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Abstract: This paper deals with prediction of the roughness of a cutting surface in the turning process,
applying the vibration data of the system. A new type of dynamic model for a workpiece-cutting
tool system, appropriate for vibration simulation, is developed. The workpiece is modelled as a
mass-spring system with nonlinear elastic property. The cutting tool acts on the workpiece with
the cutting force which causes strong in-plane vibration. Based on the experimentally measured
values, the cutting force is analytically described as the function of feed ratio and cutting speed.
The mathematical model of the vibrating system is a non-homogenous strong nonlinear differential
equation with complex function. A new approximate solution for the nonlinear equation is derived
and analytic description of vibration is obtained. The solution depends on parameters of the excitation
force, velocity of rotation and nonlinear properties of the system. Increasing the feed ratio at a constant
velocity of the working piece, the frequency of vibration decreases and the amplitude of vibration
increases; increasing the velocity of working piece for constant feed ratio causes an increase of the
frequency and a decrease of the amplitude of vibration. Experiments demonstrate that the analytical
solution of the nonlinear vibration model in turning process is in direct correlation with the cutting
surface roughness. The predicted surface roughness is approximately (1–2) × 10−3 times smaller
than the amplitude of vibration of the nonlinear model considered in this paper.

Keywords: surface roughness; cutting force; complex deflection function; nonlinear oscillator; analytic
solution

MSC: 34C15

1. Introduction

Modern manufacturing requires good quality assurance of the turned parts. One of
the quality indicators is the roughness of the machined surface. To meet the requirement for
minimum surface roughness a significant amount of research has already been carried out.
The investigations are mostly based on experimental data obtained by measuring during
turning process. Thus, experiments are done for workpieces made of various materials
such as Ti-6Al-4V [1,2], dry grey cast iron [3], Inconel 718 alloy [4], stainless steel [5–7], for
AISI 5140 [8], and AISI 316L steel for biomedical purposes [9]. The roughness properties
of the turning EN19 steel, cut with the coated carbide tool [10], AISID2 turning with
minimal quantity of lubrication (MQL) [11], dry turning [12] and hard turning of AISI
52100 steel [13], and Haynes 263 and Inconel 718 superalloys turning with cryogenic
cooling [14] have also been considered. The obtained results show that the roughness
level differs for various workpieces and turning properties and parameters. Bonifacio and
Diniz [15] found that the surface roughness varies due to tool wear. Suarez et al. found
the effect of high-pressure cooling on the wear patterns on IN718 alloy [16] and of the
cutting forces in turning of Haynes 282 [17]. De Aguiar et al. [18] concluded that tool wear
is in correlation with vibration and Bhogal et al. [19] stated that vibration has an effect
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on the surface roughness. Nitin Ambhore et al. [20] evaluated the surface roughness by
measuring the vibration acceleration. Abouelatta and Mádl [21] studied the correlation
between surface roughness and cutting vibrations in turning. Selvam [22] found that
there was a correlation between the measured frequency spectra of tool vibration and
also the surface profile in turning [23]. Upadhyay et al. [1] and González-Laguna, A.
et al. [24] extended the conclusion by analyzing the measured vibration signals. Based on
the measured results it is concluded that the vibration properties, but also the roughness
of the surface and the wear in turning [25], depend on the cutting tool parameters [26]
and also on cutting parameters [27] e.g., speed, depth of cut, lubrication conditions and
feed rate [12]. In addition, it is seen that based on the measured vibration properties of the
system the prediction of the surface roughness is possible. To reduce the surface roughness,
a significant number of methods for vibration elimination have been developed [28]. Special
attention is given to avoidance of chatter [29] and regenerative vibration [30]. Recently, the
tendency is towards describing mathematically the surface roughness and the vibration
properties of cutting. For vibration prediction, simulation models [31], numeric [32] and
evolutionary algorithms [33] and also machine learning [34] have been developed. Based
on the experimentally obtained results, roughness of the surface is given in the polynomial
form as the function of cutting speed, cutting depth and feed ratio [35]. Thomas et al. [36]
stated that the correct vibration–surface roughness relationship requires knowledge of the
cutting force. In [37], the circular and axial components of the cutting force are applied for
vibration calculation. Empirical formulas of the cutting force are assumed as the product
of cutting depth and feed rate [38] or even cutting speed [39]. Using the linear oscillatory
model excited with cutting force, the prediction of the surface roughness has been carried
out [6]. Unfortunately, the results were in large discrepancy with real systems.

