
Citation: Waini, I.; Ishak, A.; Lok,

Y.Y.; Pop, I. Micropolar Nanofluid

Flow in a Stagnation Region of a

Shrinking Sheet with Fe3O4

Nanoparticles. Mathematics 2022, 10,

3184. https://doi.org/10.3390/

math10173184

Received: 21 July 2022

Accepted: 29 August 2022

Published: 3 September 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Micropolar Nanofluid Flow in a Stagnation Region of a
Shrinking Sheet with Fe3O4 Nanoparticles
Iskandar Waini 1, Anuar Ishak 2,* , Yian Yian Lok 3 and Ioan Pop 4

1 Fakulti Teknologi Kejuruteraan Mekanikal dan Pembuatan, Universiti Teknikal Malaysia Melaka,
Hang Tuah Jaya, Durian Tunggal, Melaka 76100, Malaysia

2 Department of Mathematical Sciences, Faculty of Science and Technology, Universiti Kebangsaan
Malaysia (UKM), Bangi 43600, Malaysia

3 Mathematics Section, School of Distance Education, Universiti Sains Malaysia (USM), Penang 11800, Malaysia
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Abstract: Conventional liquids have poor thermal conductivity, thus limiting their use in engineering.
Therefore, scientists and researchers have created nanofluids, which consist of nanoparticles dispersed
in a base fluid, to improve heat transfer properties in various fields, such as electronics, medicine,
and molten metals. In this study, we examine the micropolar nanofluid flow in a stagnation region of
a stretching/shrinking sheet by employing the modified Buongiorno nanofluid model. The nanofluid
consists of magnetite (Fe3O4) nanoparticles. The similarity equations are solved numerically using
MATLAB software. The solution is unique for the shrinking strength λ ≥ −1. Two solutions
are found for the limited range of λ when λc < λ < −1. The solutions terminate at λ = λc in
the shrinking region. The rise in micropolar parameter K contributes to the increment in the skin
friction coefficient Re1/2

x C f and the couple stress Rex Mw, but the Nusselt number Re−1/2
x Nux and

the Sherwood number Re−1/2
x Shx decrease. These physical quantities intensify with the rise in the

magnetic parameter M. Finally, we investigated the stability of the solutions over time. This work
contributes to the dual solution and time stability analysis of the current problem. In addition, critical
values of the main physical parameters are also presented. These critical values are usually known as
the separation values from laminar to turbulent boundary layer flows. In this case, once the critical
value is achieved, the process for the specific product can be planned according to the desired output
to optimize the productivity.

Keywords: micropolar; Fe3O4; shrinking; dual solutions; magnetic field; Buongiorno nanofluid model

MSC: 76D10

1. Introduction

Nanofluid is obtained by adding nano-sized particles to a base fluid, first inspired by
Choi and Eastman [1]. The idea is to boost the thermal conductivity of the base fluid by
utilizing the nanoparticles. This concept was improved further by adding two different
types of nanoparticles to the base fluid. This new mixture was termed a ‘hybrid nanofluid’.
Related works on nanofluids and hybrid nanofluids can be found in Refs. [2–10].

Most manufacturing processes compromise with fluids such as colloidal solutions,
lubricants, biological fluids, paints, and polymeric suspensions, which are non-Newtonian.
In this regard, Eringen [11,12] introduced the theory of micropolar fluids to explain the mi-
croscopic properties of these fluids. Then, many researchers considered micropolar fluids in
their studies, with a variety of flow conditions, such as stagnation flow [13–15] and mixed
convection flow [16–22]. The flow of micropolar nanofluids using the Buongiorno model of
nanofluid [23] has been examined by several researchers [24–30]. Buongiorno [23] consid-
ered seven slip mechanisms that can produce a relative velocity between the nanoparticles
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and the base fluid. These are inertia, Brownian diffusion, thermophoresis, diffusiophoresis,
the Magnus effect, fluid drainage, and gravity. They concluded that Brownian diffusion
and thermophoresis are two important primary slip mechanisms between solid and liquid
phases in nanofluids. Based on this finding, they developed a two-component, four-
equation nonhomogeneous equilibrium model for mass, momentum, and heat transport in
nanofluids. The effect of nanoparticles on micropolar fluid was reported in Refs. [31–36].
Refs. [37–45] are also relevant in this regard.

