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Abstract: The global financial markets are greatly affected by crude oil price movements, indicating
the necessity of forecasting their fluctuation and volatility. Crude oil prices, however, are a complex
and fundamental macroeconomic variable to estimate due to their nonlinearity, nonstationary, and
volatility. The state-of-the-art research in this field demonstrates that conventional methods are
incapable of addressing the nonlinear trend of price changes. Additionally, many parameters are
involved in this problem, which adds to the complexity of such a prediction. To overcome these
obstacles, a Mutual Information-Based Network Autoregressive (MINAR) model is developed to
forecast the West Texas Intermediate (WTI) close crude oil price. To this end, open, high, low, and
close (OHLC) prices of crude oil are collected from 1 January 2020 to 20 July 2022. Afterwards,
the Mutual Information-based distance is utilized to establish the network of OHLC prices. The
MINAR model provides a basis to consider the joint effects of the OHLC network interactions, the
autoregressive impact, and the independent noise and establishes an intelligent tool to estimate the
future fluctuations in a complex, multivariate, and noisy environment. To measure the accuracy
and performance of the model, three validation measures, namely, RMSE, MAPE, and UMBRAE,
are applied. The results demonstrate that the proposed MINAR model outperforms the benchmark
ARIMA model.

Keywords: crude oil price; west texas intermediate; network autoregressive model; forecasting;
mutual information; correlation matrix; multivariate time series

MSC: 62P05; 91B84

1. Introduction
1.1. Background, Motivations, and Challenges

One of the most significant elements that profoundly influence global financial mar-
kets is the price of crude oil, and its price movements always capture the attention of
financial experts and market participants [1]. The nonlinearity, nonstationarity, and high
volatility of crude oil prices make them a complex and vital macroeconomic indicator to
estimate [2,3]. Several elements affect crude oil prices, causing them to be highly nonsta-
tionary and nonlinear, including climate change, market fluctuations, innovations, demand
for oil, and replacing alternative fuels with energy sources [4]. Moreover, oil prices play a
significant role in determining how governments and companies plan for the future [5].
There is considerable interest among policymakers and central banks in many economies
in making reliable predictions to ensure they can respond effectively to any fluctuations in
oil prices [6].

Several methods have been presented in decades-long research on crude oil price
forecasting. However, various conventional econometric models have been developed in
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different studies [7,8]. Traditional econometric models can be classified into three categories
based on a combination of naive models, exponential smoothing models, and autoregres-
sive family models [9,10], such as the autoregressive integrated moving average (ARIMA)
model [11], the autoregressive conditional heteroskedasticity model (ARCH) [12], and the
generalized autoregressive conditional heteroskedasticity model (GARCH) [13]. Due to
their good performance, autoregressive family models are widely used for modeling and
predicting crude oil price volatility [14]. For predicting crude oil prices, traditional econo-
metric models provide a robust framework that is well-established. However, conventional
models do not adequately explain crude oil prices nonlinearity [15,16].

Artificial Intelligence (AI) models are another approach to modeling and predicting
asset prices, especially crude oil prices [17]. These methods, such as neural fuzzy and artifi-
cial neural networks, overcome the limitations of classical and econometric models [18,19].
Many experiments have found that the AI models often had some advantages; however,
these models also have shortcomings and disadvantages [20]. Artificial Neural Network
(ANN), for instance, is prone to local minima and overfitting [21,22], while other machine
learning models, including Support Vector Machine (SVM) and Gaussian processes (GPs),
are sensitive to parameter selection [11,23].

Additionally, sentimental models are developed to address nonlinearity issues [24].
However, adding more variables and components improve the sentimental model’s perfor-
mance. For example, the decision tree model performed better on when crude oil demand
and supply, monthly GDP, and CPI are factored [7]. It is also suggested the significance of
news texts in crude oil price forecasting, and even used Twitter posts regarding US foreign
policy as an input variable [25]. Nevertheless, the performance of the sentimental model is
highly dependent on the quality of its variables, and selecting the appropriate variables
requires much effort [19]. Moreover, many attempts have been made to predict crude oil
price by combining the methods mentioned above and signal decomposition analysis [26].

Considering the complexity and nonlinearity of the crude oil price movement, the meth-
ods mentioned above are not suitable for modeling it accurately and require a lot of pa-
rameters to be estimated, which results in complex and cost-effective calculations [27–29].
In addition, some new methods still require more research and development to determine
and choose the correct parameters and features [30].

We have attempted to solve the shortcomings mentioned above with the method we
developed in this study. The most crucial challenge in modeling and predicting crude oil
prices is selecting a tool that can determine the nonlinearity of price movements without
imposing complex calculations [31]. One of these tools, which is a helpful approach in
modeling complex systems, is mutual information (MI), which is related to the concept of
entropy. Mutual Information describes the expected information contained in a random
variable and it is capable of capturing nonlinearity [32–34].

Another issue usually overlooked in oil price modeling is applying the open, high,
low, and close prices (OHLC) of a day to model the price fluctuations [35]. In addition,
knowing the daily price ranges and the low and high prices of each day enhances our
perception of the price market; therefore, we utilize the open, high, and low prices in this
study to model the close price.