The main reason for this is that the applied models are quite simple and differ consid-
erably from the real system. In spite of the fact that the system is strongly nonlinear, for
computing reasons, the models were assumed to be linear or with weak nonlinearity [40].
In addition, the considered models had a single degree-of-freedom, i.e., vibration was
analyzed only in one direction.

To overcome the previous mentioned drawbacks, in this paper the model is assumed
in a more complex form. Nonlinearity of the system is included in the model and the
vibrations are analyzed in two orthogonal directions. The motion is described with the
non-homogenous complex function strong nonlinear differential equation. In this paper, a
solving procedure based on a homogenous complex function equation [41–43] is developed.
The approximate solution is applied for discussion of vibration of the cutting system.
The influence of feed rate and circular velocity of workpiece on the nonlinear cutting
system is analyzed. The obtained vibration result is in correlation with the experimentally
obtained surface roughness. The correlation is appropriate for qualitative analysis, as due
to nonlinearity there is an extreme sensitivity on parameter variation of the system. In spite
of that, the model suggested in the paper is highly recommended for prediction of surface
roughness based on the computed vibration parameters.

The paper is divided into five sections. After the Introduction, in Section 2 the cutting
system is modelled. The in-plane vibration of the workpiece–tool system is considered.
The mathematical model is the function of the complex deflection function. In Section 3
the approximate solving procedure for the strong non-homogenous nonlinear differential
equation with complex function is introduced. It is proved that the analytical solution is
on the top of the numerical one. In Section 4 the model of the cutting force, based on the
measured one, is developed. The calculated and the measured cutting forces are considered
and compared. In Section 5 the vibration analyses of the cutting system caused with cutting
force is done. The data are compared with measured values of surface roughness. The
correlation between the vibration amplitude and measure surface roughness is found. The
paper ends with a conclusion.
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2. Modelling of the Cutting System

In Figure 1a the model of the cutting process is plotted. The system contains the
workpiece and the cutting tool. The workpiece is assumed as a rotor which is rotating
with angular velocity Ω. On the workpiece the active cutting force acts which causes the
rotor center O to move to the new position (Figure 1b). If the motion of O along the rotor
axis is negligible in comparison to that in x and y direction, vibration becomes in-plane
in the Oxy coordinate system. Then, the rotor is assumed as a one mass system with two
degrees-of-freedom. The motion of the rotor center is described with a complex deflection
function z(t):

z(t) = x(t) + iy(t)

where i =
√
−1 is the imaginary unit and x(t) and y(t) are deflections in two orthogonal

directions. The rotor has the total mass m. The elastic force of the rotor is assumed to be
nonlinear and to have a linear and a nonlinear term, i.e.,

Fe = z(c1 + c3(zz)), (1)

where (·) is the complex conjugate function of (·) and
√

zz =
√

x2 + y2 is the OO1 distance,
c1 and c3 are coefficients of linear and nonlinear term of the elastic force, respectively.
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On the rotor the cutting force acts. The cutting force has three components in three
orthogonal directions: one along the workpiece and two in a plane orthogonal to the length
of the workpiece.

In our paper, we consider the in-plane vibration and we apply the two components of
the force: Fx and Fy in x and y direction. Thus, the total cutting force Fz in x-y plane is

Fz = Fx + iFy (2)

Assuming that the x direction corresponds to the radial direction and the y to the
circular one, the force is

Fz = Fr + iFc (3)

where Fr is the radial and Fc is the circular component of the cutting force. The additional
effect in machining vibration is due to the gyroscopic force Fg which is the result of the
Coriolis acceleration in rotor, which takes into account the angular velocity of rotation Ω
and velocity of the displacement

.
z. Thus, for the gyroscopic coefficient g, the gyroscopic

force is Fg = −igΩ
.
z.

Using the aforementioned, the mathematical model of the rotor is

m
..
z− igΩ

.
z + c1z + c3z(zz) = Fz (4)
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It is a second order nonlinear differential equation with complex function and with
constant excitation which describes the in-plane excited vibration with constant force.

