commute at their coincidence points, that is, ASx = S Ax whenever
Ax = Sx, for some x € C.



Mathematics 2022, 10, 3320

30f19

We write the following definition in the b, metric space, following Definition 5.

Definition 6. Let X be a nonempty set and (X, d) be a by metric space. If A, B: X — X are two
mappings, then A and B are said to be:

(1) Commuting if ABx = BAx, forall x € X;
(2)  Compatible y‘nh_r)r;o d(ABxy,, BAxy, ) = 0 for each sequence {x,, } in X such that nh_r)r(}o Ax, =
lim Bx;;
n—,oo
(3)  Noncompatible if there exists a sequence {x,} in X such that lijn Axy, = lgn Bxy, but
n o0 n o
ligrl d(ABxy,, BAxy, «) is either nonzero or nonexistent;
n o]

(4)  Weakly compatible if they commute at their coincidence points, that is, ABx = BAx whenever
Ax = Bx, for some x € X.

Example 2 ([4]). Let X = [0,00) and d(x,y,z) = [xy +yz + zx]|P if x # y # z # x, and oth-
erwise d(x,y,z) = 0, where p > 1 is a real number. Evidently, from the convexity of function
f(x) = xP for x > 0, then by Jensen’s inequality, we have

(a+b+c)P <3P HaP +b¥ +cP).
Therefore, one can obtain the result that (X, d) is a by-metric space with s = 371,

Example 3 ([21]). Let (X, d) be a 2-metric space and p(x,y, w) = (d(x,y,w))?, where p > 1 s
a real number. We see that p is a by-metric with s = 3P =1, In view of the convexity of f(x) = xP
on [0, 00) for p > 1 and Jensen’s inequality, we have

(a+b+c)P <3P 1(aP +bP 4 cP).
Therefore, condition (by) of Definition 3 is satisfied and p is a by-metric on X.
Example 4 ([4]). Let a mapping d : R> — [0, 00) be defined by
d(x,y,z) = min{|x -y, [y — z|, [z — x[}.
Then, d is a 2-metric on R, i.e., the following inequality holds:
d(x,y,2) < d(x,y,t) +d(y,z,t) +d(z,xt),

for arbitrary real numbers x,y,z, t. Using the convexity of the function f(x) = x¥ on [0, c0) for
p > 1, we obtain that

dp(x,y,2) = [min{|x —y|, [y — z[, |z — x[}]V
is a by-metric on R with s < 3P~1,

2. Expansive Mappings

It is vital to highlight that the majority of past scholarly study results concern con-
tracted fixed point results in b-metric spaces and 2-metric spaces, whereas relatively few
results concern expansive fixed-point results in these two types of spaces. Furthermore,
the research on expansive mappings is a highly intriguing research topic in the theory
of fixed points, so influenced by the literature [3], we propose to introduce generalized
(¢, f)r-expansive mappings into a b, metric space.

Definition 7. We define ® to be the set of functions ¢, ¢ : R+® — R satisfying the below situations:

(1) ¢ is a continuous and nondecreasing function;
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(2) For b € [0,400), i = 1,2,...,6, ¢(h1,ha, h3,hy s, he) > min{hy, 255 where
min{h, }%ﬂ} > 0;
(3) (P(O, 0, 0, 0, 0,0) = 0and gb(l’ll, hz, h3, h4, h5,h6) > min{hl,h5}, where min{hl,h5} > 0.

Example 5. Some simple examples of the ¢ function are given next:

¢(M, hy, h3, hy, hs, he) = hy + hs;
hy + h3
2

+ Y(min{hy,

¢(hy, hy, h3, hy, hs, he) = max{min{h,, +,min{hy, hs}}

hy +
2

where the continuous function  is nondecreasing on the range of real numbers, if and only if t = 0
yields (t) = 0.

31 min{h, hs}),

Definition 8. Consider the by metric space (X, d) is by-complete, and A, B, S, and T are four
self-mappings of X meeting the generalized (¢, f) \-expansive condition:

d(Sx, Ty, a
f(i( Azy )) > cp(d(Ax, By,a),d(Ax,Sx,«),d(By, Ty, a),
d(Ax,Sx,a) 4+ d(By, Ty,«) d(By,Sx,«) 1)
2 ’ A ’
d(Sx, Ax,a)d(By, Ty, a)
max{d(Sx, Ty, «), d(Ax, By, a) }),

foralla,x,y € Xand A > 1, where ¢ € P, continuous function f : [0,00) — [0,00) is nondecreas-
ing, f(0) = 0, and for all h > 0, ¢(hy,hy h3, hy hs,he) > f(h), where
min{h, h2;h3} = hor min{hy, hs} = h.

The following are the key theorems that we have developed regarding expansive maps.

Theorem 1. Assume that (X,d) is a by-complete by metric space and that A, B, S, and T are four

self-mappings of X that meet the condition (1). Assume, moreover, that the mappings also meet the

below requirements:

(1) A(X) CT(X),B(X) C S(X);

(2)  A(or B) and S(or T) are continuous, A(or B) and S(or T) are compatible, and B(or A) and
T(or S) are weakly compatible.

Then, the four mappings have a unique common fixed point in X.

Proof. Given that xg € X. Since A(X) C T(X), there is an x; € X that makes Axy = Tx;.
Since B(X) C S(X), there is an x; € X that makes Bx; = Sx,.
Constructing the sequences of number {x, } and {u,} such that

Upy—1 = Axgy_o = Txoy_1, Uy = Bxpy—1 = Sx24,n =10,1,2,... ()
First, we prove

lim d(uy, uyq,2) =0. ©)]

n—oo
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Case 1: Suppose d(uy,u,1,&) = 0 for some n = ny; when nyp = 2p, we have
d(u2p, uzpy1,) = 0 and by (1), one has

d(“zp/ U2p+1, o)

f(T)
>¢ (d(szp, Bxypi1,a),d(Axzp, Sxop, &), d(Bx2p i1, Txopy1, ),

d(Axzp, Sxop, &) +d(Bxopy1, Txopi1,&) d(Bxopyi1, Sxop, )

0

2 ! A !
d(Sxp, Axop, 0)d(Bxopi1, Txop 1, )
J T pr A%2p p p
maxtd(Sxzp Trgp 1, 0) d(Axap, Bxopi1, &) }>

=¢ (d(”2p+1/ Uzp+2, @), d(”2p+1, Uzp, a), d(u2p+2/ Uap+1, w),

d(uzp 1, uop, o) +d(Uopy2, uopi1,0) d(uzpy2, uop, )

2 ! A !
d(uzp, tzpy1,0)d(Uzpi2, Uop i1, &)
max{d(uy,, u ,0), )
{a(u2p, uzp1, ) d(uzp 1, Upy2, &) J

d(uzps2, tapi1, &) d(uzpio, gy, )
:¢ (d(”2p+11 u2p+21 D‘)/O/d(uZp—&-l/ u2p+2/“)/ P P P P /0)/

2 ! A
which implies
hy 4+ h3 d(u2p+1/ U2p+2, "‘)

min{h, 7 } = 7

:0,

hence
d(uzpy1, Uzpy2,&) = 0.

