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Abstract: In this paper, we consider a Leslie-Gower cross diffusion predator-prey model with a
strong Allee effect and hunting cooperation. We mainly investigate the effects of self diffusion and
cross diffusion on the stability of the homogeneous state point and processes of pattern formation.
Using eigenvalue theory and Routh-Hurwitz criterion, we analyze the local stability of positive
equilibrium solutions. We give the conditions of Turing instability caused by self diffusion and cross
diffusion in detail. In order to discuss the influence of self diffusion and cross diffusion, we choose
self diffusion coefficient and cross diffusion coefficient as the main control parameters. Through
a series of numerical simulations, rich Turing structures in the parameter space were obtained,
including hole pattern, strip pattern and dot pattern. Furthermore, We illustrate the spatial pattern
through numerical simulation. The results show that the dynamics of the model exhibits that the self
diffusion and cross diffusion control not only form the growth of dots, stripes, and holes, but also self
replicating spiral pattern growth. These results indicate that self diffusion and cross diffusion have
important effects on the formation of spatial patterns.

Keywords: predator—prey; strong Allee effect; hunting cooperation; self diffusion; cross diffusion

MSC: 39A30; 35G31; 656M20

1. Introduction

The study of population dynamics has an important application value in the sustain-
able utilization of biological resources, diversity protection, infectious disease control, and
so on. The best way to understand the dynamic properties of predator—prey model is to
establish a mathematical model. The most classical predator—prey models are Leslie-Gower
model [1] and Holling-Tanner model [2,3]. In the real world, we can establish a mathemati-
cal model to evaluate the pathogenicity and transmissibility of VOC and control the spread
of diseases [4]. Ho et al. [5] proposed an effective damage detection method by using the
marine predator algorithm. In this method, the learning ability of feed-forward neural
networks is improved by adopting the optimal foraging strategy and marine memory.
In [6], Hamadneh et al. predicted the number of COVID-19 cases in Brazil and Mexico in
the coming days by using artificial neural networks and predator—prey algorithms.

In most studies on the predator—prey model, it was assumed that the prey grew in
a Logistic model. Due to the effects of factors such as reproduction promotion, mate
restriction, cooperative defense, and environmental restriction, Allee [7] proposed that the
prey may have the growth rate of Allee effect [8-14]. The Allee effect is mainly divided
into a strong Allee effect [12-14] and a weak Allee effect [9]. Ni and Wang [14] considered
the influence of strong Allee effect and proposed Leslie-Gower predator—prey system with
a strong Allee effect on prey. It is well known that a key factor affecting predator-prey
interactions is the functional response [15-23]. In order to effectively capture isolated prey
or groups of prey, predators usually adopt a cooperative approach during hunting, such
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as ants and birds. Therefore, Alves and Hilker [24] proposed the functional response of
hunting cooperation. The influence of hunting cooperation in predator—prey system has
attracted the interest of many scholars [25-28].

Combining the contents of literature [14,24], Ye and Wu [29] proposed a Leslie-Gower
predator-prey model with strong Allee effect and hunting cooperation. The specific form is
as follows:

Wt - W —b) ~ (1 + avuo,

. @
0 0

a - Sv(l - a>/

where u and v are prey and predator densities, respectively; a is a parameter describing the
cooperation of predators in hunting; b indicates the strength of the prey affected by Allee
effect, where 0 < b < 1; ¢ is a parameter to measure the energy required for the conversion
of the prey into the predator; s indicates the growth rate of the predator, and all parameters
are positive.

In Ref. [13], Shang and Qiao discussed the existence, dissipation and bifurcation of
the solution of the predator—prey model with the Allee effect. In Ref. [24], the authors
added a cooperation term to the attack rate of the predator population, and studied the
equilibrium stability in bifurcation diagrams and phase plane. In [25], Yan et al. studied the
pattern structure of a predator-prey model with hunting cooperation. Wu and Zhao [27]
studied the influence of hunting cooperation on predator population and the influence of
diffusion coefficient on Turing instability. In Ref. [29], Ye and Wu discussed the stability
of degenerate equilibrium and non-negative equilibrium in Leslie-Gower predator—prey
model with a strong Allee effect and hunting cooperation, and deduced the existence of
saddle node bifurcation.

