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1. Introduction

Recently, interest in the topics of fractional calculus has increased [1]. These topics
are used by many scientists to simulate a variety of physical, biological, and chemical
processes [2,3]. The space-time fractional advection diffusion equation (STFADE) considers
a famous model for anomalous diffusion in several practical fields, such as the diffusion
processes of pollutants in porous media and the continuous-time random walk. In [4,5],
Gorenflo, Mainardi and Luchko developed discrete random walk models and found that
the fundamental solution may be regarded as the probability density of a self-similar
random process evolving in time, which can be viewed as a generalized diffusion process.

The use of fractional derivatives (FDs) for modeling real physical processes or en-
vironments leads to the appearance of equations containing derivatives and integrals of
fractional order in addition to the classical ones. Researchers have focused their efforts on
fractional-order physical models of non-equilibrium processes [6,7]. As a result, they study
the linear elasticity and viscoelastic deformation processes in biomaterials and capillary-
porous materials with fractal structures. Recent applications of fractional equations to
many biological systems are more adequate than the previously used integer-order biologi-
cal systems, because fractional-order derivatives and integrals describe the memory and
hereditary properties of different substances [8-12].

This paper is concerned with methods for obtaining accurate numerical and analytical
approximations to the solutions of fractional sub-diffusion equations (the ultra-slow diffu-
sion model with time fractional derivative 0 < a < 1), which is even more slow than the
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power-law sub-diffusion and is widely observed in a variety of natural and engineering
fields. In this paper, we investigate the one-dimensional STFADE with the source term

*z(p, t

PHOD & Do, ) +s(p.1), 0
z(0,¢) = z(1,¢) =0, 0<t<T,
z(p,0) = ¢(p), 0<p<1,

in domain w = (0,1) x (0,T),0 < T < oo, where 0 < a < 11is a parameter describing the
order of the fractional derivative in the time direction, and 1 < § < 2 describes the order

114
of the fractional derivative space direction. % is the Caputo fractional derivative of
order «, which is defined by

t _x9z(p,
2(p,t) ﬁfo(t—a) “%ﬁdm O<a<l,0<oc<t

T ) e @

o a=1,

and the space fractional derivative Dg is the Riemann-Liouville fractional derivative

operator of order  defined by

d? B
8 ﬁ@fgp(P—U)l Pz(o,t)do, 1<Bp<2,0<0c<p
Dpz(p't) = (3)
z(p,
% B—2.

Equation (1) yields the following forms of diffusion equations for various values of
the parameters « and f:

For « = 1 and B = 2 — the classical diffusion equation;

For 0 < @ < 1and B = 2 — the time-fractional diffusion equation;

Fora = 1and 0 < B < 2 — the space-fractional diffusion equation,

For0 <a <1land 0 < 8 < 2 — the space-time fractional diffusion equation.

This work establishes the fundamental analytical and numerical solution of (1), which
is a very general form of STFADE, and many problems that are already studied are special
cases of it, as in [13-15].

The structure of the paper is organized as follows. In Section 2, some theoretical
definitions and proprieties of fractional differentiable classes and Mittage—Leffler functions
are presented. In Section 3, we discuss the analytical solution of (1) with the separation of
variable method and construct the base system of eigenfunctions and their corresponding
eigenvalues of the basic equation. In Sections 4 and 5, the numerical scheme for solving
TSFADE and their convergence and unconditional stability analysis are established. Finally,
in Section 6, the numerical experiments are presented.

2. Theoretical Preliminaries

Definition 1 ([16]). A real-valued function ¥ () can be said to belong to space Co[0, 0], & € R if
there exists a real number q > a such that ¥(t) = 1Y (1), ¥ (7) € C[0, 00].