This paper presents a method for creating a network of open, high, low, and close
prices (OHLC) using mutual information and then forecasting the close price using an
autoregression method. The model is based on the previous day’s closed price, the joint
MI correlation of OHLC prices, and the independent noise, which is determined by other
factors. Comparatively, with other multivariate time series modeling approaches such as
vector autoregressive (VAR), which model each time series individually, relationships across
variables are usually lost. The constructed model tries to handle these issues. In addition,
unlike multivariate time series models, in which the number of unknown parameters
increases as the number of variables increases, the number of unknown parameters in a
network autoregressive model remains constant [36,37].

The unique features and the main contributions of this study are as follows:
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1. Building a model for forecasting the crude oil price based on the simplicity and
non-heavy calculations due to having a few unknown model parameters.

2. Deploying the network of daily OHLC prices to model the actual close price.
3. Using a nonlinear modeling approach by applying mutual information distances.

This paper is structured as follows: The remaining part of Section 1 discusses the
analyzed data and its descriptive statistics. Section 2 introduces the methodology and
construction of the model and validation methods. An illustration of the modeling results
is provided in Section 3. Section 4 discusses choosing an appropriate threshold for the
adjacency matrix and comparing the developed model with similar approaches. This paper
concludes by summarizing its contributions and suggesting future research directions.

1.2. Data and Descriptive Statistics

In this study, we use the crude oil price historical data from the West Texas Intermediate
(WTI) crude oil prices. The WTI is considered one of the leading oil benchmarks for crude
oil buyers sourced from the United States. A benchmark in the oil market is a price that
serves as a reference price for buyers and sellers of crude oil and plays an essential role in
the global oil price [38].

In order to formulate the model used in this study, as was mentioned previously, we
need the open, high, low, and close (OHLC) daily prices for conducting the model. We
collect the OHLC daily WTI crude oil prices from the US energy information administration
(EIA) from the following website: (http://www.eia.doe.gov/ (accessed on 21 July 2022)).
From 1 January 2020 to 20 July 2022, a sampling period of 676 observations is collected.
The study divides the sample data into two subsets: train and test sets. As a result,
the data between 1 January 2020 and 20 January 2022, has been treated as a train set, with
542 observations accounting for 80% of the total samples used for model training. A total of
134 observations were used in the test set, which covers the period between 21 January 2022
and 20 July 2022.

The collected data is cross-checked by other publicly available resources to ensure
correctness and accuracy. A description of the prices can be found in Table 1, which contains
the OHLC price summary statistics. The historical prices of OHLC and the return of close
data are depicted in Figures 1 and 2.

H
ig

h
L

o
w

O
p
en

C
lose

2020 2021 2022

50

100

50

100

50

100

50

100

P
ri

ce
 (

U
S 

D
ol

la
r)

Time (Day)

Figure 1. Historical OHLC prices of WTI in US dollar from 1 January 2020 to 20 July 2022.
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Table 1. Summary statistics of OHLC crude oil prices of WTI in US dollar from 1 January 2020 to
20 July 2022.

Open Price Low Price High Price Close Price

Min. 12.96 10.07 13.69 10.01
1st Qu. 41.98 41.47 42.81 41.95
Median 63.39 62.11 64.53 63.38
Mean 64.33 63 65.66 64.41
3rd Qu. 79.48 78.44 80.86 79.41
Max. 123.7 120.79 130.50 123.70
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Figure 2. Log-Return of the close WTI crude oil price in US dollar from 1 January 2020 to 20 July 2022.

2. Methodology
2.1. Model Construction

In this section, the Network Autoregressive model based on Mutual Information is
presented for close oil prices of WTI, hereafter referred to as MINAR, and its characteristics
are further described. First, we transform the collected data into a new time series. The
log-return for each of the OHLC data sets is calculated as follows:

pit = log
(

oil price (i, t)
oil price (i, t− 1)

)
(1)

where i = 1, . . . , 4 refers to close, open, low, and high oil prices, respectively, while t refers
to each time spot during the specified period.

Suppose, pit represents the transformed data as calculated in Equation (1) at time t and
i = 1, . . . , 4 refers to close, open, low, and high prices, respectively, A = (aij)4×4 shows the
adjacency matrix of the correlation between the log-returns of transformed OHLC prices, ni
is the sum of the ith row at the adjacency matrix A, β = (β1, β2, β3) is the model parameter
and εit follows the normal distribution; hence, the MINAR model can be formulated as
presented in Equation (2).

pit = β1 + β2n−1
i

4

∑
j=1

aij pj(t−1) + β3 pi(t−1) + εit (2)
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2.2. Mutual Information Based Cross-Correlation

Inherently, the movement of oil prices is a nonlinear phenomenon [39], so it is not
feasible to apply linear correlations such as Pearson correlations for the constructed OHLC
network. We propose to use the transformed data created by Equation (1) in order to
identify nonlinear dependencies in oil price movements by using mutual information.
To determine the unpredictability of a random variable, Shannon’s entropy, which measures
the degree of mutual information, be taken into consideration. According to this definition,
mutual information can be defined on the basis of two discrete random variables, X and Y,
calculated as follows:

I(X, Y) = ∑
y∈Y

∑
x∈X

p(x, y) log
p(x, y)

p(x)p(y)
(3)

p(x, y) is the joint probability distribution function of X and Y, and p(x) and p(y) are the
marginal probability distributions.

In the case of mutual information, it could be expressed as follows:

I(X, Y) = H(X) + H(Y)− H(X, Y) (4)

where H(X) is Shannon’s entropy, which is defined as:

H(X) = −∑
i

p(x) log p(xi) (5)

Similarly, H(X, Y) represents the joint entropy associated with the two variables
together. Furthermore, log represents the logarithm to the base of two.

