. mathematics

Article

Existence of Positive Solutions for a Fully Fourth-Order
Boundary Value Problem

Yongxiang Li *

check for
updates

Citation: Li, Y.; Ma, W. Existence of
Positive Solutions for a Fully
Fourth-Order Boundary Value
Problem. Mathematics 2022, 10, 3063.
https://doi.org/10.3390/
math10173063

Academic Editors: Janusz Brzdek

and Luigi Rodino

Received: 30 June 2022
Accepted: 19 August 2022
Published: 25 August 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Weifeng Ma

Department of Mathematics, Northwest Normal University, Lanzhou 730070, China
* Correspondence: liyxnwnu@163.com; Tel.: +86-0931-7971111

Abstract: This paper deals with the existence of positive solutions of the fully fourth-order boundary
value pqroblem u® = f(t, u, u/, u”, u") on [0, 1] with the boundary condition u(0) = u(1) =
u" (0)
supported, where f : [0, 1] x Rt x R x R~ x R — R™ is continuous. Some precise inequality

= u”(1) = 0, which models a statically bending elastic beam whose two ends are simply

conditions on f guaranteeing the existence of positive solutions are presented. The inequality
conditions allow that f(t, u, v, w, z) may be asymptotically linear, superlinear, or sublinear on u, v, w,
and z as |(1,v,w,z)| — 0 and |(4,v,w,z)| — oo. Our discussion is based on the fixed point index
theory in cones.

Keywords: fully fourth-order boundary value problem; simply supported beam equation; positive
solution; cone; fixed point index

MSC: 34B18; 47H11

1. Introduction and Main Results

The deformations of an elastic beam in an equilibrium state, whose two ends are
simply supported, can be described by the fourth-order ordinary differential equation
boundary value problem (BVP)

w(t) = £(t, u(t), u' (1), (1), w"(t)),
u(0) =u(1) =u"(0) =u"(1) =0,

telo, 1], Q)

where f : [0, 1] x R* — R is continuous. In mechanics, the problem is called the beam
equation with simple support, and in the equation, the physical meaning of the derivatives
of the deformation function u(t) is as follows: u() is the load density stiffness, u'” is the
shear force stiffness, 1" is the bending moment stiffness, and 1’ is the slope [1-4]. Owing to
its importance in physics, some special cases of this problem have been studied by many
authors, see [5-26] and references therein. However, just a few writers address the fully
nonlinear BVP (1). In some practice, only its positive solution is significant. The positive
solution u of BVP (1) means that u € C*[0, 1] is a solution of BVP (1) and it satisfies u(t) > 0
forevery t € (0, 1). In this paper, we discuss the existence of positive solutions for BVP (1).

For the special case of BVP (1) that f does not contain any derivative term, namely the
simple beam equation

u® () = f(t, u(t)),
u”(0) =u"(1) =0,

telo,1], )

=
—~
(=)
~
I
=
—~
—_
~—
I

here f : [0, 1] x RT — RT is continuous, the existence of positive solutions has been
studied by some authors, see [5,7,9,11,23]. In [23], Ma and Wang showed the existence
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of positive solutions of BVP (2) under that f (¢, u) is either superlinear or sublinear on u
by employing the fixed point theorem of cone extension or compression in C[0, 1]. In [5]
(Theorem 3.5), Bai and Wang improved this result and proved that if f(¢, u) satisfies one of
the following conditions

(A1) fO <, fo> 4
(A2) fo>mt, f® <t

where
fo = liminf min AGED , £0 = lim sup max f(t, x) ,
u—0t  te€[0,1] u H0t tE[0,1] X o
0 = liminf min f(t, T/l) , foo — limsup max f(t/ M) ,

U—r+00 tE[O, 1] u U—+o00 tG[O, 1} u

then BVP (2) has at least one positive solution. Clearly, Condition (A1) covers the situation
in which f(t, u) is the superlinear growth on u, while Condition (A2) includes the case
in which f(t, u) is the sublinear growth on u. Since Condition (A1) and (A2) allow that
f(t, u)/u is near to the first eigenvalue A; = 7*, by the Fredholm alternative, (A1) and
(A2) are optimal upper and lower limits Conditions to the existence of positive solutions.
By definition (3), we can verify that (A1) holds if and only if f satisfies conditions (B1) and
(B2), and and (A2) holds if and only if f satisfies (B3) and (B4):

(B1) there exists constants a € (0, 77*) and § > 0 such that
flt,u)<au, Vtel0,1], uel0,d];

(B2) there exists constants b > 7 and H > 0 such that

f(t, u) >bu, Vtel0,1], u>H,
(B3) there exists constants b > 7t* and § > 0 such that

f(t,u) >bu, Vtel0,1], uel0,;
(B4) there exists constants a € (0, 77*) and H > 0 such that

f(t,u) <au, Vtelo,1], u>H.