So far, no scholars have studied the conditions of Turing instability after adding self
diffusion term and cross diffusion term to the model (1). No one has studied the influence of
self diffusion and cross diffusion on the formation of spatial pattern in model (1). Hence, the
purpose of this paper is to improve the contents of [29] and study the effects of self diffusion
and cross diffusion on the pattern formation of the model (1). Referring to the stability
analysis of Leslie-Gower predator—prey system, we analysis the stability of Leslie-Gower
cross diffusion predator—prey system with strong Allee effect and hunting cooperation.

In the real world, species may spread in search of food and shelter. This diffusion will
lead to some charming spatial patterns, such as the Turing pattern [25,30-33]. Therefore, by
incorporating diffusion into the model (1), the following predator—-prey reaction—diffusion
model is obtained:

W w1 u)(u— ) ~ (1 + av)uo + drAw,

) 2)
0 0

Fri so(1— a) + drAv,

2 2 . . . . . . P
where A = aa? + aa? is Laplacian operator in two-dimensional space. d; is the diffusion

coefficient of prey and dj is the diffusion coefficient of predator.

However, the predator-prey system mainly describes the phenomenon of pursuit and
evasion. In order to obtain the prey, the predator will continue to shorten the distance with
the prey, and the prey will continue to expand the spatial distance with the predator in
order to avoid the predator [34,35]. Therefore, more and more scholars begin to devote
themselves to the research of the predator—prey model with cross diffusion term, and made
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some significant achievements [36—41]. The cross diffusion term was incorporated into the
model (2), and the following model was obtained:

2—? =u(l—u)(u—>)— (1+av)uv+dyAu+ dppAv,

; ®3)
v v

5 = S?](l — a) + dy1Au + dypAv,

the parameters dqq, dy, are called self diffusion coefficient, and dy, dy; are cross diffu-
sion coefficient. dq, represents the tendency of prey population u to avoid predators,
while d;; represents the tendency of predator v to pursue prey u. dqp and dy; can be positive
or negative. A positive cross diffusion coefficient indicates that the population moves
towards a low-density population, while a negative cross diffusion coefficient indicates
that it moves towards a high-density population.

We consider this model in the square domain and impose non-zero initial boundary
value conditions and zero boundary conditions:

u(x,y) >0,(x,y) €Q,

o(x,y) >0,(x,y) €Q, "
ou v
57 1= 37 Iy =0 (x,y) € 9Q,

where (x,y) € Q = [0,L] x [0,L], Q C R? is a bounded region with smooth boundary
dQ). L represents the size of the system in the square domain, the vector 7i is the normal
vector outside the unit of (). The zero boundary condition indicates that the system has no
external input, that is to say, we can determine that the model is independent. The objective
of this paper is to study the dynamic properties of the model (3), and finally obtain the
spatiotemporal pattern through numerical simulation.

The layout of this paper is as follows: in Section 2, we analyze the existence of
equilibrium point and the stability of positive equilibrium point of model (2). We use the
method of linear stability analysis to deduce the conditions for Turing instability of the
system. Finally, the evolution process of the prey is shown by numerical simulation. In
Section 3, we obtain the Turing instability conditions of model (3) and draw the Turing
pattern induced by cross diffusion of model (3). In addition to Turing pattern, we also obtain
the conditions for the generation of spiral pattern, and draw the spiral pattern through a
series of numerical simulations. In Section 4, we give our conclusions and remarks.

2. Analysis of Self Diffusion Model
2.1. Existence of Equilibrium Point

It is easy to see that model (1) and model (2) have the same equilibrium point. Now,
we consider the case of spatial homogeneous solution and simplify the reaction—diffusion
model (2) to an ordinary differential equation model:

% =u(l—u)(u—>)— (1+av)uv = f(u,0),
©)
% =sv(l— %) = g(u,v),

Theorem 1. Let a,c,s > 0,0 < b < 1, Q C R? is a bounded region with smooth boundary
0Q), then:

(1)  The model (5) has a semi trivial equilibrium point Ey (b,0).

(2)  The model (5) has a semi trivial equilibrium point Ex(1,0).
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(B) Whenc <1+b—2Vbanda = W, the model (5) has a unique positive

equilibrium point E* = (u*,0*) = (szbic, 1%;).

