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Abstract: The main aim of this research is to introduce and investigate an inertial Tseng iterative
method to approximate a common solution for the variational inequality problem for γ-inverse
strongly monotone mapping and monotone inclusion problem in real Hilbert spaces. We establish a
strong convergence theorem for our suggested iterative method to approximate a common solution for
our proposed problems under some certain mild conditions. Furthermore, we deduce a consequence
from the main convergence result. Finally, a numerical experiment is presented to demonstrate the
effectiveness of the iterative method. The method and methodology described in this paper extend
and unify previously published findings in this field.
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1. Introduction

Let H be a real Hibert space equipped with the inner product 〈·, ·〉 and the induced
norm ‖ · ‖ and let D be a nonempty, closed, and convex subset ofH.

In 1966, Hartman and Stampacchia [1] proposed and studied the variational inequality
problem (VIP), which is described as follows:

Find p∗ ∈ D such that 〈T p∗, q∗ − p∗〉 ≥ 0, ∀q∗ ∈ D, (1)

where T : D → H is a nonlinear mapping. The solution set of VIP (1) is represented by
VI(D, T ). Variational inequality is a useful tool in many domains including economics, en-
gineering, mathematical programming, transportation, and others (see, for example, [2–9]).
Many numerical approaches for solving variational inequalities and associated optimiza-
tion problems have been developed; see [10–15] and references therein.

On the other hand, the monotone inclusion problem (MIP), which is described as
follows:

Find z∗ ∈ H such that 0 ∈ (P +Q)z∗, (2)

where P : H → H and Q : H → 2H are singlevalued and multivalued mappings,
respectively. The solution set of MIP (2) is represented by Γ.
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This problem has received significant attention because it is at the core of many mathe-
matical problems, including convex programming, variational inequalities, split feasibility
problem, and minimization problems (see [16–19]), which have applications in machine
learning, image processing, and linear inverse problems. Due to the importance and in-
terest of the problem, many researchers have developed iterative methods for solving (2)
(see [16,20–22]).

In 1979, Lions and Mercier [23] proposed and studied the forward–backward splitting
method. It is described by the following iterative scheme:{

v1 ∈ H,
vm+1 = (I + λmQ)−1(I − λmP)vm, ∀m ≥ 1,

(3)

where I : H → H denotes the identity operator and λm > 0. Operators P and Q are
referred to as forward and backward operators, respectively. The forward–backward
splitting method has recently been investigated and extended by a number of authors
(see [20,24–27]).

In 1964, Polyak [28] introduced the inertial extrapolation process as a useful tool for
speeding up the convergence rate of iterative methods. This method is well known as
the heavy-ball method. In recent years, many academicians have extensively used this
beneficial concept to combine their algorithms with an inertial term in order to accelerate
the speed of convergence (see [29,30]).

Alvarez and Attouch [29] introduced and constructed the heavy-ball method with the
proximal point algorithm to solve a problem of maximal monotone operator. It is defined
as follows: 

v0, v1 ∈ H,
wm = vm + θm(vm − vm−1),
vm+1 = (I + λmQ)−1wm, ∀m ≥ 1,

(4)

where {θm} ⊂ [0, 1) and {λm} is nondecreasing with ∑∞
m=1 θm‖vm − vm−1‖ < ∞. They

established that the sequence induced by (4) converges weakly to a zero of the monotone
operator Q.

There are numerous approaches for solving the monotone inclusion problem by using
an algorithm combined with the heavy-ball idea (see [26,31]).

In 2000, Tseng [22] proposed and studied the following iterative method, known as
the Tseng splitting method, which is defined as follows:

v1 ∈ H,
ym = (I + λmQ)−1(I − λmP)vm,
vm+1 = ym − λm(Pym −Pvm), ∀m ≥ 1.

(5)

Tseng established that the sequence induced by (5) converges weakly to a point of the
solution set Γ under some acceptable assumptions.

In 2021, Padcharoen et al. [32] developed and analyzed the following iterative method,
known as the inertial Tseng method, for solving monotone inclusion problem, which is
defined as follows: 

v0, v1 ∈ H,
wm = vm + θm(vm − vm−1),
ym = (I + λmQ)−1(I − λmP)wm,
vm+1 = ym − λm(Pym −Pwm), ∀m ≥ 1.

(6)

They established that the sequence induced by (6) converges weakly to a point of the
solution set Γ under some certain assumptions.
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In 2021, Tan and Cho [33] introduced and investigated the following iterative method,
known as the inertial viscosity-type Tseng method, for solving monotone inclusion problem,
which is defined as follows:

v0, v1 ∈ H,
wm = vm + θm(vm − vm−1),
ym = (I + λmQ)−1(I − λmP)wm,
zm = ym − λm(Pym −Pwm),
vm+1 = ξmψ(vm) + (1− ξm)zm, ∀m ≥ 1,

(7)

where ψ : H → H is a τ-contraction with constant τ ∈ [0, 1), P : H → H is L-Lipschitz
continuous and monotone, and Q : H → 2H is a multivalued maximal monotone mapping.
They established that the sequence induced by (7) converges strongly to a point of the
solution set Γ under some mild conditions.