For the special case of BVP (1) that f only contains second-order derivative term u”,
namely the elastic beam equation with bending moment term

{ u@® () = f(t u(t), u"(t)), telo,1],
u(0) =u(1l) =u"(0) =u"(1) =0,

(4)

where f : [0, 1] x RT x R~ — R is continuous, the existence of positive solutions has also
been discussed by several authors; see [15,16,20-22,24]. In [21], Ma obtained the existence of
positive solutions of BVP (4) under that f(t, u, w) is superlinear or sublinear on w. In [15],
Li extended this result and showed that BVP (4) has a positive solution when f(t, u, w)
satisfies the following superlinear or sublinear growth condition on u and v:

(C1) R <36/7, fro > 128;
(C2) fao > 128, f>*° <36/7,
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where
f0 = liminf min M, 2 = limsup max flt w, w) ,
jul+lw|=0 tefo,1] [u] + |w] |+ || -0 €10,1] 1] + |w] )
freo = liminf M, f*° = limsup max M
jul+wl—eo tel0,1]  [u] + |w] |+ o] oo t€10,1] 1] 4 [w0]

In [16], Li further improved Condition (C1) to the following inequality conditions (D1) and
(D2), and Condition (C2) to the following inequality conditions (D3) and (D4):
(D1) There exista, ¢ > 0, 73 + - <1,and § > 0, such that

f(t,u,w)<au—cw, Vtel0,1], uel0, 4], wel-40];

(D2) There exist a;, ¢; > 0, 2 + % > 1,and H > 0, such that

it
flt,u,w)>au—cw, Vtel0,1], |u|+|w|>H,

(D3) There exista, ¢ > 0, ﬁ + % >1,and ¢ > 0, such that

c
7T
flt,u,w)>au—cw, Viel0,1], ue€l0,d], wel[-40];
(D4) There exist a;, ¢; > 0, % + % < 1,and H > 0, such that
flt,uw)<amu—cw, Vtelo,1], |ul+]|w|>H.
From definition (5), we easily see that

(Cl) = (D1) and (D2) hold;
(C2) = (D3)and (D4) hold.

Since the straight line

612{({1,C)‘%+%:1} (6)

7T

is the first eigenline of the two-parameter linear eigenvalue problem (LEVP)

{ u@ () +cu(t) —au(t) =0,

7
u(0) =u(l) =u"(0)=u"(1) =0, 7
we conclude that Conditions (D1), (D2), (D3), and (D4) are precise. If f does not contain v,
then Conditions (D1)—(D4) are simplified to (B1)-(B4), respectively, by letting ¢ = ¢; = 0.
Hence, the results in [16] unify and extend the ones in [5,15,20,21,23].
The purpose of this paper is to discuss the existence of a positive solution to the fully
fourth-order boundary value problem (1). Li [27] discussed the existence of a positive
solution to the following fully fourth-order nonlinear boundary value problem

{ u@(8) = f(t u(t), u'(£), u”(t), " (t)), te][0,1],

(8)
u(0) =u'(0) =u"(1) =u"(1) =0,

which models a statically elastic beam fixed at the left and freed one at the right, and is called

a cantilever beam in mechanics. Some special cases of BVP (8) are studied in [26,28-33].

Owing to the boundary conditions of BVP (1) being different from ones of BVP (8), the
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discussed methods of [27] cannot be simply applied to BVP (1). For h € C*(I), here
I = [0, 1], the solution of the linear boundary value problem corresponding to BVP (8)

u® () =hn(t), telo, 1],

©)
u(0) =u'(0) =u"(1) =u"(1) =0,
has the sign-preserving property ([27], Lemma 2.2):
u>0, u>0 u">0 u"<o0, (10)

and hence BVP (8) can be converted to a fixed point problem of a cone mapping in C3(I).
However, the solution of the linear boundary value problem corresponding to BVP (1)

(11)
u(0) =u(1) =u"(0)=u"(1) =0,
has only the sign-preserving property ([16], Lemma 1):
u>0, <0, (12)

u" and u"" are sign-changing, and BVP (1) cannot be treated in the same manner as BVP (8).
We will use different methods to discuss BVP (1) and obtain optimal existence conditions
of positive solutions. The existence conditions of positive solutions in [27] are not optimal.
Let [ =[0, 1], Rt = [0, o0) and R~ = (—oo, 0]. Our main results are as follows:

Theorem 1. Assume that f : I x RT x R x R~ x R — R" is continuous and satisfies the
following conditions

(F0) Given any M > 0, there is a positive continuous function gp(p) on R* satisfying

+oo d
pap
= —‘—00/ 13
/0 gm(p) +1 (12)
such that
flt,u,v,w,z) <gm(lz]), t€][0,1], |ul,|v], lw| <M, ze€R. (14)

(F1) There exist a, b, ¢, d > 0 with 4 + Ly + & + 4 < 1and § > 0, such that
ft,u,v,w,z) <au+blv|+clw|+d|z,

forall (t,u, v, w,z) € [ x RT x Rx R~ x Rwith |ul, |v|, |w], |z| <.
(F2) There exist a1, c¢1 > 0 with % + % > 1and H > 0, such that

flt,u, v, w,z) >ayu+c|wl,

forall (t,u,v, w,z)€lxRTxRxR™ xRwith |u| + |v| + |w| + |z| > H.
Then BVP (1) has at least one positive solution.

Theorem 2. Assume that f : [ x Rt x R x R~ x R — R is continuous and satisfies the
following conditions

(F3) There exist a, ¢ > 0 with % + ﬁ > 1and § > 0, such that
f(t,u,v,w,z) >au+clw|,

forall (t,u, v, w,z) € [ x RT x Rx R~ x Rwith |ul, |v|, |w], |z| <.
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(F4) There exist a1, by, ¢1, d1 > 0 with % + >+ dl < 1land H > 0, such that
f(t,w, v, w,z) <ayu+byfof +op |w| +dq|z],

forall (t, u, v, w,z) € [ x RT x Rx R~ x Rwith |u| + |v| + |w| + |z| > H.
Then BVP (1) has at least one positive solution.

