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Abstract: The general variable coefficient cylindrical/spherical KdV equation has been investigated
by using the simplified homogeneous balance method. It has been proven that if its coefficients
satisfy certain constraint conditions, then the cylindrical/spherical KdV equation has a nonlinear
transformation that converts the solution of the quadratic form equation into the solution of the
cylindrical/spherical KdV equation. The quadratic form equation admits a series of solutions
expressed by the exponential functions, therefore one soliton-like solution and multi soliton-like
solutions of the cylindrical/spherical KdV equation can be obtained exactly.

Keywords: variable coefficient cylindrical /spherical KdV equation; nonlinear transformation; quadratic
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1. Introduction

In the present paper we investigate general variable coefficient cylindrical/spherical
KdV equation [1-3] in the form

m

ur + o () usy + B() Uaxx + T

u=20, 1)
where «(t) is the nonlinear coefficient and B(t) is the dispersion coefficient. The last term
containing an arbitrary and positive integer “m” represents the geometry effects: when
m = 1, it represents the cylindrical geometry effect, and Equation (1) is called the cylindrical
KdV equation; when m = 2, it represents the spherical geometry effect, and Equation (1) is
called the spherical KdV equation.

In Ref. [4], by using the conventional reductive perturbation method, the authors
derived the cylindrical (spherical) KdV and mKdV equations and obtained the progressive
wave solutions. Through the use of the reductive perturbation method, an approximate
analytical method for the progressive wave solution is presented for the cylindrical (spheri-
cal) KdV and the modified KdV equations in the sense of the weighted residual method
in Ref. [5]. Although several researchers derived these evolution equations for various
type of plasma structures, there is no analytical progressive soliton-like solution available,
especially for the general variable coefficient cylindrical /spherical KdV equation.

The question considered in the paper is to find out what constraint condition exists for
«(t) and B(t), such that Equation (1) admits an exact soliton-like solution, as well as exact
multi soliton-like solutions. We shall apply the simplified homogeneous balance method
(SHB) [6-10], different from the homogeneous balance method (HB) [11-13], to investigate
Equation (1), thereby to answer this question. By this method, a nonlinear transformation
from the solution for a quadratic form equation to the solution for the general variable
coefficient cylindrical/spherical KdV equation is derived, and one soliton-like solution and
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multi soliton-like solutions are obtained via the nonlinear transformation successfully. It is
worth noting that these solutions have not been mentioned in the previous literature. The
geometric shapes of some soliton-like solutions are studied by numerical simulation. The
constraint condition of a solution for a variable coefficient is discussed and the comparison
of the influence of parameters on its shape is investigated.

2. Derivation of Constraint Condition and Nonlinear Transformation

Considering the homogeneous balance between uu, and uyy, in Equation (1)
(2m+1=m+3 = m = 2) according to the simplified homogeneous balance method,
we can suppose that the solution of Equation (1) is of the form

u(x,t) = A(t)(In @), @

where we use A(t)In ¢ instead of the undetermined functions f(¢) appearing in the

homogeneous balance method to simplify the original HB; functions A(t) and ¢ = ¢(x,t)

are to be determined later. The aim of the simplified HB is to find the variable coefficient

A(t) and the function ¢ = ¢(x, t), such that the expressions (2) exactly satisfy Equation (1).
From (2) it is easy to obtain that

w = A'(1)(Ing) . + A(t) (")’“ - "’"’) 3
9 ¢
L0 [A9E 203¢x | 93
Mux—Ag |:2( (I)z - 4)3 +§04):|/ (4)

ad <(Pxxxx 3(chx + 4Qx Pxxx + 12(P;2C(Pxx . 6(P§c> ) (5)

o = A5 Ty T ¢ ¢ ¢
‘ Substituting (2)—(5) into the left hand side of Equation (1) and collecting all terms with
¢~ '(i = 1,2,3,4) together, yields

up 4+ a(t)uny + B(H)uyex + Fru = (A'+ B A)(Ing) .,

+Aai |:(th+,B(Pxxxx + — P @i+ (5 —3B) 92, —4BPx Pxax
x

9 ¢ (©)
—Aa+128) 92 Py 4
+( zx+4)3/5)<ﬂfo +(%f6/3)%}.
In (6), setting the coefficient of %% and the coefficient of (In¢),., to zero, yields
Ax m
— —68=0,A"+—-A=0. 7
5 6=0A"+ o 0 (7)

