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Abstract: Singularly perturbed 2D parabolic delay differential equations with the discontinuous
source term and convection coefficient are taken into consideration in this paper. For the time
derivative, we use the fractional implicit Euler method, followed by the fitted finite difference method
with bilinear interpolation for locally one-dimensional problems. The proposed method is shown to
be almost first-order convergent in the spatial direction and first-order convergent in the temporal
direction. Theoretical results are illustrated with numerical examples.
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1. Introduction

Differential equations with small or large parameters can be used to describe a variety
of applied practical problems, including the theory of boundary layers. For example,
the shock waves occurring in gas motions, edge effects when elastic plates deform, etc.
These mathematical problems are very difficult (or even impossible) to solve exactly, so
approximate solutions are necessary. It is possible to obtain an approximation of the
solution through perturbation methods. Basically, these methods aim to solve a simpler
problem (as a first approximation) and systematically improve the approximate solution.

When using finite difference or finite element methods on equally spaced grids and
allowing the perturbation parameter tend to zero, boundary layers produce inaccurate
numerical solutions. The most popular method for overcoming this difficulty is to construct
uniformly valid numerical methods on layers adapted to the mesh. There are several
uniformly valid methods available in the literature, for instance, to cite a few (see Refs. [1,2]
and the references therein). As pointed out in Ref. [3], the direct discretization of the
singularly perturbed 2D parabolic differential equations leads to a pentadiagonal linear
system of equations. This problem is exceedingly complex to solve computationally. We
use the fractional step method in order to reduce the computation cost. At each time level,
the fractional step method leads to the tridiagonal system of algebraic equations. Several
types of research have been conducted recently on the fractional step method, such as
Refs. [4-6] and the references therein.

Singularly perturbed delay differential equations (SPDDEs) are a class of perturbation
problems with at least one delay or deviating argument. This type of problem occurs
frequently in the modelling of various types of physical and biological problems. For
example, the neuronal variability and its theoretical analysis have been modelled as delay
parabolic equations [7,8]. Asymptotic analyses for 1D stationery SPDDEs have been well
studied by Lange and Miura [9]. Several numerical methods for SPDDEs of 1D stationery
problems have been reported in the literature, such as Refs. [10-13] and the reference
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therein. The numerical method for 1D parabolic equations was initiated by Ref. [14] and
it gained the interest of many researchers. Das and Natesan [15] presented computing
techniques for solving 2D time SPDDEs. Ref. [16] presented some applications and
existence results for partial delay differential equations. The modelling of option pricing,
to generalize the celebrated Black-Scholes equation with suitable weight, led to the 2D
parabolic differential equations with space shift [17]. We consider discontinuous convection
and source terms in 2D parabolic SPDDEs in this article, as mentioned in the abstract. This
problem exhibits interior layers at x = dy and y = dy and, due to the presents of the shift
in space, the boundary layers occurs at x = 1 and y = 1. The existence results pertaining
to the parabolic equation with discontinuous coefficients are addressed in Ref. [18]. The
method presented in this article is a combination of the layers adopted technique and linear
interpolations. The interpolation term takes care of the delay arguments. The proposed
method is validated theoretically and numerically to be uniformly convergent in both space
and time by considering some numerical examples.

The constant C is generic positive, that is, it is independent of the perturbation pa-
rameter as well as the discretization parameters N and M throughout the paper. For
convenience, it is assumed that the number of mesh points in the spatial domains ), and
() are same, that is, N and the index set Zy, = {1,2,3,---,Np} for any positive integer
Np. It is conventional to assume for the convection coefficient problem that e < CN~! for
practical purposes. Further, to measure the error bounds and derivative bounds, we use
the following norm ||¢||p = sup,.p [[¥(x) ]|, x = (x,y).

The article is organized as follows: the problem is considered in Section 2. The
fractional implicit Euler method for time derivative and locally 1D problems are presented
in Section 3. In the same section, the stability results and derivative estimates of the locally
one-dimensional problems are presented. Section 4 presents the numerical method for the
considered problem. The discretizations incurred by the errors are estimated in Section 5.
Numerical validations through some test example problems are done in Section 6. Finally,
in Section 7, some concluding remarks are made.

2. Statement of Continuous Problem

Motivated by the works of Refs. [7,17], we consider the following two-dimensional
singularly perturbed parabolic differential equations: We find u such that

Lu:=up —eAu+ Vu-p(x) +qg(x)u(x—d, t) = g(x,t), (x,t) € ©* x (0,T], 1)
u(x,0) = up(x), x €D, 2
u(x,t) =0, on9® x [0, T], 3)

u(x,t) = 0, on [—dy, 0] x [—dy, 1] x [0, T] U [—dy, 1] x [~dy, 0] x [0,T],  (4)

where x = (x,y), d = (dy,dy), Qx = (0,1) = Q,, D = Oy xQ,, D = OF x Q;,
Q5 =0, U0, O =(0,dy), O = (dy,1),v = x,y, the functions 1y, q are sufficiently
differentiable and bonded on D, p1, p2, &1, $2 are sufficiently differentiable and bounded
on their respective domains ©*,©* x [0, T]. In addition, we assume that,

uy(d, y,t) = ux(dy, y, 1), uy(x,dy 1) = uy(x,dy , t),

ﬁ(x> = (Pl(x)/ PZ(X))Tr Vu = (Mx, My),

prpl(x)zpf>0,x€Q;><Q§, pfz—pl(x)pr>O,x€ijQ;;,
py > pa(x) > py >0, x€QyxQ, py > —pa(x) > py >0,X€Q;XQ;F,

