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Abstract: The Weierstrass curve X is a smooth algebraic curve determined by the Weierstrass canon-
ical form, y" + Ay (x)y" ' + Ao (x)y 2 + -+ A,_1(x)y + Ar(x) = 0, where 7 is a positive integer,
and each A; is a polynomial in x with a certain degree. It is known that every compact Riemann
surface has a Weierstrass curve X, which is birational to the surface. The form provides the projection
@, : X — P as a covering space. Let Ry := H%(X, Ox(*0)) and Rp := H’(P, Op(*0)). Recently, we
obtained the explicit description of the complementary module R, of Rp-module Ry, which leads to
explicit expressions of the holomorphic form except co, H(P, Ap(*00)) and the trace operator px
such that px (P, Q) = dp,q for @,(P) = @,(Q) for P,Q € X\ {oo}. In terms of these, we express the
fundamental two-form of the second kind () and its connection to the sigma function for X.

Keywords: Weierstrass canonical form; fundamental two-form of the second kind; sigma function;
plane and space curves with the higher genera

MSC: 14H42; 14HO05; 14H55; 14H50

1. Introduction

In Weierstrass’ elliptic function theory, the algebraic properties associated with an
elliptic curve of Weierstrass’ standard equation y? = 4x® — g»x — g3 are connected with the

transcendental properties defined on its Jacobi variety via the ¢ function since (p(u) =

d? dgp(u)
a2 logo(u), d7u) is identical to a point (x, y) in the curve [1,2]. These algebraic and

transcendental properties are equivalently obtained by the identity and play a central
role in the elliptic function theory. Via the equivalence, the elliptic function theory affects
several fields in mathematics, science, and technology. In other words, in Weierstrass’
elliptic function theory, the equivalence between the algebraic objects of the curve and the
transcendental objects on its Jacobi variety is crucial.

Weierstrass himself extended the picture to general algebraic curves [3], but it failed
due to difficulties. Some of the purposes of mathematics in the XX-th century were to
overcome the difficulties that were achieved. We have studied the generalization of this
picture to algebraic curves with higher genera in the series of studies [4-6] following Mum-
ford’s studies for the hyperelliptic curves based on modern algebraic geometry [7,8], i.e.,
the unification of the theory of algebraic curves in the XIX-th century with the modern one.

The elliptic theta function was generalized by Riemann for an Abelian variety. In
contrast, its equivalent function Al was defined for any hyperelliptic curve by Weierstrass,
which was refined by Klein using only the data of the hyperelliptic Riemann surface and
Jacobi variety as a generalization of the elliptic sigma function [9]. Baker re-constructed
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Klein’s sigma functions by using the data of hyperelliptic curves algebraically [10]. Buch-
staber, Enolskii, and Leykin extend the sigma functions to certain plane curves, so-called
(n,s) curves, based on Baker’s construction, which we call the EEL construction due to
work by Eilbeck, Enolskii, and Leykin [11] [ref. [12] and its references]. For the (1, s) curves
with cyclic symmetry, the direct relations between the affine rings and the sigma func-
tions were obtained as the Jacobi inversion formulae [13,14]. Additionally, we generalized
the sigma functions and the formulae to a particular class of the space curves using the
EEL-construction [4,6,15].

We have studied further generalization of the picture in terms of the Weierstrass
canonical form [16,17]. The Weierstrass curve X is a normalized curve of the curve given by
the Weierstrass canonical form, y" + Aq (x)y" 1 + Aa(x)y" 2+ -+ A1 (x)y + A (x) =0,
where 7 is a positive integer, and each A; is a polynomial in x of a certain degree (c.f.
Proposition 2) so that the Weierstrass non-gap sequence at co € X is given by the numerical
semigroup Hx whose generator contains r as its minimal element. It is known that every
compact Riemann surface has a Weierstrass curve X, which is birational to the surface. We
also simply call the Weierstrass curve W-curve.