Definition 2 ([16]). A real valued function ¥ () can be said to belong to space C}}'[0, c0],a €
R,m e NU{0}if ¥ € C4[0, o]

Definition 3 ([17]). Let E, g(w) be the two-parameter Mittage-Leffler function on w defined by

00 k
Eyp(w) = EOF(#H%) Re() > 0,w,p € C.
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As an example, it is easy to deduce that the two-parameter Mittag—Leffler function
E,p(w) is a generalization of the exponential function (Ey 1 (w) = exp(w)), hyperbolic func-
tions (Ep 1 (w?) = cosh(w)) and trigonometric functions (Ep 2 (—w?) = sin(w) /w, Ez 1 (—w?)
= cos(w)).

The validity of the following relationships on E, g(w) can be easily tested [15]:

1.
t
| Eaa(A0) (t = )P Eq (=it = o)) @
Eqp(—pt")—Eq g(—At*
p1 EupCH A),H A1) A#u
E T (R Bt () + () Basp (<) A=,
2.

t
| (¢ =T e E (AT T = Do)t P E i (A1) (5)

Lemma 1 ([16]). Ifa < 2,8 € R,0 is such that ma/2 < 6 < min (77, ta), w € C such that
|w| > 0,0 < |arg(w)| < 7, then

<
|Eoc,,5(w)‘ =1+ |w|

3. Analytical Solution of STFADE

In this section, we proceed with a discussion of the theorem of the existence of aa
solution of the boundary value problem for Equation (1) by using the separation of variables
method (Fourier method).

Theorem 1. For every s(p,t) € C‘Sﬁ)'@) (w) and ¢(p) € C(0,1), the reqular solution z(p,t) €

Ci?g’(z) (w) of the boundary value problems 1 can be represented in the form

[e9)

t
2(p,t) = Z:ngmﬂ—Amw)+Z;ﬂ*%@A—AMﬂﬁma—Twr)ﬁ4E@A—Amﬁy(@

m=1

Here, E, g(z)-is the well-known function of two parameters of the Mittag—Leffler type: ¢, sm (t)
—the decomposition coefficients of functions ¢(p) and s(p, t), respectively, on the basis of functions

Pui(0, Am) = pP~ 1 Ep g(AmpP).
To solve the boundary value problem (1), we represent the function z(p, t) in the form

z(p,t) = z1(p,t) + z2(p, t) (7)

According to (7), the boundary value problem (1) can be divided into two boundary
value problems as follows:

0*z1(p,t
ZEL) _f Dfzi (o), ®)
zl(O,t):zl(l,t):O, 0<t<T,

z1(p,0) = ¢(p), 0<p<l,
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and
a“zz ,i’
% =8 Dﬁzz(p,t) +s(p,t), )
Zz(O,f):Zz(l,t):O, 0<t<T,
z2(p,0) =0, 0<p<l

In general, as is customary in solving such problems by the Fourier method, we first
consider the homogeneous fractional partial differential Equation (8). The essence of this
problem is to find a non-trivial solution represented as product z; = P(p)T(t); therefore,
Equation (8) can be valid in the case

‘DyT() _ *DpP() _
o - P

Then, we can obtain the following fractional differential equations:

RDPP(p) + AP(p) =0, P(0)=P(1)=0,1<p <2, (10)

CDET(H) +AT(H), 0<a<1. (11)

Now, we can discuss the existence of a solution of Equation (8) by formulating it in
the sense of the eigenfunctions of the Sturm-Liouville eigenvalue problem (10) by using a
Fourier series, which is studied in [13,18], with the help of the following lemma.

Lemma 2 ([13]). For the Sturm—Liouville eigenvalue problem (10), the following statement holds:

1. The corresponding eigenfunctions are given by Py (p) = pP~'Eg g(—AmpP), where the eigen-
values { A} are zeros of the Mittage-Leffler function Egg(—A) with Im(Ay) < 0, |A| <
Al 1> 1.
The system of eigenfunctions {pP~'Eg g(—AmpP)}oo_; is complete in L?(0,1)

3. All eigenvalues {A, } are in the sector {w € C : |arqw| < 7 — 57}

Remark 1. In our work to specify the eigenvalue of problem (10), using Wolfram Mathematica
(high-level technical computing language) to calculate the values of Ay, at different B, according
to Lemma 2, we can rearrange all the zeros of Eﬁ,ﬁ(—/\m) as follows: ... A_y,A_1,A1,Ag,.... We
observe, as shown in Table 1, that for B — 1, there is only a single real value and corresponding
eigenfunction as shown in Figure 1, and with increasing B, we observe an increase in the number of
real eigenvalues Ay, with no complex when f is close to 2.