Ip1(dyy) — p1(dy,y)| < oo, |p2(x,dy) — palx,dy)| < oo,
q(x) = q1(x) +q2(x), 0> q1,92 > B, g(x, 1) = g1(x, t) + g2(x, 1).
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Let £y := —8887 +p1(X) 2 4+ q1(x)Iq and £, = —saa? + pz(x)% + q2(x)I4 be two
differential operators, Iqu(x,t) = u(x — d, t), then the differential operator £ defined in (1)
can be written as £ := % +Lx+ £y

3. Time Domain Discretization and Stability Analysis
3.1. Discretization of Time Domain

The time domain [0, T] is discretized uniformly with step length ; = T/M, where

M is a positive integer. Then we have the uniform mesh in the temporal direction ﬁfd =
{tk =k x ht}ﬁio.
3.2. An Alternating Direction Implicit Method

Let us assume that #1°(x) = ug(x), x € D. Now, we discretize the IBVP (1)~(3) using
the fractional implicit Euler method and obtain the following semidiscrete scheme on the
time levelsn =0,1,--- ,M —1:

lety € Oy, then

@xﬁn+% =" —i—htgl(x,y,tnﬂ), X € Q;,

0,y) =0 =a""3(1,y), 5)
1

dy,y) =y (df,y),

let x € )y, then

Dy = 3+ gy (%, tasn), ¥ € O

Y
2" (x,0) = 0= a""(x,1), (6)
ayt(x,dy ) = ayt (x, dyf),
where 1" (x,y) is the exact solution of u at the time level t = t,, ®y, := [ + £, and

Dy =1+ Ly,
If the exact solution of the problem (1) is known at t = t;,, then we have the following
semi-discrete scheme: let y € (), then

CDXHYH_% = “(xr% tn) + htgl(xf]// tn—l—l)/ X € Q;/
TH0,y) =T (Ly) =0, )

,n+%

1
oy 2(dy,y) =1y 2 (df,y),
let x € Q)y, then

D"t = ut + g (x,y,thi1), y € O,

"t (x,0) =u"(x,1) =0, ®)
w (x,dy ) =yt (x, dy).

Solving the problem (1)—(4) is more computationally expensive than solving lower-
dimensional problems. As a result, we used the ADI scheme to divide the two-dimensional
problem into two sets of one-dimensional problems in order to decrease the computing
cost and to have an efficient numerical solution.

3.3. Stability Results and Derivative Estimates

This section presents the maximum principles for the above-mentioned locally one
dimensional problems. Further, with regard to the applications of the maximum principle,
we estimate the solution derivative bounds and local and global truncation errors in the
temporal direction.
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The test functions

x+1, X € [x,dy], y+1, y € [0,dy],
=00 B ve @ MY TN L e [
1—d, 1-d,

are used in the following lemmas and sections.

Lemma 1. Let ¢ € CO(Qy) N C?(Q%) be a function satisfying p(x) > 0, x = 0,1, Dyy(x) >
0, x € Qfand ' (dy—) — ' (dx+) > 0, then P(x) > 0, x € Q.

Proof. The proof is by construction and similar to Refs. [12,13]. It is shown that D,s(x) >
0, x #dyand s'(dy ) — s'(df) > 0. By using the argument given by Ref. [12], Theorem 3.1,
one can prove this lemma. O

Similar to the above lemma and using the test function s(y), we can prove the
following lemma.

Lemma 2. Let ¢ € C°(Q) N CZ(Q;) be a function satisfies p(y) > 0, y = 0,1, Dy y(y) >
0, y € Oy and ¢/ (dy—) — ¢/ (dy+) > 0, then (y) > 0, x € Q.

One can prove that the solutions of (5) and (6) are stable and unique if they exist.
Further, they are bounded from Lemmas 1 and 2.

i

Lemma 3. Assume that g—: <C,0<i<3. Then|e,|< Ch% where u(ty,) = 0" (x,y) + en,

u(tn) = u(x,y,tn). In addition, sup, -1, |Enllec < C ht, where the global error E, = u(ty) —
.

Proof. The proof is similar to that of Refs. [4,6]. For that, one can express
u(tn-1) = Dx[Dyut(tn) — hega(x, Y, tn)] — hig1(x,y, tn) + O(h)
u(tn—1) = Dx[Dyu(tn) — g2 (x,y, tn)] — ig1(x,y, ),
D:Dyen = O(F).