Motivated and inspired by the above research studies, in this paper, we suggest and
analyze an iterative method to approximate a common solution of variational inequality
problem (1) and monotone inclusion problem (2) in a real Hilbert space; i.e., we propose
and investigate the following problem:

Find g∗ ∈ D such that g∗ ∈ J = VI(D, T ) ∩ Γ 6= φ.

2. Preliminaries

In this section, we review some fundamental definitions, results, and lemmas that will
be applied in the subsequent sections. We denote the symbols ⇀ and → for weak and
strong convergences, respectively.

A mapping P : H → H is said to be
(i) monotone if

〈Pg∗ −Pq∗, g∗ − q∗〉 ≥ 0, ∀ g∗, q∗ ∈ H;

(ii) nonexpansive if
‖Pg∗ −Pq∗‖ ≤ ‖g∗ − q∗‖, ∀ g∗, q∗ ∈ H;

(iii) firmly nonexpansive if

〈Pg∗ −Pq∗, g∗ − q∗〉 ≥ ‖Pg∗ −Pq∗‖2, ∀ g∗, q∗ ∈ H;

(iv) γ-strongly monotone if there exists γ > 0 such that

〈Pg∗ −Pq∗, g∗ − q∗〉 ≥ γ‖g∗ − q∗‖2, ∀ g∗, q∗ ∈ H;

(v) γ-inverse strongly monotone if there exists γ > 0 such that

〈Pg∗ −Pq∗, g∗ − q∗〉 ≥ γ‖Pg∗ −Pq∗‖2, ∀ g∗, q∗ ∈ H;

(vi) L-Lipschitz continuous with L > 0 such that

‖Pg∗ −Pq∗‖ ≤ L‖g∗ − q∗‖, ∀ g∗, q∗ ∈ H.

A mapping PD is said to be metric projection fromH onto D if for every point g∗ ∈ H,
there exists a unique nearest point in D denoted by PD(g∗) such that

‖g∗ − PD(g∗)‖ ≤ ‖g∗ − q∗‖, ∀ q∗ ∈ D.

It is well known that PD is nonexpansive and satisfies

〈g∗ − q∗, PD(g∗)− PD(q∗)〉 ≥ ‖PD(g∗)− PD(q∗)‖2, ∀ g∗, q∗ ∈ H.
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Furthermore, PD(g∗) is characterized by the fact PD(g∗) ∈ D and

〈g∗ − PD(g∗), q∗ − PD(g∗)〉 ≤ 0, ∀ q∗ ∈ D. (8)

This implies that

‖g∗ − q∗‖2 ≥ ‖g∗ − PD(g∗)‖2 + ‖q∗ − PD(g∗)‖2, ∀ g∗ ∈ H, ∀ q∗ ∈ D.

A multivalued mapping Q : H → 2H is said to be monotone, if for all g∗1 , g∗2 ∈ H, q∗1 ∈
Qg∗1 and q∗2 ∈ Qg∗2 such that

〈g∗1 − g∗2 , q∗1 − q∗2〉 ≥ 0.

A monotone mapping Q : H → 2H is at the maximum if G(Q), the graph of Q
defined as G(Q) = {(g∗1 , q∗1) : q∗1 ∈ Qg∗1}, is not properly contained in the graph of any
other monotone mapping.

Remark 1. It is well known that a monotone mapping Q is maximal if and only if for (g∗1 , q∗1) ∈
H×H, 〈g∗1 − g∗2 , q∗1 − q∗2〉 ≥ 0, for each (g∗2 , q∗2) ∈ G(Q) implies that q∗1 ∈ Qg∗1 .

Let Q : H → 2H be a multivalued maximal monotone mapping. Then, the resolvent operator
JQλ : H → H associated with Q is defined by

JQλ (g∗) = (I + λQ)−1(g∗), ∀ g∗ ∈ H, λ > 0,

where I : H → H denotes the identity operator. We notice that the resolvent operator JQλ is
single-valued, nonexpansive, and firmly nonexpansive (see [34]).

Let T : D → H be a monotone mapping and let NDz be the normal cone to D at z ∈ D,
which is defined by ND(z) = {v ∈ H : 〈z− u, v〉 ≥ 0, ∀u ∈ D}. Define

Q(z) =
{
T (z) + ND(z), if z ∈ D
φ, if z /∈ D,

Then, Q is maximal monotone and 0 ∈ Q(z) iff z ∈ V(D, T ); for more details, see [35–37].