The combination of two nanofluid models, introduced by Tiwari and Das [3] and
Buongiorno [23], has gained much attention from researchers. This model is called the
modified Buongiorno model for nanofluid, where the Brownian motion and thermophoresis
effects are taken into consideration. For example, Patel et al. [46] employed this model by
considering the micropolar fluid. Several studies that also employed this model can be
found in Refs. [47–51].

The stagnation point flow describes the motion of fluid near the stagnation region
on a stationary or moving solid surface. Physically, a stagnation point refers to a point in
the flow field where the local velocity is zero [52]. Analogously, stagnation point flow can
be described as a jet of water impinging on a rigid body [53]. The static pressure of the
fluid is maximum at the stagnation point and is known as the stagnation pressure, while
the temperature at the stagnation point is known as the stagnation temperature [54]. In
addition, the kinetic energy at the stagnation point is completely converted to internal
energy since the fluid velocity is zero at that point. The region around the stagnation
point receives the highest pressure, heat transport rate, and mass storage. Moreover, the
existence of the stagnation flow velocity can confine the vorticity to maintain the flow
in the shrinking sheet; thus, the application of suction is not necessary, as discussed by
Wang [55]. Moreover, the phenomenon of the flow in a stagnation region commonly occurs
in aerodynamic industries and engineering applications such as in polymer extrusion,
drawing of plastic sheets, and wire drawing.

Magnetohydrodynamics, or MHD for short, is a study that involves a combination of
the concepts of fluid dynamics and electromagnetism. A fluid flowing across a magnetic
field will produce an electric current capable of influencing the flow behavior and also the
temperature of the fluid. The theory of laminar flow of an electrically conductive fluid
in a homogeneous magnetic field was pioneered by Hartmann [56]. Later, Pavlov [57]
considered the boundary layer flow problem of an electrically conducting fluid in the
presence of a uniform transverse magnetic field on a plane elastic surface. MHD flow of
electrically conductive fluids is also important in modern metallurgical and metal working
processes such as metal assembly processes in electric furnaces using magnetic fields and
wall cooling processes in nuclear reactor containment chambers [58]. Furthermore, the
MHD concept is also used in thermal power generation systems that are able to convert
thermal energy into electrical energy [59].

The terms radiant heat transfer and thermal radiation are commonly used to describe
heat transfer caused by electromagnetic waves [60]. Rosseland [61] is the researcher who
introduced the thermal radiation model by using diffusion theory to study the effect of
thermal radiation in astrophysics. For applications in certain spaces, some devices are
designed to operate at high temperature levels to obtain maximum thermal efficiency. Thus,
the effect of thermal radiation is important in determining the effect of heat in a process with
high temperature. Therefore, thermal radiation makes a significant contribution to energy
transfer processes in furnaces, combustion chambers, rocket plumes, high-temperature
heat exchangers, and during chemical explosions [62].

The study of chemical reactions is of interest in bioengineering and chemical industrial
applications, including food processing, polymer production, evaporation, ceramic manu-
facturing, drying, energy transport between cooling towers, and desert cooling streams.
The influence of chemical reactions on heat and mass transfer on a stretchable rotating disk
was reported by Muthtamilselvan et al. [63]. Moreover, Rawat et al. [64] studied the effect
of chemical reaction on the flow over a cone and a wedge. Singh et al. [65] reported the
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numerical solution of micropolar fluid flow through a stretchable surface with chemical
reaction and melting heat transfer. Xiong et al. [66] examined Reiner–Philippoff fluid with
chemical reaction effects.

The present study considers the flow of a micropolar fluid past a shrinking sheet con-
taining a magnetite nanoparticle (Fe3O4) by employing the modified Buongiorno nanofluid
model. Different from Patel et al. [46], the present study investigates the flow behavior in
the stagnation point region.