Solving the first equation in (7) yields

12
A =12 ®)
Substituting (8) into the second equation in (7), we obtain
d o m
a[ln(g)] = o 9

which is the constraint condition for a(t) and B(t).
Substituting (8) into (2) yields

u(x,t) = %(ln ?) 4y (10)
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Using (7) and (8), the expression (6) can be simplified as
Up + &ully + Pilyyx + iU
_ 128 9 [?(‘PtJF.B(PXXX)x*(Px(‘Pt+/3‘PIXX)+3/3((P;2rx*‘PI‘PXXX)} -0 (11)
® ox 4)2 7
provided that ¢ = ¢(x, t) satisfies the quadratic form equation
P91 + BPxxx)y — Px(Pr + BPaxx) +3P(9%x — PrxPrxx) = 0. (12)

Using (9)—(12), we come to the conclusion that is the theorem in the following.

Theorem 1. If a(t) andB(t) in Equation (1) satisfy the constraint condition (9), ¢ = @(x,t) is the
solution of the quadratic form Equation (12), then the expression (10) satisfies Equation (1) exactly.

Theorem 1 shows that the expression (10) and the quadratic form Equation (12) to-
gether have comprised the nonlinear transformation for Equation (1)

u(x,t) = 2 ((In g, (13

(@t + Bexxx)y — Px (@t + BPxxx) + 3B(¢3r — PxPxxx) =0, (14)

provided that a(t) and B(t) satisfy the constraint condition (9).

By the nonlinear transformation, the problem to solve Equation (1) becomes the one
to solve the quadratic form Equation (14). In the next section, a series of solutions of
Equation (14) will be given, then a soliton-like solution and multi soliton-like solutions of
Equation (1) can be obtained.

3. Soliton-Like Solutions of Equation (1)

Using the e-expansion method [14], or Hirota’s method [15], a series of solutions of
Equation (14) can be obtained as follows:

t
p1=1+ef,¢ = kx—k3/ B(t)dr

- =14 eb1 +ef2 4 f1thatAn oA — EI; p ;2,61 = Zx—k3/ B(t)dr,i=1,2,
1t K2

g3 =1+ el + %2 4 %3 4 ef1teat A | ol1tl3t Al | olatlatAn | ol1+02+E3+ A1t A3tAs

ki — ki)? t
el = Ekl k];Z'i <j, & =kix — k?/ B(t)dt,i=1,2,3,
i TK;
oN= Y eXP(Z pli+ Y Hik z,>
u=0,1 i=1 1<i<j<N
where Y indicates the summation over all possible combinations of 1 = 0,1, up = 0,1,
u=0,1
.., un =0,1,, while ) indicates the summation over all possible combinations of i

1<i<j<N
and j from 1 to N subject to i < j.

Substituting the solution ¢; of Equation (14) into the expression (13), we have one
soliton-like solution of Equation (1) as follows:

ul(x,t)—3kj(€§)sech2( ka—k?’/ B(t
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The amplitude of u;(x,t) is BkTﬁtg)’ and the velocity of uq(x,t) is & = k?B(t). Both
amplitude and velocity are all changed with the variable ¢.

Substituting the solution ¢, of Equation (14) into the expression (13), we have two
soliton-like solutions of Equation (1) as follows:

u2(x t) _ 12ﬁ(t) k%e@'l + k%eéz + 2(k1 + kz)ze§1+§2+A12 + (k%e2§1+62+1412 + k%e51+252+A12)'
’ a(t) (1+ b1 + b2 + e§1+§2+A12)2

Substituting ¢y into (13), we have N soliton-like solutions as:

126(1)
a(t)

where a(t) and B(t) satisfy expression (9), which is the following relationship:

at)
By

uN(x/ t) =

n goN)xx’

N3

4. An Example
Consider the cylindrical/spherical KdV equation in the form [16]:

ut+t%f(t)uux+f(t)uxxx+ gu =0, (15)

where f(t) is an arbitrary analytical function, in view of

Al (O] _m
dt[n< f(t) )] 2t

Thus, based on the theorem in Section 2, Equation (15) has a nonlinear transformation
expressed as (16) and (17):

u(x,t) = 1 (Ing),y, (16)
P(@r + f(B)Prxx)y — Px(@r + F(E)Prxx) + 3f (1) (931 — PxPrxx) = 0. (17)

Equation (17) admits a series of solutions as follows:
t
¢p1=1+¢€5,¢=kn— k3/ f(r)dt

k t
@2 =1+ b1 +ef2 efrteatAn ez — (k1 — )2,@* IX—k3/ f(r)dr,i=1,2,

(k1 + k2)
p3=1+ el + %2 4 %3 4 ef1teat A | ol1tlat Al | olotlatAn | ol1+02+E3+ A1t A3t A
ki — k;
elii = %,z<],§1 —kx—k3/ f(r)dr,i=1,2,3.
(ki + k])

