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Abstract: In this study, we obtain certain coupled fixed-point results for generalized contractions
involving two control functions in a controlled metric space. Additionally, we establish some coupled
fixed-point results in graph-enabled controlled metric spaces. Many well-known results from the
literature will be expanded upon and modified by our results. In order to demonstrate the validity of
the stated results, we also offer some examples. Finally, we apply the theoretical results to obtain the
solution to a system of integral equations.
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1. Introduction and Preliminaries

It is possible to find analogous fixed-point (FP) solutions to many nonlinear functional
equation-based problems in science and engineering. The operator equation I'0 = 0
can be stated as an FP equation I'0 = 60, where I is self-mapping with an appropriate
domain. In order to solve issues that arise in various branches of mathematical analysis,
such as split feasibility problems, variational inequality issues, nonlinear optimization
issues, equilibrium issues, complementarity issues, and problems proving the existence of
solutions to integral and differential equations, FP theory provides crucial tools.

FP theory has spread widely because of its entry into many vital disciplines, such
as topology, game theory, artificial intelligence, dynamical systems (and chaos), logic
programming, economics, and optimal control. Furthermore, it has become an essential
pillar of nonlinear analysis, where it is used to study the existence and uniqueness of the
solutions for many differential and nonlinear integral equations [1-5].

In 1906, M. Fréchet fundamentally presented the manifest evolution of a metric space.
Many researchers have generalized and expanded this approach in recent years as complex-
valued metric space, cone metric space, F—metric space, M—metric space, orthogonal
metric space, extended b—metric space, b—metric space, and controlled metric space (CM-
space), among others, motivated by this contemporary concept.

In 1993, the idea of a b—metric space was presented by Czerwik [6], as follows:

Definition 1. Assume that Q # @,s > landn : Q x Q — [0,00). If for all 6,9,¢ € Q, the
assertions below hold.:

(i) 5(6,8) =0if6 =9
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(i) 1(6,9) =n(v,0);
(iii) 1(6,€) < s[n(6,9) +n(9,0)],
then the pair (Q, 1) is called a b—metric space.

In 2017, the parameter s was replaced with the function ¢ : O x Q — [1,00) by
Kamran et al. [7] to obtain the notion of an extended b—metric space as the following;:

Definition 2. Suppose that QO # @, ¢ : QA x Q — [1,00) and 17 : QO x Q — [0, c0). If for all
6,9,¢ € Q, the hypotheses below hold:

() n(0,0) =0iff0 =8
(i) 5(0,9) =4(9,0);
(iii) 1(6,¢) < @(6,0)[(6,9) +n(9,0)],

then the pair (Q, 1) is called an extended b—metric space.

Mlaiki et al. [8] presented a novel type of extended b—metric space in 2018:
Definition 3. Suppose that QO # @, ¢ : QA x Q — [1,00) and 17 : Q x Q — [0, c0). If for all
0,9, € Q, the hypotheses below hold:

(i) 5(6,8) =0if0 =10
(i) 1(6,8) = 5(8,6);
(i) 1(6,0) < ¢(6,9)7(6,9) + ¢(8,)5(8,0),

then (Q), ¢, 1) is called a CM—space.

Example 1 ([8]). Consider O = {1,2,...}. Let 7 : QO x Q) — [0, 00) be so that

0, ifo=09
L 19 is odd and 6 is even,
1(60,9) = i I;G is odd and 0¥ is even
5 ’
1, otherwise.

~

Take ¢ : O X Q) — [1,00) as

9, If6isoddand diseven,

0, If disodd and 6 is even,
9(6,0)
1, otherwise.

Then, 17(6,9) is CM and (), ¢, 77) is a CM-space.

Theorem 1 ([8]). Let (QQ, ¢, 1) be a complete controlled metric space (CCM-space) and let Z :
Q — Q be so that
1(26,28) < @(5(6,9)),

orall 0,9 € O, where 0 < @ < 1. For 6y € Q), consider 0, = Zk6,. Suppose that
pp

0;11,0; 0;11,0;
sup lim P(0i+1,0i12) 9 (6i11,6)) < l
j>1 i ¢(6i,0i+1) @

In addition, assume that for every 8 € Q), we obtain lim; . ¢(0;,0) and lim;_, ¢(0,0;), which
exist and are finite. Then, there is § € Q) so that § = 7 which is unique.

In the context of a CM-space, Lateef [9] developed FP theorems of the sort discovered
by Kannan [10], as follows:
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Theorem 2 ([9]). Let (Q), ¢, 1) be a CCM-space and let Z : Q) — Q) be such that
1(26,Z29) < w(n(6,20) +n(9,29)),

forall 0,9 € O, where 0 < @ < % For 8y € Q, take 6 = Z*6y. Suppose that

0i11,0; 0i11,0;
sup lim P(0i11,0:42)9(0i11 ]) < l
j>1 e @(0:,0i+1) @

Furthermore, assume that for every 0 € Q), we obtain lim; , ¢(6;, ) and lim; . ¢(0,6;), which
exist and are finite. Then, there is 0 € Q) so that § = 7 which is unique.

The following FP theorem of the Reich type was developed by Ahmad [11] in the
same space:

Theorem 3 ([11]). Let (), ¢,17) be a CCM-space and let Z : Q) — Q) be self-mapping. Suppose
that there are 01, @2, @3 € (0,1) so that @ = @1 + @, + @3 < 1 and

1(26,Z8) < @17(8,9) + @y1(6, Z0) + 31 (8, Z8),

forall 8,9 € Q. For 6 € Q, take 6, = Z*6y. Suppose that

0;11,6; 011,06,
sup hm go( i+1 1+2)§9( i+1 ]) < l
j>1 i ®(6;,6i11) @

Moreover, assume that for every 6 € Q, lim;_,o, ¢(6;,0) and lim;_,, (6, 6;) are exist and are
finite. Then, there is a unique FP of Z.