To estimate Shannon’s entropy for practical purposes, we use Schürmann–Grassberger,
a Bayesian parametric estimator. Based on the Dirichlet probability distribution, this
estimator has been developed. Its density function is defined as follows:

p(x; θ) =
∏i∈{1,2,...,|χ|} Γ(θi)

Γ(∑i∈{1,2,...,|χ|} θi)
∏

i∈{1,2,...,|χ|}
xθi−1

i (6)

θi represents the prior probability of xi, which is the ith element in the set |χ|, and Γ(.) is
the gamma function.

Using the following equation, one can calculate the entropy of a Dirichlet distribution:

Ĥdir(X) =
1

m + |χ|N ∑
x∈χ

(Dx + N)(ψ(m + |χ|N + 1)− ψ(Dx + N + 1)) (7)

Assume ψ(z) = d
dz ln(Γ(z)) is the digamma function, Dx represents the number of

data points with value x, |χ| represents the number of bins from the discretization step,
and m represents the sample size.

Then, the mutual information between X and Y is converted into a Euclidean metric,
which is the difference between the joint Shannon entropy of X and Y and the mutual
information between both of them. This measure is as follows:

δ(X, Y) = H(X, Y)− I(X, Y) (8)

Therefore, we can write the cross-correlation matrix of OHLC prices as follows:

δ =


δ11 δ12 δ13 δ14
δ21 δ22 δ23 δ24
δ31 δ32 δ33 δ34
δ41 δ42 δ43 δ44

 (9)
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where δij’s are constructed correlation distances in Equation (8), and i, j = 1, . . . , 4 are close,
open, low, and high prices respectively.

Suppose A = (aij)(4×4) is the adjacency matrix of the correlations among OHLC prices;
by adjusting a threshold as θ, −1 ≤ θ ≤ 1, the matrix A is defined as follows [40]:

aij =

{
1 if i 6= j and δij ≥ θ

0 otherwise
(10)

Choosing an appropriate threshold will be discussed in Section 4.

2.3. MINAR Model Features

Consider A = (aij)(4×4) as the adjacency matrix of OHLC price correlations con-
structed by Equation (10). An adjacency matrix, A, has two elements, 0 and 1, where
0 indicates no relationship between two prices and 1 indicates a relationship between
two prices.

Furthermore, suppose ni = ∑4
j=1 aij refers to the ith row sum of the adjacency matrix,

and E(εit) = 0 and var(εit) = σ2.
In order to obtain an estimate of the unknown parameters of the model, we should

convert Equation (2) into a matrix form as below:

(p1t, . . . , p4t)
ᵀ = (1, 1, 1, 1)ᵀβ1 + (β2


1
n1

0 0 0
0 1

n2
0 0

0 0 1
n3

0
0 0 0 1

n4

A + β3


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)

×(p1(t−1), . . . , p4(t−1)) + (ε1t, . . . , ε4t)
ᵀ

(11)

It can also be written in a concise form as follows:

Pt = B1 + GPt−1 + εit (12)

where,

1. Pt = (p1t, . . . , p4t) ∈ R4,
2. B1 = β11 wherein 1 = (1, 1, 1, 1)ᵀ,
3. G = β2W + β3I,
4. W = diag{n−1

1 , ..., n−1
4 }A,

5. I is an identity matrix.

Earlier in Section 1, it was mentioned that the model is composed of three main
components, each of which represents a distinct feature, as described below in further detail.

1. OHLC network effect
In most of the studies to forecast the crude oil price, only the close price is used as
part of the prediction process, and the price fluctuations during the day are not taken
into account. However, the price fluctuation that occurs over the course of a day
can be affected the close price. As a way to solve this problem, we have utilize the
interconnectedness of OHLC pricing on one another to construct a network of them;
moreover, we evaluate their effect on the close price. We call this effect as the “OHLC
prices network effect”.

2. Autoregressive effect
In general, the close price of one day significantly impacts the close price of the
following day. This phenomenon is referred to as an “autoregressive effect”, and the
MINAR model includes it as well.

3. Independent noise effect
As a result of an independent random noise, there should also be a role for the
unexplained variation which we call it “model error effect”. Equation (2) considers
the assumption of a normal distribution for the error term, which has been mentioned



Mathematics 2022, 10, 3172 7 of 20

in other studies as well, for instance see [41]. Assuming a normal distribution for the
noise term allows us to have a minimum variance. It facilitates prediction and helps
the algorithm straightforwardly approximate the Maximum Likelihood Estimator
(MLE). For more details, refer to [42].

We illustrate the application of Equation (11) by taking an example. Assuming the
close price on the third day is p13 where i = 1 and t = 3, then the following steps need to
be taken:

p13 = β1 +

OHLC network effect︷ ︸︸ ︷
β2n−1

1

4

∑
j=1

a1j pj2 + β3 p12︸ ︷︷ ︸
Authoregresive effect

+

Independent noise︷︸︸︷
ε13 (13)

= β1 + β2
a12 p22 + · · ·+ a14 p42

a12 + · · ·+ a14
+ β3 p12 + ε13

The whole process of calculating Pt is depicted in Figure 3.