It provides the projection @, : X — P as a covering space. Let Ry := H%(X, Ox(*c0))
and Rp := HY(P, Op(*c0)). In [17], we have the explicit description of the complementary
module R§ of Rp-module Rx, which leads the explicit expressions of the holomorphic one
form except co, HO(P, Ap(*c0)).

Recently, D. Korotkin and V. Shramchenko [18] and Nakayashiki [19] defined the sigma
function of every compact Riemann surface as a generalization of Klein’s sigma function
transcendentally. Every compact Riemann surface can be characterized by the Weierstrass
non-gap sequence, which is described by a numerical semigroup H called Weierstrass
semigroup. Nakayashiki defined the sigma function for every compact Riemann surface
with Weierstrass semigroup H [19] based on Sato’s theory on the universal Grassmannian
manifolds (UGM) [20,21].

In this paper, we use our recent results on the complementary module of the W-curve [17]
to define the trace operator px such that px(P,Q) = dp,q for @,(P) = @,(Q) for P,Q €
X\ {co}. In terms of them, we express the fundamental two-form of the second kind Q)
algebraically in Theorem 3, and finally obtain a connection to Nakayashiki’s sigma function
by modifying his definition in Theorem 4, which means an algebraic construction of the
sigma function for every W-curve as Baker performed for Klein’s sigma function following
Weierstrass’ elliptic function theory.

The contents are as follows: Section 2 reviews the Weierstrass curves (W-curves)
based on [17] (1) the numerical semigroup in Section 2.1, (2) Weierstrass canonical form in
Section 2.2, (3) their relations to the monomial curves in Section 2.3, (4) the properties of
the Rp-module Ry in Section 2.4, (5) the covering structures in W-curves in Section 2.5, and
(6) especially the complementary module R§ of Rx in Section 2.6; the explicit description
of R is the first main result in [17]. Section 3 provides the first and the second theorems
in this paper on the W-normalized Abelian differentials on X. In Section 3.1, we review
the second main result in [17] on the W-normalized Abelian differentials H(X, Ax (o)),
which contain the Abelian differentials of the first kind. Further, we extend the trace
operator p € Rx ®g;, Rx introduced in [17] to Rx ®¢ Ry in Section 3.2. The trace operator
p enables us to define a proper one-form ¥ and its differential 4~ in Section 3.3. After
investigating 4%, we find the W-normalized Abelian differentials of the second kind in
Theorems 1 and 2. Further, in Theorem 3, we mention our results on the fundamental
differential of the second kind (2 in our W-curves and the Abelian differentials of the third
kind. We obtain the generalized Legendre relation in Proposition 18. Using them, we
show the connection of the sigma function for X with R in the W-curves X in Section 4.
As studied in [5], we introduce the shifted Abelian integrals in Section 4.1. Section 4.2
shows the properties of the Riemann theta functions of W-curves and its Riemann-Kempf
theorem as in Proposition 22. In Section 4.3, we define the sigma function for a W-curve X
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by modifying the definition of Nakayashiki (Definition 9) in [19] and show its properties in
Theorem 4 as our main results in this paper.

2. Weierstrass Canonical Form and Weierstrass Curves (W-Curves)
2.1. Numerical and Weierstrass Semigroup

This subsection is on numerical and Weierstrass semigroups based on [4,22]. An
additive sub-monoid of the monoid of the non-negative integers Ny is called numerical
semigroup if its complement in Ny is a finite set. In this subsection, we review the numerical
semigroups associated with algebraic curves.

In general, a numerical semigroup H has a unique (finite) minimal set of generators,
M = M(H), (H = (M)) and the finite cardinality ¢ of H* = Ny \ H; g is the genus of H
or H® and H° is called gap-sequence. We let iy (H) be the smallest positive integer of
M(H). We call the semigroup H an ryin (H)-semigroup, so that (3,7,8) is a 3-semigroup
and (6,13,14,15,16) is a 6-semigroup. Let N (i) and N*(i) be the i-th ordered element of
H={N(i)|ieNo}and H* = {N°(i) | i =0,1,...,¢g — 1} satisfying N(i) < N(i+1), and
N¢(i) < N¢(i + 1), respectively.