Different FP conclusions for single and multivalued mappings have been produced
by numerous authors after studying CM-spaces. We urge readers to [12-17] for additional
information in this direction.

On the other hand, Bhaskar and Lakhsmikantham [18] introduced and examined
another direction, the coupled fixed point (CFP). Many scholars in this field have shown
interest in it since they researched the CFP results using appropriate contraction mappings
and used their findings to demonstrate the existence of solutions for periodic boundary
value problems (see, for example, [19-25]).

In the context of CM-spaces, we obtain several CFP results in this study for generalized
contractions using specific control functions. We also proved the main CFP theorem
endowed with a graph in the mentioned space. To demonstrate the reliability of the
established results, some examples are provided. Finally, we look into the solution of
integral equations as an application of our main finding.

2. Main Results
We begin directly with the first main result.

Theorem 4. Assume that (Q, ¢,1) isa CCM-spaceand Z : QA x Q — Q. Let §,0: QA x Q —
[0,1) be such that the postulates below hold:

(p1) €(2(0,9),2(¢,v)) < E(0,9) and o(Z(6,0), Z({,v)) < 0(6,9);
(p2) €(6,€) = &(£,0) and o(6,¢) = o((,6) with (T +0)(6,9) < 1;
(p3)

0(20,9),2(6,0)) < X4 (4(6,0) + (6, 0))

L 00.9) ([17(9,2(9,19)) +1(8,2(8,0))][n(¢, Z(£, v)) +n(v,Z(v,f)>]> 1)
2 14+#5(6,0)+5(9,v) ’
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forall 6,9,¢,v € Q). For 6y, 8y € Q, we put 1= o) - Lot @(8;,9:11) < @(6;,0;41) and

0(00,%) —
_ 9(6iy1,0i2)9(6i41,0;) 1
sup lim < =, )
jz}f i—oo ¢(0:,0i11) h @)

where 0; 1 = Z(0;,9;) for each i > 0. Furthermore, if for every 6,9 € Q, lim;_,, ¢(6;,0) and
lim; o @(6, 6;) exist and are finite, then the mapping Z has a unique CFP.

Proof. Assume that (6, ¢y) € Q) x Q. Construct sequences {6;} and {¢;} in Q by 6,1 =
Z(0;,9;) and 9;,1 = Z(9;,6;), for all i > 0. From stipulation (1), we obtain

( i+1s z+2)
n(Z(6:,8i), Z(0i11,9i41))
g(

EO9) (10, 0101) + (8, B121))

n (6, 8:) [7(6:, Z(0:,0:)) +1(84, Z(84,0;))][11 (01, Z (011, 0i41)) + 1 (8ix1, Z(Biy1,0i41))]
2 1+ 1(0;,0i41) +n1(9,0i41)

SO0 (0, 8111) + (81, 0111)

) ( [17(0;,0i11) +1(S, 0i1)][1(0iy1,0i42) + 77(19i+1,l9i+2)})
1+7(0;,0i41) +1(0:,0i41)

0105 0141) + (81 8641)) + 2020 (160,01,0002) + (811, 12))
g( (91 1,0 1)/Z( i1,0i— ))(

(91/ 19 i)

17(0:,0i11) +1(8,9i41))

Z(0i 1,0 1), Z (1,0,
Q<(1111§<'1 D) (6111, 0142) + 18101, 811).

+
It follows that

G(0;—1, 01 0(0i—1,0i-1)

N

1(0i41,0i12) < %(U(Gz,(ﬂﬂ) + (8, 0i11)) + f(’?(ewhez‘ﬂ) +1(0i11,%i12))

_ S(Z(6i—2, ﬂi—Z)z’ Z(Bi—2,8i-2)) (17 (0;,6;11) + 10,011 )

Z(0;_ 119'— /Z 0 ’9'*
+Q( (6i—2, 9 2)2 (02,6 2))(17(9i+1,9i+2)+77(l9i+1/19i+2))

E(0i—2,8i_2) (77(91', 0i11) + 77(19i,191'+1)> 0(6i_2,9_)

IN

? > + 5 (10141, 6i42) +17(Bi11, Bi42))

0o, B
(17(0,0i11) +1(0,0i11)) + al 02 0) (11(0i+1,0i12) +1(Bi1,8iv2)). 3)

.5(90, %)
2

IN

Similarly
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IN

IN

IN

( i+1s 1+2)
( 191,9 ) 19H»l/ GiJrl))
(

) (77(191/ 191+1) + 77(91/ 91+1))

Q(ﬁu()l)
+& (
¢ (

0;,
2

0;, Z(8;,0;)) +n(0;, Z(0;,8;))[11(8i1, Z(8i51,0i41)) + 11 (01, Z(0is1, l9i+1))]>
1+7(0;,0i41) +n(0:, 0i11)

(1

[ (
(91/ ;i ) 91/ 01+1) + 17(191/ 191+1))
%) ([n(

" 0;,0i41) +1(9;, 0i11)][1(0i41,0i42) +’7(19i+1/19i+2)]>
1+ 98, 0i11) + (0, 0i41)

0;_1,09;_ 0:_1,09;_
w (17(0;,0:11) +1(9,0i41)) + W(W(Giﬂf 0i12) +1(0i11,%i42))