2. Mathematical Formulation

A steady laminar stagnation point flow on a stretching or shrinking sheet immersed
in a micropolar fluid with Fe3O4 nanoparticles was evaluated (see Figure 1). The surface
stretched or shrunk with velocity uw(x) = ax where a is a constant, with a > 0 for stretching
and a < 0 for shrinking. The external flow is represented by ue(x) = bx with b > 0. The
transverse magnetic field B0 is applied normally to the surface. A few assumptions are
considered for the physical model. The hybrid nanofluid is assumed to be stable. Thus,
the effect of nanoparticle aggregation and sedimentation is omitted. The nanoparticles are
assumed to have a uniform size with a spherical shape. It is assumed that both the base fluid
and nanoparticles are in a thermal equilibrium state, and they flow at the same velocity.
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Figure 1. The flow configuration of (a) stretching and (b) shrinking sheets.

Accordingly, the equations that govern the flow are [3,23,46]:

∂u
∂x

+
∂v
∂y

= 0 (1)

u
∂u
∂x

+ v
∂u
∂y

= u∞
du∞

dx
+

(
µn f + κ

ρn f

)
∂2u
∂y2 +

κ

ρn f

∂N
∂y

+
σn f

ρn f
B2

0(u∞ − u) (2)

u
∂N
∂x

+ v
∂N
∂y

=
ω

ρn f j
∂2N
∂y2 −

κ

ρn f j

(
2N +

∂u
∂y

)
(3)

u
∂T
∂x

+ v
∂T
∂y

=
1

(ρCp)n f

(
kn f +

16σ∗T3
∞

3k∗

)
∂2T
∂y2 + δ

(
DB

∂C
∂y

∂T
∂y

+
DT
T∞

(
∂T
∂y

)2
)

(4)

u
∂C
∂x

+ v
∂C
∂y

= DB
∂2C
∂y2 +

DT
T∞

∂2T
∂y2 − β(C− C∞) (5)

subject to:

u = uw, v = 0, N = −n
∂u
∂y

, T = Tw, C = Cw, at y = 0

u→ u∞, N → 0, T → T∞, C → C∞, as y→ ∞ (6)
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where (u, v) are the velocity components, κ is the vortex viscosity, N is the microrotation
velocity, n is the micro-gyration parameter, σ∗ is the Stefan–Boltzmann constant, k∗ is the
mean absorption coefficient, and δ is the effective heat capacity ratio. DB and DT are the
coefficients of the Brownian motion and the thermophoretic diffusion, respectively. β is the
first-order chemical reaction rate. T and C represent the temperature and the concentration,
respectively. Here, the concentration at the surface Cw and the temperature at the surface
Tw are assumed to be constant. Moreover, the spin gradient viscosity ω and the microinertia
coefficient j are defined as:

ω =
(

µn f +
κ

2

)
j, j =

ν f

b
. (7)

The thermophysical properties are given in Tables 1 and 2, which are adapted from
Refs. [4,46]. The nanoparticle volume fraction is represented by ϕ, while the subscript n
corresponds to its solid component. The subscript n f is for nanofluid and f signifies the
base fluid.

Table 1. Thermophysical properties of Fe3O4 nanoparticle and water.

Properties Fe3O4 Water

ρ
(
kg/m3) 5200 997.1

Cp (J/kgK) 670 4179
k (W/mK) 6 0.613

σ (S/m) 25,000 0.05

Table 2. Thermophysical properties of nanofluid.

Properties Correlations

Dynamic viscosity µn f =
µ f

(1−ϕ)2.5

Density ρn f = (1− ϕ)ρ f + ϕρn
Heat capacity (ρCp)n f = (1− ϕ)(ρCp) f + ϕ(ρCp)n

Thermal conductivity kn f
k f

=
kn+2k f +2ϕkn−2ϕk f
kn+2k f−ϕkn+ϕk f

Electrical conductivity σn f
σf

= 1 +
3
(

σn
σf
−1
)

ϕ

2+ σn
σf
−
(

σn
σf
−1
)

ϕ

The following dimensionless variables are utilized [13,46]:

ψ =
√

bν f x f (η), N = bx

√
b
ν f

g(η), θ(η) =
T − T∞

Tw − T∞
, χ(η) =

C− C∞

Cw − C∞
, η = y

√
b
ν f

(8)

where ψ is the stream function. We define u = ∂ψ/∂y and v = −∂ψ/∂x, then:

u = bx f ′(η), v = −
√

bν f f (η), (9)

which satisfy the continuity Equation (1). Equations (2)–(5) are respectively transformed into:

1
ρn f /ρ f

(
µn f

µ f
+ K

)
f ′′′ + f f ′′ − f ′2 + 1 +

K
ρn f /ρ f

g′ +
σn f /σf

ρn f /ρ f
M2(1− f ′

)
= 0 (10)

1
ρn f /ρ f

(
µn f

µ f
+

K
2

)
g′′ + f g′ − f ′g− K

ρn f /ρ f

(
2g + f ′′

)
= 0 (11)

1
Pr

1(
ρCp

)
n f /
(
ρCp

)
f

(
kn f

k f
+

4
3

R

)
θ′′ + f θ′ + Nbχ′θ′ + Ntθ′2 = 0 (12)
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χ′′ + Sc
(

f χ′ − Cmχ
)
+

Nt
Nb

θ′′ = 0 (13)

subject to:
f (0) = 0, f ′(0) = λ, g(0) = −n f ′′(0), θ(0) = 1, χ(0) = 1,

f ′(η)→ 1, g(η)→ 0, θ(η)→ 0, χ(η)→ 0 as η → ∞ (14)

In the above equations, K is the material parameter, M is the magnetic parameter, Pr
is the Prandtl number, R is the radiation parameter, Nb is the Brownian motion parameter,
Nt is the thermophoresis parameter, Sc is the Schmidt number, Cm is the chemical reaction
parameter, and λ is the stretching or shrinking parameter, defined as:

K =
κ

µ f
, M =

√
σf

ρ f b
B0, Pr =

(
µCp

)
f

k f
, R =

4 σ∗T3
∞

k∗k f
, Nb =

δDB (Cw − C∞)

ν f
,

Nt =
δDT (Tw − T∞)

ν f T∞
, Sc =

ν f

DB
, Cm =

β

ν f
, λ =

a
b

(15)

with λ < 0 is for shrinking, λ > 0 is for stretching, and λ = 0 is for the static sheet.
The quantities of physical interest are the skin friction coefficient C f , local couple

stress Mw, the local Nusselt number Nux, and the local Sherwood number Shx, which are
expressed as [21,28]:

C f =
1

ρ f u2
∞

((
µn f + κ

)∂u
∂y

+ κN
)

y=0
, Mw =

1
ρ f xu2

∞

(
µn f +

κ

2

)
j
(

∂N
∂y

)
y=0

,

Nux = − x
k f (Tw − T∞)

(
kn f +

16σ∗T3
∞

3k∗

)(
∂T
∂y

)
y=0

, Shx = − x
Cw − C∞

(
∂C
∂y

)
y=0

(16)

Using Equations (8) and (16), we obtain:

Re1/2
x C f =

(
µn f

µ f
+ (1− n)K

)
f ′′ (0), Rex Mw =

(
µn f

µ f
+

K
2

)
g′(0)

Re−1/2
x Nux = −

(
kn f

k f
+

4
3

R

)
θ′(0), Re−1/2

x Shx = −χ′(0) (17)

where the local Reynolds number is given as Rex = u∞x/ν f .

3. Stability Analysis

The stability of the dual solutions is determined by adapting the procedures introduced
by Merkin [67] and Weidman et al. [68], considering the new variables as:

ψ =
√

bν f x f (η, τ), N = bx

√
b
ν f

g(η, τ), θ(η, τ) =
T − T∞

Tw − T∞
, χ(η, τ) =

C− C∞

Cw − C∞
,

η = y

√
b
ν f

, τ = bt (18)

where τ is nondimensional time. Then, we obtain:

u = bx
∂ f
∂η

(η, τ), v = −
√

bν f f (η, τ). (19)

Substituting Equations (18) and (19) into the unsteady form of Equations (2)–(5) yields:
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1
ρn f /ρ f