Similarly, when 1y = 2p + 1, we have d(usz, Uzp+2, «) = 0 and by (1), one has

d(u2p+1/ Uzp+2, 0‘)

Ozf( 22 )

>¢ (d(Ax2p+2/ Bxzpi1,a),d(Axopy2, Sxop o, &), d(Bxop i1, Txopi1, &),

d(Axzpi2, Sxopio, &) +d(Bxopy1, Txopi1, &) d(Bxgpi1, Sxopio,a)

2 7 A 7
d(Sx2p+2, Axopip, 0)d(Bxoyi1, Txpi1, &)
(s ,T a), p p 14 14
max{d(Sxap+2, TX2p11, %) d(Axap 12, Broys1,8) })

=¢ (d(u2p+3/ Uopi2,0),d(Uopy3, Uopr2,0),d(Uopy2, Uop i1, &),

d(uzpa, Uopy2,0) +d(Uzpy2, Uopy1, &) d(Uopy2, Uopio, o)

2 ! A !
d(uzp 2, Upy3,0)d(Uop g2, Uopi1, &)
max{d(uy,i1, Uppin, & )
{ ( p+ p+2s )/ d(u2p+3, u2p+2,zx) }
d(uzp 2, Uzp 3, &)

:(P (d(u2p+2/ U2p+3, “)/ d(u2p+2/ U2p+3, {X)/ 0, ,0, 0) ’

2

which implies
hy + h3 d(uzp+2, U2p+3, o)
2 1 2

min{hy, =0,

hence
d(ugpyo, tzpi3,a) = 0.
Thus, for n > ng, we can get d(uy, t,+1, &) = 0. Hence, we have lim d(uy, u,41,4) = 0.
n—oo

Case 2: Suppose d(uy, ty+1,&) > 0, for every n, by (1), when ny = 2p, we obtain
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d(Sx2p, Tx2p 11, &)
fd(uzp, uapi1,2)) >£( g 2 . )
2¢(d(szp,Bsz+1,vc),d(szp,szp,a),d(szpH,szp+1,oc),
d(Axzp, Sxap, &) +d(Bxopy1, Txopy1,0) d(Bxopi1, Sxop, )
2 ! A !
d(Sxap, Axgp, a)d(Bxop i1, TXop 1, &)
max{d(Sxy,, Tx S,
{d( 2p 2p+1 ) d(szp,szpH,fX) }) (4)

=¢ (d(M2p+1, Uopi2,0),d(Uopy1, Uop, &), d(Uop 2, U2pi1, &),

d(u2p+1/ uZpr DC) + d(u2p+2/ u2p+1/ ‘X) d(u2p+21 uZp/ [X)

2 ' A '
d(uz ,Up +1,0€)d(u2 +2, U2 +1,DC)
i pr H2p p d )
max{ (uzp, U2p+1, ), d(u2p+1, Unpt2, o) !

If
hy + h3 } = (”2p+1/ Uop, ) + d(”2p+z, Uzp+1, )
2 7
then d(uzp 1, uzp, &) < d(u2p+2, uzp11,&), by (4) and the characteristics of ¢ and f, we obtain

min{hl,

fld(uzpi1, u2p, ) th(d(uzpﬂ,M2p+2,06),d(uzp+1,sz,w),d(uzp+2, Ugpy1, ),

d(uzpy1, uzp, o) +d(Uzp 2, uopy1,a) d(Uzpy2, Uop, )

2 g A !
d(uzp, uop1,0)d(Uap 12, tapi1, &)
max{d Upp, Upy1,KX), )
{2y, zp i1, ) d(uzpi1, Up 2, &) J

> f(min{m, 2213

d(uzp, uzpi1, &) + d(uzps2, uopi1, @)

Since f is a nondecreasing function, d(uap, tzp11,&) > d(uzp 41, U2p12,4), and the re-
sult is contradictory.

Therefore, we can infer that d(up 1, uap12,a) < d(uzp, uzp i1, ).
When ng = 2p + 1, one has

d(Sxp +2, sz +1,0)
fd(ugps1,uzpi2,0)) 2f ’ . )

(
(P(d Ax2p+2/ Bx2p+1/ )/

d(Axzpi2, Sxopio,a),d(Bxopi1, Txopi1, &),
d(Axop 2, Sxopi2,a) + d(Bxop i1, Txopi1, )
2 4

d(Bx2p+1,Sx2p 12, )
A

d(Sx2p 42, Axapi2,a)d(Bxopy1, Txop i1, &) })
d(Axzpy2,Bxopi1,a)

, max{d(5x2p+2/ Tx2p+1, @),

©)

>¢ (d(u2p+3/ Uop2,0),d(Uopy3, Uopi2,0),d(Uspy2, Uop i1, &),
d(”2p+3, M2p+2,06) + d(“2p+2, u2p+1,0¢) d(u2p+2/ M2p+2,06)
2 7 A 7
d(uzpi2, uopt3, )d(Upi2, Upi1, &) })
d(uzp 3, Uzp 2, &) '

max{d(u2p+1, Uzp+2, DC),
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h h u ,u ,o) +d(u ,u S0
min{hy, 2+ 3} _ 2p+2, U2p+3 2p+1, U2p+2 ,
2 2
then d(u2p+1,u2p+2,u¢) < d(uzpy2,uzpy3,a), by (5) and the characteristics of ¢ and f,
we obtain
f(d(uapi1,uzpy2, ) >¢ (d(uz;a+3, uppy2,0),d(U2p+3, Uopy2, &), d(U2p+2, Upy1, &),
d(uzpya, Uzpy2, &) +d(Uzpio, opy1,&) d(zpi2, Uzpy2, &)
2 ! A !
d(uzp2, Uopy3, 0)d(Upy2, Uop i1, &)
max{d(uzp41, U2pi2, &), )
{d(uzps1,up-2,0) d(up i3, Uzp 2, o) }

> flminghy, "2 112)

d(u2p+3, U2p+2, “)d(”2p+2, Uzpt1, o)

Since f is a nondecreasing function, d(up 1, tzpi2,&) > d(upy2,u2p13,a). Thus,
the result is contradictory.