In Theorem 1, Condition (F0) is a Nagumo-type growth condition on z, in which for
given M > 0, the control function gy;(p) can be determined by

ul, Jol, lw| <M, |z <p

(t, u,v,w,z) eI xRT xRxR™ xR,
em(p) := maxyg f(t, u, v, w, z) , (15)

and it restricts f is at most quadratic growth with respect to z by (13) and (14). When f is
independent of z, by (15), gam(p) is a positive constant and (F0) naturally holds. Conditions
(F1) and (F2) allow that f(t, u, v, w, z) is superlinear growthon u, v, w, z as | (1, v, w,z)| —
0and |(u,v,w,z)| — co. For example, the power function

f(t, u, v, w, z) = |ulP° + |v|P + |w|P2 + |z|P3 (16)

satisfies Conditions (F1) and (F2) when pg, p1, p2, p3 > 1. However, only when p3 < 2
does Assumption (FO) hold.

In Theorem 2, Conditions (F3) and (F4) allow that f (¢, u, v, w, z) is sublinear growth
onu, v, w, zas|(u,v,w,z)| - 0and |(4,v,w,z)| — co. For example, the power function
defined by (16) satisfies (F3) and (F4) when 0 < pg, p1, p2, p3 < 1.

In Theorems 1 and 2, if f is independent of v and z, we choose c =d = ¢; =d; = 0in
Conditions (F1) and (F4), Conditions (F1)—(F4) are just simplified to (D1)—-(D4), respectively.
Hence, Conditions (F1) and (F2) in Theorem 1 and Conditions (F3) and (F4) in Theorem 2
are optimal, and Theorems 1 and 2 extend the existing results mentioned above. Conditions
(F1)-(F4) also allow that f may be asymptotically linear on u, v, w, z as |(u,v,w,z)| — 0
and |(u,v,w,z)| — oo, see (H1)—(H4) in Section 4.

The proofs of Theorems 1 and 2 will be given in Section 3. Some preliminaries to
discuss BVP (1) are presented in Section 2. Some applications of Theorems 1 and 2 are
given in Section 4.

2. Preliminaries

Let C(I) denote the Banach space of all continuous function # on I with norm ||u|c =
max;cg |u(t)]. Generally, forn € N, we use C"(I) to denote the Banach space of all nth-order
continuous differentiable function on I with the norm

lullen = max{ [ullc, le'llc, -~ u®™ i}

Let C* (I) be the cone of nonnegative functions in C(I). Let L?(I) be the usual Hilbert space
with the interior product (u, v) fo t)dt and the norm |ju|, = (fo lu(t) \zdt)l/z.

Let H"(I) be the usual Sobolev space. u € H”(I) means that u € C*~1(I), u""V(t) is
absolutely continuous on I and (") € L2(I). The norm of H"(I) is defined by ||u||pn =

max{ [|ullz, 'll2, -, ut]l2}.

To discuss BVP (1), we first consider the corresponding linear boundary value

problem (LBVP)
u® =n(t), tel,
(17)

where h € L2(I).
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Let G(t, s) be Green'’s function to the linear boundary value problem
—u"=0, u(0)=u(l)=0,
which is expressed by
t(1—s), 0<t<s<1,
Gt s) = (18)
s(1—1), 0<s<t<1.

It is easy to see that G(t,s) has the following properties

(1) G(t,s) >0, t, s€(0,1);
(2) G(t,5) <G(s,s), t,sel;
(3) G(t,s) > G(t, t)G(s,s), t, se€L

For any given h € L%(I), it is easy to verify that the LBVP (17) has a unique solution
u € H*(I) given by

u(t) = /01 /O1 G(t, T) G(, s)h(s) dsdt , (19)

and the second-order derivative 1" can be expressed by

W (F) = —/01 G(t, s) h(s)ds . (20)

Lemma 1. For every h € L2(I), LBVP (17) has a unique solution u := Sh € H*(I), which
satisfies

1 1 1 1
lllz < — W' lla, Nu'llz < — llu"ll2, "]z < — [l ll2, "l < — Ju®]2. (21)
7T 7T T T

Moreover, the solution operator S : L2(I) — H*(I) is a linear bounded operator and its norm
satisfies

IS 521, w4 (1)) = 1- (22)
When h € C(I), the solution u = Sh € C*(I), and the solution operator S : C(I) — C3(I) is
completely continuous.

