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Abstract: Chen’s first inequality for statistical submanifolds in Hessian manifolds of constant Hessian
curvature was obtained by B.-Y. Chen et al. Other particular cases of Chen inequalities in a statistical
setting were given by different authors. The objective of the present article is to establish the general
Chen inequalities for statistical submanifolds in Hessian manifolds of constant Hessian curvature.
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1. Motivation

In [1], the motivation of the definition of a statistical structure on a Riemannian
manifold was given, starting from the notion of probability distribution, as follows:

Let X C R™ be a discrete (countable) set or X = R™. Amap p : X — Ris called a
probability distribution if:

(1) p(x) >0,Vx € X.

(2) Lyex p(x) = 1,if Xis discrete, or [y p(x)dx = 1,if X = R™.

The sum Y, x is also denoted by .

The expectation of a function f on X with respect to a probability distribution p is
defined by

Elf] = [ f(x)p(x)dx.

Let P = {p(x,A)|A € A} be a family of probability distributions on X parametrized
by A = [AL, ..., A"] € A satisfying the following:

(P1) A C R"is a domain.

(Py) p(x; A) is smooth with respect to A.

(P3) The operations of integration with respect to x and differentiation with respect to
Al are commutative.

One denotes by I, = I(x;A) = log p(x; A) and by E, the expectation with respect to
pr=p(x;A).

Define

al)\al/\} _ / al(x;A) al(x;)\)p(x;)\)dx‘

(A) = By | ZA2A o A) X A)
8ij(A) A{am Y, oA N

The matrix ¢ = [g;j(A)] is said to be the Fisher information matrix. We assume

(Py) The Fisher information matrix g = [g;;(A)] for a family of probability distributions
P = {p(x,A)|A € A} is positive definite.

Then, ¢ may be regarded as a Riemannian metric on A.

LetT j’k be the Christoffel symbols of the Levi-Civita connection.

1. [al, al, al,
Tije = 5 Ea [amww}

Denote

2
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F(t)kij = Tkij — tThij.
r(t);‘k = g"T(H)sjk-
It is easily seen that the Tjj () are symmetric. Then, they define a torsion-free connec-

tion V(#).
We point-out the following property:

Xg(Y,Z) =g(V(t)xY, Z) +g(Y,V(-t)xZ),
i.e., V() and V(—t) are dual connections with respect to the Fisher information metric g.

2. Hessian Manifolds and Their Submanifolds

S. Amari [2] started the use of differential geometric methods in statistics and defined
statistical structures on Riemannian manifolds. Because the geometry of such manifolds is
based on dual connections, it is obviously closely related to affine differential geometry;
the dual connections are also named conjugate connections (see [3]). Moreover, a statistical
structure is a generalization of a Hessian one.

A statistical manifold is a Riemannian manifold (M™, §) of dimension m, endowed with
a pair of torsion-free affine connections V and V* satisfying

Z3(X,Y) =§(VzX,Y) +§(X, V7Y),

forany X,Y and Z € T(TM™).
It is always possible to find the dual connection V* of any torsion-free affine connection
V; they are related by
V+vr=2v",

where VU is the Levi-Civita connection on M™.
We denote by R and R* the curvature tensor fields; they satisfy

§(R*(X,Y)Z,W) = —§(Z,R(X,Y)W).
We say that a statistical manifold is of constant curvature ¢ € R if
R(X,Y)Z=¢[g(Y,Z)X — §(X,2)Y],

forany X,Y,Z € T(TM™). In this case, the curvature tensor field R* has the same expression.

A Hessian manifold is a statistical manifold of constant curvature zero. On a Hessian
manifold (M™,V), let y = V — VY. One defines the tensor field Q of type (1,3) by
Q(X,Y) = [vx,vy], X, Y € T(TM™) and it is called the Hessian curvature tensor for V. We
refer to H. Shima [1] and B. Opozda [4].

The following relation holds:
R(X,Y)+R*(X,Y) =2R%(X,Y) +20(X,Y).

A Hessian sectional curvature can be defined on a Hessian manifold by using the
Hessian curvature tensor Q as follows.
Let p € M™ and 7 a plane in T,M™. Take an orthonormal basis {X, Y} of 7 and set

K(m) = 3(Q(X, Y)Y, X).

The number K(7) is called the Hessian sectional curvature (it is independent of the
choice of an orthonormal basis).