Substituting ¢1, 2, @3, ... into expression (16), respectively, then one soliton-like
solution (Figure 1), two soliton-like solutions (Figures 2 and 3), and three soliton-like
solutions (Figures 4 and 5) can be obtained, respectively, as follows:

k2
uy(x,t) = ?;m sech( k3/ f(r
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k2681 + k2682 4 2(kq + ko )2eb1 82+ A1 1 (k20201+82+ A1 4 [2061+282+An
12 k3eft + k3ef2 +2(ky + ko) + (k3 +k )
up(x,t) = -

2(x8) 2 (1+ ef1 + ef2 + eCl+Cz+A12)2

4

12
us(x,t) = (I P3).y

(b) ()

Figure 1. For the one soliton-like solution u1 (x, t), when f(t) = t, k = 1, the corresponding graphs of
m=1,m=2and m = 4are givenas above. (a) f(t) =t k=1, m=1;(b) f(t) =t k=1, m=2;
©f()=t k=1 m=4

(b)

Figure 2. For the two soliton-like solution uy(x, ), when f(t) = t, m = 1, the corresponding figures
of kj =2, kp =3 and k; = 3, kp = 1 are given as above. (a) f(f) =t, m =1, k1 =2, kp = 3;
) f()y=t, m=1,k =3, ky=1.

(@) (b)

Figure 3. For the two soliton-like solution uy(x, ), when f(t) = t, m = 2, the corresponding figures
of kj =2, kp =3and k; = 3, ky = 1 are given as above. (a) f(t) =, m =2, k; =2, kp = 3;
b)f(t)=t, m=2,k =3,ky=1.
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(b) (c)

Figure 4. For the three soliton-like solution u3(x, t), when f(t) = t, ky = 1, ky = 3, k3 = 2, the
corresponding graphs of m = 1, m = 2 and m = 4 are given as above. (a) f(t) = t, k; = 1,
ky=3k3=2m=10b)f(t) =t ki =1,k =3 ks=2 m=2() f(t) =t kg =1,k =3,
k3 =2,m=4.

Figure 5. For the three soliton-like solution u3(x, ), when f(t) = 2, ky =1, ky =3, ks = 2, the
corresponding graphs of m = 1, m = 2 and m = 4 are given as above. (a) f(t) = 12, k; = 1,
ky=3k3=2m=1®)f(t)=t>, ki =1,k =3, ks=2, m=2;(c) f(t) =, ky =1, ko = 3,
k3 = 2,m =4.

The comparison of different geometric structures of solitons clearly shows that for u;
and uy, fixed f(t) = t and f(t) = 2, and different parameters k, k1, ky, k3 are selected, the
soliton solution morphology changes little. However, for u3, when f(t) is different, the
soliton solution will fluctuate greatly.

5. Conclusions

The general variable coefficient cylindrical/spherical KdV equation in the form

w4 a(B)utty + B(E)Uxxx + %u =0, (18)

has been investigated by using the simplified homogeneous balance method. The results
obtained in this paper are that if «(t) and B(t) satisfy the constraint condition

(G003
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t7, then Equation (18) has a nonlinear transformation, as follows

1.e., W =
u( ) = 2 (in )., (20)
(@t + Bexxx)y — Px (@t + BPxxx) + 3B(¢3r — PxPrxx) = 0. (21)

The quadratic form Equation (21) admits a series of solutions, as follows
t
o1=1+e,&=kx— k3/ B(7)dr,

— k)2 t
=1+ eb1 4 eb2 4 e51+Cz+A12,eA12 — M & =kix — k3/ B(t)dt,i=1,2,

(k1 4 kp)*’
o3 =1+ ef1 4 eb2 4 b3 4 eb1t82tAn | oC1+83+A1s | oC2+C3+A2 e{31+§2+§3+A12+A13+A23,

k-—k-)2 t
Aii:(lij,i< i, »:k-x—k‘?’/ T)dTt,i=1,2,3.
k1 k) joGi=kix—ki [ B(T)

Thus, substituting ¢; (i =1,2,3, ... ) into expression (20), respectively, one soliton-like
solution and multi soliton-like solutions of Equation (18) can be obtained.

In particular, when m = 1 and m = 2, soliton-like solutions of the general variable
coefficient cylindrical /spherical KdV equation, that is the particular case of Equation (18),
are also successfully obtained. The results obtained in this paper are different from those
reported earlier. The simplified homogeneous balance method is also applicable to other
nonlinear differential equations.
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