First by the application of Lemma 1 then by Lemma 2, we have |e,| < Ch?. To prove
the second part, consider

making use of the arguments given in Ref. [4], we have |E,| < Ch;, which concludes
the proof. O

From the above lemma, we can conclude that the semidiscretization process is uni-
formly convergent of order O(h;). In the rest of the sections it is assumed that, dy = 0.5 = dy.
Let the solution 7" be decomposed as #"t2 = "2 + w""2 for obtaining the
sharp bounds on the derivatives. Further, let the decomposition of the regular component
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be o't = Z%:o skvz+2, leading the desired bounds on the derivatives. The functions
1

UZ+2, k=0,1,2, w'th satisfy the following problems:

1

vg 24y <p1(x)d‘ivg 4+ ql(x)Idvg 2) = o5 + hig1(tps1), x € QF,

)
1 1
op "2 (x) = 4T3 (x), x € [—dy, 0], vy (1) = 4" (1),
v?*z + hy (pl (X)%v¥+z + 7 (X)IdUTJrz) =l + ht@ <vg+z), x € O, 10)
1 1
UT+2(X) = 0, X € [_dx/O], U;H_z(l) — 0,
Vl-‘y—l dZ n+l
@xUz 2 :v§+htligcz<vl 2>,x60;,
1 1
0y "2 (x) =0, x € [~d,,0],05 2 (1) =0, (11)

oy ) = )
and the functions v"*2 and w"*2 satisfy the following boundary-value problems (BVPs):
D012 = o +heg1(tns1), x € OF,
0" (x) = 273 (x), x € [—dy, 0], 0"HE(1) = 27 E (1), (12)
[0t @0] = Thofoy ), [ o] = Sloek| ot i),
and
D"t =w", x € Q,
w2 (x) =0, x € [—dy, 0], w"T2(1) =0, (13)
{w"*%(dx)} = —[v“%(dx)}, [%w“%(dx)} = —{%anr%(dx)},

where the square bracket operation denotes the jump discontinuity [a({)] = a(Z1) — a(Z7).
It is assumed that v = 29, w® = 0.

Theorem 1. Let "2 be the solution of the problem (5) and let k be a nonnegative integer, then
the regular and singular components satisfy the following bounds on the derivatives
‘ dkanr%

— <C(e241),0<k<3,
X

Q*

T(x—d
exp(W),xGQx, 0<k<3,
—k

kot
d w2 (x) < Ce

dxk —(dv — “(x—1
exp (W) —l—sexp(’gl()i)), x e Qf.

Proof. We show that by integrating the differential Equations (9)-(11), and using the

argument presented in Refs. [13,19], and Lemma 1, we have ||v”+% || < C. Successive
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differentiation of Equations (9)—~(11), we have || %v”+% | < C(e2 % +1). From the Lemma 1,

1 1 1 1
we see that 172 and "2 are bounded, hence w""2. Let us assume that |w" 2 (dy)| < 7.
Now define the barrier functions

oF(x) = C'yexp(M) +w™td x e Q.

It is easy to show that ¢=(0) > 0, ¢*(dy) > 0 and D,¢*(x) > 0 on Qy. From
[ (x—d
the results of Ref. [19], we have |w"+% (x)] < Cexp <pl(x£x)> , x € Q. Using the

following barrier functions

T (dy — T(x—1
Pt = C’y(e+exp(pl(xx)> —eexp (pl(z)>) tw'ti, xeQf

3

T (dy — T(x—1
we prove that |w”+%(x)| < C|exp w + eexp pl(xg)>>, x € QF. Fur-

ther the successive differentiation’s leads the desired results. [

In a similar manner, one can decompose 1" ! as o1 4+ w1 = #"*1 and v+, "+
satisfy the following BVPs:

D,0" ! = o higo(tns1), v € Q,
V" (y) = 2" (y), y € [~dy, 0], 0" (1) = 2"+ (1), (14)

[0 1(dy)] = TL_ ek {vzﬂ(dy)}, [%vn+l (dy)} =yl [%Uzﬂ(dy)}r

1
D =w'tz, y e O,

W) =0y € [0, 9 0, -
[wnJrl (dy)] - _ [Un+1(dy)], [%wwrl (dy)} — {%Un+l (dy)}

and we have the following result.

Theorem 2. Let #i"" 1 be the solution to the problem (6), then its reqular and singular components
satisfy the following bounds on the derivatives

dkvn—l-l
- <C(1+7M,k=0,1,23,
dy
Q*
S(y—d
s’kexp m ,yeQ,, k=0,1,2,3,
dkwn—i-l (x) €
— <C )
5 (dy — S(y—1
Y skexp<p2 ( z y)> 4kt exp(p2 (VS )>, UAS Q;

4. Discrete Problem
4.1. Spatial Domain Discretization

From Theorems 1 and 2, we observe that the IBVP (1)—(3) exhibits twin interior layers
along the lines (dy,y), y € Qy and (x,dy), x € Oy and weak boundary layers along
x = 1land y = 1. Let N be the number of mesh points in both spatial x and y directions.
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As the mesh defined in Ref. [13], we define the mesh points in both x and y directions,
which is given in the following: let 7y , = min{dT", p%e InN}, 1y = min{%, p%s InN},
1 1
Ty, = min{ ‘%y, p%s InN} and 1, = min{ %, p%s In N}. Using the transition parameters
2 2