(
µn f

µ f
+ K

)
∂3 f
∂η3 + f

∂2 f
∂η2 −

(
∂ f
∂η

)2
+ 1 +

K
ρn f /ρ f

∂g
∂η

+
σn f /σf

ρn f /ρ f
M2
(

1− ∂ f
∂η

)
− ∂2 f

∂η∂τ
= 0 (20)

1
ρn f /ρ f

(
µn f

µ f
+

K
2

)
∂2g
∂η2 + f

∂g
∂η
− ∂ f

∂η
g− K

ρn f /ρ f

(
2g +

∂2 f
∂η2

)
− ∂g

∂τ
= 0 (21)

1
Pr

1(
ρCp

)
n f /
(
ρCp

)
f

(
kn f

k f
+

4
3

R

)
∂2θ

∂η2 + f
∂θ

∂η
+ Nb

∂χ

∂η

∂θ

∂η
+ Nt

(
∂θ

∂η

)2
− ∂θ

∂τ
= 0 (22)

∂2χ

∂η2 + Sc
(

f
∂χ

∂η
− Cmχ

)
+

Nt
Nb

∂2θ

∂η2 − Sc
∂χ

∂τ
= 0 (23)

subject to:

f (0, τ) = 0,
∂ f
∂η

(0, τ) = λ, g(0, τ) = −n
∂2 f
∂η2 (0, τ), θ(0, τ) = 1, χ(0, τ) = 1,

∂ f
∂η

(η, τ)→ 1, g(η, τ)→ 0, θ(η, τ)→ 0, χ(η, τ)→ 0 as η → ∞ (24)

The perturbations are introduced to the steady solutions f = f0(η), g = g0(η),
θ = θ0(η), and χ = χ0(η) of Equations (10)–(13) by employing the following relations [68]:

f (η, τ) = f0(η) + e−γτ F(η, τ), g(η, τ) = g0(η) + e−γτG(η, τ),

θ(η, τ) = θ0(η) + e−γτ H(η, τ), χ(η, τ) = χ0(η) + e−γτ J(η, τ) (25)

The signs of γ determine the stability of the solutions. It is noted that F(η, τ), G(η, τ),
H(η, τ), and J(η, τ) are relatively small compared to f0(η), g0(η), θ0(η), and χ0(η). The
perturbations (25) are applied and the eigenvalues γ are obtained by solving Equations
(20)–(24). After linearization and by setting τ = 0, then F(η, τ) = F0(η), G(η, τ) = G0(η),
H(η, τ) = H0(η), and J(η, τ) = J0(η). The final form of the eigenvalue problems reads
as follows:

1
ρn f /ρ f

(
µn f

µ f
+ K

)
F′′′0 + f0F′′0 + f ′′0 F0 − 2 f ′0F′0 +

K
ρn f /ρ f

G′0 −
σn f /σf

ρn f /ρ f
M2F′0 + γF′0 = 0 (26)

1
ρn f /ρ f

(
µn f

µ f
+

K
2

)
G′′0 + f0G′0 + g′0F0 − f ′0G0 − g0F′0 −

K
ρn f /ρ f

(
2G0 + F′′0

)
+ γG0 = 0 (27)

1
Pr

1(
ρCp

)
n f /
(
ρCp

)
f

(
kn f

k f
+

4
3

R

)
H′′0 + f0H′0 + θ′0F0 + Nb

(
χ′0H′0 + θ′0 J′0

)
+ 2Ntθ′0H′0 + γH0 = 0 (28)

J ′′0 + Sc
(

f0 J′0 + χ′0F0 − CmJ0
)
+

Nt
Nb

H′′0 + ScγJ0 = 0 (29)

subject to:

F0(0) = 0, F′0(0) = 0, G0(0) = −nF′′0 (0), H0(0) = 0, J0(0) = 0,

F′0(η)→ 0, G0(η)→ 0, H0(η)→ 0, J0(η)→ 0 as η → ∞ (30)

The values of γ in Equations (26)–(29) are obtained for the case F′′0 (0) = 1 (see
Harris et al. [69]).
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4. Results and Discussion