Adjacency 

matrix, A

Calculating sum 

of each row of  

the matrix A

Creating matrix 

W

Creating matrix 𝔹1

where

𝔹1= (1,1,1,1)⊤𝛽1

Calculating 

residuals 𝜀𝑖𝑡

Creating Matrix 

G where

𝐆 = 𝛽2𝐖+ 𝛽3𝐈

Calculating

𝐆ℙ𝑡−1

Calculating
ℙ𝑡 = 𝔹1 + 𝐆ℙ𝑡−1 + 𝜀𝑖𝑡

+

Forming matrix 𝑮

++

Figure 3. The flowchart of calculating Pt.

2.4. Parameter Estimation

To estimate the unknown parameter, β, Equation (2) is rewritten in the following form:

pit = β1 + β2w>i Pt−1 + β3 pi(t−1) + εit (14)

In this case, it would be written as follows:

pit = Y>i(t−1)β + εit (15)
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where Yi(t−1) = (1, w>i Pt−1, pi(t−1))
> and wi = (aij/ni : 1 ≤ j ≤ 4)> indicate the ith row

vector of W. Suppose Yt = (Y1t, ..., Y4t)
>, then the above model can be written as:

Pt = Yt−1β + εt (16)

Then, one can obtain a maximum likelihood estimator (MLE) in the form of a logarithm
by taking the following steps:

L(β) = −2 ln 2πσ2 − 1
2σ2 (

T

∑
t=1

Pt −
T

∑
t=1

Yt−1β)>(
T

∑
t=1

Pt −
T

∑
t=1

Yt−1β) (17)

In order to differentiate this expression in accordance with β, the ML estimates will be
as follows:

∂L
∂β>

= − 1
2σ2

(
− 2

T

∑
t=1

Y>t−1Pt + 2
T

∑
t=1

Y>t−1Yt−1β
)
= 0 (18)

Considering the above,

β̂ = (
T

∑
t=1

Y>t−1Yt−1)
−1

T

∑
t=1

Y>t−1Pt (19)

When Equation (16) is substituted into the estimator β̂ in Equation (19), we obtain the
following results:

β̂ = β + (
T

∑
t=1

Y>t−1Yt−1)
−1

T

∑
t=1

Y>t−1εt (20)

Theorem 1. According to the MINAR model, if | β2 | + | β3 | < 1, then there exists a unique
solution that is strictly stationary. The solution takes the form of:

Pt = (I−G)−1B1 +
∞

∑
j=0

Gjεt−j (21)

See the proof in Appendix A.

Theorem 2. With the conditions given by Theorem 1, θ̂ is an asymptotic unbiased estimator of θ;
also ||θ̂ − θ|| → 0 in probability as T → ∞.

See the proof in Appendix A.

2.5. ARIMA Model

As a benchmark for the MINAR model, we utilized the ARIMA model in this study.
An algorithm developed by Box and Jenkins [41] combines autoregressive (AR) and moving
average (MA) models; however, the ARMA(m, n) model is generally used for univariate
time series modeling and is a combination of AR(m) and MA(n) models. Accordingly,
ARMA(m, n) can be described as follows:

pt = c + εt +
m

∑
i=1

λi pt−i +
n

∑
i=1

κiεt−i (22)

where κ1, . . . , κn and λ1, . . . , λm are the parameters of the model, and ε is the white noise.
To make the series stationary, it is necessary to differentiate it by d (d = 1, 2, 3, . . .) times.
Such a time series model is called an ARIMA(m, d, n) model.

In ARIMA model creation, three steps are involved: identification, parameter estima-
tion, and diagnostic testing. The auto correlation function (ACF) plots are used to determine
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the AR and MA terms in the model’s identification process after checking the time series
stationarity. The ACF is a statistical correlation metric used to determine whether previous
values in the time series analysis are related to the latest values. The least squares method
is then used to estimate the ARIMA parameters, (m, d, n). The Akaike information criterion
(AIC), the Bayesian information criterion (BIC), and second-order Akaike’s information
criterion (AICc) are the three main methods for selecting appropriate models. A smaller
value of these three criteria makes the given model more efficient. For more detail, see [43].

2.6. Model Validation Methods

In this study, validation techniques are deployed for measuring the accuracy and
performance of the MINAR model. To do this, we utilize three measures, two of which
are common standard measures, namely, Root Mean Squared Error (RMSE) and Mean
Absolute Percentage Error, (MAPE), defined as below:

RMSE =

√√√√ 1
T

T

∑
t=1

(pt − p̂t)
2 (23)

MAPE =
100
T

T

∑
t=1

∣∣∣∣ pt − p̂t

pt

∣∣∣∣ (24)

where pt denotes the actual value of close crude oil price and p̂t and T are the modeled
values of the close crude oil price and the total number of days, respectively.

The third measure is Unscaled Mean Bounded Relative Absolute Error (UMBRAE)
index, which is defined by [44]. UMBRAE, with its selectable benchmark, combines the
best qualities of various alternative measures without their disadvantages. Based on
bounded relative error, it can provide an informative and interpretable result. Compared
to other measures, it is less sensitive to forecasting outliers. It is also symmetric and
scale-independent [44]. UMBRAE’s structure is as follows:

1. Let pt denote the log-return of close oil price at time t and p̃t denote the forecasts of
it. Then the forecasting error et can be defined as pt − p̃t. Let e∗t = pt − p∗t denote the
forecasting error at time t obtained by a benchmark model, where p∗t is the forecast at
time t by a benchmark model.
For close oil prices, Mean Bounded Relative Absolute Error (MBRAE) can be defined as:

MBRAE =
1
T

T

∑
t=1

|et|
|et|+ |e∗t |

(25)

2. MBRAE can be transformed into an interpretable measure called unscaled MBRAE
(UMBRAE) as defined below:

UMBRAE =
MBRAE

1−MBRAE
(26)

3. UMBRAE makes it easy to interpret forecasting method performance in terms of
average relative absolute error, as follows:
If UMBRAE is equal to 1, the proposed method performs roughly the same as the
benchmark method; at UMBRAE < 1, the proposed method performs roughly
(1 − UMBRAE) × %100 better than the benchmark method; using the proposed
method when UMBRAE > 1, the benchmark method is roughly (UMBRAE− 1)×
%100 better.