2 2
(4) Whenc<1+b—2Vbanda < W, the model (5) has has two positive equi-
librium points E1(uy, cuq) and Ep(uy, cuy). Where up = %, = %,

A= (1+b—c)?—4b— 4dabc?.
(5) Whenc < 1+b—2Vbanda > W or ¢ > 1+ b, the model (5) has no
positive equilibrium point.

Proof. First, (1) and (2) are obviously valid. The positive equilibrium point of model (5) is
proved below. Obviously, in order to obtain the positive equilibrium point of model (5), the
following formula must be satisfied:

1—u)(u—>b)—(14+av)v=0, 6)
and
1- % = 0. @)
Substituting (7) into (6), we obtain
(1+ac®)u®> —(1+b—c)u+b=0, 8)
and
A= (1+4b—c)?—4b — 4abc’. )

Note that when 1 + b < ¢, Equation (8) has no positive root. Equation (8) has positive
roots if, and only if, 0 < ¢ < 1+ b. Let

2 —2(1+b)c+ (1-0)?
4bc?

o= fe) =& =21+ b)e+ (1 D),

then f(c) = 0 must have two roots, as shown below:
c1=14+b+2vVbc=1+b—2Vb.

If & > 0, it is satisfied f(c) > 0,then thereis 0 < ¢ < 1+b—2vborc > 1+4b+2Vb.
To sum up, Equation (8) has positive roots if, and only if, 0 < ¢ < 1+ b — 2+/b. At this
time, there are three situations:

(@) When A =0, thatisa = W, Equation (8) has a positive root:

2b

= 1+b—c

(b) When A > 0, thatis0 < a < W, Equation (8) has two positive roots:

(1+b—c)+vVA  (1+b—c)—VA
2(14ac?) 7 2(14ac?)

U = Up =

(c) Whena > W, Equation (8) has no roots.

The proof is completed. O
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2.2. Stability of Equilibrium Point

From the perspective of biology, this section considers only the behavior of the positive
equilibrium point of the model (5). Taking the positive equilibrium point E; as an example,
we consider the stability of the positive equilibrium point E; of the model. The Jacobian
matrix of the model (5) at Eq (11, cu7) is shown as follows:

o fu fo N wmi(A+b—2u1) —ug(1+2acuq)
= ()= (RO ) @

and the trace and determinant of matrix Jg, are as follows:

tr(]El) = fu + &v,

and

det(Jg,) = fugo — foSu-
Using the Routh-Hurwitz basis, the following theorem can be obtained.
Theorem 2. Lets > 0,0 < c < 1+b—-2Vb0<b<land0 <a < W,
Q C R? is a bounded region with smooth boundary 9Q), and if the following conditions hold

tr(]El) :fu +gv < OI (11)

and

det(]El) = fugv — fogu >0, (12)

then the sufficient condition for the positive equilibrium Eq of the model (5) to be locally asymptoti-
cally stable.

Proof. For the positive equilibrium Ej, there is always det(Jg,) = su;v/A > 0. Therefore,
the stability of the positive equilibrium point E; is determined by the sign of tr(Jg, ). If
tr(Jg,) > 0O, this means that at least one of the eigenvalues of the matrix [, has a positive
real part, so the positive equilibrium point E; is unstable; If tr(Jg,) < 0, this means that
eigenvalues of the matrix [, are all negative real parts, that is, the positive equilibrium
point E; is stable under condition tr(Jg,) < 0.

The proof is completed. O

2.3. Turing Instability

Turing [30] showed that when diffusion occurs, it will break this uniform equilibrium
state, make it become non-uniform equilibrium state, and lead to a non-uniform spatial
pattern, which is Turing instability. In this case, the pattern formed by the biological
model is called the Turing pattern. In other words, diffusion will destabilize the uniform
steady state of the coupled reaction-diffusion equation and lead to the generation of spatial
heterogeneous patterns. Over the years, Turing’s ideas have inspired many biologists,
chemists, and mathematicians [31,32,41-44]. Therefore, the purpose of this section is to
study the influence of self diffusion on model (5).