It is easily seen [1] that a Hessian manifold of constant Hessian sectional curvature c is
a Riemannian space form of constant sectional curvature —c.



Mathematics 2022, 10, 3061

30f9

Let M" be a submanifold of M™ of dimension #n. Then, the Gauss formulae are
WXY =VxY + h(X, Y)/

ViY = ViY +1*(X,Y),

for any X,Y € T(TM"), where h and h* are the imbedding curvature tensor of M" in M™
for V and the imbedding curvature tensor of M" in M™ for V*, respectively.

Because i and h* are bilinear and symmetric, there exist linear transformations Az
and A; given by

§(AeX,Y) = g(h(X,Y),Q),
(A, Y) =30 (X,7),9),
forany ¢ € I(T*M") and X, Y € I (TM").
The Weingarten formulae are

VxE = —ALX + V4E,

V& = —A; X+ VEE

forany ¢ € I'(T*M") and X € I'(TM"). With respect to the induced metric on T'(T+M"),
the normal connections V+ and V** are Riemannian dual connections.
The Gauss, Codazzi and Ricci equations are given by [5].

$(R(X,Y)Z,W) = g(R(X,Y)Z,W) + §(h(X, Z),h* (Y, W))
—§(h* (X, W),h(Y, 2)),
(R(X,Y)Z)" = Vgh(Y,Z) — h(VxY,Z) — (Y, VxZ)

_{v¢h(x,z) —h(VyX,Z) - h(X, VYZ)}/

F(REx)En) = g(RX,)EN) +8([ A5 Ay X, Y),

where R, R* and R* are the curvature tensors of V, V* and V+, respectively, &7 €

[(TM") and |A7, Ay] = AzA, — AyAL
Let p € M" and {ey,..., ey} and {e,11,...,en} be orthonormal bases of T,M" and

TpL M", respectively. Then, the mean curvature vector fields are defined by

1 1 ¢
H = n ,Zh ei,e;) = ; Z (thl>em i :g(h(ei’ef)’e”‘)’

and

for1 <ij<mandn+1<a<m.

3. Chen’s Invariants

The main Riemannian invariants are the curvature invariants. They play important
roles in physics and biology; for example, by applying the laws of Newton, one shows that
the magnitude of a necessary force to move an object with constant speed is a multiple
(constant) of the curvature of the trajectory. Furthermore, the general theory of relativity of
Einstein says that the motion of a body in a gravitational field is given by the curvature of
spacetime. All kinds of shapes (red cells, soap bubbles, etc.) are precisely determined by
certain curvatures.
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The sectional curvature, the scalar curvature and the Ricci curvature are the most
(natural) studied curvature invariants.

B.-Y. Chen [6,7] introduced new Riemannian invariants, which were different in nature
from the classical ones. They are known as Chen invariants or -invariants.

Let M" be a Riemannian manifold of dimension 7. Denote by 7 the scalar curvature
of M", i.e., T(p) = Li<i<j<n K(ei N¢j), forany p € M" and {ey, ..., e, } an orthonormal
basis of T, M", where K(e; A ¢;) is the sectional curvature of the plane section spanned by
e;ande;. If L C T, M" is an r-dimensional subspace, then its scalar curvature is given by
T(L) = Li<a<p<r K(ea Aeg), where {ey,..., e} C Lis an orthonormal basis.

Letk € N* and ny,...,n, > 2 be integers such that n; < nand ny + - - - + n; < n. For
any p € M", the Chen invariant §(ny, ..., ny) at p is defined by

S(m,...,me)(p) = t(p) —inf{(Ly) +--- +T(Ly)},

where Ly, ..., Ly are mutually orthogonal subspaces of T, M" of dim Li=ny,Vj=1,... k.
In particular, (2) = T — inf K is the Chen first invariant.
B.-Y. Chen [7] established sharp estimates of the squared mean curvature ||H||? in
terms of Chen invariants for submanifolds M" in Riemannian space forms M" (c).

n2(n+k—Y n—1) 1 X
H|?+ =[n(n—1) — (i — 1D
2(n+k— L n)) IH]["+ 3l =1) ]; nj(nj —1)lc

(5(n1,...,nk) <

These inequalities are known as Chen inequalities (see also [8]).

After that, Chen inequalities for special classes of submanifolds in various space forms
were obtained by several researchers.