Table 1. The first five real and complex eigen values of Equation (10) at different p.

B= 1.1 14 1.6 1.95
3.86752 4.68735 5.60788 9.00579
10.7157 +7.364021 16.2855 19.3929 35.6256
Am 14.8325 £+ 15.33261 25.8219 37.7632 78.8307
18.8242 4 23.34521 44.8121 £ 10.66611 61.3084 138.351
23.0029 + 31.34361 68.9794 £ 25.90391 200.772 £7.492321 213.872
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IM(X;n()

= x
04 06 08 1.0

(a) imaginary part (b) real part
Figure 1. The imaginary and real parts of egenfunctions { Py, (p) }21:1 for Equation (10) at § = 1.1

The system { Py (p) }5_; of eigenfunctions is complete but not orthogonal [19]. Thus,
together with the system { Py, (o)}, we will consider the system {Y,(p)};r_; = {(1 —
p)P1Egg(—Am(1 — p)P)}2_,, which represents the eigenfunctions of the adjoint of (10)
and is biorthogonal with {Py(0)}5_;.

Equation (11) is solved in [20,21] by using the Laplace transform of the Caputo time
fractional differential operator (2), where we obtain the solution in terms of the Mittage—

Liffler function as T;; = ¢ Ey 1(—Amt*), where the Fourier coefficient ¢y, is given by

Now, we can construct the solution of problem (8), where
200 = L Ta(®Pulp) = X onFaa (At I Egp—Aupf). 1)
m= =
By using Lemma (1) and the fact that for T > 0,
Ll<a, 1)

IEM(—)\mT“) -1

Cy is positive constant, where E, 1 (—A,, T*) # 1[17]; it is not difficult to prove the solution
of (13) is absolutely convergent.

Now we go to discuss the solution of Equation (9), z(p, t), which can be found by
using the full basis of the eigenfunctions P,

2a(p,t) = ilummpm@), S(p,1) = ilsm<t>Pm<p>, (15)

where s, () = (o) Ymp )>>. Then, from (9), we obtain

(P (). Ym(p)

DX (8) + (At () = s (t), 0<a <1, (16)
U, (0) = 0.

Applying the Laplace transform operator to both sides of Equation (16) [1], we have

U (£) = /0 O UE, (A T)sm(t — T)dT, (17)

then, from (15), z»(p, t) can formalize in the form

[e9)

t
ZZ(P/t) = E </O TailEa,a(_/\mT“)Sm(t_T)dT>p/371E/5,ﬁ(_)\mplg)/ (18)

m=1

Thus, from (7), (13) and (18), we obtain (6).
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4. Numerical Solution of STFADE

In this section, the Crank—Nicholson finite difference technique is applied to obtain
the numerical solution of one-dimensional STFADE (1) and present a numerical approxi-
mation for the Riemann-Liouville derivative. We find that if we assume for Equation(1) an
equivalent partial integro-differential equation form, the precision of the discrete approxi-
mations could be improved. Let us try to take the fractional Riemman-Liouville integral
7t,0 < & < 1, on both sides of Equation (1) such that

t
R0 = 1 ) e (19)
Thus, we obtain
z(p,t) = z(p,0) + ¥ (KDbz(p, 1)) +5(p, 1), (20)

where S(p, t) = j¥(s(p, t)). In order to carry out discretizations, we introduced the temporal
step size T = &, N € Z/{0} and uniform mesh of interval [0, T], wr = {t, := n7;0 <n <
N}. Additionally, for a spatial discretization, let i = %, M € Z/{0} and a uniform mesh of
interval [0,1], wy, = {p; := ih;0 < i < M}. Suppose on wy, X w there exists a grid function
W ={zl| 0<i< M,n>0},such thatforanyz v e W, we define the following norms,
semi-norm ||.||;2 and the inner product [22], as follows:

nty 1 ap n nniMilnn
Z; _§|:Zi +Zi}f (z".8"y=h ) zjgf,
i=1
21 = (27,2 I = max [21], @