Further, the conductor cy of H is defined by the minimal natural number satisfying
cy + No C H. The number cy — 1 is known as the Frobenius number, which is the largest
element of H¢, i.e.,,cy = N°(g— 1)+ 1.

By letting the row lengths be A; = N°(¢g —i) —g+i, (i =1,2,---,g), we have the
Young diagram of the semigroup, A := (Ay,...,Ag), (A; < Ai41). The Young diagram A
is a partition of ) | A;. We say that such a Young diagram is associated with the numerical

semigroup. If folr a given Young diagram A, we cannot find any numerical semigroups
H such that A; = N¢(g —i) — g+ i, we say that A is not associated with the numerical
semigroup. It is obvious that, in general, the Young diagrams are not associated with
the numerical semigroups. We show examples of the Young diagrams associated with
numerical semigroups:

|| - )

L 7 L 7 L

(3,7,8) (5,7,11) (5,6,14)

The Young diagram and the associated numerical semigroup are called symmetric if the
Young diagram is invariant under reflection across the main diagonal. It is known that
the numerical semigroup is symmetric if and only if 2¢g — 1 occurs in the gap sequence. It
means that if cy = 2g, H is symmetric.

We obviously have the following proposition:

Proposition 1. The following holds:

N(n) —n < g for every n € Ny,

N(n)—n=gfor N(n) >cx =N(g)orn>g,

N(n)—n<gfor0<N(n) <cxorn<g,

#{n | N*(n) > g} = #{n|N(n) < g}

for N(i) < N¢(j), N°(j) — N(i) € H, and

when H is symmetric, cy = N(g) =2gand cy — N(i) —1=N(g—i—1) for0 <i <
g—1L

SRS SIS
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Proof. 1-3 and 5 are obvious. Noting #H° = g, 4 means that what is missing must be filled
later for H¢, and 6 is left to [22]. O

The length r of the diagonal of the Young diagram A is called the rank of A. The
number of boxes below and to the right of the i-th box of the diagonal from lower right
to upper left are assumed as a,, ;11 and b,, _; 1, respectively. The Young diagram is
represented by (ar,,...,a2,a1;br,, ..., by, b1), which is known as Frobenius representation
or characteristics of A. Then ¢; := a; 4+ b; + 1 is called the hook length of the characteristics.
For A = (6,3,3,2,1,1,1,1) associated with H = (5,7,11), itis (0,2,7;0,1,5) and the rank
of A is three. For A = (6,3,3,3,1,1,1,1) associated with H = (5,6,14), itis (1,2,7;0,1,5)
and rank of A is three. We show their examples of the Young diagram:

@)

|
il
il
1
il

7 7

(0,2,7;0,1,5), ,2,7;0,1,5),
(5,7,11) (5,6,14).

~EEEEE

Definition 1. For a given Young diagram A = (A1, Ay, - -+, Ag), we define
Al . (A1, Mg, -+, Ag), Al . (Akr1, Mgz Ag).

We show the properties of the Young diagram associated with the numerical semigroup
H in the following lemma, which is geometrically obvious:

Lemmal. 1.  If we put the number on the boundary of the Young diagram A from the lower
to upper right as in (3), each number in the right side box of the i-th row corresponds to
the gap number in N°(g —i) € H  or Aj+ g —1i,ie, N°(g—1i) € H = Aj+g—1i, for
0 < i < g, and each number in the top numbered box of the i-th column corresponds to N (i)
for 0 <i < Aj.

2. Thehook length ¢; is given by ¢; = N°(¢ —i) — N(i—1) (i =1,...,rA), which belongs to
H¢, and thus let L; € {0,1,...,¢ — 1} such that N°(g — L;) = ;. Then, A, +g—L; = ¢},

and L1 = 1.
3. For A:= (Ay,...,Ag) associated with the numerical semigroup H := (M), the truncated
Young diagram AW := (Ap,4,..., Ayg) is also associated with a numerical semigroup H',

i.e., H' is generated by
MU{N‘(g—k),N(g—k+1),...,N(g—1)},

though the generators are not minimal in general. Further, its compliment H'® is a subset of
H¢ ie, H® C H".