Ty, 1 = 1,2, v = x,y, we partitioned the domains Q. and ﬁy as follows:

O =U_ Qi Oy = [0,dx — Ti0], Qox = [de — T v dx), Qax = [dy,dx + T,
Quy =[x+ 0,1 = x), Qs = [1 =T, 1],
Qy = U1 Qiy, Oy = [0,dy —11yl, Qoy = [dy — Ty, dy), Qay = [dy,dy + 12y,
Quy=dy+ 7y 1 -1y, 05, = [1 -1, 1]

On each sub-domains (); , i = 1,2,3,4,5, respectively, we place %], %, %, %], % mesh
points with mesh sizes w, %, ST%, w, ST%. In the same manner the
mesh points in Qi,y, i=1,2,3,4,5 are defined. Now let us denote the mesh sizes to be

. . . . . —N i
hy(i) = x; —xj—1, i € Iy and hy (i) = y; —y;—1, i € Iy and define the mesh ), = {x; i.;(])\],

N =N - N
x0=0,% = x;_1+he(i), i € Iy and Qy = {yl};;é\], Yo =0y =yi_1+ hy(l), i€ ln.
The mesh distribution is depicted in the Figure 1.

Mesh Diagram

<« 1-7“
09

08

07

0.6

<«—d +r,
vy

04

03

0.2

04

. K + -
xeaxis dery do ddn, Y

Figure 1. Mesh points distribution.
4.2. The Finite Difference Schemes

On the meshes ﬁxN and ﬁ;\[ , we define the following finite difference schemes.
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fixy =y,
n+3 n+i ot n+3
ui,j 4+ (—8532(111-’]- P+ pli/ij ui,j : “"711-,]-15\1111',]- z)ht = uli”l]
g1 (xi,yj tnta), 1€ Ty _y,
N n+i L _oon+l n+1 .
Qx Ui,j 2= DX UN/ZZ,] = DjUN/ZZJ, 1= %, (16)
n+i n+3 n+i n+1
Up; * + (—edqly; * +pr, DU 2 + g, U e = U,
+hig1(xi, Y tur1),i € In—1 \I%
nty gl nti gyl
UO,]. 2 = u”*z(O,y]), UN,].2 = u”*z(l,y]),
fix x = x;,
1 1 1 1 n+;
U+ (—edgUi™ + po, Dy U+ o N U )y = U2
+higa(xi Yj tnyr), J € Ty 4
Nym+l . ) p—y+l +1 i _ N
Dy U = Dy U, = Dy Ul 1= 7 (17)
1 1 1 1 n+y
U + (—edgUis™ + po Dy U + g2 I U Dy = U,
Hhuga(xi,yj tuta), j € Ina \ Iy,
gt =" (x, 0); Ut = @t (x, 1),

where 5%, Dg and Dg, { = x,y are the standard finite difference operators,

0, i€ Iﬁil,
2
+1 +1
Nyttt u:;,@’ 2l?y,x(xi - dx)lé’,y(]/j - dy) + U;+12,§lq+1,x(xi - dX)ZC,y(]/j - dy)
i +l
+UZ,§jll,7,x(xi —dx)le i1,y (yj — dy)
1 .
+Uﬂf¢+1lq+1,x(xi —dx)ley1,y(y; —dy), i€In \I§
0, j€ I¥71’
INun+1 B U,’;Ellmx(xi — dx)lg,y(y] — dy) + u;_tigl”_;,_l,x(xl‘ — dx)lg,y(y] — dy)
e UM 1 (g — do) ey, (yi — dy)
ne+1inx\Xi = Ax)lg 1,y \Yj — dy
+U;7”Ii§+ll,7+1,x(xi — dX)ngrl,y(yj — dy), ] S IN—l \I%,
o _an_(xi_dX) o . (xi_dx)_xn
l’]rX(xl dx) - hx(’? + 1) 7 l?7+1,x(xz dx) - hx(ﬂ + 1) 7
Yer1 — (yj — dy) (yj —dy) —ye
lr:,y(yj - dy) = W/ l§+1,y(yj - dy) = Wr Xyr Xy+1, Y& Yey1 are

the nodal points such that x; — dyx € [xy,x,;11] and y; — dy € [y Ye41].- The above two
difference operators ®Y and CD;\’ satisfy the following discrete maximum principles.
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Dy, i<%, Dy, j<%,
Note: Let us denote the difference operators D} = { * Y andDj = { yo 1=

D, i>%, Dy, j>%.
In the following we use the above difference operators. Further, the test functions
xi+1, i<N/2, yi+1, J<N/2,
s(x;) = and s(y;) = dy —y;
(i) BT TE g1 is N, i) AV 4,41, 7> N/2,

1—dy Y1-4d,

are also used.