02,0
SO 02) (0, 0,11) + (03 0:01)) + 00612, 01-2) 01 Bi1,B122) + 101, 142)

e(

5(9021 %) (105, 0i01) + (93, 0i41)) +

6o, O
g 02, 0 (17(0i11,0i42) +1(i41,0i42))- @

Combining (3) and (4), we have

1(0i41,0i42) +1(0i11,0i2) < E(00,90)(17(0;,0i11) +1(8:,8i11)) + 0(00,80) (17(0i g1, 0:42) +1(ig1,0i12)),

1(6:,6;)

which implies that

0o, O
17(91-/ 0i+1) + 77(191', 191'4_1) M

— (6o, %) (7(0i1,0:) + 11 (81, 91))

h(n(0i-1,0i) +1(8i-1,9;))
12 (1(0i—2,0;) + 17(8i-1,9;))

IN

IN

1 (17(80, 1) + 1780, 81)). 5)

IN

Fori,j € N, (i < j), we obtain

)77( i+1s )
@(6:,0;11)1(6:,0i11) + @(0i41,07) 9(0i11,0142)1(0i11,0i12) + @ (6i41,6;) 9 (6i12,6;) 7 (6:42,6;)
0;) (6

@(0;,0;1)1(0,0;41) + (P( i+1/
( (0

9‘7(91/91+1)’7(91191+1 )+ @ (6it1, j i+1,0i12)7 (Bi41, 0i12)
)o
)o

ININCIA

( z+1/9] ( i+2s )(P( i+1/ +3) ( l+1/91+3>
(1+119] (1+2r )(P( i+3/ )77( i+3/ )

IN

IN

j—2
@(0;,0:41)7(0;,0i01) + ) (H 4’(914/9]'))¢(9k/9k+1)’7(9k/9k+1)
k=i+1 \u=i+1

-1
+ IT ¢(6x6,)1(6-1,6)),

k=i+1
which yields that

=2 k
7(6i,6;) < @(6;,0:01)1(0;,0i11) + ) (H fP(Gur(’j))€0(9k,9k+1)’7(9k,9k+1) (6)
k=i+1 \u=i+1

+< ﬁ ¢ (0% 91)) ¢(0j-1,0;)1(8j-1,9;)-

k=i+1
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Analogously, one can obtain

j—2 k
n(9,9) < @B, 8i1)n(%, %)+ ), (H 4’(1%/19]'))¢(l9k/19k+1)77(19k,l9k+1)
k=i+1 \u=i+1

j-1
(T o600 ) o(612,01(0,,9). 2
k=i+1
Adding (6) to (7) and using the assumption ¢(9;, 9i11) < ¢(6;,0;11) and (5), we obtain
163, 6;) + 1 (8, 9))
< (6:,0i41)[1(0;,0i1) + 1(8, i1)]

j—2 k
+< Y ( I 4’(9”/9]')>4’(9k/9k+1)> [17(Ok, Ok 1) + 17 (Ok, Bry1)]

k=i+1 \u=i+1

+<< ﬁ fp(ﬁkﬂ%))@(ﬁjvﬁj)) [17(6j-1,6)) + 11 (81, 6))]

k=it
@(0;,0;1)1 (17(80, 1) +17(80, 81))

) k
+< ]Z ( I1 ‘l’(euf@j))4’(9k/9k+1)>hk(’7(90,91)+’7(190,l91))

k=i+1 \u=i+1

IN

i—1
+ (( h (% 19]')) ¢(19j—1rl9j)>hj_1(’7(90191) + (80, 01))

kit
= @(0;,0;41)1 (17(60,01) + 17(B0, 01))

j—1 k
+( Y ( §0<9u/9j)>¢(9k,9k+1)>hk(77(90/91)+77(190/191))- ®)

k=i+1 \u=i+1
Put

g k
Oy = (Z (H €0(9u,9j)) ¢ (O, 9k+1)> 75 (17(80,01) + 1180, 01))- ©)
k=0 \u=0
Applying (9) in (8), one can write
1(6:,6;) +1(9:,9;) < (17(60,61) + 1 (B0, 1)) [hiq’(@i, 0ir1) + (@1 — ®i)}- (10)

Because ¢(0,9) > 1 and from the ratio test, we have that lim; ., ®; exists. Thus, the
sequence {O;} is a Cauchy sequence. Letting i,j — oo in (10), we have

i,}‘gnoo [7(6:,0;) +n(8:,8;)] =0,
which implies that lim 7(6;, Gj) = lim 5 (¥; 19j) = (. Thus, there are 6*, 9* € Q so that
i,j—o0 i,j—o0
lim #(6;,6%) = 0and lim 5(9;,9*) = 0. (11)
1— 00 1— 00

Using postulates (p) and (p3), we obtain
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77(9*/2(9*/19*)) < ( l+l)77( 1+1)+(P( i+1s (9*119* )77( i+1s (9* 19*))
(0%, 6,1)1(67,6,11) + (6111, 2(67, 7)) (Z(8;, 8;), Z(67, 6%))

)
Nn(Z

@(6%,6i11)7(67, 6i41) + @(6i11, Z 9*,19*){ £(6: %) 1(6;,0%) +1(9;,9%))
0

<
( 1(0;, Z(8;,9:)) +n(8;, Z(9;,6;))][n(0*, Z(6, 19*))+17(19*,Z(19*,9*))]>}
1+7(0;, 6 )+77(19m9 )
— (0, 00 0, 60) + 9061, 26", 0 ) { E 05 0, 0) 4 (8, 0°)
17(0i,0i1) +1(9i, 0i1)] [ (0%, Z(0%,9%)) + (8%, Z(8",0%))]
- T (6,0%) 1 (8,07 )} (12
Similarly, one can write
n(¢*,Z(6%,0%))
< @(0, 0i1)n (97, 0i4q) + ¢(l9i+1rz(l9*r9*)){g(l9§9i)(77(l9i, %) +1(0;,0%))
0(8:,0;) ( [1(8i,0i11) +n(6:,0i11)][n (8", Z(9*,6%)) +1(0", Z(6,6"))]
+ e e ) )} (19