Proof. For any h € L?(I), u = Sh, given by (19), belongs to H*(I) and is a unique solution

of LBVP (17). Owing to the sine system, { sinkrtt | k € N } is a complete orthogonal system
of L2(I), every h € L?(I) can be expressed by the Fourier series expansion

h(t) =Y hysinknt, (23)
k=1

where i, =2 fol h(s)sinkmsds, k=1, 2, ---, and the Paserval equality
2 1 & 2
Ihll2" =5 Y [l (24)
2 k=1

holds. Since u = Sh € H*(I), u, ", and u™® belong to L2(I) and they can also be expressed
by the Fourier series expansion of the sine system. Since u(*) = h, by the integral formula
of Fourier coefficient, we have
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h

oy e
u(t) = 1(221 v sinkrtt, (25)
" = hk :
u'(t) = =) 5 sinkmnt. (26)
= ke

On the other hand, since the cosine system { cosknt | k = 0,1,2,--- } is another
complete orthogonal system of L2(I), every v € L?(I) can be expressed by the cosine

series expansion
o0
a
o(t) = ?O + Y ay cosknt,
k=1

where q; = 2 fol h(s)coskmsds, k=0,1,2, ---. For the above u = Sh, by the integral for-
mula of the coefficient of the cosine series expansion, we obtain the cosine series expansions

of u’ and u":
/ o Iy
u'(t) =Y, B3 coskrt, (27)
k=1
> h
u"(t) ==Y £ cosknt. (28)
=k

By (23), (25)—(28), and the Paserval equality, we obtain that

1 & hk 2 2

2 1 & iy _ 1 o2
ull2” = §k§1 adl S0 k; a5 = ozl
) 2 00 2
nm2 1 hy 1 hy _ 1 nn2
[l = §k221 gl k; 22| = oz il
) 2 00 2
m 2 1 hy 1 hy 1 my 2
= — — < — - -
HM HZ zkzzl 2| = 272 k;l kT 2 ||1/l ”2 ’
) 2 )
my 21 hy 1 2 1 2 1 (4).2
[ |2 2k:21 ol S 2”21@21 | - [I7]l2 - ]2
Hence, (21) holds.

By expression (19) of the solution u = Sh, S : L?(I) — H*(I) is a linear bounded
operator. By (21) we have

1K) g = [ull gs = max{ [[ulla, [u'll2, 0" ]2, 0" |2, 4@l }
= [[u® 5 = [|A]]2.

Hence, HS||B(L2(I),H4(I)) =1.

When i € C(I), by (19) and (20), u € C*(I) and the solution operator S : C(I) — C*(I)
are bounded. By the compactness of the embedding C*(I) < C3(I), S : C(I) — C3(I) is
completely continuous. [

Lemma 2. Let h € C*(I). Then the solution u of LBVP (17) has the following properties:

(@u(t) >t(1—1t)|jullc, Vtel, |u|c< %Sfolu(t) sin 7tt dt;
O u'(t) < —t1—t) |u'|lc, Ve [u'|c < [ u(t) sinntdt;
© Jlulle < llw'llc < llu"llc < lu"llc;
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(d) there exists ¢ € (0, 1) such that u"'(g) = 0, u”'(t) < 0 fort € [0, &] and u""(t) > 0O for
t € [¢, 1]. Moreover, ||u"||c = max{—u""(0), u"'(1)}.

Proof. Set v = —u". Then from (20), we obtain that
1
o(t) = / G(t, ) h(s)ds, (29)
0
and therefore v € C*(I). Combining (19) and (29), we have
1
u(t) :/ G(t, s)v(s)ds .
0

From this and property (2) of G(t, s) we get that ||u|¢c < f01 G(s, s) v(s) ds. From this and
property (3) of G(t, s), we have

1

1 .
u(t) :/ G(t, s)v(s)ds > G(¢, t)/ G(s, s) 0(s) ds
0 J0
> G(t, 1) [[ullc = (1 =) [Jullc.
Multiplying this inequality by sin 7rt and integrating on I, we have
1 d 1 1 d !
t) sinmttdt > t(1—t)sinmtdt = — .
| u) sinwtat = ulle [ H1=1) sinmtdt = — Jullc

Thus, conclusion (a) holds.

For v = —u”, by (29) with a similar argument to u, we have
7'(3 1
o(t) >t(1—t)||v|lc, VteT lollc < - / ov(t) sin 7tt dt.
JO
This implies that u” (t) < —t(1 —t) ||u”|| for every t € I and
3 1 5 ,1
|u"] < —L/ u"(t) sinmttdt = %/ u(t) sin rtt dt.

0 0

Namely, conclusion (b) holds.
Since u is a solution of LBVP (17), by the boundary conditions of LBVP (17), there
exists ¢ € (0, 1) such that u/(¢) =0, and forevery t € I,

t t t
u(t):/ u'(s) ds, u'(t):/ u(s)ds, u"(t):/ u(s) ds.
0 ¢ 0
Hence, we have
t
ul = | [ w's)ds| < ta'llc < [l

t
W =] [ wrds| < le=glle < e,

t
w0 = | [ " (s)ds| < tu"llc < 1" c
0
From these inequalities, we conclude that
lullc < ll#'lle, Il'llc < 1u"llc, Nlu"llc < u™|lc.

Hence, the conclusion (c) holds.
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Since u” < 0, from the boundary conditions of LBVP (17) we see that u”/(0) < 0
and u"”'(1) > 0. Since u®(t) = h(t) > 0 for every t € I, it follows that u"/(t) is a
monotone non-decreasing function on I. From these we conclude that there exists ¢ € (0, 1)
such that u”'(¢) = 0, "' (t) < 0fort € [0, ¢] and u(t) > 0 for t € [g, 1]. Moreover
||| c = maxier [t (¢)| = max{—u""(0), u"’(1)}. Hence, the conclusion (d) holds. [

Consider BVP (1). Let f :  x R* x R x R~ x R — R be continuous. Define a closed
convex cone K in C3(I) by

K={ueCI)|u(t)>0, u"(t) <0, Vtel}. (30)
By Lemma 2(a) and (b), we have that S(C*(I)) C K. For every u € K, set
F(u)(t) == f(t, u(t), u'(t), u"(t), w"'(t)), tel (31)

Then F : K — C*(I) is continuous and it maps every bounded in K into a bounded set in
C*(I). Define a mapping A : K — K by

A=SoF. (32)

By Lemma 1, A : K — K is a completely continuous mapping. By the definitions of S and
K, the positive solution of BVP (1) is equivalent to the nonzero fixed point of A. We will
find the nonzero fixed point of A by using the fixed point index theory in cones.