4.3. Discrete Stability Results

Lemma 4. Let the mesh function be ¥
D;]‘FN/Z,]‘ <0, thenY;; > 0 for all i.

ijr SlltiSﬁES IYOJ‘ 2 0, IYN’]' 2 0, @leYl’] 2 0 and [D;CF -

Proof. Making use of the test mesh function s(x;) and the arguments given in Ref. [13],
Lemma 6.1, the lemma can be proved. O

Lemma 5. Let the mesh function be ‘I’i/j,

Dy |¥in/2 <0, then ¥;; > 0 for all j.

satisfies ¥io > 0, ¥;ny > 0, 0)¥;; > 0and [D;f —

Using the above two Lemmas 4 and 5, we can have the following discrete stability
results.

Lemma 6. Let UZ]*% be a numerical solution defined by (16), then

|u”*2| < Cmax{ |u”*2| uy; 2, sup |®Nu"+2 | } for all i.
Lemma 7. Let Ul'.f]*l be a numerical solution defined by (17), then

|U;f]ﬂ’1| < Cmax{ |USJ1|, \UZ§1|,s1;p |©£\’Ul?f]*l|}, for all j.

Remark 1. From Lemmas 6 and 7, we can see that, the numerical solutions defined in (16) and (17)
are stable. Further, by the results of Ref. [20], the matrices associated with the difference schemes
(16) and (17) are M-matrices.

5. Error Computation

Analogous to the continuous solution, the numerical solution is decomposed into
smooth and singular components. The solution U"*? is decomposed as U"*+2 = V"+1 +
s satisfy the following difference equations:

+
QNVn F=V +htg1(xl,y], tat1), i € In\ {N, § 2:0} (18)
18
n+l n+i 1/ nt-1 "JF
D+VN/22] Dy VN/22] = {anrz (dx)}, VOJ 2 =0, V 2=,
1
@wajﬂ =W, ie Iy \{N, 5,0},
' (19)
n+1 n+1 1 n+3 n+3
D+WN/22] D WN/22] = |:Un+2 (dx)}r WO,j *=0, WN,]'Z =
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Similarly, the solution U" ! is decomposed as U" ! = V"*1 4 W1 and they satisfy
the following difference equations:

+3 )
DYV = ViR 4 huga(xi Yy tarn), j € In \ AN, 5,0}, 20

+y/n+1 —yntl +1/ n+l _ n+l _
DyVina =Dy Ving = [Un (dy)}f Vio =0 Vin" =0

1
N+l _ pwita
i)y Wi’j =W.

l,j /]eIN\{N/%/O}/

(21)
+1 —wntl 1 +1 _ +1 _
Dy W}, — Dy Wi, = — {UH (dy)}, Wi =0, Wit = 0.
Note: The error estimate in each time level is proved in the following way:

Step 1:First we estimate the absolute difference of U and V;

Step 2 :We estimate the error bound of the regular component, that is [v — V|;

Step 3 :To estimate the error bound of the singular component |w — W| in the entire domain,
first we estimate in the outer region and then using the estimate of |U — V|, we estimate
|w — W] in the inner layer region;

Step 4 :Using the triangle inequality, we estimate the error bound of the numerical solution
in each time level.

Lemma 8. Let Ui%j and Vl%] be numerical solutions of (16) and (18), respectively, when n = 0, then
N7, i€y,
|lli%]. - Vl%\ <C{C+Nlie I% \I%,
N7 i€ Ina\Tsy,
[ is constant.

Proof. Fix j. Let us consider the mesh function

¥ () = CINs(x) + 9 ()] + [UF - V2, i,

1 1
where { = MaXN oSN ‘ui?j — Vl2]|, and
G TR TS AN
Tl,x ! 7 T

p(xi) = (1 - M)ér i€ sy 4\ Iy

T,x
0, otherwise.
It is easy to show that g+ (x;) >0, i =0, N, and by the arguments of [13], we have

- b i ., N
DY (i) = DY (CN7Ts(x) + (x:) £D (UL = ViE) 20,0 # -,

(Df ~ Dy )¥*(xy) <0,i= 3.

By the Lemma 4, we have ¥Y*(x;) > 0. Hence the proof of the lemma. [
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1
Lemma 9. Let 02 and V2 be two solutions of (12) and (18), respectively, the |v% (xi,y) — ny| <
CN—1, Vi.

Proof. Now, we see that

1 1 1 1 1 1
DY (02 (xi,y) — Vi) = Y02 (x;,y) — ©xNVify = DY (x;,y) — D202 (x;,y)

d? L, d 1
= I [8 (‘Sazc - dxz) + pli,j (Dx - dx) + qli,j [Icli\] - Id]:| 02 (xi/y)/

1
from the results given in Refs. [2,21,22], we have |CD§](U% (xi,y) — ny)\ < ChyN~1. Using
the following barrier function

NI—=

P (x;) = CN7ls(x) + (02 (xi,y) = V),

we can see that ¢+ (x;) > 0, i = 0,N, ®Ny*(x;) > 0and (D — Dx_)v,bi(x%) < 0. From
the Lemma 4, we have the desired result. [

Lemma 10. Let w? and W2 be the solutions of (13) and (19), respectively, then |w%(xl-,y) -
1
W7 | <CN~'InN, Vi.