(e
- e 2(89)) < 250 oo 5) o (3)
Q(G*,ﬁ*)([;7(9*,2(9*,19*))+;7 (0%, 2(6%,6"))] [n(8,2(8,9) ) +7 (@,z(@,@))])

+

2 1+1(6%,8) +7(0°,6)
_ 6(6*2,19*) (}7 (9*1(5) +17<19*,§)>' (14)
In the same way, we can obtain
1 (19*,@) < 5(19*2’ ) (;7 (9*,5) +y (19*, @)). (15)

Combining (14) and (15), we have

n(6%,0) +1(6%,9) < (6%,0%) (n(¢7.8) +n(9".9)).

Because ¢ € [0,1), we conclude that 5 (9*,5) +7 <19*, @) = 0. This is only achieved if

n (0*,5) =0andy (l?*,@) = 0. Hence, 6* = 0 and 9* = B. Therefore, there is a unique
CFPof Zon Q. O

Now, we present some direct results for Theorem 4, as follows:
Putting ¢(6,9) = ¢ and 0(6, ®) = ¢ in Theorem 4, we obtain the result below

Corollary 1. Let (Q), ¢, 1) be a CCM-space and Z : Q) x Q — Q) be such that

1(2(6,9), Z(¢,v))

E 0,0+ n(0,0)) +

IN

([77(9/2(9/19)) +1(8,2(9,6))][n(¢, Z(¢,v)) + U(U/Z(sz))}>
14+5(6,¢)+n(9,v) ’

N
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forall 8,9,¢,v € Q. For 6y, % € Q, we put % = h. Let ¢(8;,9i11) < ¢(6;,0;41) and

. (p(9i+119i+2)(P(9i+1/9j)
sup lim
i>1 1—00 q)(@i, 9i+1)

-1
h,

where 011 = Z(0;,0;) for each i > 0 and ¢ + o < 1. Furthermore, if for every 6,9 € Q,
lim; e ¢(6;,0) and lim;_,, ¢ (6, 6;) exist and are finite, then the mapping Z has a unique CFP.

Setting ¢(.,.) = 0 in Theorem 4, we have the following result.

Corollary 2. Assume that (Q), ¢, 1) isa CCM-spaceand Z : QO x Q — Q. Let & : QA x Q — [0,1)
be such that
. E(2(6,9),2(4,0)) < £(6,0);
* (Z(6,9),2(4v)) <
assume that
sup lim q)(eiJrl/ 9i+2)q)(9i+1/ 9) 1
j>1 i ¢(6:,0i11) ¢(6o, 00)"
where 0;11 = Z(0;,9;) for each i > 0. Additionally, assume that lim;_,, ¢(6;,0) and
lim;_,, (0, 6;) exist and are finite for each 6,9 € Q, then Z has a unique CFP.

Theorem 5. Assume that (Q), ¢, 1) is a CCM-space and Z : Q) x QO — Q. If there are ¢, 0 :
Q x Q — [0,1) so that for 6,9, ¢,v € Q) and for some k € N, we have

(1) g(zk(e, ﬂ),Zk(E,v)) < &(6,9) and Q(zk(e, 19),Zk(€,v)) < 0(6,9);
EZ; ¢(6,£) =¢(¢,0)and 0(6,£) = o(¢,0) with ({+0)(6,9) < 1;
3

(0,9

~—

W(Zk(G, 19),Zk(€,v)) <&

(1(6,6) +1(8,v))

2
o(0,0) ( [1(0.250.9)) +1(8,259,0)) | [1(6. Z*(L.0)) + 1 (v, 2% (v, 0))
T 17+ 1706,0) + 518, 0) '

For 6y, 9y € Q), we set M = h. Let ¢(9;,0i11) < @(0;,0;11) and

—0(60,%)
0;11,6; 0;11,06;
sup .hm 47( i+1 z+2)§0( i+1 ]) < 1’
j>1 im0 ¢(0,0i11) h

where 0;1 = Z(0;,9;) for each i > 0. Further, if for every 6,0 € Q, lim;_,o ¢(0;,0) and
lim;_,, @(0, 6;) are exist and finite. Then, the mapping Z has a unique CFP.

Proof. Based on Theorem 4, we have Z has a unique CFP (8*,8*) € Q x Q. Because
Z4(2(0%,9"), 2(0°,07)) = Z(Z}(0, %), Z}(0",6%) ) = Z(67,9"),
then Z (6%, 9*) is a CFP of Z¥. Hence, Z(6*,9*) = 0* and Z(¢*,0*) = ¢*. By the uniqueness

of a CFP of Z and because the CFP of Z is also CFP of Z¥, then (8*,8*) is a unique CFP of
Z. O

The examples below support Theorem 4.
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n(Z(0,

9),

Z(¢,0))

IN

IN

IN

Example 2. Consider Q) = [0,1]. Describe 17 : QA x Q) — [0,00) and ¢ : Q x Q — [1,00) as
17(6,8) = (0 +8)% and (6,9) =1+ 0+ 0, forall 6,8 € Q.