Equations (10)–(14) are numerically solved using the bvp4c package in the MATLAB
software [70]. This solver occupies a finite difference method that employs the three-stage
Lobatto IIIa formula with fourth-order accuracy. To achieve the accuracy of the numerical
values, the selection of the initial guess and the boundary layer thickness, η∞, must be
precise. Moreover, the accuracy is also dependent on the values of the parameters applied
for the computation. The results are presented for the physical quantities of interest given
in Equation (17). Moreover, the velocity, concentration, and temperature profiles, as well as
the stream function, are plotted to support the validity of the numerical results. The code is
run for a set value of parameters. The validity of the outcomes is checked by examining
the related profiles. Correct profiles must approach the infinity boundary conditions (14)
asymptotically and not intersect with the horizontal axes (see Pantokratoras [71]). Moreover,
the numerical outcomes are compared with the existing results available in the literature
for a special case of the present study.

The values of f ′′(0) when λ ≥ 0, ϕ = M = 0, and n = 0.5 for K = 0 and K = 1 are
presented in Table 3, along with the results of Wang [55] and Ishak et al. [13], which show
good agreement. Table 4 shows the effects of various parameters on Re1/2

x C f , Rex Mw,
Re−1/2

x Nux, and Re−1/2
x Shx when λ = −1.2, n = 0.5, Sc = 1, and Pr = 6.2. It can

be seen that some parameters such as ϕ, K, and M have a significant impact on these
quantities. This is because the similarity equations, i.e., Equations (10)–(14), are coupled in
the presence of those parameters. However, no effect is observed on the values of Re1/2

x C f
and Rex Mw for variations in Nb, Nt, R, and Cm. This can be explained by looking at
Equations (10) and (11), where these parameters do not appear.

Table 3. Values of f ′′(0) when λ ≥ 0, ϕ = M = 0, and n = 0.5 for K = 0 and K = 1.

λ
K = 0 K = 1

Wang [55] Ishak et al. [13] Present Results Ishak et al. [13] Present Results

0 1.232588 1.232588 1.232588 1.006404 1.006404
0.1 1.146560 1.146561 1.146561 0.936163 0.936163
0.2 1.051130 1.051130 1.051130 0.858244 0.858244
0.5 0.713300 0.713295 0.713295 0.582403 0.582403
1 0 0 0 0 0
2 −1.887310 −1.887307 −1.887307 −1.540979 −1.540979
5 −10.264750 −10.264749 −10.264749 −8.381133 −8.381133

Table 4. Values of Re1/2
x C f , Rex Mw, Re−1/2

x Nux, and Re−1/2
x Shx for various parameters when

λ = −1.2, n = 0.5, Sc = 1, and Pr = 6.2.

ϕ K M Nb Nt R Cm Re1/2
x Cf RexMw Re−1/2

x Nux Re−1/2
x Shx

0 0.5 0.1 0.1 0.1 1 0.1 1.082171 −0.213464 0.016944 0.303031
0.01 1.115482 −0.222586 0.019374 0.307476
0.02 1.149114 −0.231704 0.021913 0.311477
0.02 0 1.034033 −0.233661 0.045570 0.355461

0.2 1.081306 −0.232588 0.033971 0.337046
1 1.254442 −0.230912 0.010571 0.274514

0.5 0 1.107859 −0.238547 0.018468 0.302171
0.5 1.779708 −0.086577 0.114729 0.415243
1 2.855578 0.278692 0.356704 0.475854

0.1 0.15 1.149114 −0.231704 0.020172 0.276710
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Table 4. Cont.