Proof. By the triangle inequality, Theorem 1, Lemmas 8 and 9, we have

NI—=

1 1 1 1 1 1 1
(xi09) = U2, < [UZ, — V2| + [0 (xiy) — V| + 22 (x3,) — 0} (x1,9)

e
w%m@£n>
<CN'4C

- —1 - — X
sa%muz>>wm0wszJeh_%,

|0
iGIM,
2

S
N7L, i€y,
+C g+N—1,ieI%71\I%,
NI ieZN\I%_l

N_ll IGIM/
{+N14exp M  1E€Iy\Ty,
<C
(4 — 1
I+N1+exp W €Ty 4\ Ty,
N-1, i€y \I%fl’

e

1 1 1 1 .
where { = maxy ;i sn g [Uj; — V3| Hence |22 (xj,y) — U7 | <CN1, i =0,1,--- , §,

1
%,-" , N. Therefore |w%(xl-,y) — Wify| <CNLYi=01,--- ,%,%,"' ,N. To prove the

result inside the inner region, we consider the following mesh function

lpi(xi) = CN_lCP(xi) + (w% - W%)/ X € (dx — T,x/ dx) U (dx/dx + TZ,x) ﬂﬁij,
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N
(T+x) + 3 (xi — (dx —T1x)), Xi € [dx — T10,d2) N QY

4

where ¢(x;) =

dx_xi
1+d,+d
( iy

Ty = min{T y, T }. Then we have, y*(x;) > 0, i = I, 2. Further |©i\’(w% - W%)| <
Cihe 2 N-Li=%+1,-.. F—1,5+1,..., 28 Now,

—N
> + :%(dx + T — xi), X; € [dx,dx + TZ,X} N Qx ,

_ 1 1 —N
DY P*(x;) = CN DY p(x;) £ DN (w2 — W2), x; € (dy — Tux, dx) U (de, di + T2x) N Oy

_ _ —N
1+ hipy + ghtpl , X € (dy — T1p,dx) N QY
> CN™! N
1+ (py 22 + 1) + Fhi(py + B1), % € (du,dx + o) N

F Clhte_zN_l >0
for a suitable choice of C > 0. At the point xy /5, we have (D — Dy )= (xy,2) < 0. From
the Lemma 4, we have |w% - W%| <CN7!'InN,i=%,... 2N Therefore |w% (x;,y) —

1
W | <CN'InN, Vi. O

NI—

Lemma 11. Let 212 and U2 be the solution of (5) and (16), respectively, then ||ﬁ% -u
CN~'InN.

| <

Proof. The proof follows from the above two lemmas. O

Lemma 12. Let o}, w!, 1, V1, W1, and U? be the solutions of (14), (15), (6), (20), (21), and (17),
respectively, then

|0t = VY| < CN7Y, ||w! — W < CN~'InN,
|a' — Ul < CN~!InN.

Proof. We see that, #i' (x,0) = U}Cro and 7' (x,1) = LI}C,N.
Similar to the proof of Lemma 8, we can prove the following,

N1, i,jeTy,

u' =V <C{gH+NLijeTsw\Iy, (= max_ |U,—-V}
0 ey | rEER T
N~ i,jeIna)\ 5N

Let v! and V! be the solutions of (14) and (20), then similar to Lemma 9, we have

Dy (0! (x,y) — Vi) = D)0 (v, ) = DYV, = D)0 (x, ;) — Dy’ (x,j)

d? . d
= [ e(8 - 2 ) (D5 = ) 13 o1 ),
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and \@;j (vl (x, yj) — vl ])| < ChyN~1. Then by a suitable barrier function one can prove
that ||o! — V!|| < CN~. Similar to the Lemma 11, we estimate ||w! — W],

|2 (x,y7) = Uy ;| < Uy ;= Vol + [0 () = Vi + [0 (x, ) — v(x,;)]
N7, ijely,
S(yi—d
I+ N1+exp W , i,jeI%\I%,
<cC
— (4
0+ N-1+exp M ,i’jgz%\z'%’
N7, i,j €I\ Tex.
Hence | (x,y;) — U} |<CN Li=01- AL Nand |w'(x,y) — Wy | <
“1j=01,--- 4,3 ... N.Using the barrier function

_ —N
lpi(yj) CN 14’(]/]) + (wl - 1)/ yj € (dy — Ty, dy) U (dyr dy + TZ,y) N Qy ’

N
(1+y;) + g(yj —(dy —11y)), yj € ldy — Ty, dy) Ny,

where ¢(y;) =

—d
Ty = min{1 y, 7o, } we prove that |w! =Wl <CN~'InN,j=%+1,---, 3N — 1. Hence
the proof. O

—N 4
<1+d +d yf) + 3 (dy + 1y —y)), yj € [y, dy + 1] N Oy,

1

Theorem 3. Let 012, g +1 LI”Jr2 and U?].H be the solutions of (5), (6), (16), and (17), respec-
tively, then

|72 —umtz| < CN“'InN, and ||a"t! —U"t|| < CN"'InN.

1
Proof. We prove the theorem on each time level t = t,;. We know that ants 0,y) — u 2

0y
1
0, 2" (Ly) — Uy ? =0, (x,0) — U = 0and @™+ (x,1) — U} = 0.