Particular cases of Chen inequalities were also proven in statistical settings. The aim of
this article is to prove the general Chen inequalities for statistical submanifolds in Hessian
manifolds of constant Hessian curvature.

4. An Algebraic Lemma

We prove the main result by using an algebraic lemma.

Lemma 1. Let n > 3,k > 1 be two integers and ny, ..., n, > 2 integers such that ny < n,
ny+---+n, < n. Denote Ny = 0, Nj =np+---+n; and j =1,...,k. Then, for any real
numbers ay, . . ., ay, we have

k n4+k—YK n—1/n 2
2 aiaj—z 2 a,x].a[;jg 7 =1 )(Zal) .

1<i<j<n j=1Nj_1+1<a;<B;<N; (n+k— 2?21 nj) \i=1
Moreover, the equality holds if and only if

N;

2 Ay = AN1 = * - = Ay, Vi=1,...,k
Etj:N]'_1+l

Proof. We use the Cauchy-Schwarz inequality.

2
n 2 k N;
Zai = Z a,xj+aNk+1+~~+an
i=1 j=1 Dc]':N/',l-i-l
2
k k Nj 2 2
g(n—f—k—an) Z Ay, | +ay1+ta
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k N;
2

k
2 2
:(n+k72n]) Z Z aocj+2 Z aoc]-ﬂﬁ]- +aNk+1+”'+an
=1 N] 1+1 Nj,1+1§0éj<ﬁj§Nj

k n 2 k
=(n+k-) n <Z al-) -2 Y ami+2) Y an;ag; |,
=1

i=1 1<i<j<n j=1 Nj_1+1<a;<B;<N;

which implies the inequality to prove.
We have the equality if and only if the equality holds in the Cauchy-Schwarz inequality, i.e.,

N;

]
) Ay = N1 = =an, Vj=1,...,k
Déj:N]',1+1

O

5. General Chen Inequalities

In [9], the first author of the present paper et al. obtained geometric inequalities for
statistical submanifolds in statistical manifolds with a constant curvature. The study of
Chen invariants on statistical submanifolds was started by B.-Y. Chen et al. [10]. After that,
particular cases of Chen inequalities in statistical settings were obtained (see [11-18]).

In [16], we recently proved a Chen inequality involving the Chen invariant §(k) for
submanifolds in Riemannian space forms, from where we derived the Chen first inequality
and Chen-Ricci inequality. In addition, we established a corresponding inequality for
statistical submanifolds. In that paper, we used a new algebraic lemma.

In the present paper, we establish the general Chen inequalities for statistical submani-
folds in Hessian manifolds of constant Hessian curvature. In the proof of the main result,
we use Lemma 1 from Section 4, which can be regarded as a generalization of the algebraic
lemma from [16].

Theorem 1. Let M" be an n-dimensional statistical submanifold of a Hessian manifold M™ (c) of
constant Hessian curvature. Then, for any integers k € N* and ny, ..., ng > 2 such that ny < n,
n + - -+ ne < n, we have:

‘M*

>T0—ZT0 n(n—1) Zn] )]e

-
I
—

n?(n+k—Yk n—1)
=17
— R I+ P,
(I’l + - 2]21 7’1])
where Ly, ..., Ly are mutually orthogonal subspaces of T, M" with dim L; = n;,Vj=1,...,k.
Moreover, the equality holds at a point p € M", if and only if there exist orthonormal
bases {ei, ..., ey} in TyM" and {ey41,...,em} in TPLM” such that the shape operators take the

following form:
Al 0 AT 0
A= | o a0 e,
0 - A o - A7

0 url 0 uyl

where I is the identity matrix and A; and A;«” are symmetric n; X n; submatrices with trace
A]’. = Uy, trace A;-” =yl forallj=1,...,k

Proof. Let p € M" and {ey,...,e,} and {e,11,...,en} be orthonormal bases of T, M" and
TpL M", respectively.
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The Gauss equation implies

1
T=3 Y [g(R(eiej)ej ei) + g(R*(ei, e))ej ) — 28(R%(ei, €))ej, e)]
1<i<j<n
1
= E Z [g(h* (Ei, Ei),h<€j,€j)) +g(l/l(8i, ei),h*(ej, (3]))
1<i<j<n 1)

- Zg(h(eirej) h*(eirej))] T

XY TR T %7
r n+1 1<z<]<n

It is known that the components of the second fundamental form h° (with respect
to the Levi-Civita connection V?) satisfy 2h0’ = hr + h*’ i,j=1...,n,r=n+1,...,m
Then,