(0h2",8") = (852", 85"

Additionally, we can represent the Riemann-Lioville fractional operator of any spa-
tially dependent function f(p) € C*(R) by shifted the Grunwald-Letnikov formula as

i+1

1
RpBriy) — Broi 1) +O(H), 22
0 pf(Pz) F(4—ﬁ)hﬁ lgolhf(Pz 1+1) (7°) (22)
where
1, 1=0
g )237F—4 1=1
1 33-B —423-F 16, =2

(I4+1)3 P —aPP6(1—-1)3F—4(1-2)3P+(1-3)3F, 1>3.

For time discretization, the high-order accuracy of the suggested method presented
on the first-order approximation of the fractional Riemann-Liouville integral jf, this ap-
proximation established for every f(t) € C*([0, T]) that

S (h) = r“kiopizf(tnk) +o(v), 23)

where p& =1, p¢ = (=1)F(9).
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Lemma 3 ([23]). The sequence {qlﬁ 1201 < B < 2, which is defined in (22), has the following
properties

=0, f<0, s z0 fifzo P70 PEBD oy
)4 <0 qgh>.. >0, g5+d5 2 <o, Be(1,B),

where By is the zeros of qzﬂ .
Lemma 4 ([24]). The sequence {p}}12,0 < & < 1, which is defined in (23), satisfies
Pk >0 Pis1 <Po Peer TPk > 2P0 k21 (25)

Lemma 5 ([25]). Consider the sequence {p}}1>,,0 < & < 1, which is defined in (22). Then, for

any real vector (Y1, Yo, .. .,Y]-, )T € R/, it holds that

=1 m
> (%P1 k) Yo 20 (26)
m=0 " k=0

Therefore, according to discretization, wy and w-, a weighted Crank-Nicolson method
for Equation (20) at the point (p;, ,, 1 ), produces

n+1
2(pirtusa)+2(pirtn) = 2201,0) + 7 ( X pRe=(pirtasa—1) @7)

n
+ ) Piopz(es tn,k>) + Spistusr) + Spistn) + R,
k=0

where R/ < C(t+14%),C>0, 0<i<M-10<n<XN-1.

Let z! represent the numerical solution of z(p;, tn),z? = z(p;,0) and S! = S(p;, tx).
Tearranging the above Formula (27), we obtain the following weighted Crank-Nicolson
numerical scheme for the one-dimensional STFADE (1):

n
242l = 220 +T"‘( 2 p”‘éﬁ prlsk gy pﬁ&ﬁz?‘k) (28)
k=0
+ 8ty gn, 1<i<M-11<n<XN-1,
zp =2z =0, 0<n<N,
2= ¢, 0<i<M

5. Analysis of the Numerical Solution

In this section, we will discuss the convergence and stability of the suggested numerical
scheme (28).

Theorem 2. Consider z(p,t) € C%*(w), the solution of Equation (1), and consider that {Z!] 0 <
i < M,0 < n <N} is the solution of the numerical scheme (28). Then, for small T and h, it holds
that

A" < C(t +17), (29)

where AI' = z(p;, t) — ZI.
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Proof. Subtracting Equation (28) from Equation (27), we have

n+l 8 n 8 .
AFEAT =7 (Y pRof AR 4 Y pref A TR) 4 RE (30)
k=0 k=0
A =0, 0<i<M-10<n<R-1

Equation (30) can be rewritten in a matrix form as

n
AT H AT = Y prAATTTR  ATTRY 4R, (1)
k=0
where
0o
. L]zﬁ ‘71ﬁ %ﬂ
A — n, An’ o 1An T’ A= T (B) (B)
(AT, A3 M-1) 41,(4 — )P 92 1
: o . - (B)
BB @ 0
a2’ drx1 0 420 1