Next, we consider the diffusion of the population in space and analyze the stability of
the model (2) at the positive equilibrium. It is well known that Turing instability means that
the non-spatial model (5) is stable at the positive equilibrium, but for the spatial model (2)
is unstable at the positive equilibrium. Obviously, it is known from the previous section
that the model (5) is stable at the positive equilibrium point E; when the condition (11)
and (12) are satisfied. Therefore, in this section, we consider the conditions for the Turing
instability of the positive equilibrium E;.
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The characteristic equation of the model (2) at the positive equilibrium point Eq (11, cu1)
is shown as follows:

[k = A1l =0, (13)

where J; = Jg, — diag(dy,d2)k?, k is the wave number, dy, d, is the diffusion coefficient, and
Jg, is given by the following formula:

e, = ( g‘ {;; > _ < :lcl(1+b—2u1) :;41(1+20C141) >

Solve Equation (13) and obtain the characteristic equation of the original model (2)
as follows:

A2 —tr(Jo)A +det(J;) =0, (14)
where
tr(Jx) = tr(Jg,) — (dy + d2)K%, (15)
and
det(Ji) = det(Jg,) + didok* — (dafu + d1g0)K. (16)

Additionally, the roots of Equation (14) produce dispersion relationship:

(tr(J) % \/r(Jo)? — ddet ().

1
Ma(Jx) = 5

Thus, Turing instability will occur when at least one of (15) and (16) is violated.
Obviously, when the condition f;, + g» < 0 is satisfied, the first condition tr(J;) < 0
is not violated. Therefore, only the violation of the condition det(Jy) > 0 can cause
diffusion driven instability. Hence, the instability caused by diffusion drive is given by the
following formula:

det(Jy) = det(Jg,) + didak* — (dofu + d1go)k* < 0,

general linear analysis shows that when the following two conditions are met, there is
det(J;) < 0.

deu + dlgv >0, (17)

(deu + dlgv)z > 4d1d2(fugv _fvgu)- (18)

Based on the above analysis, We find that the condition of Turing instability in the
model (2) is:

fut8 <0, (19)
fugv _fvgu >0, (20)
deu + dlgv >0, (21)

(deu + dlgv)z > 4d1d2(fugv _fvgu)~ (22)
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In Figure 1, we show the bifurcation diagram for model (2) in the ¢ — d; parameter
space. This blue curve represents the Turing bifurcation curve, which satisfies det(J) = 0.
Use Maple software to analyze the data and draw the picture. The Turing curve separate the
¢ — dp parameter space into two domains. The point above the curve satisfies det(Ji) > 0,
which is the stable region; The lower point satisfies det(J;) < 0, which is the unstable region.

0.051

0.04-

0.031

dl

0.02+

001' .Pl .P2 P3.

045 050 055 060 0.65 0.70
C

Figure 1. Bifurcation diagram for model (2) in the ¢ — d; parameter space. The parameters are taken
asa = 0.14, b = 0.02, s = 0.23, and dy = 0.24. The blue curve represents the Turing bifurcation curve,
which divides the plane into two regions. The upper part of the blue curve is the stable region and the
lower part is the unstable region. P;, P», P3, and P, correspond to the parameter spaces of Figure 2,
Figure 3, Figure 4, and Figure 5, respectively.

2.4. Diffusion Induced Pattern

In this section, we use the mathematical software MATLAB to carry out some numeri-
cal simulations to verify our theoretical analysis. Our numerical simulation uses a model
size of 200 x 200, the space step size is Ax = 0.2, the time step size is At = 0.01, and all
the simulations obey Neumann boundary conditions. In this part, we select appropriate
parameters that meet conditions (19)—(22), and the pattern generated in this case is called
Turing pattern. The fixed parameter values are:

a=0.14,b =0.02,s = 0.23,d; = 0.01,d, = 0.24, (23)

then, we choose three sets of values for parameter ¢ and observe the effect of ¢ on the
pattern. The chosen values of ¢ are 0.55, 0.62, and 0.7, respectively. Obviously, they all
satisfy conditions (19)-(22). Taking the random disturbance around the positive equilibrium
point as the initial data, a spatial non-uniform steady state is obtained, as shown in Figure 2.
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Figure 2. The process of formation of the prey patterns at c = 0.55, the other parameters are fixed as
in (23). Times: (a) t = 0, (b) t = 150, (c) t = 300, and (d) + = 1000.

Figure 2 shows the process of formation of the prey patterns at different moments when
¢ = 0.55. Figure 2a—d, respectively, show the evolution pattern of u when t = 0,150, 300,
and 1000. The numerical simulation results show that after a period of time, the holes
occupy the whole region, the whole model is stable, and the model (2) will eventually
converge to a hole distribution.