Let E be a Banach space and K C E be a closed convex cone in E. Assume () is
a bounded open subset of E with boundary 9Q), and KNQ # @. Let A : KNQ — K
be a completely continuous mapping. If Au # u for any u € KN dQ, then the fixed
point index i (A, KN Q, K) is well defined. The following lemmas in [34,35] are needed in
our discussion.

Lemma 3. Let Q) be a bounded open subset of E with § € Q), and A : KN Q — K a completely
continuous mapping. If y Au # u for everyu € KNoQand0 < pu <1, theni (A, KNQ, K) = 1.

Lemma 4. Let Q) be a bounded open subset of E and A : KN Q — K a completely continuous
mapping. If there exists vy € K\ {0} such that u — Au # T vy for every u € KNoQ and T > 0,
theni(A, KNQ, K) =0.

Lemma 5. Let Q) be a bounded open subset of E, and A, A1 : KNQ — K be two completely
continuous mappings. If (1 —s)Au +sAju # u for everyu € KNaQ and 0 < s < 1, then
i(A, KNQ, K)=1i(A1, KNQ, K).

3. Proof of the Main Results

Proof of Theorem 1. Let E = C3(I), K C C3(I) be the closed convex cone defined by (30)
and A : K — K be the completely continuous mapping defined by (32). Then the positive
solution of BVP (1) is equivalent to the nontrivial fixed point of A. Let0 < r < R < 400
and set

Y ={uelD)|ule<rt, ={uelD)||ules <R} (33)

We show that A has a fixed pointin KN (Q; \ Q1) when 7 is small enough and R large enough.
Choose r € (0, J), where J is the positive constant in Condition (F1). We prove that A
satisfies the condition of Lemma 3 in K N 9(), namely

wAuU# u, VueKnoQ, 0<u<l. (34)
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In fact, if (34) does not hold, there exist yp € KN 9 and 0 < pp < 1such that pg Aug = ug.
Since ug = S(uoF(up)), by the definition of S, ug € C*(I) is the unique solution of LBVP (17)
for h = ugF(ug) € C*(I). Since ug € KN aQ)y, by the definitions of K and (), we have

0 <ug(t), |uo’(t)], —uo”(t), luo" ()] < [luolles =7 <4, tel (35)
Hence, by Condition (F1) we have
0 < F(uo)(t) = f(t, uo(t), uo'(t), uo” (), uo" (¢))
< aluo(t)| +blug' (1) +clug” ()| +d[ug" (t)], teL
By this inequality and (21) we obtain that
IE(uo)ll2 < allugll2 + b lluo"ll2 + ¢ lluo”[|2 + d [|uo™ |12

a b c d
<(Gat ot ot ) Il

((1 b c d

7t ol

Hence, by (22) we conclude that
luollgs = [IS(uoF (uo)) [l s < ISl B2 qry, macry) - I1F (u0) [l2

<

a b c d
(F 7+ 5 + ) ol (36)

Since |[uol[yy2 > 0, from this inequality it follows that %5 + % + 2+ 4> 1, which
contradicts the assumption in Condition (F1). Hence, (34) holds, namely A satisfies the

condition of Lemma 3 in KN d();. By Lemma 3, we have
i(A, KNQy, K)=1. (37)

Set Co = max{ |f(t, u, v, w,z) —aqu+crw|: (t, u,0,w,z) € [ xRT xRxR™ x
R, |u| + |v| + |w| + |z| < H} + 1. Then, by Condition (F2) we have

flt,u,v,w,z) >au—cgw—Cop, V(tu v wz)€ IXxRTxRxR™ xR. (38)
Define a mapping F; : K — C*(I) by
Fi(u)(8) 1= (&, u(t), w/(£), (1), u”(8)) + Co
=Fu)(t)+Co, tel, (39)

and set
Al =So F1~ (40)

Then A; : K — K is a completely continuous mapping. Let R > §, we show that A;
satisfies that
i(A;, KNy, K) =0. (41)

Choose vy = sin7tt. Then vy € K\ {6} and S(7t*vy) = vg. We show that A; satisfies the
condition of Lemma 4 in K N 9()y, namely

u— Aiu # T, YVueKnoQ,, T>0. (42)
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In fact, if (42) does not hold, there exist u; € KNdy and 71 > 0such that u; — Aju; = 119p.
Since u; = Ayuq + 1o = S(F(uq) + Co + 11 m00), by the definition of S, 1 is the unique
solution of LBVP (17) for h = F(u1) + Co + Tyt*vg € CT(I). Hence, u; € C*(I) satisfies
the differential equation

{ ur W () = f(t, ur (), ur'(£), ur" (), " (t)) + Co + mtoo(t), tel, (13)

u1(0) = ul(l) = ul”(O) = u1”(1) =0.
Since 11 € KN dQ)y, by the definition of K, we have
ui(t) >0, w”(t)<0, Vtel.