By the Gershgorin theorem and Lemma 3, we could investigate into the matrix A is
negative definite matrix.
Multiplying Equation (31) by i(A"*! — A")T in both sides, we obtain

n
h<An+l _ An)T(An+1 +An) —h Z P%(A'Hl _ An)TA(AnJrlfk —i—A”*k)
k=0
4 h(An+1 _ A”)TRn+1
By using Lemma 5 and the fact that (A"*1 — A")TA(A"H17F 4 A"k} < 0, we can

deduce that
||An+1H2 _ ”AnHZ < <Rn+1/ (AnJrl o An))/

By summing over n from 0 to ] — 1, it is deduced that

J-1
A2 < Y (R (A" — A™M)) < (R, ATy < C(r+12)||A. (32)
n=0

Thus, we deduce (27). O

Theorem 3. The numerical solution {Z!'| 0 <i < M,0 < n < R} of scheme (28) is uncondi-
tionally stable and holds that

J—1 1
1Z1% < 2012017 + Y2 [[(1+ t¥pl,160) 20 + 5"+ 2 |2 (33)
n=0

Proof. Similar to the proof of Theorem 2, by multiplying Equation (28) by (Z/"** — Z!")
and obtaining the sum over i from1 — M —1,

HZnJrlHZ _ HZnHZ :2<Z0,Zn+1 _ Zn> + TtxszrlngO/ZnJrl _ Zn>

n
4 Z p%<5§(zn+lfk + Zrhk)[ Zn+l _ Zn>
k=0

+ %(s’”%,z"“ —Zm. (34)
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After applying the Cauchy=-Schwarz inequality and obtaining the sum of Equation (34)
over n from 0 to | — 1, we obtain

J-1 J-1
||Z]||2 — ||ZO||2 =2 2 <ZO,Z”+1 _ Zl’l> + TDC Z pz+1<5‘gzolzn+l . Zn>
n=0 n=0

J=1 n
e Z Z P]Dé<5pﬁ(zn+1_k + Z”_k),Zn'H —Z")
n=0k=0

1 _
E Z Sn—i—%[zn-ﬁ-l o Zn> (35)
Without loss of generality, according to Lemmas 4 and 5, we can infer that the second

term on the right side of Equation (35) is negative, and by applying Young’s inequality, we
obtain (33). O

6. Examples

In this section, we present an analytical and numerical solution of some examples for
the one-dimensional STFADE (1). For particular values of a, B,s(p, t), ¢(p), we demonstrate
the computational performance and theoretical findings of our suggested methods.

Example 1. Consider

d“z(p, t _

o
2(0,t) =z(1,) =0, 0<t<T, (36)
z(p,0) = p(1—p), 0<p<l

Especially with (1), by setting s(p,t) = (p + p*> P)Ey1(—t%) and ¢(p) = p(1 — p), we
obtain (36), so the analytical solution of Equation (36) can be obtained using Theorem 1.
From the relation (4) and (5), one obtains

(Bu), Yo 0)) = [ 0 B (=) (1 = )P Egp(~An(1 ~ p)P)d0
1

1
= —Egap-1(—Am) — (

8 1)Egop(—Am), (37)

B
(@(p), Ym(p)) = /01 (0= 0?1 = )P Egp(=Am(1 = p)P)dp
= Egp+2(—Am) = 2Egpi3(—Am), (38)

(50,0, X)) = Eaa (=) [0 +07P) (1= p)P Eg ({1 — )P}
= Eun(—#) (Eg pea(—n) + T3~ B)Ega(—An), )

thus, from (12) and (15) can get ¢y, and sy, (t), therefor,

t
/0 VB 0 (A T)sm ( — T)dT (40)