Figure 3 sets the parameter ¢ = 0.62 and keeps other parameter values unchanged.
The numerical simulation results are shown in Figure 3. The hole pattern is no longer stable,
but converges into the coexistence of hole and strip patterns.

In Figure 4, we show the pattern formation process of the prey population u in the
model (2) at t = 0,50,200, and 500 when the parameter ¢ = 0.7. Starting from the random
disturbance of the equilibrium point E; of the uniform equilibrium state, with the passage
of time, the model self-organized to form “strip” patterns (see Figure 4c,d). In Figure 4,
we observe that the pattern diffuses from the initial “dot” pattern into a “strip” pattern,
and then the line breaks into a “dot” pattern, and, finally, the similar “dot” are gradually
connected and merged to form a “linear” pattern, which tends to be stable.

In Figures 2 and 4, we show in detail the evolution process of these different patterns
when c is given different values. As can be seen from Figures 2—4, the model gradually
tends to be stable after a period of time. It is noted that with the increase in ¢, the pattern
will evolve from stable hole patterns to hole-strip patterns, and finally become stable
strip patterns.
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Figure 3. The patterns of u at ¢ = 0.62, the other parameters are fixed as in (23). Times: (a) t = 0,
(b) t =50, (c) t = 200, and (d) + = 500.

06
05
04
03
02

01

055
05
0.45
0.4
0.35
03
0.25
0.2
0.15

01

Figure 4. The patterns of u at c = 0.7, the other parameters are fixed as in (23). Times: (a) t = 0,
(b) t =50, (c) = 200, (d) t = 500.



Mathematics 2022, 10, 3171

10 of 20

Figure 5. The patterns of prey evolution. Parameters: @ = 0.14, b = 0.02,c = 0.7, s = 0.23,d; = 0.04,
dp = 0.24. Times: (a) t = 0, (b) t = 150, (¢) t = 300, and (d) ¢ = 1000.

On the basis of Figure 4, we only change the value of diffusion coefficient d;, let
dip = 0.04, and other parameter values remain unchanged. The numerical simulation
results show that when the diffusion coefficient d; increases, the Turing pattern of prey
will change from the original strip patterns to dot patterns (see Figure 5). By observing
Figure 5, we found that with the evolution of time, the model will gradually form a stable
“dot” pattern (see Figure 5d). Finally, it will not change with the change of time. From
Figure 5, we can also see that the area of the color of the prey population was becoming
larger and larger, and the color concentration was increasing, which indicated that the prey
population gathers together in a “dot” pattern over time.

This section focuses on the influence of diffusion on the model, and observes different
types of dynamics in numerical simulation. Therefore, the fixed parameter values are:

a=0.14,b=0.02,5s =0.23,c = 0.7,d, = 0.73. (24)

In order to facilitate the research, we only study the influence of one diffusion term
on the model. Therefore, we select four different values for the parameter d;, which are
dy = 0.002,dy = 0.01, d; = 0.04, d; = 0.12. The numerical simulation results are shown in
Figure 6.

In Figure 6, we can see that with the increase in diffusion coefficient d, the color area
of the prey population was becoming smaller and smaller, which indicated that the density
of the prey population was gradually decreasing. In Figure 6, we show three typical Turing
patterns of the model (2). The numerical results show that with the increase in the diffusion
coefficient dy, the initial irregular pattern eventually evolved into regular hole-strip pattern,
strip pattern and dot pattern. With the evolution of time, the whole model tends to be
stable and the dynamic behavior of the model will not change.
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Figure 6. The patterns of the prey with different values at dy, the other parameters are fixed as in (24).
Types: (a) d; = 0.12, (b) d; = 0.04, (c) d; = 0.01, (d) d; = 0.002.
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3. Analysis of Cross Diffusion Model
3.1. Turing Instability Induced by Cross Diffusion