Clearly, (Q), ¢,17) is a CCM-space. Define the mapping Z : Q x Q — Q by Z(6, ) = 322 for
0,0 € Q. Select §,0: QA x Q — [0,1) by

25+6+4 0 21+6 49

Take (8, %) = (0,0), so the stipulation (2) is fulfilled. Consider 6,9, ¢,v € Q. Then,

‘:(9/ 19) =

(59+419 N 5€+4v>2
16 16
((50 +5¢) + (49 + 4v))?
256

(50 +50)% + (40 + 4v)* + 2(50 + 50) (40 + 4v)
256

(50 +50)% + (50 4 50)* 4 2(560 + 5¢) (48 + 4v)
256

25+ 9+19 <9+e (9 +v) >+5(9+€)(19+v)

(6 +0)?

32
l9+v) )

21+<9+19) (210 +48)” + (210 + 46)°) (21 + 4v)” + (210 + 40)°)

25+ (9+19

128 2(14+ 0+ 07+ (9 +0)°)
25+ (6 + 8) <(9+£)2+(z9+u)2>
128 2

2
50+4¢ 5l9+49 5Z+4v S5v4-4¢
+21+(9+19)<<9+ 16 ) (o+ )(” (“+ 16 ))
2x128 (14 (0 +0+(@+0v) )

6919)

(1(6,£) +1(8,0v))

Q( %) ([77(912(9, 9)) +1(8,2(8,0))lln (4, 2(¢,v)) + U(UIZ(%@))}).

6,
L 1+ 7(8,£) +17(9,0)

Hence, all requirements of Theorem 4 are fulfilled. Therefore, Z has a unique CFP, which is (0,0).

Example 3. Consider Q) = {0,1,2}. Describe ¢ : Q x Q — [1,00) and 17 : QA x Q) — [0, 00) as
¢(0,0) =2400, forall 0,0 € Q and

7(0,0) =7(1,1) =5(2,2) =0,  5(0,1) =7(1,0) =25,
7(0,2) = 5(2,0) = 10, 7(1,2) = n(2,1) = 20.

Obviously, (Q), ¢, 1) is a CCM-space. Now, define Z : A x Q — Q,and &,0: Q x Q — [0,1) by

7(0,0) = Z(1,1) = Z(2,2) =0,  Z(0,1) = Z(1,0) =
7(0,2) = Z(2,0) =1, Z(1,2) = Z(2,1) = 1.

and
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§(0,00=¢(1,1) =E(22)=0 §(0,1)=2(1,0) = £(0,2)=2(2,0) =3 {(1,2)=2(21) =7
0(0,0)=0(1,1) =0(2,2) =0 ¢(0,1)=0¢(1,0) =3 ¢(0,2)=0(20) =3 o(1,2)=0(21) =3

To verify the condition (1), we consider the following cases:

e If(6,9) = (¢,v) =(0,0)0or (1,1) or (2,2). It is a trivial case.

e If(6,9) = (L,v) = ((0,1)0r(1,0)), ((0,2)0r(2,0)), and ((1,2) or (2,1)), we have

7(Z(6,9),Z(¢,v)) = 0, and it is a trivial case too.
e If((6,8)=(0,1)and (¢,v) = (0,2)) or ((6,9) = (1,0) and (¢,v) = (2,0)), we obtain
1(2(0,8),2(4,v)) = 1(2(0,1),2(0,2)) =n(2,1) =20

< 2077731092
8 1 (30x45
17><2<20)+2><2< 1+20)

6(0,1)(0+20)+ (0,1) [17(0,2)+;7(1,2)][;7(0,1)+17(2,1)]>

2 2 14+1(0,0) +7(1,2)
= OV 0,00 +401,2)
€002 (1020 400 Z0.0)0.20.2) + 12,00
= O (6,0) + n(0,0)

_|_

0(6,9) ([17(9,2(9, 9)) +1(8,Z(8,6))][n (¢, Z(¢,v)) +17(v,Z(v,5))})
2 1+7(0,0) + (9,0 '

e If ((0,9)=1(0,2)and (¢,v)=(1,2)) or ((6,9)=(2,0)and ({,v)=(2,1)), we
have n(Z(6,9), Z(¢,v)) = n(1,1) = 0. It is satisfied for any value of ¢ and .

e If((6,9)=(1,2)and (¢,v) = (0,2)) or ((6,9) = (2,1) and (£,v) = (1,0)), we obtain
n(Z(6,9),Z2(¢,v)) = n(Z2(1,2),2(0,2)) = n(1,1) = 0. It is fulfilled for any value of
¢ and o.

Moreover, in the above cases, we can find for each 6,9,¢,v € Q that £(Z(6,9),Z(¢,v)) <
¢(6,9) and o(Z(0,9),Z(¢,v)) < 0(8,9) and ¢ + o < 1. Hence, all requirements of Theorem 4
are fulfilled. Therefore, Z has a unique CFP, which is (0,0).

3. Fixed-Point Techniques on Graphs

Motivated by the results of Jachymski [26], assume that (€}, ¢, 77) is a CCM-space, V is
diagonal of Q x (), and © = (p(9), I(D)) is a directed graph (DG), where p(0) is the set
of vertices that coincide with Q) and 3(0) is the set of edges of the graph so that V C J(0).
Furthermore, if © does not have any parallel edges, then o can be identified by the pair
(p(9),3(D)). In this essay, © will be portrayed as a graph that satisfies the criteria listed
above. Let us represent the graph that we obtained from o by flipping the edges” directions
as O~ L. Thus,

Dl ={(8,0cQxQ:(6,8) €30}

Definition 4. The set & stands for the set of all CFPs of a nonlinear mapping Z : QO x Q3 — (),
that is
E= {(@@) cQx0:0= Z(§,@) and ¢ = Z(@,@)}.