Lemma 1 ([38]). LetH be a real Hilbert space. The following properties hold:

(i) ‖g∗ + q∗‖2 ≤ ‖g∗‖2 + 2〈q∗, g∗ + q∗〉, ∀ g∗, q∗ ∈ H;
(ii) ‖g∗ − q∗‖2 ≤ ‖g∗‖2 − ‖q∗‖2 − 2〈g∗ − q∗, q∗〉, ∀ g∗, q∗ ∈ H;
(iii) ‖ξg∗ + (1− ξ)q∗‖2 = ξ‖g∗‖2 + (1− ξ)‖q∗‖2 − ξ(1− ξ)‖g∗ − q∗‖2, ξ ∈ [0, 1],

∀ g∗, q∗ ∈ H.

Lemma 2 ([39]). LetH be a real Hilbert space. Let P : H → H be a γ-inverse strongly monotone
and Q : H → 2H be a maximal monontone mapping. Then, the following relation hold:

Fix(JQλ (I − λP)) = (P +Q)−1(0), λ > 0.

Lemma 3 ([40]). Let {ζm} be a sequence of non-negative real numbers such that

ζm+1 ≤ (1− δm)ζm + ζmτm + γm, m ≥ 0,

where {δm} ⊂ (0, 1) and {τm} is a sequence in R satisfy the following conditions:

(i)
∞
∑

m=1
δm = ∞;

(ii) lim sup
m→∞

τm ≤ 0;

(iii) γm ≥ 0 (m ≥ 1),
∞
∑

m=1
γm < ∞.

Then, lim
m→∞

ζm = 0.
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Lemma 4 ([41]). Let {lm} be a sequence of real numbers that does not decrease at infinity in the
sense that a subsequence {lmi} of {lm} exists such that lmi < lmi+1, ∀i ≥ 0. Additionally, consider
the sequence of integers { f (m)}m≥m0 defined by

f (m) = max{k ≤ m : lk ≤ lk+1}.

Then, { f (m)}m≥m0 is a non-decreasing sequence that verifies lim
m→∞

f (m) = ∞ and for all
m ≥ m0,

max{l f (m), lm} ≤ l f (m)+1.

3. Main Result

In this section, we prove a strong convergence theorem based on the inertial Tseng
splitting iterative method to compute a common solution of the variational inequality
problem (1) and monotone inclusion problem (2).

Theorem 1. Let H be a real Hilbert space and D be a nonempty, closed and convex subset of
H. Let Q : H → 2H be a multivalued maximal monotone mapping, P : H → H be monotone
and L-Lipschitz continuous and T : D → H be a γ-inverse strongly monotone mapping. Let
ψ : H → H be τ-Lipschitz continuous with τ ∈ [0, 1) such that J = VI(D, T ) ∩ Γ 6= φ. For
given v0, v1 ∈ D, let the sequences {vm}, {wm}, {zm}, {ym}, and {sm} be generated as follows:

wm = vm + θm(vm − vm−1),
zm = PD(I − λmT )wm,
ym = (I + λmQ)−1(I − λmP)zm,
sm = ym − λm(Pym −Pzm),
vm+1 = ξmψ(vm) + (1− ξm)sm, ∀m ≥ 1,

(9)

where

λm+1 =

min
{

µ‖zm−ym‖
‖Pzm−Pym‖ , λm

}
if ‖Pzm −Pym‖ 6= 0;

λm else,
(10)

where {ξm}, {θm} are two sequences in (0,1), λ > 0, and µ ∈ (0, 1). Moreover, let the following
conditions hold:

(i) lim
m→∞

ξm = 0 and
∞
∑

m=0
ξm = ∞;

(ii) 0 < lim inf
m→∞

λm ≤ lim sup
m→∞

λm < 2γ;

(iii) lim
m→∞

θm
ξm
‖vm − vm−1‖ = 0 and lim

m→∞
θm‖vm − vm−1‖ = 0.

Then, the sequence {vm} converges strongly to an element g∗ ∈ J , where g∗ = PJ ψ(g∗).

We also need the following lemma to prove Theorem 1.

Lemma 5 ([42]). Let {ym} be a sequence induced by (9). Then, for all g∗ ∈ Γ

‖sm − g∗‖2 ≤ ‖zm − g∗‖2 −
(

1− µ2 λ2
m

λ2
m+1

)
‖zm − ym‖2, (11)

and
‖sm − ym‖ ≤ µ

λm

λm+1
‖zm − ym‖. (12)
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Proof of Theorem 1. Let g∗ ∈ J ; by Lemma 5, we have

‖sm − g∗‖2 ≤ ‖zm − g∗‖2 −
(

1− µ2 λ2
m

λ2
m+1

)
‖zm − ym‖2, (13)

and
‖sm − ym‖ ≤ µ

λm

λm+1
‖zm − ym‖. (14)