In order to study the influence of cross diffusion on the positive equilibrium point Eq
of the model (3), a small disturbance is introduced at Eq (uq, cuq):

u(x,y, t) =uyp +ii(x,y,t),
o(x,y,t) =01 +9(x,y, 1),

where |i(x,y,t)|,|9(x,y,t)| < 1, under this disturbance, the linear model corresponding
to the model (3) is:

i
8—1: = fuil + foB + di1 Al + d12 AT,
(25)
a0 _ . _ N
g = gull + 0 + dr1Aii + dpp AT,
any solution of the model (25) can be expanded by Fourier series:
i(r,t) = Z;l“j‘rH:O Unm (7, 1) = Z;l”imzo & sin(kr),
(26)

o(r,t) = Z;fm:o O (1, 1) = E;fm:o Bum sin(kr),

where 7 = (x,y),0 < x < Ly, 0 <y < Ly, k = (kn, ki), and k, = %/ kn = ’f—; is the
corresponding wavelength. Substitute (26) into (25) to obtain:



Mathematics 2022, 10, 3171 12 of 20
daym > >
dr (fu — d11k”)aum + (fo — d12k”) Bum,
(27)
dBum _ dy k? dpk?
ar (gu —dn1 )“nm + (gv —dan ),Bnm/

where k? = k% + k2. The form of the solution of Equation (27) is C; exp (A1) + Cz exp(Aat),
where C; and C; are determined by the initial condition (4), and A ; is the eigenvalue of
the following matrix:

_ 2 _ 2
= (e L) e
then A , is the solution of the following equation:
A2 —tr(J)A +det(]) =0, (29)
where:
tr(J) = tr(Jg,) — (du +d) R, (30)
det(]) = det(D)k* — (d1180 + doa fu — d1 fo — d128u)K* + det(Jg,), (31)
where

din dip
b= ( dy dyp )
is the diffusion coefficient matrix.

Therefore, when at least one of (30) and (31) is violated, Turing instability will occur.
Obviously, when condition (11) is satisfied, the first condition tr(J) < 0 is not violated.
Therefore, only violation of condition det(]) > 0 will cause diffusion driven instability.
Therefore, the instability caused by diffusion drive is given by the following formula:

H(k?) = det(D)k* — (d1180 + daafu — do1 fo — d12gu)k* + det(J,) < 0,

if the function H(k?) has a minimum value and its value is negative, we can calculate the
region of k? and define the lower bound as k_? and the upper bound as k2. when k? €
(k_2,k4%), y<0. H(k?) < 0. The expression of k_? and k.2 are as follows:

, F- \/FZ — 4 det(D) det(JE, )
k= 2det(D) ’

I+ \/PZ — 4 det(D) det(JE, )
k+2 = !
2det(D)

where F = d11¢y + doz fu — do1 fo — d12gu, At this time, the minimum value of H(k?) is:

F2
Hunin = det(J1)) ~ 735y

the minimum point is:
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the following equivalent conditions are obtained:
det(J;) < 0 < max(k_2,0) < k* < k2.

Through the above analysis, it can be seen that the conditions for Turing instability in
the model (3) are:

fu+g0<0, (32)

fugo — fogu >0, (33)

d11go +dxnfu — don fo — diagu > 0, (34)

d11§0 + doa fu — dor fo — diagu® > 4 det(D) det(Jg, ). (35)

3.2. Pattern Formation Induced by Self Diffusion and Cross Diffusion

In this section, our numerical simulation uses a model size of 200 x 200, the space step
size is Ax = 0.2, the time step size is Af = 0.01, and all the simulations obey Neumann
boundary conditions. In this part, appropriate parameters that meet conditions (32)—(35)
are selected, and the pattern generated in this case is called Turing pattern. The fixed
parameter values are:

b=004,5 = 0.2,dy; = 0.04,dsy = 0.9. (36)

In order to better understand the influence of cross diffusion on the pattern formation,
we first give the pattern formation without cross diffusion (that is, di; = dp; = 0), take
the parameter value a = 0.1, c = 0.56, and the other parameters are given by (36). In this
case, Figure 7 illustrates the pattern formation process of the prey population at ¢t = 0,
t = 200, t = 500, and t = 1000 when there is no cross diffusion term in the model (3).
From Figure 7, it can be seen that with the evolution of time, the model finally forms
hole patterns.

In order to study the effect of cross diffusion on model (3), on the basis of Figure 7,
we add the value of the cross diffusion term dy, dpq, take d1p = 0.2, d»1 = 0.02, and the
other parameters remain unchanged. In this case, Turing instability occurs after checking
calculation. Figure 8 illustrates the patterns formation process of the prey population u of
the model (3) when t = 0, + = 1000, t = 3000, and ¢ = 5000. As can be seen from Figure §,
as time evolves, the strip pattern will gradually become clear, and, finally, the model will
form a stable strip pattern.