3. Analytic Solving Procedure

Finding the closed analytic solution of the strong nonlinear Equation (4) is not an easy
task. In this section the procedure for approximate solving is introduced. Solution of the
Equation (4) is assumed in the form

z = Az + Rexp(iψ) (5)

where ψ = ωt + θ, R, Az,ω, θ are constants. R is the amplitude of vibration, θ is the phase
angle, ω is the frequency of vibration, and Az is a complex function. Substituting (5) into
(4) it is

−mω2Rexp(iψ) + gΩωRexp(iψ) + c1(Az + Rexp(iψ))
+c3(Az + Rexp(iψ))2(Az + Rexp(−iψ)

)
= F

(6)

After some modification and separating the constant terms and those multiplied with
exp(iψ) it follows

/ : Az(c1 + c3

((
Az Az

)
+ 2R2

)
= Fz (7)

exp(iψ) : −mω2 + gΩω+ c1 + c3

(
2Az Az + R2

)
= 0 (8)

Solving the algebraic Equations (7) and (8), the unknown values of Az and ω are
obtained. Using (2) and the fact that

Az = Ax + iAy, (9)

where Ax and Ay are values in x and y orthogonal directions, the Equation (7) is rewritten
into two coupled equations

Ax(c1 + c3

((
A2

x + A2
y

)
+ 2R2

)
= Fx (10)

Ay(c1 + c3

((
A2

x + A2
y

)
+ 2R2

)
= Fy (11)

For reasons of calculation the two third order coupled Equations (10) and (11) are
modified into

(A2
x + A2

y)(c1 + c3

((
A2

x + A2
y

)
+ 2R2

)
)

2
=
(

F2
x + F2

y

)
(12)

Solving (12) the amplitude of vibration R is obtained as

R =

√
F

2ac3
− a2

2
− c1

2c3
(13)

where a =
√

A2
x + A2

y is the initial constant distance of the rotor center to O and F =√
F2

x + F2
y is the intensity of the cutting force.

(a) Analyzing (13) it is seen that for F− a
(
c1 + c3a2) ≤ 0 the amplitude of vibration is

zero. We can realize this case if the cutting force is smaller than the elastic force of the
rotor. Unfortunately, in real systems the realization of the cutting process requires
the cutting force to be significantly higher than the elastic force. So, it is concluded
that in real conventional cutting processes vibrations always exist and therefore total
elimination is impossible.

(b) For F− a
(
c1 + c3a2) > 0 vibration of the system occurs. According to (5) the vibrations

in two orthogonal directions are



Mathematics 2022, 10, 3214 5 of 15

x = Ax + Rcos(ωt + θ), (14)

y = Ay + Rsin(ωt + θ) (15)

For the known value of a, the amplitude of vibration R (13) depends on the intensity
of cutting force and elastic property of the cutting system. Substituting (13) into (10) and
(11), we obtain the values of Ax and Ay in the form

Ax =
aFx

F
, Ay =

aFy

F
. (16)

According to (8) and (9) the frequency of vibration is

ω =
gΩ +

√
(gΩ)2 + 4m(c1 − c3(2a2 + R2))

2m
(17)

Frequency of vibration depends on the amplitude of vibration R, parameters of elastic-
ity, on value of a and the intensity of the cutting force F. For (13) the frequency expression
is transformed into

ω =
gΩ
2m

+
1

2m

√
(gΩ)2 + 4m(c1 −

1
2
(3a2c3 − c1 +

F
a
)) (18)

Finally, for θ = 0 vibration in x and y direction is

x =
aFx

F
+ Rcos

(
t(

gΩ
2m

+
1

2m

√
(gΩ)2 + 4m(c1 −

1
2
(3a2c3 − c1 +

F
a
))

)
(19)

y =
aFx

F
+ Rsin

(
t(

gΩ
2m

+
1

2m

√
(gΩ)2 + 4m(c1 −

1
2
(3a2c3 − c1 +

F
a
))

)
(20)

To prove the accuracy of the approximate solution given with (19) and (20), it has to
be compared with the exact solution of (4). To obtain the exact numerical solution of (4), it
has to be rewritten into two coupled second order equations

m
..
x + gΩ

.
y + c1x + c3

(
x2 + y2

)
x = Fx (21)

m
..
y− gΩ

.
x + c1y + c3

(
x2 + y2

)
y = Fy (22)