4. For A := (ay,,...,az,a1;br,,..., by, b1) associated with the numerical semigroup H,
A) := (ary, ..., 8041,a0 by, ..., by 1,by), and then A[{] is, in general, not associated
with the numerical semigroup unless £ = 1.

A 8A
Further by letting |A| := Y _(a; + b; + 1), we have |A| := Y_ A,
i=1 i=1
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A of the numerical semigroup (5,7,11) is associated with the numerical semigroup
(5,7,11,13). We show their examples of the Young diagram:

9 9
718 8
506 5067
5] 4 4
314 3] 3] ®3)
12] 12] 12]
I I 1] .
(3,7,8) (5,7,11,13) (5,6,13,14)

In this paper, we mainly consider the r-numerical semigroup, H. We introduce the
tools as follows:

Definition 2. 1.  LetZ,:={0,1,2,...,r — 1} and Z) := Z, \ {0}.

2. Let¢:=minfh e H|i=h mod r},i € Z,.

3. Let &y := {¢ | i € Z,} be the standard basis of H. Further, we define the ordered set
Cy:={e; € €y | ¢; < ¢ipq}, and ¢ :=¢x\ {0}, eg., e =2 =0.

4. LetH' := H°J(—N), where N := Ny \ {0}.

We have the following elementary but essential results (Lemmas 2.8 and 2.9) in [17]:
Lemma 2. For a € Ny, we define
[a], == {a+kr|keNo}, [a],:={a—kr|keN}, [a]¢:=]a],NN.

1. We have the following decomposition;

(a) H= @ [ei]}’/

i€y

b H =@, HUH =7Z,
i€y

() H'=luli = Plal;, HUH® =Ny,
ic€Zy i€Z;

2. forevery x; € [ej], (i € Zy),
{xjmodulor|i€Z}=17Z/rZ,
and especially for x € [¢;],, x = i modulo r.
The following is obvious:

Lemma 3. For the generators r and s in the numerical semigroup H, there are positive integers is
and i, such that iss — i,vr = 1.

2.2. Weierstrass Canonical Form

We recall the “Weierstrass canonical form” (“Weierstrass normal form”) based on [5,6,16,17],
which is a generalization of Weierstrass” standard form for elliptic curves and whose origin
came from Abel’s insight; Weierstrass investigated its primitive property [3,23]. Baker
(Ch. V, §§60-79) in Baker97 gives its complete review, proof, and examples, but we refer to
Kato [24,25], who also produces this representation from a modern viewpoint.
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Proposition 2 ([24,25]). Fora pointed curve (X, co) with Weierstrass semigroup Hy := H(X, o0)
for which rmin (Hx) = r, and ¢; € €y, (i € Z,°) in Definition 2, and we let s := min{e; € €y,

| (ej,7) =1} and s = ey,. (X, 00) is defined by an irreducible equation, ad
fx(x,y) =0, (4)
for a polynomial fx € Clx,y] of type,
fx(xy) =y + Ay + A0y 4+ A (0)y + Ar(), 5)

lis/r] )
where the A;(x)’s are polynomials in x, Ay =1, A; = Z Ai,jx], and Ajj € C, Aps = —1.
j=0

In this paper, we call the curve in Proposition 2 a Weierstrass curve or a W-curve.
The Weierstrass canonical form characterizes the W-curve, which has only one infinity
point co. The infinity point co is a Weierstrass point if Hy, = H®(X,00) = {N(i)} differs
from {1,2,---, g} [26]. Since every compact Riemann surface of the genus, g(>1), has a
Weierstrass point whose Weierstrass gap sequence with genus g [27], it characterizes the
behavior of the meromorphic functions at the point, and thus, there is a Weierstrass curve,
which is bi-rationally equivalent to the compact Riemann surface.