Definition 5. Let Z : Q) x Q) — Q) be self-mapping on a CCM-space (Q), ¢, ) endowed with a
DG . We say that Z is O —orbital, if for any 0,9 € Q), we have

(0,2(6,9)), (9,2(8,0)) € S(2) = (Z(6,0), Z(Z(6,9),Z(8,0))), (Z(8,0), Z(Z(8,0), Z(6,0))) € I(D).
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For simplicity, we consider
0% ={(6,8) e QO xQ:(0,Z(6,9)) € I(D) and (8,Z(8,6)) € I(D)}.
Now, our first main result in this part is as follows:

Theorem 6. Suppose that (Q), ¢, 1) is a CCM-space endowed witha DG O. Let Z : (A x Q3 — Q)
be a O —orbital mapping so that

@ OF 40,
(b) foreach8,9,¢,v € O and for {1,02,{3 > 0 with {1 + {2 + {3 < 1, we have
WZO,0),2(6v)) < (0,0 +7(8,0) + Z(7(0,2(6,0)) + (8, Z(8,0))
+E20(6,2(8,0)) +n(0, Z(0, 1)),

(c)  for any sequences {60;},{0;} C Qwith (6;,6;11), (9, 0i11) € (D), we obtain

0;.11,6; 0;11,0;
sup lim P(0i+1,0i12) 9 (0511, 6)) < 1,
j>1 i ¢(0;,0i11) h

where h = max{ 7@1@532 , —glljgj },

(d)  Z is continuous, or for any sequences {0;}ien, {0 }ien C Qwithlim; o, 6; = 6, lim; o 9;
= Qand (0;,0;,11), (9;,0411) € (D), we have E # @, i.e., there is at least one CFP
(5,@) €QxOof7Z,

(e) forevery 0,9 € O, we have lim;_,, ¢(6;,0) and im;_,, (6, 6;) exist and are finite,

(f)  assume that (@\, @) € & then, we have 6,9 € OF and Z has a unique CFP.

Proof. Let 6y, 8 € QO%. Thus, (6, Z(60,0)) € (D) and (8o, Z(8,60)) € (D). Because Z
is © —orbital, we obtain

(Z(Go, 190),Z(Z(90, 190),Z(l90, 90))) S %(E)) and (Z(ﬂo, 90),Z(Z(l9(), 90),Z(90, 190))) S %(D)
Putting Z(6p, 99) = 61 and Z(8, 8y) = ¢, we have

(91,Z(91,l91)) S %(E)) and (191,Z(191,91)) € %(D),
which implies that
(Z(Gl,l91),Z(Z(91,l91),Z(ﬁl,gl))) S %(D) and (Z(ﬂl,gl),Z(Z(ﬂl,Gl),2(91,191))) S C\\S(a)
Taking Z(61, %) = 6, and Z(91,6;) = ¥, we obtain

(92,Z(92,l92)) S %(E)) and (192,Z(l92,92)) S S(D)
Continuing with the same approach, we construct sequences {6; };cn and {9;};cn in Q by
Oiy1 = Z(Gl‘, 191) and 9,1 = Z(l9i, 91‘) so that (91', 9i+1) € %(D) and (1.91', l9i+1) S %(D) Now,
if there is iy € N so that 6;, = 6,1 and ¢;) = ¢ ;1. Because V C J(0), then we obtain
(63, 0i,41) € S(©) and (85, ¥jy+1) € (D) and hence 0= 91-0,@ = 0;, isa CFP of Z.

In other words, if ip is even, then iy = 2i, Oy; = 011 = Z(0;, ¥2;) and Oy = Opi1q =
Z(02;,0;). Let 0 = 0 € Q% and ¢ = 0,1 € O%, and using the condition (b), we obtain
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160241, 02i42)

102141, B2i42) = 1(Z(D24,02i), Z(D2i1,62i41)) <

17(602i41,62i42)

IN

Z(62i,92:), Z(02i 11, %2i11))

17(02i,02i11) + (02, 02i11)) + %(’7(921', Z(02i,02i)) + 11(02i, Z(02i,02:)))

3

o~ =
_ =
Py

ER

(17(02i11, Z(02i 41, 021 41)) + 1(D2i11, Z(D2i41,02i41)))

DT
—~ N

1(02i11,02i42) +1(02i11, %2i42))- (16)

Similarly, one can write

3

NN

(17(62i41,02i12) +11(02i 11, 02i42))- (17)

Adding (16) and (17), we have

1(62i41,02i42) +1(F2i11, O2i12) < C1(17(02i41, 02i42) + 17(2i41, B2i42)),

which is a contradiction. Similarly, if we take iy is odd, then there exists an FP of Z. Thus,
suppose 0; # 0,1 and ¢; # 0;;1 fori € N.

Next, we claim that {6;} and {9;} are Cauchy sequences. In this regard, we realize the

following two cases:

INA
+ N

ol L el

If 0 = 6y € Q% and & = 0y € OF, then based on the condition (b), we have

Z(62i,92:), Z(02i 11, %2i41))

1(02i,62i11) + 17(02i, B2i11)) +

_ o~

[
gk

%(77(921', Z(02i,02i)) + 1(02i, Z(02i,02:)))

(17(02i 11, Z(62i11, 02i41)) + 171(D2i11, Z(B2i11, 02i41)))

N

L (1(02,02i-11) + 17(92i, 92i41)) + %(’7(921', 02i1) +1(2i, 02i11))

3

+ N

(17(02i 11, 62i12) + 17 (B2i11, B2it2))- (18)