@y(un% _ Vn+%) — @xNunJr% _ @xNVnJr% —ur—vn,
N7, ijely,
oY (U2 — V)| < CAgH+NTL ij € Taw \ Ty,
LijeIng \ sy,
ng(unH _ Vn+1) _ Qly\funJrl - ;D]z/vVnH _ un+% _ Vn+%,
N1, i,j €Ly,
IoF (U V| < CQEH+NTY ij € Ty \ Ty,
N7, q,j € In-1\Tsy,

{=max  max \ui; — Vil
S R e '
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with the successive applications of Lemmas 6 and 7 and the iteration in n, we prove that
N1, i,j€ I%,
. 1
lur = VH| <C{E+NTL i j eI \Iy, p=n+l&p=n+s.
N1 ijeIn, \I%,

Using the following barrier functions

_ 1
Y1 (xi) = CNs(x;) & [0" 12 (x;,y)) — Vii

¥ (y) = CNIs(yp) + [0 (i, 7) = VI, V),

and from Lemmas 6 and 7, we can prove that

”vn—i-% _ Vn—l—% ” < CN_l, ||Z)"+1 _ Vn+1|| < CN L

=z

It is observed that \w”(xi,yj) - Wi”j| <CNLu=n+ %, n+1,i,j=01,---,

%, -+, N. Using the following barrier functions

®F(x;) = CN "Ly (x;) £ ("2 — W), x; € [ UQ3,] NOLY,

_ —N
@5 (y;) = CN 1o (y;) £+ ("™ = W), y; € [, U3, I N,
—N
(1+X1')+;%‘(Xi—(dx—’l’1,x)), X; eQZ,mex/
where qbl(xl-) = dx — N
<1+dx+dx T ) +F(dx+1x—xi), X € Q3 NQy,
X
; —N
(1+y;) +:*5(y/'_ (dy —T1y)), yj € ay NQYy,
P2(y;) = dy —y;

—N
<1+dy+dy1_dy>+Zg(dy+72,y—y]-), yj € Qay NQY,,
1

T, = min{1y,, Ty}, § = X,y we prove that |w#(x;,y;) — Wij| <CNLu=n+

%, n+1,and i,j = % +1,---, % — 1. By the triangle inequality, we have the desired
results. [

Theorem 4. Let u(x;, Yj, ty) and Ul"] be the solutions of (1) and (17), then
|u—U| < C(ht+N"InN).
Proof. The error can be obtained from the following
u(xi,yj tn) — Ul = " (xi,y) — U+ ulxi, yj, ) — 0" (xi,y) + 0" (x5, ) — 0" (x1,y5)
Jutn) = UM < [Ju" =" + (|27 — U"|| + [Ju(tn) — u"]].
From Lemma 3, Theorem 3 and Ref. [6], Theorem 1, we have
u(tn) = U || < Ju(tn) —a" || + [[7" — 2"|| + 2" — U"|] < Chy + CN "' InN,

which completes the proof. [
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6. Numerical Validation

Two examples are presented in this section to validate the theoretical results presented
in this article. The exact analytical solutions to the test problems are unknown, there-
fore we use the double mesh principle to calculate the maximum point-wise error and
computational order of convergence. For fixed M, we define

EY = max | U (hy, hy, ) — U
i,j g

DY,
D;\{y:m?xE?],p log2<D' ),
XYy

where U}j(hx, hy, ht) and UN ( %, 7y % are the numerical solutions at the node (x;, Yi, tn)

with mesh sizes (hy, hy, ht) and (5, +, % ), respectively, D,Ic\,]y is maximum over ¢ for fixed N.
Example 1. Consider the 2D parabolic PDE (1) with discontinuous source and convection coeffi-

cients with the following data:

du eAu+ p(x) - Vu+q(x)u(x —d, t)

5 t) € @ x (0, T|

=g(x 1), (x,
1+x(1—x), x € (0,dy), Yy, 1+y(1-y), y<(0,dy), Vx,

p1(x) = p2(x) = ,
—(14+x(1—x)), x € (dy, 1), —(1+x(1—-x)), y <€ (dy,1),

g1(x) = =05—x(1—x), g2(x) = -05—-y(1 —y), dy =05 = dy,

2001 2 2 Xy

x*y(1—x)(1—y)“exp (t T +y2>, x € (0,dy),

g1(xt) = , ) ey
xy(1—x)*(1—y)exp (t - 1+xz—y2>' x € (dy, 1),

—x3y2, y € (0,dy),
D(xt) = ug =

(1-x)°/1—y, y € (dy,1)

Table 1 presents the maximum pointwise error and the order of convergence cor-
responding to Example 1. Figures 2 and 3 depict the numerical solution and pointwise
maximum error of the problem studied in Example 1, respectively.

xy(1—x)(1—y)
T+x2+y2 -

Table 1. Maximum error and order of convergence for the Example 1 with M = 27.