Hence, by (38), we have
f(f, ul(t), M]l(t), Lllu(f), M]”’(t)) > m Ml(t) —C ul”(t) —Co, tel
From this and (43), we conclude that

(1) = F(t ur(t), ur' (£), " (£), u" (£)) + Co + oo (t)

v

ayuy(t) — ey uy” () + To(t)
> m M1(t)—C1 Ml//(f), tel

Multiplying this inequality by sin 7t and integrating on I, then using integration by parts
for the left side, we have

1 1
mt / up(t) sintdt > (ay + cqmt?) / uq () sin 7t dt. (44)
0 0

By Lemma 2(a), fol uq (t) sinmtdt > % |lu1]|c > 0. From (44) it follows that 7t* > a; 4 ¢1 72,
which contradicts the assumption % + % > 1in (F2). Hence, (42) holds, namely A;
satisfies the condition of Lemma 4 in K M d(),. By Lemma 4, (41) holds.

Next, we show that A and A; satisfy the condition of Lemma 5 in K N d(); when R is
large enough, namely

(1—s)Au+sAu #u, YueKNnay 0<s<1 (45)
If (45) is not valid, there exist u; € KNdy and sy € [0, 1], such that (1 — sg)Aup +
soAqup = up. Since uy = S((1 — so) F(uz) + soF1(uz)), by the definition of S, uy is the

unique solution of LBVP (17) for h = (1 —sq) F(u2) + soF1 (u2) € C*(I). Hence, uy € C*(I)
satisfies the differential equation

{ (1) = F(t, ua(t), us (1), wa" (1), wa" (#)) +s0Co,  tEI,
(46)

u(0) = ua(1) = ux"(0) = up"(1) = 0.
Since uy € KN dQ)y, by the definition of K, we have
u(t) >0, u’(t)<0, Vtel
Hence, by (38) we have

F(t, un(t), ud (1), ud" (t), u"'(t)) > aqup(t) —cyux”’(t) —Co, tel
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From this and (46), we obtain that
up () = f(t, up(t), ug' (t), ur"(t), u2" (£)) +s0 Co
> ayup(t) — ey up"(t) — (1 —s9) Co,
> apup(t) —cu"(H) =G,  tel (47)

Multiplying this inequality by sin 77t and integrating on I, then using integration by parts,
we have
4 ! . 2y [* . 2Co
T / up(t) sinmtdt > (ag + ey )/ uy(t) sinmtdt — —.
0 0

From this inequality, it follows that

1 2Cy
up(t) sinmtdt < . 48
/0 2() = 7'[5(%4-%— ) ( )
Hence, by Lemma 2(b),
5 1 C
0" <l/ s (t) sin 7t dt < 0 =M. 19
I lle < = [ () Ty (49)
From this and Lemma 2(c), we obtain that
luzllc < [lu2'llc < lu2"llc <M. (50)

For this M > 0, by Assumption (F0), there is a positive continuous function gp1(p) on R™
satisfying (13) such that (14) holds. By (50) and definition of K,

0<up(t) <M, |w/'t)|<M —-M<u'(t)<0, tel
Hence, from (14) it follows that
Ft ua(8), w (), wa" (1), wa”' (1)) < gm(lwa” (B)]),  tel
Combining this with (46), we have
() < gu(lw” () +Co,  teEL (51)

From (13) we easily obtain that

+oo d
pap
- ' @ = +oo
/0 gm(p) +Co

Hence, there exists a positive constant M; > M such that

Mi— pdp
— > M. 52
b e (52)

By Lemma 2(d), there exists ¢ € (0, 1) such that u,"”' () = 0, uy"”’'(t) < 0fort € [0, &],
upy"'(t) > 0 fort € [, 1], and ||ux"'||c = max{—uy""(0), uz"”'(1)}. Hence, ||u"|lc =
—up""(0) or ||uy"'||c = up"(1). We only consider the case of that ||uy"'||c = —uy"’(0), and
the other case can be treated in the same way.
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Since u,”'(t) < 0 for t € [0, ¢], multiplying both sides of the inequality (51) by
—u,""' (t), we obtain that
—up™ (1) " (1)
gm(—uw"(£)) +Co —

—uy" (1), telo, ¢l

Integrating both sides of this inequality on [0, ] and making the variable transformation
p = —up"'(t) for the left side, we have

_MZW(O) pdp " "
_pdp e
/0 amp)+C — 2 (&) < lu2"llc

Since [|uy"||c = —uy""(0), from this inequality and (50) it follows that

[lu2"" || pdp
L N V' 53
b e S (55)

Using this inequality and (52), we obtain that

2" [|lc < M. (54)
Hence, from this and (50) it follows that

[u2]|cs < M. (55)

Let R > max{M;, J}. Since uy € KN 9y, by the definition of (), ||uz|/s = R > M;.
This contradicts (55). Hence, (45) holds, namely A and A; satisfies the condition of Lemma 5
in KN 9dQy. By Lemma 5, we have

i(A, KNy, K)=i(A1, KNy, K). (56)
Hence, from (56) and (41) it follows that
i(A, KNy, K) =0. (57)
Now using the additivity of the fixed point index, from (37) and (57), we conclude that
i(A, KN\ M), K)=i(A, KNy, K) —i(A, KNQy, K) = —1.