Algorithm 1 shows the entire process of how the MINAR model is applied in order to
forecast the crude oil price.



Mathematics 2022, 10, 3172 10 of 20

Algorithm 1: The procedure of modeling using MINAR
Data: Collecting WTI OHLC prices and data pre-processing
Result: estimating β.
Transforming data by Equation (1);
Constructing the MINAR model by Equation (2);
Creating correlation matrix using Equation (8);
while setting threshold, θ do

if Yt is non-singular then
Evaluate the model with RMSE, MAPE and UMBRAE;

end
Change the threshold and go to the previous step;

end

3. Results and Analysis
3.1. Markov Chain Analysis of Data

In order to gain a more in-depth understanding of our dataset, we apply the Markov
chain analysis method to investigate the movement of close oil prices. Using the same
transformation as in Equation (1), we transformed the time series of close oil prices in the
WTI to the returns between the closing prices on a daily basis, pt.

To reduce the dimension of our data, we transform the close prices of oil over a
period of time into a sequence of natural numbers, this in turn leads to a new sequence
of numbers. As a first step, we split the original data into two groups: training data and
test data. Training data are used to train the method, while test data are used to evaluate
its accuracy. Consequently, the data between 1 January 2020 and 20 January 2022, have
been treated as a train set, with 542 observations accounting for 80 percent of the total
samples. Between 21 January 2022 and 20 July 2022, 134 observations were used in the test
set. Then we transform the data by Equation (1). Afterward, we calculate the average, p
and standard deviation, σ of the test data and set the threshold according to the equation
below. The whole process of data transformation for Markov chain analysis is depicted in
Figure 4. Time series of return are transformed to a sequence of numbers st as follows:

st =


1 pt < p− σ/2
2 p− σ/2 ≤ pt ≤ p + σ/2
3 pt > p + σ/2

(27)

1 January 2020 𝑝𝑡

𝑝𝑡Train 𝑝𝑡Test
ҧ𝑝, 𝜎

𝑠𝑡 ∈ 1,2,3

By Eq. 27

January 202221    20    July 2022

Figure 4. The transformation process of the test data.

Generally, the number one represents the bear day, when the value of the close oil
price has declined, the number two represents the stagnant day, when the value of the close
oil price has remained the same or has shown a negligible change, and the number three
represents the bull day, when the value of the close oil price has risen.
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We suppose that {st, t ≥ 1} is a time-homogeneous Markov chain with states {1, 2, 3},
and the transition probabilities are P(st+1 = k|st = l) = P(s1 = k|s0 = l) = plk where
1 ≤ l ≤ 3 and 1 ≤ k ≤ 3.

For any ergodic Markov chain, lim
N→∞

PN
lk exists and is independent of l where N is the

time steps. Furthermore,
lim

N→∞
PN

lk = πk > 0 (28)

where the 0 ≤ πk ≤ 1 satisfies the following steady-state equations:

πk =
3

∑
l=1

πl plk, for k = 1, 2, 3 and
3

∑
k=1

πk = 1 (29)

That is, {πk, 1 ≤ k ≤ 3} is the unique stationary distribution.
As observed in Figure 5, according to Equation (29), Markov chain probabilities

are constructed with three states bear day, bull day, and stagnant day. In this figure,
each node represents the states, and the arrows between them represent the transition
probability. Figure 5 depicts the probability of price movement from one state to another
state. The loop represents the movement from one state to itself. Given this Markov Chain
graph, the stationary distribution can be described as follows:

πclose oil price = (0.194, 0.601, 0.204) where the states are the bear, stagnant, and bull
days respectively.

Bear Day

Stagnant Day Bull Day

0.22

0.18

0.32

0.18
0.45

0.13

0.51

0.67

0.18

Figure 5. The transition probabilities of close WTI crude oil prices with three different states.

The transition probability indicates that the price movement tends to move from a
stagnant day to a stagnant day, which explains why the prices either remain at the same
level or move slightly from one level to another over time. There is also a high probability
that the bullish trend will turn into a stagnant trend in later days, and prices are slowly
rising over the course of time as well. The result of the analysis shows that the price
movement is nonlinear and with different probabilities jumps from a state to another.
Because of this, standard models such as those used in ARMA do not fully capture the
accurate picture of the price movement behind them, and therefore we need a different tool
to depict the nonlinear behavior of the system.
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3.2. MINAR Model Results

This study uses the ARIMA model as a benchmark for comparing the results of the
proposed MINAR method to those obtained by the ARIMA model. The training dataset
covers the period from 1 January 2020 to 20 January 2022, while the testing dataset covers
the period from 21 January 2022 to 20 July 2022. As for the training part, the ARIMA model
is conducted, followed by validating the results using the testing dataset.