For parameter values m = 1, c1 = 10, c3 = 1, a = 1, g = 1, F = 10 the numerical solution
of (21) and (22) is obtained by using the Runge Kutta procedure. In Figure 2 the numeri-
cally and analytically obtained x-t (19) and y-t (20) diagrams are plotted. Comparing the
diagrams, it is seen that for short time intervals the difference in solutions is negligible.
The difference is seen for long time intervals and is evident in the frequency of vibration.
The frequency of vibration obtained analytically is higher than the exact one obtained by
numerical calculation. However, the analytically obtained amplitude of vibration agrees
with the numerically obtained one. Due to the fact that the analytically obtained solutions
are close to exact numerical results, it is concluded that the suggested analytical model
is appropriate for analysis of the influence of cutting force parameters on the vibration
properties of the cutting system.
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4. Measuring and Modelling of the Cutting Force

For mathematical modelling of the cutting force, the experimentally measured force is
applied. In Figure 3 the experimental rig for turning process and cutting force measuring
is shown. In the working piece holder of the Dugard Eagle BNC-1840 CNC lathe, the
working piece is settled. The diameter of the working piece was 60 mm and the material
was C45 (1.0503). A Kistler 9251A force measuring device with a 5019 multichannel charge
amplifier was used to measure the force components during machining experiments. The
cutting tool code was PDJNR 2525M 15 and the insert code was DCMT 11 T3 08-PM 4325
(Manufacturer: Sandvik Coromant Co., Sandviken, Sweden). The measured values of the
cutting force in radial Fr and circular Fc directions are evaluated applying the DynoWare
software (version 3.2.5.0).
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Figure 3. Experimental rig.

Measuring of the cutting force was done for various cutting parameters. Namely, the
goal was to achieve as wide a range of machining parameters as possible, as is used in the
industry. Therefore, six different feed rates and six different cutting speeds were used to
cut the working piece surface (6 f 6 v) at a total of 36 measuring points (see Figure 4). The
depth of cut was constant, a = 1.6 mm. In addition, four other machining experiments were
performed within the investigated machining parameter range to confirm the model. The
locations of the points for experimental and model verification are shown in Figure 4. The
measured cutting force components are given in Table 1.
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Table 1. Measured and calculated forces.

Experimental
Runs f, mm v, m/min Fr, N meas. Fr, N calc. ∆Fr, % Fc, N meas. Fc, N calc. ∆Fc, % F, N

1 0.1 200 85 85.12 0.14 410 410.7 0.16 418.72
2 0.14 200 99 98.47 −0.54 531 525.9 −0.97 540.15
3 0.18 200 113 112.15 −0.76 649 640.9 −1.27 658.76
4 0.22 200 126 126.16 0.13 763 755.7 −0.97 773.33
5 0.26 200 140 140.51 0.36 879 870.2 −1.01 890.08
6 0.3 200 154 155.19 0.77 991 984.5 −0.66 1002.9
7 0.1 240 84 86.11 2.45 405 405.0 −0.01 413.62
8 0.14 240 98 98.85 0.86 523 519.2 −0.72 532.10
9 0.18 240 113 111.92 −0.96 637 633.3 −0.58 646.95