On the basis of the above results, we can deduce d(u2p 42, Uap13, ) < d(uzpi1, Uzpt2,&)-
In addition, since {d(uy, u,+1, @)} is a decreasing sequence of nonnegative real numbers,
there is a r > 0 that yields Jgrc}o{d(un, Uy+1,&)} = r. (by) in Definition 3 gives us

d(”'rl! Un42, 0‘) :d(un/ Up+2, ’X) + d(un—HI U1, ’X)

SAd(u}’l/ uﬂ+2/ un+1) + /\d(u}’l-‘rZ/ o, u}’l+1) + /\d(ﬂ(, Up, unJrl)'

(6)

Obviously, {d(un, uy42,«)} and {d(uy,41, y41, &)} are two bounded sequences. There-
fore, the sequence {d(un, uy12, &)} has subsequences {d(uy,, Uy, +2,2)} that converge to
a < 2Ar,and the sequence {d (i, +1, n, 11, &) } also has subsequences {d(unmﬂ, Unyy 41/ w)}
that converge to b < 2Ar.

By (4), we get

f(d(uZHP(Z)I uZnP(Z)Jrlr 0()) Z‘P (d(Man(1)+1/ uZnP(D +2/ 0‘)/

d(”ZnP(,)-H/ uan(I)/ “)/ d(u2np(l) +2/ MZnP(,)-&—l/ 0‘)/
(

d u2np(1)+l/ M2np(1),06> + d(”an<l)+lru2np<])+lra)
> ’
d(uzn”“ﬁz,uzn”“)ﬂ) max{d(u u )
2 ’ Zrlp(l)/ an(,)+1/ ’

d(UZnP(,) s u2np<l)+lr ‘X)d(Uan(l)Jrz/ uan(I)Jrlr “) )

d(uZHP([) +1/ ”an(,) +2/ OC)

In the above inequality, let n,, — oo, and then from the properties of f and ¢, we
can get

r+b a

£ = plrrn, 524

with r = 0, hence, lign d(uy, ty,1,0) = 0. Furthermore, because {d(uy,u,1,4)} is a
n—oo

monotonically decreasing sequence, if d(uy, 11,41, ) = 0, then d(u,,_1, uy, &) = 0. Then, it
can be known that when d(u, u1, 1g) = 0, d(un, uy11,1) = 0, for Vi € N.
Furthermore, because d (1, 1, m, ) = 0, we obtain

1),

d(uy, thya1,um) =0, (7)

for n +1 > m. By (7), we can easily acquire
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d(umfl/umr un+1) = d(umfll Um, un) =0.

d(tn, upg1, ) <A (U, Uy 1, U —1) + Ad (g1, i, 1) + Ad (U, U, 1)

:/\d(un/ Upt1, um—l)'

Since d(uy, tty11, tuy11) = 0, from the above inequality, we can get
d(n, 1, m) < AV (g, 11, 0011) = 0,0 < <m —1,

combining (7) and (9), we get
d(tn, tpp1, tm) =0,

foralll,g,p € N,I < g, and one obtains
d(uq_l,uq,ul) = d(uq_l,uq,up) =0,
as a result, by (11) and Definition 3, we acquire

d(uy, g, up) <Ald(up, g tg—1) + d(ug, up, ug—1) +d(up, up, ttg—1)]
=Ad(up, ug-1,up) < ... < A (ug, ug, up) = 0,

which proves that for all /, g, p € N, we have d(u;, ug,up) = 0.
Second, {u, } must be demonstrated to be a bp-Cauchy sequence.

®)

©)

(10)

(11)

As a matter of fact, we have demonstrated that lim d(uy, uy,, «) = 0, and there is

m,n—o0
lim  d(uy, uy, «) = 0 which can make lim d(u,, toy, &) = 0 true.
m,n—00 m,n—00

Using counter-evidence, we assume the opposite, ¢ > 0, so that we can find two
subsequences of {uy,}, {u2,,}, and {uzy, }, such that m(t) is the minimum value that

satisfies this condition,
m(t) > n(t) > t,d(ume,uan,tx) >¢Vt €N,

which means
d(tuzm ) —2, Uzn &) <E&.

Using the triangle inequality for (13), we gain

0 S £ Sd(u2m<t)/u2n(t)/“)

<Ad (2, Uzn ) Uam gy —1) + Ad (), 0 Uom —1) + Ad(@, o, o, 1)

</\d(u21’I1( >I u2n< )/ MZm ) + /\ [d(u2n< )/ MZn(t)—&-lz [X) + d(u2m“)—1/ uZn(t)+1/f’C)

+d(u2n(f>/u2n( )+1/u2m )] +Ad(u2m uZm(t)—lle)/

and taking t — oo in the above formula, we get

£ .
TS hm 1nfd(u2n() u2m(,)—110¢) < tlggosupd(uzn(t),ume,l,oc),

<
€ k11_r>ro101nfd(u2m() Uy, &) < k11_r>rolosupd(u2m() Uz ), ).

(12)

(13)
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It is easy to get

an , TXom —1,
f(d(uZn()qun ) =f e Azz s Y

(
><P(d Axon ), BxXom -1, 1),
d<Ax2n SxZn "’ ) d(Bx2m Tx2m(,)flra)r
d(AxZn Sx2n o) + d(Bme ~1s Tx2m<t)flr0‘)
2 7

d(szm(t)fll Sx2}’l(t>/ )

,max{d(Sxzn, , Txom, -1, ),

A
d(stn Ax2n )d(Bme 711Tx2m(t)71/ o) )
d(Ax2n Bme >_1,0()

:(P (d(UZn(t)+1/ ”2m(t)/ 0‘)/

d<u27’l< )+l/ MZYL( K “)/d(uZm( K u2m(,)—1/0¢),
d<u27’l< )+l/u2}’l ) + d(uZm "’ uZM(Ofl/ D{)
2 7
d(uom,,, , U2n,, , &)
[OM (OM
Y /max{d(uZI’l(t)/uZm(t)—l/0‘)/

d(”2n<t)/ ”Zn(,)H/ D‘)d(usz)l u2111(t)—1r D() )

d(”Zn(t)Jrl/ UZm(t)/ D‘)

Now, when f — oo, taking the upper limit in the preceding inequality, according to
the characteristics of ¢ and f, we get

f(3) 2 ¢(5,0,0,0,2,5),

therefore, ¢ = 0 and lir& d(utn, um,«) = 0, which means {u,} is a by-Cauchy sequence
m,n—o0

on X.
Last but not least, we establish that A, B, S, and T have a unique common fixed point.
Since {u, } is a by-Cauchy sequence on X, and (X, d) is by-complete, there is a point 0
in X where {u,} is by- converges to 6, so we have

lim Uypy_1 = hm Ax2n,2 = lim Txanl = 9,
n— n—oo

lim uy, = hm Bxy,_1 = lim Sxp, = 0.
n—o00 n—oo

Suppose that A and S are continuous. Furthermore, since {A, S} is compatible, we
can easily obtain
lim ASxy, = hm SAxy, = S0 = A6,

n—oo

fd(SAxpny2, TXon43,00)) >¢ (d(AAx2n+2/ Bxy43,0),

d(AAx2u42, SAXpn2,00), d(Bxony3, Txonqs, ),
d(AAxau12, SAXou12, &) +d(Bxonts, Txout3, &)
2 7
d(B ,SA ,
(Bx2u:3 3 o2 “),max{d(Sszrwrz,Tx2n+3,06),
d(SAx2n 42, AAX2 2, 00)d(Bx2y 43, TX2n43,2) })
d(AAxp,42, Bxoyis, o) ’
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and taking n — oo for the above formula, we get