Further, Proposition 2 is also applicable to a pointed compact Riemann surface (Y, P)
of genus ¢ whose point P is a non-Weierstrass point rather than the Weierstrass point;
its Weierstrass gap sequence at P is H*(Y, P) = {1,2,...,g}. Even for the case, we find
the Weierstrass canonical form fx and the W-curve X with H§ = {1,2,...,¢}, which is
bi-rational to Y.

Remark 1. Let R%. := Clx,y]/(fx(x,y)) for (4) and its normalized ring be RS if X° :=
Spec R%. is singular. R is the coordinate ring of the affine part of X \ {oo}, and we identify R%
with Ry = H(X, Ox(x00)). Then, the quotient field C(X) := Q(Rx) of Ry is considered as an
algebraic function field on X over C.

By introducing Rp := HO(P, Op(*c0)) = C|x] and its quotient field C(x) := Q(Rp),
Q(Rx) is considered a finite extension of Q(Rp). We regard Ry as a finite extended ring of Rp of
rank r, e.g., R = Rply]/ (fx(x,y)) as mentioned in Section 2.5 [28].

For the local ring Rx p of Rx at P € X, we have the ring homomorphism, ¢p : Rx — Rx p.
We note that Rx « plays crucial roles in the Weierstrass canonical form. We let the minimal
generator Mx = {r1,r2,...,my } of the numerical semigroup Hx = H(X, o). The Weierstrass
curve admits a local cyclic €, = 7./ rZ-action at oo c.f., Section 2.3. The genus of X is denoted by
8x, briefly g and the conductor of Hy is denoted by cx := cp,; the Frobenius number cx — 1 is the
maximal gap in H(X,00). We let, Hy := 7\ Hy.

Projection from X to P

There is the natural projection,

@;: X — P, (@r (%, Yrys o Yrmy ) = X = Yr) (6)

such that @,(c0) = 00 € P.
Let {ye} :={Vys = Yy Yrss - - Yruy } AA Clx,ya] := Cx, ¥s = Yy, Yras - - -/ Yy |-

2.3. The Monomial Curves and W-Curves

This subsection shows the monomial curves and their relation to W-curves based on [5,6,16].

For a given W-curve X with the Weierstrass semigroup H = Hy, and its generator
Mx = {r = r1,12,...,7my }, the behavior of singularities of the elements in Rx at o is
described by a monomial curve X%. For the numerical semigroup H = (M), the numerical
semigroup ring Ry is defined as Ry := C[z"1,2"2,- -, z""x].



Mathematics 2022, 10, 3010

7 of 31

Following a result of Herzog’s [29], we recall the well-known proposition for a poly-
nomial ring C|Z] := C[Z;, Zy,, - -, ZrmX].

Proposition 3. For the C-algebra homomorphism ¢% : C[Z] — Ry, the kernel of ¢% is gener-
ated by fH =0 (i = 1,2,...,kx) of a certain binomial fH € C[Z] and a positive integer kx
(mx —1<kx <o), ie, kergg = (fI', f3,..., K1) and

Ry ~ C[Z]/ ker 3% =: R%,.

We call R% = C|[Z]/ ker ¢% a monomial ring. Sending Z, to 1/x and Z,, to 1/y,,, the
monomial ring R% determines the structure of the gap sequence of X at o0 [29,30]. Bresinsky
showed that kx can be any finitely large number if mx > 3 [31].

Let Xy := Spec RZ  which we call a monomial curve. We also define the ring isomor-
phism on R% induced from ¢%, which is denoted by ¢%,

¢% : C[Z])/ ker % = R% — Ry. @)

Further, welet {Z.} :== {Z,,, Z,,, ..., Z,, },and C(Z,, Z,| := C[Z,,Zs,, Zy,, . . ., Zrmx]-
A monomial curve is an irreducible affine curve with Gy,-action, where Gy, is the multi-
plicative group of the complex numbers; Z; — g?Z, for ¢ € Gy, and it induces the action
on the monomial ring R%.