Z Z h*r hr‘ + h;k]}’) Woht. — W TR

r n+11<1<]<n o B
— (ly+ B2 + ()2 + ()] = 7o

m

Y X Loy - ) - ()2
r*n+1l<i<]’<n

S — 0} o

@

Recall that M™(c) is a Riemannian space form of constant sectional curvature —c.
Then, the Gauss equation with respect to the Levi-Civita connection gives

Ty =—n(n—1) + 2 Y, R — (1)), €)
r=n+11<i<j<n
Substituting Equation (3) in (2), we get

T=T1+nn-1)c
= Z Z hr hr hr Z Z h*rh*r h*f)Z] (4)
ii'tjj L)} ’
r n+11<i<j<n r n+11<i<j<n

Foranyj=1,...,k by using the Gauss equation, we have

N =

T(Lj) = 5 Z [g(R(eaj,eﬁ,)eﬁ.,eaj) + g(R*(ew;, ep.)ep;/ €a;)
i/ B; i/ Bj

N],1+1§ﬂél<‘5]SN]

- 2g(RO(e,xj, ep;)ep; en;)]

1 *
2L s (eupen) hlep, ) + S(hlens ), I (e )
N],1+1§ﬂ]<‘5]§Nj

— 2g(h(ew; ep,), " (eay ep,))] — To(Ly),
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which implies
1 . *r 7’
r=n+1 N]'_1+1§DC]‘<,B]'§N
1 & * *
=5 X ) (Mo + ) (g .+ Higp.)

r=n+1 Nj,] +l<t¥]‘<ﬁj<N

N P w*ﬂ> (7 7]~ (L)
m

0r  1,0r Or r r 2
B r—;—l N; 1+1<Z,x-<ﬁ.<N,{ L a6, ~ (h"‘jﬁj) I- [h ajj /31/3] (I /51‘) ]
- 1= =] 1=""]
1

— 3 e g, — (g 1} = (L),
Therefore,

T(Lj) = w(Lj) +nj(nj — 1)c—

- ). L O g, - O}

r=n+1 N],1+1§1X]<[3JSN]

By summing after j = 1, ..., k the relations (5) and subtracting from (4), we obtain

k k
(T—ZT(Lj)> — (To—ZTo(Lj)> > [n(n—1) En
j=1 =1

k
2 Z [( Z hzrzh]r] Z Z h;j“jh/gjﬁj)

lsi<jsn j=1Nj1+1<a<pi<N;
k
11 KT X1 kT
+ Z h” h]/ Z Z hajajhﬁj/gj .
1<i<j<n j=1Nj_1+1<a;<B;<N;

By using Lemma 1, one has

£ ntk—Y5 -1/ \?
) ) j=1"
2 hlrlh]rl = hgz/aihfr@jﬂj = 2 hii |,

k
1<i<j<n Nj,1+1S06j<‘Bj§N]' 2(” + k — Zj:l n]) i=1

Z hurh]]r Z Z h jr] ﬁjﬁ] < : Zhiir :

1<i<j<n 21N, +1<a;<B<N; 2(n+k— Z}cﬂ nj) \i=1
It follows that
k k
-y >T0—ZT0 [n(n—1) =Y nj(nj—1)]c
j=1 =1

n?(n+k—Ys  nj—1)
- = (AP + (152
4(n+k— i n)

The equality case follows from the equality case of Lemma 1. O
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Corollary 1. Let M" be an n-dimensional statistical submanifold of a Hessian manifold M™(c) of
constant Hessian curvature. If there exists a point p € M" such that

k k

k
=Y t(Lj) <t—) (L) +nm—-1)=Y nin—1)c
=1

=i j=1
then M" is nonminimal in M™(c), i.e., either H # 0 or H* # 0.
In particular, for k = 1 and n; = 2, one finds the main result from [10].

Corollary 2. Let M" be an n-dimensional statistical submanifold of a Hessian manifold M™(c) of
constant Hessian curvature. Then, for any p € M" and any plane section = C T, M, we have:

n?(n —2)

T—K(m) ZTO—KO(TF)‘F(”—Z)(”"‘DC_T__U

[+ [1H[]7].

6. Conclusions

The above Lemma 1 allows to obtain Chen inequalities for different classes of subman-
ifolds in various space forms, not only in statistical settings.
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