Hence, A has a fixed point in KN (0, \ Q;), which is a positive solution of BVP (1). The
proof of Theorem 1 is completed. O

Proof of Theorem 2. Let Q);, Oy C C3(I) be defined by (33). K C C3(I) is the close convex
cone defined by (30). We prove that the completely continuous mapping A : K — K defined
by (32) has a fixed point in KN (Q \ Q1) when r is small enough and R large enough.

Letr € (0, §), where ¢ is the positive constant in Condition (F3). Choose vy = sin 7tt.
Then vy € K\ {6} and S(7t*vy) = vy. We show that A satisfies the condition of Lemma 4
in KN 0}y, namely

u— Au # T, YueKnoQ)y, T>0. (58)

In fact, if (58) is not valid, there exist uy € KN dQq and 1y > 0 such that uy — Aug = oo
Since ug = Aug + Tvg = S(F(up) + 17*vg), by the definition of S, g is the unique
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solution of LBVP (17) for h = F(ug) + tgr*vg € CT(I). Hence, ug € C*(I) satisfies the
differential equation

{ ug™(t) = (£, uo(t), uo' (£), u” (£), uo" (t)) + wrtoo(t), tel, (59)
ug(0) = up(1) = ug"(0) = ug"(1) = 0.
Since up € KN dQYy, by the definitions of K and )y, we have

0 <uo(t), |uo' ()], —uo"(t), lue" ()| < |luolls =7 <6, tel (60)

Hence, by Condition (F3), we have
f(t ug(t),uo" (1), uo” (1), u0"™ (£)) = auo(t) —cug”(t),  tel
From this inequality and Equation (59) it follows that
ug® () > aug(t) —cug”(t), tel

Multiplying this inequality by sin 7t and integrating on I, then using integration by parts,

we have 1

1
7r4/ ug(t) sinttdt > (a—i—cnz)/ ug(t) sin 7tt dt. (61)
0 0

By Lemma 2(a), f01 ug(t) sin rtt dt > % |luol|c > 0. Hence, from (61) it follows that 7t* >
a + crt?, which contradicts to the assumption % + — > 1in (F3). Hence, (58) holds.
Hence, by Lemma 4, we have

i(A, KNQy, K) =0. (62)

Let R > ¢4 be large enough. We show that A satisfies the condition of Lemma 3 in
K N o0y, namely
wAuU #u, VueKno,, 0<u<l (63)

In fact, if (63) is not valid, there exist u; € KN dy and 0 < py < 1such that g Aug = uy.
Since u; = S(puoF(u1)), by the definition of S, u; € C*(I) is the unique solution of LBVP (17)
for h = 1 F(uq) € C*(I). Since u; € KN ay, by the definitions of K and (), we have

ui(t) >0, u”"(t) <0, tel. (64)

Set C; = max{ |f(t, u, v, w, z) — (mqu+b1|v| —crw+d|z|)| : (t, u, v, w, z) € I X
RT x RxR™ xR, |u|+ |v|+ |w| + |z] < H} + 1. Then by Condition (F4), we have

f(t, u, v, w,z) <ayu+by|v| +c1 |w| +dq |z| + Cq,
forall (t, u, v, w,z) €I x Rt xRxR™ x R. (65)
Combining this with (64), we obtain that
0 < F(ur)(t) = f(t, ur(£), wr"(t), wy" (), ur"" (t))

< ay lug (£)] + by [ur" ()] + cq [ur" (£)| +d Jud""' (£) | + C4, tel
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From this inequality and (21), we conclude that
[F(u1)ll2 < aq lugll2 + b [ |2+ eq lur"[|2 + dy [Jus"[|l2 + C1

m o b a4 4
<(Gatopt et ) lm®hro

a bl C1 dl
< (F + ? + ? + 7_[)”111“[.[4 +C1.

By this and (22) we have

luall s = IS(urEua)) s < ISM 2y, macry) - I1IF(2)ll2

dy
< ( i+ S+ S+ D) lmlw+c,

from which it follows that
Cy
1— (& by a4 dy’
4 3 2 T

[uafl s <

Hence, by the boundedness of the Sobolev embedding H*(I) < C3(I), we have

CCqy
(B B D)

Jr]

[urllcs < Cllurflps < = My, (66)

where C is the Sobolev embedding constant.
Choose R > max{Mj, é}. Since u; € KNy, by the definition of ();, we see that
l1]|cs = R > My, which contradicts (66). Hence, (63) holds. By Lemma 3, we have

i(A, KNy, K)=1. (67)
Now, from (62) and (67) it follows that
i(A, Kﬂ(Qz\ﬁﬂ, K) :i(A,Kﬁaz, K) —i(A, KnNQyq, K) =1.