10 0.22 240 127 125.33 −1.33 755 747.1 −1.05 765.61
11 0.26 240 139 139.07 0.05 872 860.7 −1.31 883.01
12 0.3 240 155 153.14 −1.21 989 974.1 −1.53 1001.1
13 0.1 280 88 87.34 −0.76 402 400.3 −0.42 411.52
14 0.14 280 100 99.47 −0.53 517 513.6 −0.65 526.58
15 0.18 280 113 111.94 −0.95 629 626.7 −0.36 639.07
16 0.22 280 126 124.74 −1.01 746 739.6 −0.86 757.55
17 0.26 280 136 137.87 1.36 859 852.3 −0.79 869.70
18 0.3 280 151 151.34 0.22 984 964.7 −2.00 995.52
19 0.1 320 89 88.81 −0.21 398 396.7 −0.33 407.83
20 0.14 320 99 100.34 1.33 511 509.1 −0.38 520.50
21 0.18 320 111 112.20 1.07 623 621.2 −0.29 632.81
22 0.22 320 124 124.39 0.31 738 733.2 −0.66 748.34
23 0.26 320 137 136.91 −0.06 858 844.9 −1.55 868.87
24 0.3 320 147 149.77 1.85 967 956.3 −1.11 978.11
25 0.1 360 92 90.53 −1.63 396 394.1 −0.49 406.66
26 0.14 360 101 101.45 0.44 507 505.5 −0.29 516.96
27 0.18 360 112 112.70 0.62 619 616.7 −0.37 629.05
28 0.22 360 125 124.28 −0.58 735 727.7 −1.00 745.55
29 0.26 360 139 136.20 −2.06 852 838.5 −1.61 863.26
30 0.3 360 150 148.45 −1.04 959 949.0 −1.05 970.66
31 0.1 400 94 92.49 −1.63 399 392.5 −1.66 409.92
32 0.14 400 102 102.80 0.78 503 503.0 0.00 513.24
33 0.18 400 112 113.44 1.27 614 613.3 −0.12 624.12
34 0.22 400 124 124.42 0.34 733 723.3 −1.34 743.41
35 0.26 400 135 135.73 0.54 846 833.1 −1.54 856.70
36 0.3 400 148 147.38 −0.42 952 942.7 −0.98 963.44
37 0.12 300 96 93.92 −2.22 463 454.8 −1.80 472.85
38 0.2 380 118 118.64 0.54 677 670.2 −1.02 687.21
39 0.28 300 144 143.90 −0.07 921 904.5 −1.83 932.19
40 0.2 220 124 118.82 −4.36 713 694.1 −2.72 723.70
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Based on the measured values, the force F in the cutting surface x-y is calculated as
F =

√
F2

r + F2
c . Comparing the measured values, it is obvious that the circular cutting

component is significantly higher than the components in radial direction. In addition, the
measured data show the deep dependence of the force on the feed and velocity parameters.
For the constant rotating velocity, due to variation of the feed rate from 0.18 mm to 0.3 mm
the force increases 2 to 2.5 times. The influence is more significant for smaller velocities
than for higher speeds. For the constant feed rate and variable velocity of the working
piece, there was a change in the cutting force F. The force decreases with increases in the
velocity of 5–6%. In spite of the fact that the influence of velocity on the force is smaller
than that of the feed rate, both parameters are included into the mathematical model. The
model of the force F = F(f,v) is assumed in the polynomial form, i.e.,

Fc = a0 + a1 v + a2 f + a3 v2 + a4 f 2 + a5 v f (23)

Fr = b0 + b1 v + b2 f + b3 v2 + b4 f 2 + b5 v f (24)

where ai and bi, i = 1, 2, 3, 4, 5 are unknown parameters. Using the already well-known
fitting procedure, the parameters ai and bi are calculated. Models of the cutting forces in
circular and radial directions based on the measured values are obtained

Fc = 153.7 + 3015.9 f + 71 f 2 − 0.225 v− 0.591 v f + 0.000322 v2 (25)

Fr = 44.3 + 384.6 f + 104.2 f 2 + 0.029 v− 0.379 v f + 0.000076 v2 (26)

where f (mm) is the feed rate and v (m/min) is the circular velocity of the workpiece. Values
for Fr and Fc are calculated and shown in Table 1 according to (25) and (26). In Figure 5 the
calculated and analytically obtained values of Fr and Fc are plotted. It is obvious that the
calculated values are on the top of the measured ones. The error between the calculated and
measured force is estimated and given in Table 1. The difference error is smaller than 2%.
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Figure 5. The calculated values as a function of measured values.

In Figure 6 the residuals in a probability plot are shown. It is visible that the mean of
the residuals is practically zero. The standard deviations of the residuals are very small
(2.78 N for Fc and 1.23 N for Fr), and in both components of force the residuals follow a
normal distribution.