The ARIMA model fits the datasets of WTI close oil price to compare them with the pro-
posed model. Additionally, it is essential to note that the Kwiatkowski–Phillips–Schmidt–
Shin (KPSS) and the Augmented Dickey–Fuller (ADF) tests also confirm that the training
time series are stationary at the 95% significance level. Thus, we apply the differencing
method one time to the dataset to achieve the desired results. Later, different models are
constructed by adjusting various parameters in the MA and AR components of the ARIMA
model, as summarized in Table 2. Moreover, the ARIMA (1,1,1) model also assumes that
the AICc criteria should be taken into account. Moreover, it is necessary to verify some
assumptions of the chosen model before it can be used. It can be seen in Figure 6 that the
residual analysis of the model is presented. In addition, the Ljung–Box test on the residuals
and the squared residuals are also statistically significant with a p-value equaling 0.92 at
the 95% level. In this case, the model with the lowest AIC, BIC, and AICc is the most
appropriate model with the minimum summary measures.

Table 2. Summary measures for AICc in ARIMA close oil prices of WTI model.

Model AICc

ARIMA(0,1,0) 3232.287
ARIMA(0,1,2) 3449.538
ARIMA(0,1,2) 3225.706
ARIMA(0,1,3) 3225.781
ARIMA(0,1,4) 3298.849
ARIMA(0,1,5) 3451.441
ARIMA(1,1,0) 3464.798
ARIMA(1,1,0) 3303.881
ARIMA(1,1,1) 3224.632
ARIMA(1,1,2) 3225.036
ARIMA(1,1,3) 3298.861
ARIMA(2,1,0) 3226.983
ARIMA(2,1,1) 3225.122
ARIMA(2,1,2) 3298.252
ARIMA(3,1,0) 3227.109
ARIMA(4,1,0) 3299.604
ARIMA(5,1,0) 3452.879

The MINAR model that has been constructed is deployed on WTI’s OHLC prices in
accordance with Algorithm 1. The dataset split into two subsets in terms of training and
testing. In the next step, the MINARI model will be applied to the training dataset of close
prices, which will be used for model validation. This is accomplished by transforming the
training dataset into a smooth time series, calculated by Equation (1) during the training
process. In the following step, the correlation matrix of the OHLC prices is created by
Equation (8), as shown in Figure 7. In this way, it is possible to establish the MINAR model
for the OHLC prices network based on Equation (2), where the parameter β is estimated as
β = (0.040, 0.015, 0.178). The comparison between the log-returns of the actual oil close
price and the MINAR generated are depicted in Figure 8.
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Figure 6. Residuals from ARIMA(1,1,1) for WTI close oil price.

1 0.21 0.53 0.32

0.21 1 0.62 0.43

0.53 0.62 1 0.11

0.32 0.43 0.11 1

Close

Open

High
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1.0

Correlation

Close Open High

Figure 7. Correlations among the OHLC prices of the WTI using Equation (8).

In this paper, we have deployed three methods to validate the model’s efficiency and
accuracy, the results of which can be found in the following. For the ARIMA model of the
close oil price, the RMSE and MAPE are 6.2 and 9.6, respectively. In addition, the RMSE and
MAPE values for the MINAR model are 2.6 and 2.91, respectively. However, the UMBRAE
of the MINAR model is 0.943, and its performance is 6.8% compared to the performance of
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the ARIMA model as a benchmark. It can therefore be concluded that the MINAR model is
a better model in terms of efficiency and accuracy than the ARIMA model.
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Actual data

Figure 8. The comparison between the log-returns of the actual oil close price and the MINAR model.

4. Discussion
4.1. Threshold Selection

According to Section 2, the adjacency matrix, representing the OHLC price interaction,
is created by comparing the correlation matrix with a selected threshold. In order to
establish this threshold and to explain how this process is going to be implemented,
additional analysis is needed, which will be discussed in this section.

For an explanation of the methodology used to calculate the correlation threshold, it is
necessary to consider the following two conditions. As a matter of first condition, none of
the ni’s in Equation (2) should be zero; this would result in the equation having infinity
terms in it. Additionally, a value of ni’s that minimizes the RMSE, MAPE and UMBRAE is
preferable since it enables the Algorithm 1 to perform more accurately.

Whenever these two conditions are met, the threshold value is defined as a selected
variable, which can be used to implement an algorithm that meets both conditions. An ex-
ternal loop is then added to the main algorithm to change the value of θ and calculate the
corresponding ni and RMSE, MAPE, and UMBRAE. Table 3 shows the results for different
θ values between 0 and 1 with an increment of 0.05. Through the computation of Table 3,
there is a parameter, n4, which is turned to be 0 from θ = 0.45 onward. As the term n4 is
appeared in the denominator for the calculation of (p1t, ..., p4t) in Equation (11), the results
approach infinity, which has no meaning in out context. Thus, the results are valid only
for 0 < θ ≤ 0.4. Further, RMSE, MAPE, and UMBRAE are minimized when θ = 0.4.
Thus, it is selected as the best case and applied into the model. The running time of each
threshold is seen in Table 3. With increasing increments, the running time associated with
each threshold decreases.
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Table 3. Different correlation threshold and its corresponding ni, RMSE, MAPE, UMBRAE, and
related running time.