From (13), it can be written as

‖sm − g∗‖ ≤ ‖zm − g∗‖. (15)

Moreover, we observe that

‖wm − g∗‖ = ‖vm + θm(vm − vm−1)− g∗‖
≤ ‖vm − g∗‖+ θm‖vm − vm−1‖, (16)

and

‖zm − g∗‖ = ‖PD(I − λmT )wm − g∗‖
≤ ‖wm − g∗‖ (17)

≤ ‖vm − g∗‖+ θm‖vm − vm−1‖, (18)

and

‖ym − g∗‖ = ‖JB
λm

(I − λmP)zm − g∗‖
≤ ‖zm − g∗‖
≤ ‖vm − g∗‖+ θm‖vm − vm−1‖. (19)

Consider

‖vm+1 − g∗‖ = ‖ξmψ(vm) + (1− ξm)sm − g∗‖
≤ ξm‖ψ(vm)− g∗‖+ (1− ξm)‖sm − g∗‖
≤ ξm‖ψ(vm)− ψ(g∗)‖+ ξm‖ψ(g∗)− g∗‖+ (1− ξm)‖sm − g∗‖
≤ ξm‖ψ(vm)− ψ(g∗)‖+ ξm‖ψ(g∗)− g∗‖+ (1− ξm)‖zm − g∗‖
≤ ξmτ‖vm − g∗‖+ ξm‖ψ(g∗)− g∗‖+ (1− ξm)(‖vm − g∗‖+ θm‖vm − vm+1‖)

≤ (1− ξm(1− τ))‖vm − g∗‖+ ξm(1− τ)
‖ψ(g∗)− g∗‖

(1− τ)

+ (1− ξm(1− τ))θm‖vm − vm−1‖

≤ max
{
‖vm − g∗‖+ θm‖vm − vm−1‖, (1− τ)

‖ψ(g∗)− g∗‖
(1− τ)

}
...

≤ max
{
‖v1 − g∗‖+ θ1‖v1 − v0‖, (1− τ)

‖ψ(g∗)− g∗‖
(1− τ)

}
.

Thus, sequence {vm} generated by (9) is bounded and so are the sequences {wm},
{zm}, {ym}, and {sm}.

Next, we observe that

‖wm − g∗‖2 = ‖vm + θm(vm − vm−1)− g∗‖2

= ‖vm − g∗‖2 + 2θm〈vm − vm−1, vm − g∗〉+ θ2
m‖vm − vm−1‖2. (20)
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It follows that

‖(vm − vm−1)− (vm − g∗)‖2 = ‖vm − vm−1‖2 − 2〈vm − vm−1, vm − g∗〉+ ‖vm − g∗‖2,

and

2θm〈vm − vm−1, vm − g∗〉 = θm‖vm − vm−1‖2 + θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2). (21)

Then, by combining (20) with (21), we have

‖wm − g∗‖2 = ‖vm + θm(vm − vm−1)− g∗‖2

= ‖vm − g∗‖2 + 2θm〈vm − vm−1, vm − g∗〉+ θ2
m‖vm − vm−1‖2

= ‖vm − g∗‖2 + θm‖vm − vm−1‖2 + θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

+ θ2
m‖vm − vm−1‖2

≤ ‖vm − g∗‖2 + θm(1 + θm)‖vm − vm−1‖2 + θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

≤ ‖vm − g∗‖2 + 2θm‖vm − vm−1‖2 + θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2). (22)

From (13) and (17) and (22), we have

‖sm − g∗‖2 ≤ ‖vm − g∗‖2 + 2θm‖vm − vm−1‖2 + θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

−
(

1− µ2 λ2
m

λ2
m+1

)
‖zm − ym‖2. (23)

Consider

‖vm+1 − g∗‖2 = 〈vm+1 − g∗, vm+1 − g∗〉
= 〈ξmψ(vm) + (1− ξm)sm − g∗, vm+1 − g∗〉
= ξm〈ψ(vm)− g∗, vm+1 − g∗〉+ (1− ξm)〈sm − g∗, vm+1 − g∗〉

≤ ξm

2

(
‖ψ(vm)− ψ(g∗)‖2 + ‖vm+1 − g∗‖2

)
+ ξm〈ψ(vm)− g∗, vm+1 − g∗〉

+
(1− ξm)

2

(
‖sm − g∗‖2 + ‖vm+1 − g∗‖2

)
≤ ξm

2

(
‖ψ(vm)− ψ(g∗)‖2 + ‖vm+1 − g∗‖2

)
+ ξm〈ψ(vm)− g∗, vm+1 − g∗〉

+
(1− ξm)

2

(
‖vm − g∗‖2 + 2θm‖vm − vm−1‖2

+ θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

−
(

1− µ2 λ2
m

λ2
m+1

)
‖zm − ym‖2 + ‖vm+1 − g∗‖2

)
≤ (1− ξm(1− τ2))