(A6, AB,a) +d(6,6, )

F(d(A8,6,)) 24><d(A6,9,¢x),d(AH,AG,a),d(G,G,a),

2 7
d(6, A9, ) d(A6, A8, 2)d(6,0, )
f,max{d(AQ,Q,tx), 4(A6,6,q) })
—p(d(A8,6,4),0,0,0, ‘1(9’2%9’“), d(A6,6,a)),

which can illustrate A8 = 6. Therefore, we continue to get

f(d(SGI T'x21’l+3/ ‘X)) 24) (d(AO/ Bx2n+3/ IX), d(AG/ S9/ DC), d(Bx2ﬂ+3/ T'x21’l+3/ IX),
d(AQ, 50, 0() + d(Bx2n+3, Tx0p43, IX) d(Bx2n+3, S@,IX)

2 ! A !
d(SG, AG, D()d(Bin+3, Tx2n+3, 0()
max{d(S6, Txz,13,a), d(AB, Bxoy 15, 0) }),

and taking n — oo for the above formula again, we obtain

d(6,50,a) +d(6,0,x) d(6,S6,«)

£(d(S6,6,a)) 24)<d(9,9,a),d(9, S0,),d(6,0,a),

2 ! A !
d(e,S6,a)d(6,0,x)
max{d(S6,6,x), 4(6,0.0) })
=¢(0,d(S6,6,x),0, d(sgég’“), d(se)"e’“),d(se, 0,a)).

From the above formula, we deduce that S0 = 6. Furthermore, because A(x) C T(x),
there must be a point w € X making A0 = Tw hold. Then, assuming Bw # Tw, by (1),

£(d(S8, Tw, ) Zcp(d(AB, Bw,a),d(A8,$6,a),d(Bw, Tw, &),
d(A6,S0,a) + d(Bw, Tw,x) d(Bw,S6,u)

2 ! A g
d(S6, Af,a)d(Bw, Tw, )
max{d(S6, Tw, &), 7046 Boo, o) })

=¢(d(0,Bw,n),d(0,0,a),d(Bw, Tw, a),
d(Bw, Tw,a) d(Bw,b,u)
2 ! A

,d(0, Tw,a)),

this shows that 0 > 4( , where Bw = 6 can be inferred, so Bw = Tw.
As {B, T} is weakly compatible, then B8 = BA§ = BTw = TBw = TA# = T6, where
6 is the common point of B and T.

Bw,0,a)
A
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When Ax,,, — 0, if n — oo, then x5, — 6.

£(d(Sxzn, TO, ) 24>(d(Ax2n,BG,zx),d(szn,szH,a),d(BG, T6, ),

d(Axpy, Sxop, ) +d(BO, T0,a) d(BO, Sxpy,, )
2 ’ A ’
d(Sxp,, Axoy,0)d(BO, T6, a)
max{d(Sxan, T, ), e 50.a) })
d(6,0,a) +d(B6,B0, )
2 7
d(6,0,a)d(B6, B, a) 1
(0, B, a)

=¢(d(6,BO,a),d(6,0,«),d(B6,B6,«),

d(B6,6,a)
A

,max{d(6,B6,«),

d(B6,6, )

~¢(d(6,B6,),0,0,0, =

,d(6,B0,u)),
which means f(d(6,B6,«)) > 0. Furthermore, because it contradicts the condition
¢(hy, hy, h3, hy, hs,he) > f(h) in the theorem, 6 = B6.

Following similar arguments, we can obtain § = Tf, and it is easy to obtain Af =
BO=S0=T6=0.

Assuming that fixed points are not unique, which means that Az; = Bz; = 5z1 =
Tzy = z1, Azy = Bzp = Szp = Tzp = zp, where z1 # z, In (2.1), substituting z; for x and z,
for y, one has

f(d(Sz1, Tzp,)) >¢ (d(Azl, Bzy,a),d(Azy,Sz1,a),d(Bzy, Tzp, &),
d(Azq,Sz1,a) + d(Bzy, Tzo, &) d(Bzy,Sz1,a)

2 ! A !
d(Szq1, Azy,0)d(Bzy, Tz, )
max{d(Szy, Tz, ), d(Azy, By, ) }),

f(d(z1,22,a)) 2¢(d(zl,zz,a),d(zl,zl,oc),d(zz,zz,zx),
d(z1,z1,a) +d(zp,22,0) d(z,21,%)
2 ’ A ’
d(zq1,z1,0)d(z2, 22, )
d(z1,22, ) })
d(ZZ/ Z1, IX)
A
and since ¢(ly, ho, h3, hy, hs, ) > f(h), where h = min{hy, 21"} = 0, we have z; = z,.
Consequently, we get that the fixed point is unique, and the theorem is proved. O

max{d(z1, 22, &),

:47(d(21,22,1)(),0,0,0, ,d(Z],ZZ,lX)),

Example 6. Let X = {(«,0) : « € [0,1]U{2,3,4,...}} U(0,2) and let d(x,y,z) denote the
square of the area of a triangle with vertices x,y,z € X, e.g., d((«,0),(B,0),(0,2)) = (& — p)>.
It is straightforward to verify that d is a by-metric with parameter A = 2. Consider the mapping
f:]0,400) — [0, +00) given by

3a+1 0<a<]1,
402 a>1,

f((2,0)) = {

fora €]0,11U{2,3,4,...} and £(0,2) = (0,2).
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In addition, ¢(hy, hy, h3, hy, hs, he) = max{min{h, h2§h3 }, min{hy, hs}}, and four map-
pings of X are defined by

0 x=0 0 x=0
1 1 1 1
. i xE(O,j] . i xG(O,z}
A=A e BY=9: el
2 27 2 27
x x€{2,3,4,...}, x+1 x€{2,34,...},
0 x=0 0 x=0
Sy — % xe(O,%} Ty — % xe(O,%]
1 x € (3,1] L xe(3q
x+1 x€{234,...}, x> x€{2,3,4,...},

Finally, in order to check the contractive condition (1), only the case when x = («,0),
y = (B,0), and a = (0,2) is nontrivial, but then d(x,y,a) = (« — B)>. Note that, all of the
requirements given in Theorem 2.1 are met by A, B, S, and T. Moreover, 0 is the only common fixed
point shared by A, B, S, and T.