θ n1 n2 n3 n4 RMSE MAPE UMBRAE Running
Performance (%) Time (s)

0.1 3 3 3 3 3.43 3.63 5.42 101.15
0.15 3 3 2 2 3.28 3.46 5.63 100.8
0.20 3 3 2 2 3.28 3.46 5.63 100.8
0.25 2 2 2 2 3.07 3.32 5.80 100.2
0.30 2 2 2 2 2.94 3.2 6.10 100.2
0.35 1 2 1 3 2.81 3.02 6.30 98.7
0.40 1 2 2 1 2.6 2.91 6.80 98.2
0.45 1 1 2 0 NA NA NA -
0.50 1 1 2 0 NA NA NA -

4.2. Comparison of the MINAR Model with Similar Approaches

In the previous section, we utilized the ARIMA model as a benchmark to evaluate
the accuracy and performance of the MINAR model. In this subsection, we evaluate the
efficiency and accuracy of the MINAR model in depth; therefore, different methods that
can be used in the context of both univariate as well as multivariate time series will be
discussed in order to analyze the effectiveness of the MINAR model. As a result, it will be
explained whether the proposed model should take precedence over similar approaches.
We first briefly introduce two AR and MA models among the family of univariate time
series models. Next, we compare them with the MINAR method. Finally, we explain the
multivariate time series and vector autoregressive (VAR) model and compare its results
with the proposed MINAR model.

The expression AR(m) denotes an autoregressive model of order m. The AR(m) model
is formulated as:

pt = c +
m

∑
i=1

ϕi pt−i + εt (30)

where ϕ1, . . . , ϕm are the parameters of the model, c is a constant, and εt is white noise.
The AR(m) is utilized the OHLC prices and the results are given in Table 4. Based on

this table, both RMSE and MAPE indicators significantly differ from the MINAR indicators.
The RMSE and MAPE of the AR model are 9.22 and 12.36, respectively, and for the MINAR
model are 2.6 and 2.91, respectively; thus, the MINAR model has the advantage of being
more accurate than this model. The AR method is only based on the prices of the past days
and is linearly built, which cannot precisely model the movement of crude oil prices.

Table 4. The RMSE and MAPE for OHLC oil prices of the AR model.

Measurement Open High Low Close
RMSE 9.24 9.26 9.20 9.22
MAPE 12.30 12.38 12.28 12.36

The expression MA(n) denotes an moving average model of order n. The MA(n)
model is formulated as:

pt = µ +
n

∑
i=1

θiεt−i + εt (31)

where µ is the mean of the crude oil prices, the θ1, ..., θn are the parameters of the model
and the εt, εt−1, ..., εt−n are white noise error terms. The value of n is called the order of the
MA model.
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The MA(2) is deployed on the OHLC prices, and the results are given in Table 5.
According to RMSE and MAPE, the MINAR method is significantly more accurate than
the MA method. The RMSE and MAPE of the MA model are 9.64 and 12.78, respectively,
and for the MINAR model are 2.6 and 2.91, respectively. There are several problems with
the MA method as it relies on the current and the past residual values and cannot predict
nonlinear fluctuations in oil prices.

Table 5. The RMSE and MAPE for OHLC oil prices of the MA model.

Measurement Open High Low Close
RMSE 9.55 9.74 9.47 9.64
MAPE 12.71 12.81 12.74 12.78

Statistically, the vector autoregression is a method of modeling time series data by
capturing the relationship between several quantities over time. A VAR model can be
thought of as a type of stochastic process model. A VAR model generalizes the single-
variable autoregressive model by considering multivariate data.

As in the autoregressive model, each variable has a set of equations describing its
evolution over time based on its prior values. An error term and the lagged values of the
other variables are included in this equation.

A q-order VAR is denoted VAR(q) and defined as follows:

pt = c +
q

∑
i=1

Ai pt−i + εt (32)

The variable c represents the model’s intercept as a k-vector. Ai is a time-invariant
(k × k)-matrix, and εt is a k-vector of error terms. Three conditions must be met by the
error terms:

1. Every error term has a mean of zero.
2. In error terms, the covariance matrix is positive-semidefinite.
3. There is no correlation in individual error terms.

As shown in Table 6, the RMSE and MAPE of the close price of crude oil of the VAR
model are 5.16 and 8.43, respectively. However, the RMSE and MAPE of the MINAR model
close price of crude oil are 2.6 and 2.91, respectively. Therefore, the MINAR model is more
accurate than the VAR model in both RMSE and MAPE measurements.

Table 6. The RMSE and MAPE for OHLC oil prices of the VAR model.

Measurement Open High Low Close
RMSE 4.95 5.42 4.92 5.16
MAPE 8.35 8.51 8.31 8.43

According to this section discussion, methods such as AR and MA do not perform well
as the single-variable time series than the MINAR model. According to the results of this
section and the results mentioned in the previous section, the MINAR model outperforms
than the family of ARIMA models. Additionally, the MINAR model is preferable to the
models in similar approaches of multivariate time series. The superior performance of
the MINAR model can be summarized by the following principal reasons, as discussed in
the section.

1. All the price information available in one day, i.e., OHLC prices in the market, has
been used to predict the price of crude oil.

2. Unlike multivariate time series, the interactions between the variables are also consid-
ered in addition to considering each time series by building a network of OHLC prices.
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3. Using information theory and Shannon’s entropy, the shortcomings of linear methods
have been solved, and the nonlinear trend of oil price data has been modeled accurately.