Hence, A has a fixed-point in K N (0, \ Q1), which is a positive solution of BVP (1). The
proof of Theorem 2 is completed. [

4. Applications

In this section, we use Theorems 1 and 2 to present some existing results of positive
solutions for BVP (1). Theorems 1 and 2 are also applicable to the case that f(t, u, v, w, z)
is asymptotically linear as |(#,v,w,z)| — 0 and |(4,v,w,z)| — oo, here |(u,v,w,z)| =
|u| 4 |v| + |w| + |z|. For this case, we have:

Theorem 3. Let f : [ x Rt x R x R~ x R — R be continuous and satisfy the following conditions
(H1) There exist constants a, b, ¢, d > 0, % + % + ﬁ + % < 1, such that

flt,u,v,w,z) =au+blv| —cw+d|z|+o(|(n,0,w,z)]), |(u,0,wz)—0;
(H2) There exist constants ay, by, c1,d1 > 0, 2 + 1 > 1, such that
f(t, u, v, w, z) = ayu + by|v| — cqw + dq|z| + o(|(w, v, w,2)|), |(u,v,w,z)| — oo.
Then BVP (1) has at least one positive solution.

Theorem 4. Let f : [ x Rt x R x R™ x R — R be continuous and satisfy the following conditions
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(H3) There exist constants a, b, ¢, d > 0, ﬁ + -5 > 1, such that

c
7T
ft,u,v,w,z) =au+blv|—cw+d|z|+o(|(u,0,w,z)]), |(u,0,wz)—0;

(H4) There exist constants aq, by, ¢1,dq > 0, % + % + % + d—}T < 1, such that
f(t/ u, o, w, Z) =au+ b1|v‘ —aqw+ d1|Z| + o(|(u,v,w,z)\), |(”rvrwfz)| — 0.
Then BVP (1) has at least one positive solution.

Proof. Clearly, we have
(H1) = (F1) holds;
(H2) = (F2)and (F0) hold;
(H3) = (F3) holds;
(H4) = (F4)holds.

Hence, by Theorems 1 and 2, the conclusions of Theorems 3 and 4 hold. O

Example 1. Consider the following nonlinear fourth-order boundary value problem with all deriva-
tive terms

W) (f) = (O En e bl Oy g g

o mu(t) b [ (8)[—equ () +dy [u" (B |17 (68)
u(0) =u(l) =u"(0)=u"(1) =0,
where a1, by, c1, dq are positive constants. If % + % > 1, the corresponding nonlinearity
bi|v| — dqz|)?
Ft u, 0, w, 2) = (a1u + by[o] — cyw + d|z]) (69)

ayu + bylo| — qw +dq|z] +1

satisfies Condition (H2). From definition (69), we easily see that f also satisfies (H1) fora = b =
¢ =d = 0. By Theorem 3, BVP (68) has at least one positive solution.

Example 2. Consider the following nonlinear fourth-order boundary value problem

14+u2 (t)+u2 () +u'B (t)+u"2(t)

u(4)(t) _ au(t)+b|u'(t)|[+c|u” ()| +d [u'" (1) = [O 1]
4 7 (70)
u(0) =u(l) =u"(0) =u"(1) =0,

where a, b, c, d are positive constants with - + —5 > 1. We easily verify that the corresponding
nonlinearity

au+blv| +clw| +d|z|

T+ u? + 02 +w? + 22

satisfies Conditions (H3) and (H4). By Theorem 4, BVP (70) has at least one positive solution.

(71)

flt,u,v,w,z)=
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We introduce the following notations

f(t, u, w, v, z)

= liminf min
Jo = | S0 TR T, 0,0,2)]
0 limsup max LW @0 2)
|(u,0,w,2)|—0 tel |(ur o, ZU,Z)|
(72)
t
fao = liminf min L% @02
[(u,0,w,z)|—00 tel |(u, 0, w,z)|
t
£~ limsup max LW @02
|(u,0,w,2)|—o0 tel |(u,v,w,z)|

Usually, the growth of nonlinearity f as |(#,v,w,z)| — 0 or |(u,v,w,z)| — oo is described
by these upper and lower limits. In Theorems 1 and 2, we use the inequality conditions to
describe the growth of the nonlinearity f. Our inequality conditions are precise and include
the upper and lower limit conditions. In fact, by definition (72), we can conclude that

O <ar = (F1)holds;
f4oo > ,BTE

= (F2) holds;
fio > Br = (F3)holds;
-

A < g (F4) holds,
where . .
T T
_ , = 73
A R & 1+ (73)

Hence, by Theorems 1 and 2, we obtain that

Theorem 5. Let f : [ x RT x R x R™ x R — R be continuous. If f satisfies Assumption (FO)
and the following condition

(H5) f40 < &p, f4oo > Br,
then BVP (1) has at least one positive solution.

Theorem 6. Let f : [ x Rt x R x R™ x R — R be continuous and satisfy the following condition
(H6) f40 > ﬁn, f4°° < M.
Then BVP (1) has at least one positive solution.

Example 3. Consider the superlinear fourth-order boundary value problem
u®(t) = uB (1) + u*(t) — u"> () + u""2(t), telo,1],
{ u(0) =u(1l) =u"(0) =u"(1) =0.
We easily verify that the corresponding nonlinearity
flt,u,v,w,z)= W ot —wd 4 22
satisfies Conditions (FO) and (H5). By Theorem 3, BVP (74) has at least one positive solution.

Example 4. Consider the sublinear fourth-order boundary value problem

{ u®(6) = YO + /1w O+ V" (OF + V" (B)],  telo, 1],
1(0) = u(1) = u”(0) = u"(1) = 0.

(75)
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It is easy to see that the corresponding nonlinearity

f(t,u,0,w,z) =/ |ul2+ /o] + /|w|® + /2]

satisfies Condition (H6). By Theorem 4, BVP (75) has at least one positive solution.
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