ϕ K M Nb Nt R Cm Re1/2
x Cf RexMw Re−1/2

x Nux Re−1/2
x Shx

0.2 1.149114 −0.231704 0.018555 0.259458
0.3 1.149114 −0.231704 0.015666 0.242458
0.1 0.05 1.149114 −0.231704 0.023474 0.260632

0.15 1.149114 −0.231704 0.020467 0.361070
0.2 1.149114 −0.231704 0.019129 0.409408
0.1 0 1.149114 −0.231704 0.000078 0.299632

1.5 1.149114 −0.231704 0.060479 0.309752
2 1.149114 −0.231704 0.118147 0.304931
1 0 1.149114 −0.231704 0.022498 0.180335

0.15 1.149114 −0.231704 0.021626 0.377014
0.2 1.149114 −0.231704 0.021343 0.442529

Figure 2 presents better insight into the effect of micropolar parameter K on Re1/2
x C f ,

Re−1/2
x Shx, Re−1/2

x Nux, and Rex Mw when λ = −1.2, n = 0.5, M = Nb = Nt = Cm = 0.1,
Sc = R = 1, Pr = 6.2, and ϕ = 0.02. A reduction in the values of Re−1/2

x Shx and Re−1/2
x Nux

are seen for increasing K. It is noted that an increase in K lead to enhanced values of Re1/2
x C f

and Rex Mw. Moreover, the effects of magnetic parameter M on Re1/2
x C f , Re−1/2

x Shx,
Re−1/2

x Nux, and Rex Mw when λ = −1.2, K = n = 0.5, Nb = Nt = Cm = 0.1, Sc = R = 1,
Pr = 6.2, and ϕ = 0.02 are given in Figure 3. Note that the rise in M contributes to the
enhancement of these physical quantities. Physically, the Lorentz force is accelerated for the
stronger magnetic strength and consequently suppresses the boundary layer thicknesses
on the shrinking sheet and leads to the enhancement of the physical quantities for larger M.
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Next, the variations in Re1/2
x C f , Rex Mw, Re−1/2

x Nux, and Re−1/2
x Shx against λ for

water (ϕ = 0) and Fe3O4/water (ϕ = 0.02) when K = n = 0.5, M = Nb = Nt = Cm =
0.1, R = 1, Sc = 1, and Pr = 6.2 are shown in Figures 4–7, respectively. From these
figures, it may be concluded that Fe3O4/water gives higher values of Re1/2

x C f , Rex Mw,
Re−1/2

x Nux, and Re−1/2
x Shx for the first solution compared to water. The solution is unique

when λ ≥ −1. Two solutions are obtained for the limited range of λ when the sheet is
shrunk (λc < λ < −1). Moreover, the solutions bifurcate and terminate in this region at
λ = λc (critical value), and this point is known as the bifurcation point. No solution is
found beyond this value. Here, the critical values are λc1 = −1.25515 and λc2 = −1.25497
for water (ϕ = 0) and Fe3O4/water (ϕ = 0.02), respectively. This behavior is expected to
occur because the addition of nanoparticles contributes to enhancing the thermal properties
of fluids owing to the synergetic effects of nanoparticles.

The influences of K on the velocity f ′(η), the microrotation g(η), the temperature θ(η),
and the concentration χ(η) profiles when λ = −1.2, n = 0.5, M = Nb = Nt = Cm = 0.1,
Sc = R = 1, Pr = 6.2, and ϕ = 0.02 are presented in Figures 8–11. Dual solutions exist that
can be seen from these profiles, where both satisfy the infinity boundary conditions (14)
asymptotically. Figures 8 and 9 show that the velocity f ′(η) and the microrotation g(η) on
both solutions decline for larger K. Physically, the effect of microrotation is neglected when
K = 0. On the other hand, the effects of the vortex and the dynamic viscosities are taken
into account as K increases. Therefore, the velocity decreases by thickening the momentum
boundary layer. Moreover, it is interesting to note that the microrotation profiles experience
the undershoot behavior near the shrinking sheet. This is because of the reverse movement
of the sheet toward the origin. The microrotation increases near the sheet for larger K
and then decreases when reaching the ambient condition. This observation has also been
reported by Ishak et al. [13], Yacob and Ishak [14], and Soid et al. [15]. In contrast, the
outcomes are the opposite for θ(η) and χ(η), as shown in Figures 10 and 11, where their
boundary layer thicknesses are rising as K increases, consequently reducing the heat and
the mass transfer.
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Figure 12 shows the streamlines when λ = 0.5 (stretching sheet), K = n = 0.5, M = 0.1,
and ϕ = 0.02. Meanwhile, Figures 13 and 14 display the streamlines when λ = −1.2
(shrinking sheet), K = n = 0.5, M = 0.1, and ϕ = 0.02 for the first outcome and the second
outcome, respectively. From Figure 12, the pattern of the streamlines is simple for the
stretching case. A horizontal line divides the streamlines into two patterns for the shrinking
case. This horizontal line is nearer to the shrinking region for the first solution compared to
that of the second solution. It is also observed that the flow pattern in the upper region for
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the shrinking case is similar to that obtained for the stretching case. The reverse rotating
flow is observed in the lower region.
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The variation in γ against λ when K = n = 0.5, M = 0.1, and ϕ = 0.02 is presented in
Figure 15. It is noted that e−γτ → 0 as time evolves (τ → ∞) for positive values of γ. On
the other side, for the negative values of γ, e−γτ → ∞ . These observations show that the
first solution is stable and thus physically reliable in the long run, and vice versa.
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5. Conclusions