Corollary 1. Let us consider (X,d) as a by-complete by metric space; M, N, P, Q, H, and R are
six self-mappings of X meeting the generalized (¢, f) r-expansive condition:

f(%) > cp(d(Mx, Ny,a),d(Mx, HQx,«),d(Ny, RPy, «),
d(Mx, HQx,«) + d(Ny,RPy,a) d(Ny, HQx,«) (14)
2 ’ A ’
d(HQx, Mx,«)d(Ny, RPy, «)
max{d(HQx, RPy,«), Mz, Ny, ) }),

forall w,x,y € X and A > 1, where ¢ € ®, continuous function f : [0,00) — [0,00) is non-

decreasing, f(0) = 0, and for allh > 0, ¢(hq, ha, h3, ha, hs, he) > f(h), where min{hy, %} =

h or min{hy, hs} = h. The following requirements are considered to be met by these mappings:

(1)  M(X) C RP(X), N(X) € HQ(X),

(2)  {M,HQ} are compatible, M and HQ are continuous, and {N, RP} are weakly compatible
or {N, RP} are compatible, N and RP are continuous, and { M, HQ} are weakly compatible.

(3) (M, HQ) and (N, RP) are interchangeable in pairs, that is

MH = HM,MQ = QM,HQ = QH,NR = RN,NP = PN,RP = PR,
then M, N, P, Q, H and R have a unique common fixed point in X.

Proof. By Theorem 1, it is not difficult to see that M, N, HQ, and RP have a unique
common fixed point 6 € X, and it follows that it is also the only common fixed point of M,
N, P,Q, H,and R.

Since M, N, HQ, and RP have a unique common fixed point, it is obvious that M = N6 =
HQO = RPO = 6, taking x = Q0 and y = 6. Therefore, we can easily acquire
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d(HOQ®, RP6
F(A(HQQB, RP,a)) > F( L QQA; %)
ng(d(MQe,Ne,a),d(MQe,HQQ@,a),d(Ne,RPG,a),

d(MQ8, HQQO, «) + d(N6, RP6, ) d(N6, HQQS, x)

2 ' A '
d(HQQH, MQ6,x)d(Nz, RPz, x)
max{d(HQQH, RPY, ), MO8 No.w) }),

d(Q8, 6,
Fla(Q0,0,0)) = (N0,
2¢<d(Q9,9,o¢),d(Q9,Q9,rx),d(9,9,oc),
d(Q6, Q8,a) +d(6,0,a) d(6,Q0,q)
2 T

d(Qe,00,x)d (6,0,
max{d(Q9, 0, ), 1C d?Q(;g,i) "‘)}),

and from the above equation, we obtain

f(d(Q0,6,a)) = ¢(d(Q9,6,),0,0,0,

A0 4(06,60,0)),

SO
hy + h3

f(d(Q6,60,a)) > min{hy,

Furthermore, since ¢(hy, hy, h3, ha, hs,he) > f(h), we get Q0 = 6, which means that
H(Q6) = HO = 0 is true. In the same way, we can obtain P§ = 6, that is R(Pf) = R6 = 6.
As aresult,

}=0.

0 =M0O =N =HO=Q0=R0=P6,

and 6 is the unique common fixed point of M, N, P, Q, H, and R; the corollary is proven. O

Corollary 2. Let (X,d) be a by-complete by metric space. Then, A, B, S, and T are four self-
mappings of X meeting the generalized (¢, f) y-expansive condition:

p q
f(W) > <p(d(A”’x, B"y,a),d(A™x,SPx,a),d(B"y, Ty, a),

d(A™x,SPx,a) +d(B"y, Ty, «) d(B"y,SPx,«)

. Rk L (15)
d(SPx, A"x,a)d(B"y, Ty, x)
P q
max{d(SPx, Ty, «), (A, By, ) }),

foralla,x,y € X, A > land m,n,p,q € N, where ¢ € ®, the continuous function f : [0,00) —

[0, c0) is nondecreasing, f(0) = 0, and for all h > 0, ¢(hy, hy, h3, hya, hs, he) > f(h), where

min{hy, %} = hormin{hy, hs} = h. It is assumed that these mappings also satisfy the below

circumstances:

(1) A(X)cCT(X), B(X)CS(X),

(2)  Alor B) and S(or T) are continuous, A(or B) and S(or T) are compatible, and B(or A) and
T(or S) are weakly compatible.

If AS = SA,BT = TB, then A, B, S and T have a unique common fixed point in X.

3. Implicit Relations

As it is well accepted, previous literature mostly studied and generalized fixed points
under explicit or semiexplicit contraction conditions. Now, by introducing a new class
of functions in a b, metric space and providing implicit contraction requirements, we
can likewise achieve satisfactory results. Notwithstanding, currently, we can also achieve
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satisfactory results by introducing a new class of functions in the b, metric space and
establishing implicit contraction conditions.

Definition 9. Let T be the set of real function F(t1,t,t3,...,ts) : R+® — Ry fulfilling the below
circumstances, where A > 1:
(Fy) F is monotonically decreasing with respect to the fourth and fifth variables and there
exists hy, hy € [0,1) such that
(Fi1) if F(t,z,t, 552, t + z,z) < Oexists, then t < hyz;
(Fip) if F(t,t,z, “2“2,0 z) < 0 exists, then t < hyz;
(Fy1): Forall t >0, F(t,0,t,%,0,0) >
(Fyp): Forallt >0, F(t,0,0,0, £,t) >
(F31): Forall t > 0, F(t,t, 0,;,0 0) >
(Fsp): Forall t > 0, F(¢,0, t L 5, R,O) > 0

Example 7. F(tl, tr,t3,... /t6> = t% —t (Eltz + bty + Ci’@) — dtsts, wherea,b,c,d > 0,a+b+
d<1la-4<o.

Fy is satisfied since the fourth and fifth variables, namely t4 and ts, are both in the subtrahend
position in the expression of F, meaning that as they grow, the value of F decreases.

Fip:Lett >0, F(t,z,t, 32, t + z,2) = 2 —t(az + §(t +2) +cz) —dt(t+2) = (1 - § -

b b
d)tz—(a+%—c+d)tz§0thent<% %

Fp: Let t > 0, F(ttz,fgz,o ) =82 —tat+8(t+z)+ez) = (1-a-5 - (& +

b

c)tz <0, then t < 7z = hpz, where hy = 2te
a— 1—a—1

—a—t P

Therefore, t < hz, where h = max{hy, hy}, if t =0, then t < hz.
= (1 — %)12 > 0;

Fpp =1 >0

F31—(1—a——) > 0;

Fp=(1-5-9H2>0.