2
‖vm − g∗‖2 +

1
2
‖vm+1 − g∗‖2

+ ξm〈ψ(vm)− g∗, vm+1 − g∗〉

+ θm(1− ξm)‖vm − vm−1‖2 +
(1− ξm)

2
θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

− (1− ξm)

2

(
1− µ2 λ2

m

λ2
m+1

)
‖zm − ym‖2. (24)

It follows that
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‖vm+1 − g∗‖2 = (1− ξm(1− τ2))‖vm − g∗‖2

+ ξm(1− τ2)
( 2
(1− τ2)

〈ψ(vm)− g∗, vm+1 − g∗〉
)

+ 2θm(1− ξm)‖vm − vm−1‖2 + (1− ξm)θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

− (1− ξm)
(

1− µ2 λ2
m

λ2
m+1

)
‖zm − ym‖2. (25)

Therefore, we obtain

(1− ξm)
(

1− µ2 λ2
m

λ2
m+1

)
‖zm − ym‖2 ≤ ‖vm − g∗‖2 − ‖vm+1 − g∗‖2

+ 2θm(1− ξm)‖vm − vm−1‖2

+ (1− ξm)θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

+ ξm(1− τ2)
( 2
(1− τ2)

〈ψ(vm)− g∗, vm+1 − g∗〉
)

. (26)

Moreover, by using (25), we obtain

‖vm+1 − g∗‖2 ≤ (1− ξm(1− τ2))‖vm − g∗‖2

+ ξm(1− τ2)
{ 2
(1− τ2)

〈ψ(vm)− g∗, vm+1 − g∗〉

+
(2θm(1− ξm)

(1− τ2)ξm

)
‖vm − vm−1‖2

+
( (1− ξm)θm

(1− τ2)ξm

)
‖vm − vm−1‖(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

}
− (1− ξm)

(
1− µ2 λ2

m

λ2
m+1

)
‖zm − ym‖2. (27)

Now, we suppose two possible cases to show that lim
m→∞

‖vm − g∗‖ = 0.

Case I: Assume that the sequence {lm} = {‖vm − g∗‖2} is non-increasing; then, there
exists m0 ∈ N such that lm+1 ≤ lm for every m ≥ m0. Hence, lm converges.

Since lim
m→∞

ξm = 0, and lim
m→∞

(
1− µ2 λ2

m
λ2

m+1

)
> 0, we obtain from (26) that

lim
m→∞

‖zm − ym‖ = 0. (28)

Thus, from (14), we have
lim

m→∞
‖sm − ym‖ = 0. (29)

If we consider
‖sm − zm‖ ≤ ‖sm − ym‖+ ‖ym − zm‖,

from (28) and (29), we obtain
lim

m→∞
‖sm − zm‖ = 0. (30)
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Now, from (9), we have

‖zm − g∗‖2 = ‖PD(I − λmT )wm − g∗‖2

= ‖PD(I − λmT )wm − PD(I − λmT )g∗‖2

≤ ‖(wm − λmT wm)− (g∗ − λmT g∗)‖2

= ‖(wm − g∗)− λm(T wm − T g∗)‖2

= ‖wm − g∗‖2 − 2λm〈T wm − T g∗, wm − g∗〉+ λ2
m‖T wm − T g∗‖2

≤ ‖wm − g∗‖2 − 2λmγ‖T wm − T g∗‖2 + λ2
m‖T wm − T g∗‖2

= ‖wm − g∗‖2 + λm(λm − 2γ)‖T wm − T g∗‖2. (31)

It follows from (22) that

‖vm+1 − g∗‖2 = ‖ξmψ(vm) + (1− ξm)sm − g∗‖2

≤ ξm‖ψ(vm)− g∗‖2 + (1− ξm)‖sm − g∗‖2

≤ ξm‖ψ(vm)− ψ(g∗)‖2 + ξm‖ψ(g∗)− g∗‖2 + (1− ξm)‖zm − g∗‖2

+ 2ξm‖vm − g∗‖‖ψ(g∗)− g∗‖

≤ ξm‖vm − g∗‖2 + ξm

(
‖ψ(g∗)− g∗‖2 + 2‖vm − g∗‖‖ψ(g∗)− g∗‖

)
+ (1− ξm)

(
‖wm − g∗‖2 + λm(λm − 2γ)‖T wm − T g∗‖2

)
≤ ξm‖vm − g∗‖2 + ξm

(
‖ψ(g∗)− g∗‖2 + 2‖vm − g∗‖‖ψ(g∗)− g∗‖

)
+ (1− ξm)

(
‖vm − g∗‖2 + 2θm‖vm − vm−1‖2

+ θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2) + λm(λm − 2γ)‖T wm − T g∗‖2
)