The following cyclic action of order r plays a crucial role in this paper.

Lemma 4. The cyclic group €, of order r acts on the monomial ring R%; the action of the generator
T, eConZyis defined by sending Z, to {} Z,, where {, is a primitive r-th root of unity. By letting

v = (r,19), v = r/vpx, and t; := r;/v], the orbit of Z,, forms &, especially for the case that

(r,1;) = 1, it recovers &,.
Thus, in R%,

T T

D(Znz) =0, =20 -277, (j=2,...,mx). ®)

For aring R, let its quotient field be denoted by Q(R). Further, we obviously have the
identity in Q(Rf; ®c(z,] Rf),
1 z) -z { 1 for Z,=27,

T = , )
tht/— Zr.er], 0 for Z,].;éer,

Tj

Pg{)(zrﬂzg) =

as a C[Z,]-module.

Corresponding to the standard basis of Hy in Definition 2, we find the monic monomial
3., € C[Z] such that ¢%(3,) = z*, and the standard basis {3, |i € Z,}; 3¢, = 1.

Lemma 5. The C[Z,]-module C[Z] is given by
C[Z] = C[Zr] @ C[Zr]3e1 DD C[Zr]Ser,ll

and thus 3 = {3¢y, 3¢, -, 3¢, 4} is the basis of the C[Z,|-module C[Z]. Then there is a
monomial bjj € C[Z,] such that
391'39/‘ = Z bijk3ek-

keZ,
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mx .
Lemma 6. By defining an element in Q(R% ®c(z,] R%) by p(Zr, Ze, Z)) = Hpg) (21, Z;

we have the identity
[ 1 for Ze=2Z,
pm%LZJ_{OﬁrZﬁﬂL (10

as C[Z,]-module properties and

/e,

~ 1
9% (Pi(Z+, 24, 2.)) ;2 (11)

To construct our curve X from Ry or Spec Ry, we could follow Pinkham'’s strategy [30]
with an irreducible curve singularity with G, action, though we will not mention it in this
paper. Pinkham’s investigations provide the following proposition [30] (Proposition 3.7) in [17]:

Proposition 4. Fora given W-curve X and its associated monomial ring, R ClZ)/(f £, ...
ka) there are a surjective ring-homomorphism [22] (p. 80)

¢¥ : Rx — R%

such that Rx/my is isomorphic to R%, where my is the maximal ideal (Aij) in coefficient ring
(C[)\i]-}, and (pﬁ(yrl.) = Z,,, and a polynomial {fiX}i:L...,kX € C[x, ye| satisfying

1. () (= X (ff modulomy)) = fH for (i=1,...,kx),

2. the affine part of Rx is given by Rx = C[x,ya]/ (fi ,f2 . ..,f ), and

ofx
oYr,

]

3. the rank of the matrix ( ) is mx — 1 for every point P in X.
1 kX ] 1,2

ir
Definition 3. 1. Recalling Lemma 3, we define the arithmetic local parameter at co by t = X 321
Y
2. The degree at Q(Rx ) as the order of the singularity with respect to t is naturally defined by
=deg, : Q(Rx) = Z, (12)

which is called the Sato-Weierstrass weight [23].
3. In the ring of the formal power series C[[t1, ..., t]], we define the symbol d~,(t1,...,t;) so
that it belongs to the ideal,

don(ty, ... te) € {Y s, it -t | @ i, = 0foriy+ - +ip <n}.
The weight of y,, is given by

. 1
wt(yy,) = -1, (i=12,...,mx), Yr, = E(l +d-o(t)).

Lemma 7. We have the decomposition of Rx as a C-vector space,

Ry = D Cy;, (13)

i=0

where ¢; is a monomial in Rx satisfying the inequalities —wt¢; < —wt@; fori < j, ie, ¢o =1,

p1=x, ...