So all the conditions of the F function are satisfied.

z = hyz, where hy = <1

Example 8. F(t,ta,t3,...,ts) = t5 — atitats — bt3ty — chitsts — di3ts, where a > 0,c >
0,0<b<20<d<1,21+b<21-5-2>0.

Fy is satisfied since the fourth and fifth variables, namely t4 and ts, are both in the subtrahend
position in the expression of F, meaning that as they grow, the value of F decreases.

Fi: Lett > 0, F(t,z,t, 52, t + z,z) = £ —at?z — 82 (t +2) — c2(t +2) — di’z =

b
(1—§—c)t3—(a—§—c—d)tzz<0thent< w
2

Fip: Let t > 0, F(t,t,z,9%,0,2) = t3—at22—§t2(t+z)—dt2 =(1-5) —(u—|—§+

12/
a+b+d a+b+d
1b'
2

d)t?z <0, thent < - z = hyz, where hy =

Therefore, t < hz, where h = max{hy, hy}, ift =0, then t < hz.
= (1 — 7)1.3 > 0;

F» = ( )t3 > 0;

F = (l — *)t?) > 0;

F32—(1—7—%)t3>0,

So all the conditions of the F function are satisfied.

azcd

z = hyz, where hy = <1

According to the literature [14], a sequence of 2-metric spaces is a 2-Cauchy sequence
and we provide the following lemma for use in the subsequent proof.

Lemma 1 ([17]). Assume that a sequence {x,},en exists in by metric space (X, d); if there
exists k € [0,1), for any a,n € X with d(x,42, X511, &) < kd(x,11,Xn, &), then {x,}nen is a
by-Cauchy sequence.
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Definition 10. Let (X, d) be a by-complete by metric space, S, T, I, and | are four self-mappings
of X fulfilling S(X) C J(X), T(X) C I(X); if forany x,y,« € X and A > 1, one has

F(d(Sx, Ty, a),d(Sx, Ix,a),d(Ty, Jy, «), d(Sx, Ix, ) —2'— d(Ty, ]y, «) ,

d(Ty, Ix, ) d(Ix,Sx,oc)d(Ty,]y,a)}) <0
A d(Sx, Ty, «) -

(16)

,max{d(Ix, Jy,a),
where F € T

Theorem 2. Let (X, d) be a by-complete by metric space, and S, T, I and | are four self-mappings
of X meeting implicit relations (16) and S(X) C J(X), T(X) C I(X). If one of the mappings in S,
T, I, and ] is continuous, and {S, I} and {T, ]} are, respectively, compatible, then S, T, I, and |
have a unique common fixed point.

Proof. Since S(X) C J(X), there exists x; € X making Sxo = Jx1, and since T(X) C I(X),
there exists x, € X making Tx; = Ixp.
Constructing two sequences {x, } and {u, }, respectively, such that

U1 = SXop = JXouq1, Uont2 = Txopy1 = Ix2p42.Vn =0,1,2,... (17)
Substituting x = x,, 4 = x9,41 into (16), we obtain

F (d(stn, Tx2n+1/ IX), d(sx2n/ IxZH/ 0‘)/ d(TxZn-H/ ]x2n+1/ IX),

d(Sxon, Ingn, &) + d(Txon11, [Xon41,&) d(Txpp 41, [0y, &)

2 ! A !
d(Ixzn, Sxop, &)d(TX2p+1, [X2pn+1, &)
max{d(Ixo,, [Xon11, ), <0,
{ ( 2n ] 2n+1 ) d<sx2n, Ty2n+1/“) })

and formula (18) can be obtained by arranging

F (d(uan, Uppt2, ), d(Uop, Uppi1, @), d(Uppi1, Uzt 1),
d(uZn/ Udn+1, ‘X) + d(u2n+1/ Uzp+2, 0‘) d(”Zn/ U2n+2, DC)
2 ! A !
d(uzn, Uon i1, 0)d(U2p 11, Uonio, &) }) <0
d(Upp41, Uont2, 1) -

(18)

max{d(uay, tzn11,a),

Since X is a by metric space, according to the fourth property in the definition of a by
metric space, we get the below formula

d(Upn, Upnio, &) SA[d(Uon, Uppi1, Uong) + d(Uon, Uopg1, &) + d(&, Ugy i1, Unps2)],

then recalling t = d(up, 11, Uont2, &), z = d(u2y, Usy41, &), the above formula can be simpli-
fied to
d(uzp, Ugnio, ) < Aft + 2z + d(ugpy, tpp i1, Uzni2)],

and substituting it in (18), we get

t+z
F(t/ Zl t/ T/ t + 4 + d(MZTl/ u2n+1/ u2n+2)zz) S 0
Faced with this situation, we take & = 15, in (18), and then arranging according to the

definition of the b, metric space yields

d(“2n+1luzn+2/142n),0,0) <0

F (d(u2n+1/ Upn42, Uon),0,d(Uy 11, Uan2, Uon), 5
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Obviously, we can see that this contradicts (F,;) in Definition 9, so there is
d(u2n+1/ U2, u2n) = 0/ Vn = 0/ 1/ 2/ o

and

t
F(t,z,t, %,t—i—z,z) <0.

Then, according to (Fj7) in Definition 9, one has
d(u2n+1,u2n+2,zx) < ]’l]d(blzn, Udpi1, rx),Vn =0,1,2,...,0a € X.
When x = x40, 4 = Xxp,41, We substitute in (16) to get

F (d(5x2n+2, Txopi1, ), d(Sx2n12, [Xon12, &), d(Txop 41, [Xon+1, &),

d(Sxon42, Ixop12, &) +d(Txpp1, JXoni1, ) d(TXopq1, [x0p42, 1)
2 ! A ’
d(Ixn12, Sxon+2,@)d(Txn11, JXou 11, &) }>
d(Sxan12, Txon 11, 00)

max{d(Ix2n+2, [Xon+1, ),

and using (17) in the above formula, we obtain

F (d(M2n+3, Uppy2, &), d(Uon13, Upnyo, &), d(Uppi1, Uons2, &),
d(uon 13, Uzny2,0) +d(Uzni1, Uoni2,&) d(U2ni2, Uzny2, o)
2 ’ A !
d(Unny2, Uony3, 0)d(Uop g1, Uont2, &) })
d(Un43, Ui, &)

<0.

maX{d(u2n+Zr Up+1, IX),

Continuing to simplify

H—J,O,Z) < O,

Ftlt!l —
(ttz,—

from (Fj;) in Definition 9 yields
d(ugpio, Uz, &) < hod(Upy 1, Uonio,x),Yn=0,1,2,...,a € X.
Let h = max{hy,hy}, h € [0,1), so
A(uyyo, ty1,0) < hd(tyyq,uy,a),¥Yn=0,1,2,...,a € X,

therefore, from the lemma, we can prove that {u, } is a b,-Cauchy sequence.