On the basis of Figure 8, we appropriately change the value of a, ¢, and dy,, taking
a = 04, c = 06, d;p = 0.5, and the other parameters remain unchanged. In this case,
Turing instability occurs after checking calculation. At this time, Figure 9 illustrates the
formation process of the dot pattern of the prey population u of the model (3) when
t =0,t =200, t =500, and t = 2000. From the formation process of the patch pattern in
Figure 9, we can see that the prey populations gather together in the form of dots with the
evolution of time, and finally form a stable dot pattern.

It can be seen from the figure that the evolutionary pattern of the prey changes with
the change of the cross diffusion coefficient of the prey. With the passage of time, the initial
irregular pattern eventually evolves into regular hole pattern, dot pattern and strip pattern.
The whole model tends to be stable and the dynamic behavior of the model will not change.
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Figure 7. The patterns formation process of the prey population at (a, ¢, d1o,d21) = (0.1,0.56,0,0),
the other parameters are fixed as in (36). Times: (a) t = 0, (b) f = 200, (c) t = 500, and (d) { = 1000.
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Figure 8. The patterns of u at (4, ¢, d1p,dy1) = (0.1,0.56,0.2,0.02), the other parameters are fixed as
in (36). Times: (a) £ = 0, (b) £ = 1000, (c) { = 3000, and (d) ¢ = 5000.
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Figure 9. The patterns of u at (a,¢,d1p,dp1) = (0.4,0.6,0.5,0.02), the other parameters are fixed as
in (36). Times: (a) t = 0, (b) t = 200, (c) t = 500, and (d) t = 2000.

In the pattern study of various non-linear models, non-linear scientists pay more
attention to the study of spiral wave dynamics. Therefore, in addition to Turing pattern,
we next consider the formation of spiral pattern. Through verification, we can see that the
generation of spiral pattern must meet the following conditions:

fu+80>0, (37)

fugo — fogu >0, (38)

fu+ 8o — (di1 +dxn)k* <0, (39)

d118o + dofu — da1 fo — d12gu” < 4det(D) det(Jg, ). (40)

In this numerical simulation, select the parameters that meet the above conditions,
and we take the parameter value as:

a=092,b=004,c =055 =0.11,dy; = 0.82,d1 = 0.93,dy; = 0.36,dp, = 0.83. (41)

At this point, the equilibrium point (u1,v1) = (0.3447,0.17235), Through Ref. [32], we
consider the formation of spiral pattern of model (3) under three different initial conditions.
In the case of these three initial values, in order to see the pattern more clearly, we increase
the grid size to 400 x 400, the space step size is Ax = 10, the time step size is At = 0.1.

In the first case, special initial values are used as follows:

u(x,y,0) = uy — & (x —200),
{ v(x,y,0) = Ull - 521 (y — 200), (42)

wheree; =2 x 1074, ey =3 x 1074
Figure 10 shows the formation process of the spiral wave pattern of the model (3). It
can be seen from the figure that when the time ¢ = 1000, the spiral wave begins to incubate,



Mathematics 2022, 10, 3171

16 of 20

and the center position of the spiral wave appears (see Figure 10b). Then when ¢t = 5000,
the prototype of the spiral wave of the prey population is basically formed (see Figure 10c).
Finally, when t = 10,000, the model is basically stable, and we can see that the spiral wave

pattern becomes very clear.
0s
0ss
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0ss
03
0zs

50 100 150 200 250 300 350 400 50 100 150 200 250 300 350 400
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ES
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Figure 10. The spiral patterns formation process of the model (3), the parameters are given by (41).
Times: (a) t = 0, (b) t = 1000, (c) t = 5000, and (d) ¢ = 10,000.

The appearance of the spiral wave is not determined by the initial conditions, but the
initial conditions will determine the structure of the spiral wave. Therefore, we can use
the initial value to control the number of spiral waves and the location of the spiral wave
center. In the previous content, We have obtained the pattern with one spiral wave. Next,
we consider the case where two and four spiral waves appear in the pattern.