Finally, it is concluded that expressions (25) and (26) are the appropriate models for
the cutting force.
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5. Discussion and Result Analysis

Using the mathematical model of the cutting force (25) and (26) the equations of
motion (21) and (22) we obtain

m
..
x + gΩ

.
y + c1x + c3

(
x2 + y2)x

= 44.3 + 384.6 f + 104.2 f 2 + 0.029 v− 0.379 v f
+ 0.000076 v2

(27)

m
..
y− gΩ

.
x + c1y + c3

(
x2 + y2)y

= 153.7 + 3015.9 f + 71 f 2 − 0.225 v− 0.591 v f
+ 0.000322 v2

(28)

Using the aforementioned analytic solving procedure and the relations (27) and (28) we
calculate the amplitude and frequency of vibration, according to (13) and (17), respectively,
where

F2 =
(153.7 + 3015.9 f + 71 f 2 − 0.225 v− 0.591 v f + 0.000322 v2)

2
+

(44.3 + 384.6 f + 104.2 f 2 + 0.029 v− 0.379 v f + 0.000076 v2)
2 (29)

As the cutting force depends on the feed value and the velocity it is expected that
these parameters have an influence on the vibration property of the system and roughness
of the cutting surface. Using the values given in Table 1 and relations (13) and (18), the
amplitude and frequency of vibration of the workpiece–cutting tool system are calculated
and shown in Table 2.

Analyzing the obtained results, it is seen that for the same value of velocity the
amplitude of vibration increases while the frequency of vibration decreases with increasing
of the feed ratio. The relative amplitude variation is 19.437%, 19.878%, 19.514% and the
relative frequency variation is 7.0193%, 7.0193%, 6.5064% for v = 200, 280, 400 m/min,
respectively.

On the contrary, for certain constant feed values, the amplitude of vibration decreases
and the frequency of vibration increases by increasing the velocity v. Thus, for f = 0.18, 0.22,
0.30 mm the amplitude variations are 2.4768%, 1.9555%, 1.9827% and frequency variations
are 2.4393%, 2.25714%, 2.9744%, respectively.

In this paper, the two most usual roughness parameters were measured: the Ra
(arithmetic average height) parameter and the ten points height Rz (according to DIN, the
average of the summation of the five highest peaks and the five lowest valleys along profile)
parameter [44]. Measuring was done with Mitutoyo Surfest SJ 301 roughness tester for the
measuring length of 4 mm, cut-off parameter 0.8, base length number N = 5 and measuring
speed of 0.5 mm/s. In Table 3, some of the measured values are shown.
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Table 2. Amplitude R and frequency ω of vibration for various values of feed rate f and velocity v.

f = 0.18 mm

v = 200 m/min v = 280 m/min v = 400 m/min

R (mm) 1.4262 1.4132 1.3966

ω
(
s−1) 95.95 96.926 98.349

f = 0.22 mm

v = 200 m/min v=280 m/min v = 400 m/min

R (mm) 1.5546 1.5386 1.5242

ω
(
s−1) 93.663 94.72 96.135

f = 0.30 mm

v = 200 m/min v = 280 m/min v = 400 m/min

R (mm) 1.7703 1.7638 1.7352

ω
(
s−1) 89.215 90.121 91.950

Table 3. Measured roughness values for various values of feed rate and velocity.

f = 0.18 mm

v = 200 m/min v = 280 m/min v = 400 m/min

Average surface roughness,
Ra, µm 1.67 1.37 1.45

Ten-points height, Rz, µm 7.19 6.31 6.79

f = 0.22 mm

v = 200 m/min v = 280 m/min v = 400 m/min

Average surface roughness,
Ra, µm 2.27 2.02 1.91

Ten-points height, Rz, µm 8.85 8.67 8.89

f = 0.30 mm

v = 200 m/min v = 280 m/min v = 400 m/min

Average surface roughness,
Ra, µm 3.81 3.55 3.47

Ten-points height, Rz, µm 16.06 15.34 15.31

In Figure 7, the roughness diagrams for v = 200 m/min and various feed values are
plotted. It is shown that by increasing the feed ratio, the amplitude and frequency of
roughness increase.
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In Figure 8, the roughness of the surface for various values of the circular velocity of
the working piece and constant food ratio is plotted. The amplitude of the roughness is
almost constant, independent of the velocity of the working piece.
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Comparing the results plotted in Figures 7 and 8, it is concluded that the circular
velocity has a smaller influence on the surface roughness than the feed ratio. The same
result is obtained by analyzing (25) and (26). Namely, it is seen that the force terms
connected with feed ratio are more significant than those with circular velocity.

In Table 4, surface roughness–vibration amplitude correlation parameters for various
workpiece velocity and feed ratios are calculated.

Table 4. Correlation parameters for surface roughness on amplitude of vibration.

f = 0.18 mm

v = 200 m/min v = 280 m/min v = 400 m/min Averaged
prediction coef.