Next, since X is bp-complete, we know that {u,} by-converges to r € X, which is to
say that r is the limit of {Sx2,, } = {Jx2,+1} and {Tx2, 41} = {Ix2n42}-

Assuming [ is continuous, then {ISxy,} by-converges to {Ir}. According to the
triangular inequality of the b, metric space, we obtain

d(SIxoy, Ir,a) <Ald(SIxpy, Ir, 1Sx0,) + d(ISxoy, Ir, &) + d(SIxay,, [Sxo,, )],

I is continuous, and S and I are compatible, so let n — oo, and we know that {SIx,}
also bp-converges to {Ir}.
Replacing x and y in (16), with Ixp, and x5,11, respectively, yields

F(d(SIxZn, Txopt1,),d(SIxyy,, szz,q,vc),d(sz,Hl, Jxon11,4),
d(SIxpy, Px0n, &) + d(Tx2p41, [Xon41, &) d(Txpi1, X2y, )
2 ! A !
d(IPx2, STxpn, )d (T 41, JX2n 41, &) }>
d(STx2n, TX2n+1,DC)

<0,

max{d(I*x2,, JXou11,0),
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then taking n to infinity and using the continuity of F, we obtain

d(Ir, Ir,a) + d(r,r,a) d(r,Ir,a)
2 ’ A

F(d([r, r,a),d(Ir, Ir,a),d(r, 7, a), ,d(Ir, r,oc)) <0,

which can be simplified to get

d(r, Ir, )

F(d(lr,r,oc),0,0,0, ,d(Ir,r,zx)) <o.

Since it contradicts (Fy) in Definition 9, it is easy to know d(Ir,r,a) = 0,s0r = Ir.
Then, replacing x in (16) with r and y with xy,,,1 yields

F(d(Sr, Txpns1,a),d(Sr, Ir,a), d(Txop 41, JXona1, &),
d(Sr,Ir,a) + d(Txop41, JXon+1, &) d(Txopi1, I, )

2 ’ A '
d(Ir, Sr,a)d(Tx2p41, JX2n+1, &)
<0.
max{d(Ir, Jxp,41, ), A(Sr, Txpni1, ) }) <0

Let n — oo, combined with the continuity of F, we can get the formula that contradicts
(F31) in Definition 9, that is,

d(Sr,r,a)

P(d(Sr,r,a),d(Sr,r,a),O, 5

,0,0) <0,

so we can get d(Sr,r,a) = 0 and r = Sr. Therefore, r is the common fixed point of mapping
Sand T.

Furthermore, because S(X) C J(X), there exists w € X, such that Jw = z.

Substitute x = r,y = w into (3.1) to get

d I d(T
F(d(Sr, Tw,«),d(Sr, Ir,a),d(Tw, Jw, «), (Sr, Ir,a) +2 (Tw, ]w,zx),

d(Tw, Ir, ) d(Ir,Sr,a)d(Tw, Jw, x)
A b <o,

A d(Sr, Tw, a)

,max{d(Ir, Jw, ),

and simplify the formula to get

d(r, Tw,a) d(r, Tw,a)
2 ’ A

F(d(r, Tw, ),0,d(r, Tw, a), ,o) <0,
then, from (Fs;) in Definition 9, we get d(r, Tw,a) = 0 and r = Tw.

Because Tw = Jw = r and T and | are compatible, TJw = JTw, and combined with
the content that has been deduced above, we can get Tr = TJw = JTw = Jr.

When x = r,y = r in (16), we have

F(d(Sr, Tr,a),d(Sr, Ir,a),d(Tr, Jr,a), d(Sr, Ir,a) —; d(Tr,Jr, ) ,

a(Tr, Ir,a) d(Ir,Sr,oc)d(Tr,]r,w)}> <0
A d(Sr, Tr,a) -

,max{d(Ir, Jr,a),

and continuing to simplify, we can get

d(r, Tr,a)

F(d(r,Tr,«),0,0,0, 3

,d(r, Tr,a)) < 0.

Obviously, this contradicts (F,) in Definition 9, so d(r, Tr,a) = 0 and r = Tr, and r is
the common fixed point of S, T, I, and J.

Finally, we show that the common fixed points are unique.
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Let ' be a common fixed point of S, T, I, and | different from r. Let x = rand y = v/
in (16), one has

d(Sr,Ir,a) +d(Tr, Jr', &)
2 7
d(Ir,Sr,a)d(T¢', 7', a)
<
d(Sr, Tr', a) }) <0,

F(d(Sr, Tr',a),d(Sr, Ir,a),d(Tr, Jr', &),

d(Tr', Ir, o)

T ,max{d(Ir, Jr',a),

and
d(r, 7, a)

A
then it can be known from (F,;) in Definition 9 that d(r,+',a) = 0,s0r =1'.

Tosum up, S, T, I, and | have a unique common fixed point: r.

The method of proof is almost identical when S, T and | are, respectively, continuous. [J

F(d(r,7,1),0,0,0, ,d(r,7,a)) <0,

Corollary 3. Let (X,d) be a by-complete by metric space; 1, |, and {T;}; € N* are some self-
mappings of X fulfilling T(i) C J(x) N I(X), if for any x,y, &« € X and A > 1, one has

d(Tix, Ix,a) +d(T; 11y, Jy, &)
2 7

F(d(Tix/ Ti—‘rly/ 0(), d(Tix/ I-x/ a)/ d(Ti+1y/ ]y/ D‘)/

A(Tivy, Ix, o) d(Ix, Tix,a)d(T; 11y, Jy, &)
N~ reJr 7 <
A ,max{d([x, ]y/ OC), d(Sx, TiJrlyr“) }) = 0/

where F € T. If one of the mappings in I, |, and {T;}; € N* is continuous, and {T;, I} and
{Ti41, ]} are, respectively, compatible, then I, |, and {T;}; € N* have a unique common fixed point.

(19)

Now, introduce two continuous functions 6 : [0,00)3 — (—o00,+00), p : [0,00)% —
(—oo, +°°)'

Corollary 4. Let (X, d) be a by-complete by metric space; S, T, I, and ] are four self-mappings of
X meeting S(X) C J(X), T(X) C I(X), if forany x,y, & € X and A > 1, one has

d(d(Sx, Ty, «),d(Sx, Ix,«),d(Ty, Jy, «))

d(Sx, Ix, ) +d(Ty, Jy,«) d(Ty, Ix,«) (20)
<p( 7 , S
d(Ix,Sx,a)d(Ty, Jy, «)
max{(1x,Jy, o), 00T

9%

where 6 and p satisfy the following conditions:
(i) p is monotonically increasing with respect to the first and second variables;
(it)  There exist hy, hy € [0,1), such that
ifo(t,z,t) < p(”Tz,t—i—z,z), then t < hyz;
ifo(t, t,z) < p(HTZ,O,z), then t < hyz;
(iii) For any t > 0, 5(t,0,t) > p(4,0,0); 6(t,0,0) > p(0, £,t); 6(,t,0) > p(4,0,0); and
5(0,t) > p(4, £,0).
If there is a continuous mapping in S, T, I, and |, and {S, I} and {T, ]} are, respectively,
compatible, then S, T, I, and | have a unique common fixed point.