Similarly, one can obtain

1(%2i1, Brisn) < %(’7(1921‘, Bit1) +17(02:,02i41)) + %(’7(1921', B2i1) + 17(021,02i41))

+%(77(192i+1ﬂ92i+2) + 17(02i41,02i12))- (19)

Combining (18) and (19), we can write

1(62i41,02i42) +1(O2i41, D2it2) < T1(17(B24, 02i1) + 1(02i, D2ig1)) + C2(1(02i, 02i1) + 11(D2i, B2ig1))

+83(1(02i41,02i42) +11(02i41, B2it2)),

that is,

+
1(02i41,02i12) +1(B2i41, B2iy2) < (gll_ g;

>1 (17(62i,02i11) + (021, B2i41))-  (20)

If 0 = 6y € Q% and & = 0y;_1 € O, then by the condition (b), we obtain



Mathematics 2022, 10, 3208 13 of 18

Z(02i,02i), Z(02i—1,2i-1))
17(02i,02i 1) + 1 (02i, 02i 1)) + %2(77(921‘/ Z(02i,02i)) + 17 (021, Z(02i-1,602i-1)))

7(02i41,62) =

IN
Enp)
ol

A S )

> (11(02-1, Z (021, 02i-1)) + 11(92i-1, Z(B2i 1,02 1))

N[N

—~

L (103, 02i-1) + 17(92i,92i1)) + €2 (17(02i, 025 1) + 1 (02i—1,02))

+ N
N[5

(77(921 1/921)+77(1921 111921)) (21)

Obviously, we can obtain

(02141, %2i42) < Q(’?(ﬂZi/ Bi—1) +17(6021,02i-1)) + %(’7(1921’, B2i11) +1(02i-1,02i))
+E3 (901, 020) + (821, 820). @

Adding (21) and (22), one can write

1(02i41,02i) +17(02ip1,82:) < C1(1(02:,02i—1) + 17(02i, 02i-1)) + G2(17(62i, 02i41) + 17(F2i—1, B2i))
+03(17(62i-1,62i) + 17(02i—1, %2:)),

that is,

+
170241, 02i) + 1(B2i41, 82i) < (511_523

It follows from (20), (23), and it = max{ gfjg; , Cllfé‘:; } that

) (17(02i, 02i 1) + 1 (B2i, 021 1)) (23)

17(0;,0i11) +1(9,0i11) < h(17(0i-1,0:) +1(8i-1,9)).

Hence, we have

1(0i,0i41) +1(0;,8i41) < h(n(0i-1,0;) +1(0i-1,0;))
< HE(5(0i-2,6;) +1(9i1,8:))
< 1'(n(60,61) + 11(%, 81)).

In the same manner as in the proof of Theorem 4, we can find that {6;} and {9;} are Cauchy
sequences. Thus, there are 6%, 9* € () such that

lim #(6;,0%) = 0 and lim 5(9;,9") =

i—00 i—»00
Clearly
lll)n;o 0 = hm 0,41 = 0" and lll)n;o Oy = hm i1 = 9" (24)

Now, the continuity of Z leads to
0* = hm 62i+1 = 111’1’1 Z(Gzi, 1921') = Z(G*, 19*),
1—00 1—00
AN hm l92i+1 = hm Z(l92i, 921') = Z(ﬂ*, 9*)
1—00 1—00
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Hence, (6*,9*) is a CFP of Z. Therefore, & # @. Otherwise, let § = 6* € Q% and ¢ =
i € 0%, then we obtain

0 < n(Z(68%,9),00i12) = n(Z(8,9), Z(02i11, %2i11))
< %( (0%,02i11) + (8%, 02i11)) + & (77(9*/Z(9*/19*))+’7(l9*/Z(19*,9*)))
+5-(1(02i11, Z(62i11, 02i41)) + 1 (82111, Z(B2i11,62i41)))
4}

2
+

05
2
= (1(07,02i11) +1(0", 02i11)) + &2 (’7(9*/Z(9*/19*))+’7(19*/Z(’9*/9*)))
%(’7(921+1/ 02i12) +1(02i 1, 2i12))-

Letting i — oo, we conclude that

n(2(6%,8%),6%) <

N[5y

S (n(67,2(67,07)) + (8", Z(97,6%))) (25)
Similarly, if we take 8 = 6,;,1 € Q% and ¢ = #* € O%, one can obtain

n(8%, 2(8%,0%)) < 2 (5(8°, 2(6",67)) + (6%, Z(6,9"))) (26)

N[O

Combining (25) and (26), we have
n(Z(0%,9%),0) + (8%, Z(8",6%)) < L2(n(67, Z(6%,8%)) + (8", Z(9%,6))).

Because (, < 1, then the above inequality holds only if #(Z(6*,9*),0*) = 0 and
n(9*,Z(9*,0*)) = 0, which implies that Z(0*, 9*) = 6* and ¢* = Z(9*,0"). The uniqueness
follows immediately from the stipulation (f) and this finishes the proof. [I

The following example supports Theorem 6.

Example 4. Consider O = {0,1,2,3,4} equipped with the distance (6, 9) = |0 — 9|* and the
function ¢(0,9) = 14 609, forall 6,9 € Q. Obviously, (Q, ¢,n) is a CCM-space. Define the
mapping Z : Q3 x QO — Q by

(0, if6,0€{0,1,2},
Z(M)—{ 1, if6,0c {34).

Describe a DG as © = {(0,0), (1, ) (2,2),(3,3),(4,4),(0,1),(0,2),(1,2),(0,3),(3,4) }. Then,
with ¢ = %, (o = % and (3 = 52, all requirements of Theorem 6 are satisfied and (0,0) is a
unique CFP.