(Ra/R) 10−3 1.1761 0.97163 1.0357 1.0611

(Rz/R) 10−3 5.0634 4.47520 4.8500 4.7962

f = 0.22 mm

v = 200 m/min v = 280 m/min v = 400 m/min Averaged
prediction coef.

(Ra/R) 10−3 1.4645 1.3203 1.2566 1.3471

(Rz/R) 10−3 5.7097 5.6667 5.8487 5.7417

f = 0.30 mm

v = 200 m/min v = 280 m/min v = 400 m/min Averaged
prediction coef.

(Ra/R) 10−3 2.1525 2.017 2.0058 2.0584

(Rz/R) 10−3 9.0734 8.7159 8.8497 8.8797

The averaged prediction coefficients for surface roughness are calculated and pre-
sented in Table 4. The coefficients give the possibility to predict the surface roughness
based on the computed vibration amplitude. Namely, the predicted surface roughness
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Ra or Rz is the product of the calculated vibration amplitude R (13) for turning with a
certain velocity, feed ratio and cutting depth of a certain material and of the corresponding
averaged coefficient.

6. Conclusions

This paper deals with prediction of the roughness of a cutting surface in the turning
process, applying the vibration data of the system. Vibration of the working piece is
caused by action of the cutting force of the cutting tool. The model of the system is
assumed as a one-mass two degrees-of-freedom rotor excited with a constant force. The
mathematical description of vibration is a strong nonlinear differential equation with
complex deflection function. There is no closed form solution for the equation and in this
paper the approximate solving procedure was developed. The obtained solution was shown
to depend on vibration parameters which give the possibility to predict the roughness of
the surface by varying the feed rate and velocity in the cutting process without conducting
experiments and experimental measuring. The additional conclusions are as follows:

1. The nonlinear oscillator excited with the constant excitation force is the suitable model
for vibration simulation of the workpiece-cutting tool in the turning process.

2. Using the fitting method of the measured values of the cutting force, the force function
on velocity of the workpiece and feed ratio in turning may be derived. The numerically
computed force correlates with the experimentally measured one.

3. The mathematical procedure for solving two coupled differential equations described
with complex displacement functions gives approximate solutions which are suitable
for the description of vibrations in the cutting process.

4. If the nonlinearity of the system is higher, i.e., the rigidity of the workpiece is higher,
the amplitude of vibration is smaller.

5. The amplitude and frequency of vibration strongly depend on the variation of the
feed ratio. Upon increasing the feed ratio at a constant velocity of the working piece,
the frequency of vibration decreases and the amplitude of vibration increases. The
amplitude variation is up to 20% and the frequency of variation up to 8%. A higher
value of variation is evident for a smaller velocity of the working piece.

6. If the feed ratio is constant, upon increasing of the velocity of working piece the
frequency of vibration also increases, while the amplitude of vibration decreases.
However, the frequency and amplitude variation are not higher than 2.5%. Hence, it is
concluded that the increase of the velocity of the workpiece does not have a significant
influence on variation of the vibration properties.

7. Comparing the analytic vibration results with experimentally measured surface rough-
ness, it is shown that they are in agreement. Thus, for the constant cutting velocity
and increasing of feed ratio, both amplitude of vibration and surface roughness are
increasing too. The higher the feed ratio, the higher the roughness value. Conversely,
if the cutting feed is constant, the increase of the cutting velocity does not have a
significant influence on variation of the vibration and the roughness of the cutting
surface.

8. Finally, the mathematical model suggested in the paper gives the vibration parameters
which give the possibility to predict the roughness of the surface by varying the feed
rate and velocity in cutting process without conducting experiments and experimental
measuring. The ratio of surface roughness (in µm) and amplitude of vibration of the
workpiece (in mm) is approximately (1–2) × 10−3.

The intention of the recent machining industry using computer-aided electronic and
mechanical support systems is to improve the development of the Industry 4.0 [45]. In this
sense, future investigations should be directed toward application of the results presented
in this paper for controlling surface roughness in turning based on the calculated amplitude
of vibration.
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The authors plan to continue their research on solving the problem of interaction of
transversal and axial vibrations in the turning process, with the aim of vibration elimination
and minimization of the cutting surface roughness.
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