, (32)

which implies

λm(2γ− λm)‖T wm − T g∗‖2 ≤ ‖vm − g∗‖2 − ‖vm+1 − g∗‖2 + ξm

(
‖ψ(g∗)− g∗‖2

+ 2‖vm − g∗‖‖ψ(g∗)− g∗‖
)
+ 2(1− ξm)θm‖vm − vm−1‖2

+ (1− ξm)θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2). (33)

Using conditions (i) and (iii) and fact that lim
m→∞

‖vm − g∗‖ exists, we have

lim
m→∞

‖T wm − T g∗‖ = 0. (34)

From Lemma 1 (i), we compute
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‖zm − g∗‖2 = ‖PD(I − λmT )wm − g∗‖2

= ‖PD(I − λmT )wm − PD(I − λmT )g∗‖2

≤ 〈zm − g∗, (wm − λmT wm)− (g∗ − λmT g∗)〉

≤ 1
2

{
‖zm − g∗‖2 + ‖(wm − λmT wm)− (g∗ − λmT g∗)‖2

− ‖(zm − wm) + λm(T wm − T g∗)‖2
}

≤ 1
2

{
‖zm − g∗‖2 + ‖wm − g∗‖2 − ‖(zm − wm) + λm(T wm − T g∗)‖2

}
≤ ‖wm − g∗‖2 − ‖zm − wm‖2 − λ2

m‖T wm − T g∗‖2

+ 2λm〈zm − wm, T wm − T g∗〉
≤ ‖zm − g∗‖2 − ‖zm − wm‖2 + 2λm‖zm − wm‖‖T wm − T g∗‖
≤ ‖wm − g∗‖2 − ‖zm − wm‖2 + 2λm‖zm − wm‖‖T wm − T g∗‖. (35)

It follows from (22) and (35) that

‖vm+1 − g∗‖2 = ‖ξmψ(vm) + (1− ξm)sm − g∗‖2

≤ ξm‖ψ(vm)− ψ(g∗)‖2 + ξm‖ψ(g∗)− g∗‖2 + (1− ξm)‖zm − g∗‖2

+ 2ξm‖vm − g∗‖‖ψ(g∗)− g∗‖

≤ ξm‖vm − g∗‖2 + ξm

(
‖ψ(g∗)− g∗‖2 + 2‖vm − g∗‖‖ψ(g∗)− g∗‖

)
+ (1− ξm)

(
‖wm − g∗‖2 − ‖zm − wm‖2 + 2λm‖zm − wm‖‖T wm − T g∗‖2

)
≤ ξm‖vm − g∗‖2 + ξm

(
‖ψ(g∗)− g∗‖2 + 2‖vm − g∗‖‖ψ(g∗)− g∗‖

)
+ (1− ξm)

(
‖vm − g∗‖2 + 2θm‖vm − vm−1‖2

+ θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

− ‖zm − wm‖2 + 2λm‖zm − wm‖‖T wm − T g∗‖2
)

, (36)

which implies

(1− ξm)‖zm − wm‖ ≤ ‖vm − g∗‖2 − ‖vm+1 − g∗‖2 + ξm

(
‖ψ(g∗)− g∗‖2

+ 2‖vm − g∗‖‖ψ(g∗)− g∗‖
)
+ 2(1− ξm)θm‖vm − vm−1‖2

+ (1− ξm)θm(‖vm − g∗‖2 − ‖vm−1 − g∗‖2)

+ 2λm(1− ξm)‖zm − wm‖‖T wm − T g∗‖2.

As lim
m→∞

‖vm − g∗‖ exists, then using conditions (i), (iii), and (34), we have

lim
m→∞

‖zm − wm‖ = 0. (37)

Using (iii), we observe that

lim
m→∞

‖wm − vm‖ = lim
m→∞

θm‖vm − vm−1‖ = 0. (38)

We can write
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‖vm+1 − vm‖ ≤ ‖vm+1 − sm‖+ ‖sm − ym‖+ ‖ym − zm‖+ ‖zm − wm‖+ ‖wm − vm‖
≤ ξm‖ψ(vm)− sm‖+ ‖sm − ym‖+ ‖ym − zm‖+ ‖zm − wm‖+ ‖wm − vm‖. (39)

This implies that
lim

m→∞
‖vm+1 − vm‖ = 0. (40)

Since {vm} is bounded, take a subsequence {vmk} of {vm} such that vmk ⇀ q∗. Then,
we have

‖(I − JB
λm

(I − λmP))q∗‖2 = 〈(I − JB
λm

(I − λmP))q∗, (I − JB
λm

(I − λmP))q∗〉
= 〈(I − JB

λm
(I − λmP))q∗, q∗ − zmk 〉

+ 〈(I − JB
λm

(I − λmP))q∗, zmk − wmk 〉
+ 〈(I − JB

λm
(I − λmP))q∗, wmk − JB

λm
(I − λmP)wmk 〉

+ 〈(I − JB
λm

(I − λmP))q∗, JB
λm

(I − λmP)wmk − JB
λm

(I − λmP)q∗〉.