N Number of Mesh Points in Space Directions

el 16 32 64 128 256

1071 55196 x 103 3.0933 x 103 1.6543 x 1073 8.5850 x 10~* 43790 x 1074
0.83544 0.90292 0.94632 0.97123 -

103 2.1762 x 1072 1.5092 x 102 1.0563 x 102 7.6976 x 1073 5.4021 x 1073
0.52801 0.51484 0.45650 0.51089 -

10> 2.2373 x 1072 1.5657 x 102 1.0944 x 10~2 8.0343 x 103 5.6554 x 1073
0.51496 0.51669 0.44586 0.50655 -

107 2.2379 x 102 1.5663 x 1072 1.0948x 102 8.0378 x 103 5.6580 x 1073
0.51482 0.51668 0.44577 0.50650 -

10—? 2.2379 x 102 1.5663 x 1072 1.0948 x 1072 8.0378 x 1073 5.6580 x 1073
0.51482 0.51668 0.44577 0.50650 -

DY, 22379 x 1072 15663 X 1072  1.0948 x 1072  8.0378 X 10>  5.6580 x 10~*
N 0.51482 0.51668 0.44577 0.50650 -
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04

0.05

-0.05

Numerical Solution

0.1

015

Figure 2. Numerical solution of Example 1 for fixed M = 2%, N = 27,¢ = 107°.

Max. Error

Figure 3. Maximum error of Example 1.

M=2%; N=2'; =10
d =054
X ¥
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Example 2. Consider the 2D parabolic PDE (1) with discontinuous source and convection coeffi-
cients with the following data:

T+x(1—x)+y% x€(0,dy), Yy,
p1(x) = dy = 0.5,d, = 0.25
—(14+x(1—x)+exp(—y)), x € (dy, 1),

” I+y(1—y)+Vx y €(0,dy), Vx,
p2(x) = ’
—(1+y(1—y)+x?), y € (dy,1),

c1(x) = =05 — x(1 —x), c2(x) = —0.5 - y*(1 —y),

dtxyexp (x> +1?), x € (0,dy), 4xyexp(x®> +y?), y € (0,dy),
81(x 1) = 82(x 1) =

41 —x)(1—y), x € (dy, 1), 4(1—-x)(1—-y), y € (dy1),

o= WA =01 —y)
0 T+x2+y2

The maximum pointwise error and the order of convergence corresponding to Example 2
are given in Table 2. Figures 4 and 5 display the numerical solution and pointwise maximum
error of Example 2, respectively.

w2’ N=2'; =10
d =05=2d
X y

Numerical Solution

Figure 4. Numerical solution of Example 2 for fixed M = 2%, N =27, ¢ = 1075,
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Max. Error
s

Figure 5. Maximum error of Example 2.

Table 2. Maximum error and order of convergence for the Example 2 with M = 27.

N Number of Mesh Points in Space Directions

el 16 32 64 128 256

107! 4.6432 x 1072 2.4055 x 102 1.2254 x 1072 6.1910 x 103 3.1182 x 1073
0.94879 0.97310 0.98498 0.98946 -

1073 4.3139 x 102 2.9874 x 1072 2.3658 x 102 1.8574 x 1072 1.5132 x 1072
0.53011 0.33654 0.34909 0.29568 -

1075 4.4807 x 102 3.1372 x 102 2.3990 x 102 1.8528 x 102 1.5113 x 1072
0.51422 0.38706 0.37270 0.29390 -

1077 44821 x 102 3.1389 x 102 2.3995 x 102 1.8528 x 102 1.5113 x 102
0.51390 0.38755 0.37302 0.29389 -

10~° 44821 x 102 3.1389 x 102 2.3995 x 102 1.8528 x 102 1.5113 x 102
0.51390 0.38756 0.37302 0.29389 -

DY, 4.6432 X 1072 31389 X 1072 2.3995 x 1072  1.8574 X 1072  1.5132 X 1072

oN 0.56483 0.38756 0.36945 0.29568 -

7. Concluding Remarks

This article discusses singularly perturbed 2D parabolic delay differential equations
with discontinuous convection coefficients and source terms. As pointed out in Ref. [3],
the fractional step method results in low-cost computation for 2D problems. Therefore, we
first apply the fractional implicit Euler method for the time derivative. Then the higher
dimensional problem is reduced to lower dimensional problems. In fact, we get 2N system
of uncoupled equations. Each equation is a singularly perturbed differential equation with
a discontinuous convection coefficient and source term. As discussed in Ref. [13], we
discretized the spatial domains (), y = x,y in the same manner, such as 55, u=uxy. On
each mesh we apply the difference scheme Dﬁf Ui, p = x,y. Itis proved that the present
method is of almost first-order convergence in space and time. Figures 2 and 4 represent
the test problems solutions stated in Examples 1 and 2, respectively, we see that, the layers
occurs at the points dy and d,,. Tables 1 and 2 present the maximum pointwise errors of
the test example problems. It is also worth noting that when the parameter ¢ drops, the
maximum pointwise error grows and stabilizes. It is assumed that the number of mesh
points in the time direction is M = 128. From Figures 3 and 5 we see that the maximum
pointwise error decreases as N increases. The present method works for the problems
with any delay arguments of size 0 << d;, <1, y = x,y. In Example 1 we assumed that
dy = 0.5 = dy,, whereas in Example 2 we assumed that dy = 0.5, d, = 0.25.
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