We investigated the micropolar fluid flow in a stagnation region of a stretching or
shrinking sheet filled with Fe3O4 nanoparticles. The transformed equations were solved
numerically by utilizing the bvp4c package in MATLAB software. The numerical outcomes
are in agreement with previously published data. The findings reveal that two solutions
are found for the limited range of the shrinking strength λ (λc < λ < −1). The solutions
bifurcate in this region at λ = λc. Meanwhile, the solution is unique when λ ≥ −1. The
physical quantities Re1/2

x C f , Rex Mw, Re−1/2
x Nux, and Re−1/2

x Shx increase with the rise in
M. Moreover, the effect of K is found to lower the values of Re−1/2

x Shx and Re−1/2
x Nux but

lead to an increase in the values of Re1/2
x C f and Rex Mw. Furthermore, Fe3O4/water gives

higher values of Re1/2
x C f , Rex Mw, Re−1/2

x Nux, and Re−1/2
x Shx compared to the base fluid,

water. The critical values obtained in this study are beneficial in predicting the quality of
certain products according to the desired output. We believe that this numerical study
can be used in research on real applications. In future work, the present problem can be
extended to examine the hybrid nanoparticles’ effect subjected to other flow conditions.
Moreover, there are several physical parameters that can be examined regarding their effect
on the flow and thermal behavior of the fluid.
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Nomenclature
a, b constants
B0 strength of magnetic field (T)
C concentration (mol m−3)
Cf skin friction coefficient
Cm chemical reaction parameter
cp specific heat at constant pressure (J kg−1 K−1)
Cw concentration at the surface (mol m−3)
DB Brownian motion coefficient (m2 s−1)
DT thermophoretic diffusion coefficient (mol m−1 s−1)
f dimensionless stream function
g dimensionless microrotation velocity
j microinertia coefficient (m2)
K material parameter
k∗ mean absorption coefficient (m−1)
k thermal conductivity of the fluid (Wm−1 K−1)
M magnetic parameter
Mw local couple stress
n the micro-gyration parameter
N microrotation velocity (s−1)
Nb Brownian motion parameter
Nt thermophoresis parameter
Nux local Nusselt number
Pr Prandtl number
R radiation parameter
Sc Schmidt number
Shx local Sherwood number
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T fluid temperature (K)
Tw surface temperature (K)
T∞ ambient temperature (K)
u,v components of velocity (m s−1)
x,y Cartesian coordinates (m)
Greek symbols
β first-order chemical reaction rate (s−1)
δ effective heat capacity ratio (m3 mol−1)
η similarity variable
θ dimensionless temperature
κ vortex viscosity (kg m−1 s−1)
λ stretching/shrinking parameter
µ dynamic viscosity (kg m−1 s−1)
ν kinematic viscosity of the fluid (m2 s−1)
ρ fluid density (kg m−3)
σ electrical conductivity (S m−1)
σ∗ Stefan–Boltzmann constant (W m−2 K−4)
ϕ nanoparticles volume fraction
χ dimensionless concentration
ψ stream function (m2 s−1)
ω microinertia coefficient (kg m s−1)
Subscripts
f fluid
n solid
nf nanofluid
w condition at the surface
Superscript
’ differentiation with respect to η
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