Mathematics 2022, 10, 3010

9of 31

Further, by assigning a certain weight on each coefficient )\i,j in (4) so that (4) is a
homogeneous equation of weight rs, we also define another weight,

wt) : Ry — Z. (14)
Definition 4. We define Sx := {¢; | i = 0,1,2...} by the basis of Rx as in (13).
Then N (i) = —wt(¢;), for {N(i) | i € No} = Hx.

Lemma 8. Let t be the arithmetic local parameter at oo of Rx.
1. By the isomorphism @iny : z — %, @inv(Ry) (2 R%) is a subring of C [ﬂ ; for g(z) € Ry,
1 1
<(7) <<li|
2. There is a surjection of ring ¢eo : Rx — Ry(= R%); for f € Ry, there is g(z) € Ry
such that

(e =53 ) 1+ d0(0) € R,

where (f)oo means the germ at o0 or (f)e € Rx oo via @3 in Proposition 4. It induces the
surjection Ry oo — Ry (2 R%).

Proof. By letting ¢ = ¢% o ¢ (f), the existence of g is obvious. [

2.4. Rp-Module Rx

Ry is an Rp-module, and its affine part is given by the quotient ring of Rp[ya).
We recall Definition 2 and Lemma 5, and apply them to W-curves and then we obtain
the following (Proposition 3.11) in [17].

Proposition 5. For ¢; € &y, we let v, be the monic monomial in Rx whose weight is —e;,
(e, = 1) satisfying

r—1 r—1

RX = R]P’ 2] @ RIP’UQI‘ = @ RIP’Uei = <UB()/ Deysene IUQ,‘71>R]P>
i=1 i=0
with the relations,
r—1
Uinej = Z uiijek/ (15)
k=0

where Aijk S RP, Qijk = jks especially Qojk = Gjok = 5]k

2.5. The Covering Structures in W-Curuves
We will follow [28,33] to investigate the covering structure in W-curves.

2.5.1. Galois Covering

As mentioned in Remark 1, let us consider the Riemann sphere P and Rp = HO(]P’,
Op(*0)). We identify Rp with its affine part R = Clx], and its quotient field is denoted by
C(x) = Q(Rp). The quotient field Q(Rx) = C(X) of Ry is an extension of the field C(x).

Following the above description, we consider the W-curve X. The covering @, : X — P
((x,ye) — x) is obviously a holomorphic r-sheeted covering. When we obtain the Galois
group on X, i.e.,, Gal(Q(Rx)/Q(Rp)) = Aut(X/P) = Aut(w,), this is denoted by Gx. The
@; is a finite branched covering. A ramification point of @, is defined as a point that is not
biholomorphic. The image @; of the ramification point is called the branch point of @,. The
number of finite ramification points is denoted by /s .
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We basically focus on the holomorphic r-sheeted covering @, = @, : X — P. Gy
denotes the finite group action on @; !(x) for x € P, referred to as group action at x in
this paper.

Definition 5. Let Bx 1= By, = {Bi}iq,.. 1y ad Bp := @r(Bx) = {bi}i, .. 1, Where
b :=#Bx —1,By =0 € Xandb; := @,(B;).

2.5.2. Riemann-Hurwitz Theorem

Let us consider the behaviors of the covering @, : X — P, including the ramification
points. The Riemann-Hurwitz theorem [28],

f% f%
29—2=-2r+) (e —1)+(r—1)=) (eg; 1)~ (r+1), (16)
= i

where e, is the ramification index at B;, shows the following:

Corollary 1. The divisor of dx is given by,

g
div(dx) = ;(eB,. —1)B; — (r + 1)c0.