Proof. Let F(t1,tp,t3,ta,t5,t6) = 0(t1,t2, t3) — p(ta, t5, t6), so F is monotonically decreasing
with respect to the fourth and fifth variables. Additionally, and because other conditions of
I' can be easily satisfied on the function F, we can determine F € T'.

Finally, according to Theorem 2, the corollary is proved. [J
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4. Conclusions

In this paper, we predominantly focused on some questions about common fixed
points in a by metric space, obtaining the above theorems. The above theorems can be
adapted to prove the existence and uniqueness of fixed points under generalized extended
mappings and implicit functions. We can alternatively design the spaces that meet the
criteria and then use the theory to achieve the desired results under the theorem’s given
condition. Future research should continue in this approach. The application of this essay
to numerous realms of reality is also a direction for future investigation.

Author Contributions: Data curation, M.Z.; funding acquisition, C.Z.; writing—original draft, M.Z;
writing—review and editing, M.Z. and C.Z. All authors have read and agreed to the published
version of the manuscript.

Funding: This work was supported by National Natural Science Foundation of China (grant
no. 11771198).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors sincerely thank the editors for their hard work and the reviewers
for reviewing our manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Alber, Y.I; Guerre-Delabriere, S. Principle of weakly contractive maps in Hilbert spaces. In New Results in Operator Theory and Its
Applications; Birkhéduser: Basel, Switzerland, 1997; pp. 7-22.

2. Rhoades, B.E. Some theorems on weakly contractive maps. Nonlinear Anal. Theory Methods Appl. 2001, 4, 2683-2693. [CrossRef]

3. Zhu, C,; Xu, W,; Chen, C.; Zhang, X. Common fixed point theorems for generalized expansive mappings in partial b-metric spaces
and an application. J. Inequal. Appl. 2014, 1, 1-19. [CrossRef]

4. Mustafa, Z.; Paravneh, V.,; Roshan, J.R.; Kadelburg, Z. by-metric spaces and some fixed point theorems. Fixed Point Theory Appl.
2014, 2014, 23. [CrossRef]

5. Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1993, 1, 5-11.

6.  Shi, L.; Xu, S. Common fixed point theorems for two weakly compatible self-mappings in cone b-metric spaces. Fixed Point Theory
Appl. 2013, 1, 1-11. [CrossRef]

7. Hussain, N.; Parvaneh, V.; Roshan, ].R.; Kadelburg, Z. Fixed points of cyclic weakly (¢, ¢, L, A, B)-contractive mappings in
ordered b-metric spaces with applications. Fixed Point Theory Appl. 2013, 1, 256 [CrossRef]

8. Roshan, J.R.; Parvaneh, V.; Sedghi, S.; Shobkolaei, N.; Shatanawi, W. Common fixed points of almost generalized (¢, ¢)
s-contractive mappings in ordered b-metric spaces. Fixed Point Theory Appl. 2013, 1, 159. [CrossRef]

9.  Giéhler, VS. 2-metrische Rdume und ihre topologische Struktur. Math. Nachrichten 1963, 26, 115-148. [CrossRef]

10. Liu, Z.; Zhang, F. Characterization of common fixed points in 2-metric spaces. Rostock Math. Kollog 2001, 55, 49-64.

11.  Naidu, S.V.R,; Prasad, J.R. Fixed-point theorems in 2-metric spaces. Indian J. Pure Appl. Math. 1986, 17, 974-993.

12.  Naidu, S. Some fixed point theorems in metric and 2-metric spaces. Int. J. Math. Math. Sci. 2001, 28, 625-636. [CrossRef]

13.  Rhoades, B.E. Contraction type mappings on a 2-metric space. Math. Nachrichten 1979, 91, 151-155. [CrossRef]

14. Singh, S.L.; Tiwari, B.M.L.; Gupta, V.K. Common Fixed Points of Commuting Mappings in 2-Metric Spaces and an Application.
Math. Nachrichten 1980, 95, 293-297. [CrossRef]

15. Dung, N.V,; Hieu, N.T. Remarks on the fixed point problem of 2-metric spaces. Fixed Point Theory Appl. 2013, 2013, 167. [CrossRef]

16. Krishnakumar, R.; Dhamodhara, D. B, metric space and fixed point theorems. Int. J. Pure Eng. Math. 2014, 2, 75-84.

17.  Rangamma, M.; Murthy, PR.B.; Reddy, PM. A common fixed point theorem for a family of self maps in cone by-metric space. Int.
J. Pure Appl. Math. 2017, 2, 359-368.

18.  Cui, J. Suzuki-Type Fixed Point Results in by-Metric Spaces. Open Access Libr. ]. 2018, 5, 1-7. [CrossRef]

19. Berinde, V,; Vetro, F. Common fixed points of mappings satisfying implicit contractive conditions. Fixed Point Theory Appl. 2012, 1,
1-8. [CrossRef]

20. Zhu, C.X,; Chen, J.; Huang, X.J.; Chen, ].H. Fixed point theorems in modular spaces with simulation functions and altering
distance functions with applications, J. Nonlinear Convex Anal. 2020, 21, 1403-1424.

21. Shaddad, F. Common Fixed Point Results for Almost R¢-Geraghty Type Contraction Mappings in by-Metric Spaces with an

Application to Integral Equations. Axioms 2021, 10, 101.


http://doi.org/10.1016/S0362-546X(01)00388-1
http://dx.doi.org/10.1186/1029-242X-2014-475
http://dx.doi.org/10.1186/1687-1812-2014-144
http://dx.doi.org/10.1186/1687-1812-2013-120
http://dx.doi.org/10.1186/1687-1812-2013-256
http://dx.doi.org/10.1186/1687-1812-2013-159
http://dx.doi.org/10.1002/mana.19630260109
http://dx.doi.org/10.1155/S016117120101064X
http://dx.doi.org/10.1002/mana.19790910112
http://dx.doi.org/10.1002/mana.19800950126
http://dx.doi.org/10.1186/1687-1812-2013-167
http://dx.doi.org/10.4236/oalib.1104751
http://dx.doi.org/10.1186/1687-1812-2012-105

	Introduction
	Expansive Mappings
	Implicit Relations
	Conclusions
	References