4. Applications

In this part, we apply the theoretical results presented in Theorem 4 to discuss the
existence of the solution to the following integral equations:

1
0(v) =3(v) + [ Rq(v,7,0(7),8(7))dT,
0 (27)
d(v) =3(v) + [ Ra(v,T,9(7),0(7))dT,
0
where T € [0,1],6,8,J € Qand ¥; : [0,1] x [0,1] x Q> — Q, k = 1,2 are continuous
functions. Assume that Q = C([0, 1]) equipped with (6, 9) = m[ax](G(v) — 8(v))% Then,
vel0,1

(Q), ¢, 17) is a CCM-space.
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Now, we present our hypotheses to obtain the solution of the problem (27) in the
theorem below.

Theorem 7. Via the system (27), describe the functions g (v), Py(v) € Qas

ve(v) = [Ny(v,7,0(7),8(7))dT,

Po(v) = [Ro(v, 7,0(7),0(7))dT,

for each 6,9 € Q and for v € [0,1]. If there are ,0 : QO x Q — [0,1) so that the following
assertions are true:

(D E(o(v) +I(W), pa(v) + (1)) < (6, 8) and o(po(v) +I(v), Ps(v) + I(v)) < 0(6,9);
(2) &(6,¢) =&(L,0) and 0(6,0) = o(£,0) with (¢ + 0)(6,8) < 1;
3 ye(v) — pe(v)|? < LG2Wy (6,9, £, 0) (v) + L4 W, (6,8, £, v) (v),

forall 0,9, f veQ, where

Wi(6,8,6,0)(v) = [[6(v) = LW)|I” +[|8(v) — o),
and
Wa(6,8,6,0)(v) = [[$e(v) +3(v) = 6W)II” + [[go(v) +I(v) — 6(v) ]

e +30) = 0P +19ov) +30) — o) ]
1+ [6(v) — LW)IP + 18) o) P

Then, there exists a unique solution to the considered problem (27).

Proof. Define the mapping Z : (2 x Q3 — Q by

Z(0,9) = po(v) +I(v).

Then
7(200,8),2(60)) = max ([po(v) = ye(w)]?),
1(0,2(0,8) +1(3,2(2,0)) = max ([[go(v) + 1) = 0w+ [9o(v) +3(v) = 8)|1?),
1(6Z(00) + (0, 2(0,0) = max ([[9e(v) +30) = () + igo@) +30) = v()I?).

By simple calculations, one can verify that
o E(2(8,9),2(4,0)) < £(6,9) and o(Z(8,8), Z(¢,v)) < o(6,9);
* §(6,0)=¢(4,6) and ¢(6,€) = o(£,0) with (§ +)(0,8) < 1;
©n(Z(8,9),2(60) < S0, 0) + n(8,0))+

e(0,9) ([17(9,2(9,19)) +1(8,2(8,0))][n(¢, Z(£, v)) +n(v,Z(v,€))]>
2 14+5(6,0)+5(8,v) ’

forall9,8,¢,v € Q.

Based on Theorem 4, Z has a unique CFP, which is a unique solution to the proposed
system (27). O
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Example 5. Under the same distance in this section, suppose that (Q), ¢, 1) is a CCM-space and
consider the following coupled problem:

1
f _W\Y)—UT))
0 (28)
f _\WT)—U )
0

1
_ (6(7) — 8(7))
wolv) = !(6+w0'—ﬂﬂ)dt
1
_ (9(r) = 0(1))
yelv) = !(e+wuv—ww>d‘
Now, define the control functions ¢,0 : QA x Q — [0,1) by ¢(6,9) = (9+z9) and 0(6,0) =
m, and then for all 8,9, ¢,v € ), we have
@ o) +30), 9s(v) +10)) = =mEETE T = e = ¢00)
and o(¥o(v) +(v) Yo (M) +30) = ST TG = 7%(9( P
=0(6,9),
(2) clearly, &(0,4) = 37(é+[) = 3,(}49) = (£,6) and 0(6,0) = 37577 = 3y =
0(£,8) with (& +0)(6,9) = - (96+19>2 <1

(3)

RV (t(z) ~ v(x)
o) -0 = | aaisy) ~ (e —ass)
%H(()(T) —£(1)) + (8(7) — v(0)) |2
1(_(;+ﬁ)) [6(r) = @)1 + l[8(7) = v(x)|’]

= O (0,6,0,0))

IN

IN

. g(ezﬁ)wl(e 8,0,0)(v )4_@1/\/2(9,19,8,0)(1/),

where W1 and W, are defined in Theorem 7. Hence, all requirements of Theorem 7 are satisfied.
Therefore, the coupled problem (28) has a unique solution in Q).

5. Conclusions and Future Works

The fixed-point technique has become a prominent role in nonlinear analysis, especially
when it has been demonstrated on perfect metric distances, where it enters into many
diverse and exciting applications in several directions. Many researchers turned to different
methods of generalization, either by changing the contractive condition or by generalizing
the space used. By applying two control functions to the right-hand side of the inequality,
we constructed a new contractive condition in a controlled metric space. Additionally,
we used a specific rational expression for the contractive condition. Moreover, we have
taken coupled self-mapping instead of the usual self-mapping in the contractive condition
of our main results. Moreover, to demonstrate the veracity of our main findings, some
examples are provided. Furthermore, in controlled metric spaces equipped with a graph,
we were able to derive certain CFP solutions. Ultimately, as an application of our study, the
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existence of the solution to the integral equations is investigated. Our upcoming work in
this field will concentrate on investigating the CFPs of multivalued and fuzzy mappings in
controlled metric spaces, with applications to fractional differential inclusion problems.
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