Using the fact that ‖wm − vm‖ → 0, ‖zm − wm‖ → 0, and ‖zm − ym‖ → 0, we obtain

lim
m→∞

‖(I − JB
λm

(I − λmP))q∗‖2 = 0.

Therefore q∗ ∈ Γ. Next we show that q∗ ∈ VI(D, T ).
Since lim

m→∞
‖zm − wm‖ = 0 and lim

m→∞
‖wm − vm‖ = 0, there exist subsequences {zmi}

and {wmi} of {zm} and {wm}, respectively, such that zmi ⇀ q∗ and wmi ⇀ q∗. Define the
mapping Q as follows:

Q(z) =
{
T (z) + ND(z), if z ∈ D
φ, if z /∈ D,

where ND(z) = {v ∈ H : 〈z − u, v〉 ≥ 0, ∀u ∈ D} is the normal cone to D at z ∈ H.
In this case, mapping Q is maximal monotone and 0 ∈ Qz mapping iff z ∈ Sol(VIP(1)).
Let (z, v) ∈ graph(Q), we have v ∈ Qz = T z + ND(z) and, hence, v− T z ∈ ND(z). By
the definition of ND , we have 〈z − u, v − T z〉 ≥ 0, ∀u ∈ D. On the other hand, since
zm = PD(wm − λmT wm) and z ∈ D, we have

〈(wm − λmT wm)− zm, zm − z〉 ≥ 0.

This implies that

〈z− zm,
zm − wm

λm
+ T wm〉 ≥ 0.

Since 〈z− u, v− T z〉 ≥ 0, ∀u ∈ D and zmi ∈ D, using the monotonicity of T , we have

〈z− zmi 〉 ≥ 〈z− zmi , T z〉

≥ 〈z− zmi , T z〉 − 〈z− zmi ,
zmi − wmi

λm
+ T wmi 〉

= 〈z− zmi , T z− T zmi 〉+ 〈z− zmi , T zmi − T wmi 〉

− 〈z− zmi ,
zmi − wmi

λm
〉

≥ 〈z− zmi , T zmi − T wmi 〉 − 〈z− zmi ,
zmi − wmi

λm
〉.
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Since T is continuous, therefore, on taking limit i→ ∞, we have 〈z− q∗, v〉 ≥ 0. Since
Q is maximal monotone, we have q∗ ∈ Q−1(0) and, hence, q∗ ∈ VI(D, T ). We obtain

lim sup
m→∞

2
1− τ2 〈ψ(g

∗)− g∗, vm+1 − g∗〉 = lim sup
m→∞

2
1− τ2 〈ψ(g

∗)− g∗, vmk − g∗〉

≤ 2
1− τ2 〈ψ(g

∗)− g∗, q∗ − g∗〉 ≤ 0. (41)

By Lemma 3 and using (27) and (41) and condition of paprameters, we can claim that
the sequence {vm} strongly converges to g∗ = PJ ψ(g∗).

Case II: Assume that the sequence {lm} = {‖vm − g∗‖2} is increasing. Let f : N→ N
be a mapping for all m ≥ m0 values (where m0 is large enough). This is defined by

f (m) = max{k ∈ N : lm ≤ lm+1}.

Then, f (m)→ ∞ as m→ ∞ and l f (m) ≤ l f (m)+1, for all m ≥ m0. By using (26) and the
conditions of the parameters for each m ≥ m0, we have

‖z f (m) − y f (m)‖2 ≤ l f (m) − l f (m)+1 + 2(1− ξ f (m))θ f (m)‖v f (m) − v f (m)+1‖2

+ ξ f (m)(1− τ2)
( 2
(1− τ2)

〈 f (m)− g∗, v f (m)+1 − g∗〉
)

+ (1− ξ f (m))θ f (m)(l f (m) − l f (m)−1).

Using 3.1 (i), we conclude that

lim
m→∞

‖z f (m) − y f (m)‖ = 0.

Furthermore, by following the proof in Case I, we obtain

lim
m→∞

‖z f (m) − w f (m)‖ = 0,

and
lim sup

m→∞
〈ψ(g∗)− g∗, v f (m)+1 − g∗〉 ≤ 0. (42)

From (27), we have

l f (m)+1 ≤ (1− ξ f (m)(1− τ2))l f (m) + ξ f (m)(1− τ2)
{ 2
(1− τ2)

〈ψ(vm)− g∗, v f (m)+1 − g∗〉

+
(2θ f (m)(1− ξ f (m))

(1− τ2)ξ f (m)

)
‖v f (m) − v f (m)−1‖2

+
( (1− ξ f (m))θ f (m)

(1− τ2)ξ f (m)

)
‖v f (m) − v f (m)+1‖(‖v f (m) − g∗‖2 − ‖v f (m)+1 − g∗‖2)

}
− (1− ξ f (m))

(
1− µ2

λ2
f (m)

λ2
f (m)+1

)
‖z f (m) − y f (m)‖2. (43)

Using Lemma 3 to (43), using (42) and the conditions of all parameters, we obtain

lim
m→∞

‖v f (m)+1 − g∗‖ = 0.