_ B(Egpsa(=Am) +TB = B)Egs(—=Am)) 1t 1 o 4 o

= E/S,Z/S—1(_)\m) - ,B)E/S,Zﬂ(_)\m) /0 T Enu(—AmT")Eqp (= (t — 7)%)dT

_ B(Eppya(—Am) + T — B)Ep3(—Am)) (Ea (—1%) — Ea (—Amt®))
(Epap—1(—Am) — (1 = B)Epop(—Am)) (Am — 1)
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[e9)

z(o,t) =),

m=1

Therefore,

& B(Eppia(—Am) —2Eppi3(—Am))
alet) = mgl Egop1(—Am) — (1 = B)Eg2ap(—Am)

Eq1(=Amt*)oP 'Egg(—AmpP)  (41)

and

B(Egpi2(—Am) +T(3 = B)Egs(—Am))(Ea1(—t*) — Exa(—=Amt*))

p-1 —A0P
(Ep2p—1(=Am) = (1= B)Epap(—=Am)) (Am — 1) P Epp(=Ane) 2
from (7), we get the analytical solution z(p, t) of (36).

The compression of the proposed numerical scheme (28) for solving (36) with the numerical
solution Z' and its analytical solution z(p, t) for B = 1.9 and different a values is shown in Figure 2
at t =T = 1. Figure 3 shows the graphical analytical and numerical solution of (36). The error is
analyzed as the following Ly-norm

M-1
A(T/h) = \lh 2 |Z(pi/ tN) - Z?'ZI (43)
i=1
and the order of the convergence can be calculated as
A(T,h)
Ry ~ logz[—A(Z’r,h) 1, (44)

Furthermore, in Table 2, we fix the space step at i = 0.02, T = 1, and analyse how the error
of the proposed numerical scheme for solving (36) (A(T, 1)) changes with the maximum less than
O(t,h?).

(a) Analytical solution (b) Numerical solution

Figure 2. The analytical and numerical solution of (36) fora = 0.5, =19and T = 1.

— NumSola=0.9
—— NumSola=0.5
— NumSola=0.2
"1 ExaSola=09
551 ExaSola=0.5

oo, B Ry e ExaSola=0.2

Figure 3. The analytical and numerical solution of (36) for different x = 0.2,0.5,0.9,8 = 1.9 and
t=T=1.
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Table 2. The error and convergence rate when i = 0.02and § =19, T = 1.

a = 0.2 « = 0.5 « = 0.7 « = 0.9
T A(T,h) R; A(T,h) R; A(t,h) R; A(T,h) R;
1/20 5.8547 x 10~4 5.2961 x 10~4 49107 x 10~4 44985 x 10~*

1/40 29077 x 104 1.0097 2.5737 x 10~* 1.0410 24105 x 104 1.0265 21869 x 10~%  1.04053
1/80 1.5035 x 104 0.9515 1.3682 x 104 0.9115 1.1948 x 104 1.0125 1.0524 x 104 1.0552
1/160 7.9782 x 107> 0.9142 6.6193 x 107° 1.0475 5.8716 x 107> 1.0250 49792 x 107> 1.0797
1/320 3.8468 x 107° 1.0526 3.1851 x 10~° 1.0553 29153 x 107° 1.0101 2.4790 x 107> 1.0060

7. Conclusions

In this paper, we intend to consider the general form of STFADE with time and frac-
tional derivatives defined in the Caputo and Riemann-Liouville sense by fractional order
derivatives 0 < a < landl < B < 2, respectively. The analytical solution of one dimension
STFADE is carried out by Fourier methods. The justification of the basis for the system of
eigenfunctions and their corresponding eigenvalues for the basic Equation (10) is based
on the asymptotic properties of zeros of the two-parameter Mittag—Leffler function. The
Crank—Nicolson finite difference technique is applied to construct the unconditional stable
proposed scheme of the equivalent partial integro-differential Equation (20). The proposed
numerical scheme is convergent with first-order accuracy in the temporal direction and
second-order accuracy in the spatial direction. All the numerical experiments support our
theoretical results. Model (1) may be considered in future work with different definitions
of fractional derivatives and different methods for numerical and analytical solutions.
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