In the second case, the initial values are as follows:

u(x,y,0) =uy — sl(x —200), (43)
v(x,y,0) = v1 — e2(y — 100) (y — 300),

wheree; =1x 1074, ¢, =3x 1077,

Figure 11 shows the patterns of spiral wave at time ¢t = 0, 1000, 5000, and 10,000. The
initial condition is given by Formula (43). When t = 1000, spiral wave begins to appeatr,
and the center position of spiral wave appears (see Figure 11b). Under the given special
initial value, the spiral wave pattern is slowly formed with the deduction of time.

In the third case, the initial values are as follows:

{ u(x,y,0) = ug —e1(x — 80)(x — 320),

0(%,y,0) = 01 — e2(y — 80) (y — 320), #)

wheree; =2 x 1070, 67 =3 x 107°.

Figure 12 evolves the spiral pattern under the initial value condition (44). We find that
with the evolution of time, its evolution process gradually becomes regular, and the spiral
pattern gradually becomes clear.



Mathematics 2022, 10, 3171

17 of 20

=
o

=

041

0.
0.
0.39

045
038
37
03 0.
0.36
0.35 035
034
033 03
032

025
031

50 100 150 200 250 300 350 400 50 100 150 200 250 300 350 400

(a) (b)

05 0.
50

045 100 045
150

04 0.
200

0.35 0.35
250

03 300 A b 03
350

0.25 0.25
00 r

50 100 150 200 250 300 350 400 50 100 150 200 250 300 350 400

(©) (d)

kg

S

Figure 11. The spiral pattern evolution process of the model (3), the parameters are given by (41).

Times: (a) t = 0, (b) t = 1000, (c) t = 5000, (d) ¢ = 10,000.
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Figure 12. The spiral pattern formation process of the model (3), the parameters are given by (41).

Times: (a) t = 0, (b) t = 3000, (c) t = 8000, and (d) t = 10,000.
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4. Conclusions and Remarks

In this paper, we study the spatiotemporal dynamics of Leslie-Gower cross diffusion
predator-prey model with strong Allee effect in prey and hunting cooperation among
predators. First, we analyze the existence of the equilibrium point and the stability of the
positive equilibrium point of the model (2), and deduce the Turing instability condition
of the model (2). The results show that with the increase in ¢, the pattern will change
from “hole” pattern to “hole-strip” pattern, and then to “strip” pattern. In order to study
the influence of self diffusion on the formation of spatial patterns of the model (2), we
choose self diffusion coefficient as the main control parameter. The numerical simulation
results show that with the increase in diffusion coefficient d, the pattern will change from
“hole-strip” pattern to “strip” pattern, and then to “dot” pattern. Second, we study the
effects of self diffusion and cross diffusion on Turing instability of the model (3), and
analyze the effects of self diffusion and cross diffusion on the formation of spatiotemporal
patterns. Through a series of numerical simulations, the Turing structures in the parameter
space are obtained, including hole pattern, strip pattern, and dot pattern. Non-linear
scientists pay more attention to the study of spiral wave dynamics in the study of speckle
patterns of various non-linear models. Therefore, we consider the spiral pattern formation
of the model (3) under three different initial conditions. The numerical simulation results
show that the dynamics of the model exhibits that the self diffusion and cross diffusion
control not only form the growth of dots, stripes, and holes, but also self replicating spiral
pattern growth.

In Ref. [29], Ye and Wu deduced the existence of saddle-node bifurcation by using
Sotomayor’s theorem, and determined the stability of limit cycles arising from the Hopf
bifurcation by calculating the first Lyapunov number. Compared with the results of [29],
this article discusses two types of instability and analyzes the influence of diffusion coef-
ficient on the formation of spatiotemporal patterns. These contents were not considered
in literature [29]. First, we analyze Turing instability caused by self diffusion; in this
case, det(Ji) > 0is violated and the Turing patterns appear in model (2). Secondly, we
study the Turing instability induced by self diffusion and cross diffusion, and obtain the
Turing pattern induced by self diffusion and cross diffusion through numerical simulation.
Finally, referring to the content of [32], we verify the conditions for generating the spiral
pattern of the model (3), and obtain the spiral pattern under three different initial condi-
tions by using numerical simulation. We find that the appearance of spiral waves does not
change with the change of initial conditions. In addition, these spiral waves (Figures 10-12)
have obvious periodicity.

We hope that our results will be helpful for future research on the spatial-temporal
complexity and dynamic properties of ecosystems with Allee effect and hunting cooperation.
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