From Lemma 4, we obtain

0 ≤ ‖vm − g∗‖ ≤ max{‖vm − g∗‖, ‖v f (m) − g∗‖}
≤ ‖v f (m)+1 − g∗‖ → 0 as m→ ∞.
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Therefore vm → g∗, where g∗ = PJ ψ(g∗).

4. Consequences

In this section, we deduce a special case from our main convergence theorem.
Setting θm = 0 in Theorem 1, we have the following result.

Corollary 1. LetH be a real Hilbert space and let D be a nonempty, closed, and convex subset of
H. Let Q : H → 2H be a multivalued maximal monotone mapping, P : H → H be monotone
and L-Lipschitz continuous and T : D → H be a γ-inverse strongly monotone mapping. Let
ψ : H → H be τ-Lipschitz continuous with τ ∈ [0, 1) such that J = VI(D, T ) ∩ Γ 6= φ. For a
given v0 ∈ D, let the sequences {vm}, {zm}, {ym}, and {sm} be generated as follows:

zm = PD(I − λmT )vm,
ym = (I + λmQ)−1(I − λmP)zm,
sm = ym − λm(Pym −Pzm),
vm+1 = ξmψ(vm) + (1− ξm)sm, ∀m ≥ 1,

(44)

where

λm+1 =

min
{

µ‖zm−ym‖
‖Pzm−Pym‖ , λm

}
if ‖Pzm −Pym‖ 6= 0;

λm else,
(45)

where {ξm} is a sequence in (0,1), λ > 0 and µ ∈ (0, 1). Moreover, let the following conditions
hold:

(i) lim
m→∞

ξm = 0 and
∞
∑

m=0
ξm = ∞;

(ii) 0 < lim inf
m→∞

λm ≤ lim sup
m→∞

λm < 2γ.

Then, the sequence {vm} converges strongly to an element g∗ ∈ J , where g∗ = PJ ψ(g∗).

5. Numerical Experiment

In this section, we present a numerical result to demonstrate the applicability of our
main result.

LetH = D = R be the set of all real numbers with the inner product represented by
〈g∗, q∗〉 = g∗q∗, ∀g∗, q∗ ∈ R, and the equipped with usual norm | · |. Let Q : H → 2H be
defined by Q = {3g∗}, ∀g∗ ∈ H and let P : H → H be defined by P(g∗) = g∗

3 , ∀g∗ ∈ H.
Let the mapping T : D → H be defined by T (g∗) = 2g∗, ∀g∗ ∈ D; let the mapping
ψ : H → H be defined by ψ(g∗) = g∗

5 , ∀g∗ ∈ H.
It is easy to see that P is L- Lipschitz continuous and monotone with L = 1

3 , ψ is a
τ-Lipschitz continuous with τ = 1

5 , and T is γ-inverse strongly monotone mapping with
γ = 1

2 . Let us choose λm = 0.4, θm = 0.9 and ξm = 1
m+4 , ∀m ≥ 1. Furthermore, we observe

that VI(D, T ) = {0} and Γ = {0}; hence, J = VI(D, T ) ∩ Γ = {0}.
From Table 1 and Figure 1, it can be very well visualized that the sequence of iteration

{vm} converges weakly to 0.
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Table 1. Numerical results for different initial values v0 and v1.

No. of Iterations v0 = 5, v1 = 4 v0 = −5, v1 = −8

1 5.000000 −5.000000
2 4.000000 −8.000000
3 0.378620 −1.113300
4 −0.223623 0.382014
5 −0.069201 0.153097
6 0.004352 −0.001065
7 0.006116 −0.011969
8 0.000776 −0.002098
9 −0.000338 0.000556
10 −0.000123 0.000267
11 0.000005 0.000004
12 0.000011 −0.000020
13 0.000002 −0.000004
14 −0.000001 0.000001
15 0.000000 0.000000
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Figure 1. Convergence of sequence {vm}.

6. Conclusions

In this paper, we developd and analyzed an inertial Tseng iterative method to find a
common solution for the variational inequality problem and monotone inclusion problem
with the help of the inertial Tseng method in the setting of real Hilbert spaces. Furthermore,
we show that the sequences induced by the proposed iterative method converge strongly to
an element of common solution of these problems. We also discuss a special cases deduced
from our main convergence result. Finally, we present a numerical experiment to justify
the main convergence theorem.
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