5. Summary and Conclusions

In this article, we first discussed the importance of the crude oil price in the global
economy and the necessity to forecast it. Then, different forecasting methods and directions
of oil price forecasting were reviewed. It is also noted that the high volatility of the oil
market and the nonlinearity of the market make crude oil price predicting challenging.
As a result, It is discussed that many of these methods are associated with three significant
drawbacks that are not easily overcome. In the first place, these methods adopt a linear
approach to forecasting; therefore, they can only be applied when there is a linear trend in
the data. As a second issue, they have to estimate many parameters for the constructed
models, thus making the forecasting process complex to perform. As a third drawback,
it should be noted that some new methods still require more research within this area to
be developed.

As a result of the importance of predicting the price of oil and how it impacts other
economic elements, the method used in this article has a particular significance as it
uses the fewest parameters, reduces computational complexity, and is more reliable than
similar methods in terms of accuracy. Furthermore, the nonlinear nature of most economic
phenomena, such as oil price fluctuations, makes linear estimation methods extremely
inaccurate, underscoring the need for nonlinear estimation methods in order to accurately
estimate economic phenomena. As a result of the application of information theory-based
measures, the MINAR model has overcome this shortcoming. In addition, by utilizing
Shannon entropy, we are able to take into account the nonlinear and noisy behavior of
our data.

We used the Markov chain analysis of our dataset to explain the nonlinearity of the
oil price movement. Considering the complexity of the crude oil price movements, we
develop the MINAR model that enables us to forecast the nonlinear nature of price changes
by deploying information theory. Furthermore, the MINAR model is constructed using the
previous day’s close price, the joint MI correlation of OHLC prices, and the independent
noise. The advantage of this model over other multivariate time series is that the MINAR
model considers the modeling of each time series and also the interactions across the
variables. In addition, despite other multivariate time series models, with increasing
the number of variables and unknown parameters increasing, the number of unknown
parameters in the MINAR models is fixed.

For this purpose, after collecting the OHLC prices of WTI crude oil from 1 January 2020
to 20 July 2022, we transform them into the new log-return prices. Afterward, the correlation
matrix among the OHLC is constructed based on mutual information distances. With the
method mentioned in the discussion, the appropriate threshold is selected and used in
the developed MINAR model, and its parameters are then estimated using the MLE.
The accuracy and efficiency of the model are measured using RMSE, MAPE, and UMBRAE
methods. According to all three methods, the MINAR model performs better than the
benchmark ARIMA model. For the ARIMA model, the RMSE and MAPE are 6.2 and 9.6,
respectively. However, for the MINAR model, the RMSE is 2.6, and the MAPE is 2.91.
In addition, the UMBRAE method shows that the MINAR model performance is 6.8%
better than the ARIMA as a benchmark.

Here we highlight the following main contributions of this study:

1. A crude oil price forecasting model is formulated based on simple, non-heavy calcula-
tions due to unknown parameters.

2. Modeling is done of the actual close price using the network of daily OHLC prices in
order to overcome the missing information about whole-day price fluctuations.

3. Implemented in this work is a nonlinear modeling approach based on mutual infor-
mation distances by applying a nonlinear approach to modeling.
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To obtain accurate price predictions, further research can be conducted using tick data.
A MINAR model should also take into account more external effects that affect the volatility
of oil prices in addition to internal effects.
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Appendix A

Proof of Theorem 1. It is assumed that λi(M) is the ith eigenvalue of any arbitrary matrix
M. It is first required to verify that Equation (21) produces a solution which meets strict
stationary requirements. Because the absolute value of any eigenvalue of the stochastic
matrix is less than or equal to 1, as a consequence, | λi(W) | ≤ 1, then,

ρ = max
1≤i≤4

| λi(G) |≤| β2 | max
1≤i≤4

| λi(W) |+ | β3 | < 1 (A1)

Accordingly, limj→∞ Gj
t−j exists and Pt has the strictly stationary process. In the next

step, we prove that the solution is unique.
It is straightforward to verify that Pt satisfies the MINAR model conditions. Our next

step is to determine if the solution of strictly stationary is unique. For any positive arbitrary
integer m, assume that P̃t is another strictly stationary solution to the MINAR model with
supt>0 E‖Pt‖ ≤ ∞ then P̃t = ∑m−1

j=0 Gj(B1 + εt−j) + GmP̃t−m. Thus, by

E
∥∥Pt − P̃t

∥∥ = E

∥∥∥∥∥ ∞

∑
j=m

Gj(B1 + εt−j) + GmP̃t−m

∥∥∥∥∥ ≤ kρm (A2)

where k is a constant independent of t and m. Hence, we have that E
∥∥Pt − P̃t

∥∥ = 0,
i.e., Pt = P̃t with probability one and it completes the proof.

Proof of Theorem 2. Note that

||θ̂ − θ||2 = (θ̂ − θ)(θ̂ − θ)> (A3)

= (
T

∑
t=1

X>t−1Xt−1)
−2(

T

∑
t=1

X>t−1εt)(
T

∑
t=1

ε>t Xt−1)
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Accordingly, by using Theorem 1 and the Chebychev inequality, therefore, we can
prove the following:

(T−1
T

∑
t=1

X>t−1εt)(T−1
T

∑
t=1

ε>t Xt−1)→ 0 in probability as T → ∞ (A4)

and

(T−1
T

∑
t=1

X>t−1Xt−1)
2 → E(T−1

T

∑
t=1

X>t−1Xt−1)
2 in probability as T → ∞ (A5)

Moreover, we can verify E(θ̂ − θ)→ 0 as T → ∞. Thus, ||θ̂ − θ||2 → 0 in probability
as T → ∞, that is, θ̂ is an asymptotic unbiased estimator of θ.
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