2.5.3. Embedding of X into P2("x~1)
By identifying Rx = R% = Clx,va]/(f, ... ,fk)i ), it is obvious that RS, =
Clx,ys]/ fx(x,ys) is a subring of Rx because Ry is a normalized ring of R$.. There is a pro-
jection @y, : X — X°. Thus, we can find the subring Ry, = C[x, yr,] /(f)((i) (x,yr;) of Rx as
its normalized ring, as we prove this fact in (Proposition 3.14) in [17] precisely. The image
(@

Ly Lr,r;

of f)((l) (x,yr,) by % is (8). There are injective ring-homomorphisms Rp —— Ry — Ry
and they induce the projections @, , : X — X&) ((x,ys) = (x,y,,)) and coﬁl) X0 5P
((x,yr,) = x) where X} := Spec Ry (). They satisfy the commutative diagrams,

Lror @r,
i g .

Rx =—— RX(f) x ()
gj)

X
NIEY
/ P

x0) <~ Rp, x () ot
0 o)

r

(17)

Further, we also define the tensor product of these rings Ry ®gr, Ry @rp -+ Ry

Ry (my), and its geometrical picture X]%,mxfl] = X®) xp XO) xp - - xp X("x), By identifying

Clo,yal /(Ao ™)) = R with aring Ryia) @k, Ry @ry -+ @y Ry, We
L. . p®[mx—1] . _ p®mx—1] X X
have the natural projection @ i) Ry™ 7 = Ry, ie, Rx =Ry "™/ (ff', . f)

[mx—1]

and the injection lRfﬁ['"X*” :Rp — Ry . It induces the injection lxg"x’” X = X]P

and the projection [; @y : XI[ETX_” —P.

Moreover, we also define the direct product of these rings R[;X g Ry) X Ry X
-+ X Ry(my), and its geometrical picture Xlmx=1 .= 1 X® < P2mx=1) Then we have
an embedding,

. R[mX_l] — Ry, 1

QDR[;;,X,H t Ry [my—1] X — X[’”X_l](c P2(mx_1)).

X



Mathematics 2022, 10, 3010

11 of 31

2.6. Complementary Module RS of Rx

. (i) ) — (i) / ) (,)
By introducing p{) := (10 fx (%, yr) _f3< (x’y’f),where £ () = afxaw .
fX,}/ yri y}’i y

mxy .
an Rx-analog of (9), let us consider pg, =] | pg) as an element of Q(Rx ®g, Rx). The
i=2

following is obvious:
Proposition 6. For (P,Q) € X xp X,

[ 1 for P=Q,
PRX(P/Q)_{ 0 fOT’ P#Q,

However, some parts in its numerator and denominator are canceled because they be-
long to Rp. Thus, we introduce an element h(x, s, y,) € Rx @, Rx such that h(x, ye,y,)/
h(x,Ye,Ye) reproduces pg,.

Lemma 9. Lemma 4.14 in [17]. For a point (P = (x,y.), P’ = (x,y.)) € X xp X, there is a
polynomial hr, (x,Ye,Ys) € Rx ®r, Rx such that

1. by regarding the element ain Rx as a @ 1in Rx ®r, Rx, firy (X, Yo, Yo) and hg,, (X, Yo, va)
are coprime as elements in Rx ®g;, R,

e E /A O/A . ’E rYes .
2. foragroup action { € Gy, ~RX(X Cyerbys) _ hry (Y ]/.)'

hRX (xl Zy'l Zy‘) a ERX (x/y'/y‘)

h o V.
3. it satisfies M = pRX(X,]/.,y/.), and
. th (x’y.’y’l -
4 Ry (X, Yo, ¥a)) =: h1(Zr, Za, Z3) (Whhry (X, Yo, ¥a)) = dy), then
T / .
M _ ﬁg{)(zn Z, Z’,),

hH(Zr/ Z., Zo)
and N N
0Fst(Z0, 20, Z0)) = 2% Y 2927, gfy(hrs(2y, Za, Za)) = re®.
i€Zy
Definition 6. Let hx(x,y.) := ERX (X, Yo, Yo ).
We have the expression of lig, (¥, Y, /4 ) following (Proposition 4.16, Lemma 4.20) in [17].

Proposition 7. ERX € Rx ®gy Rx is expressed by

ERX (x/yﬁly/o) = ?0 1+ ?1‘]21 T+t erl‘)/e,,l
= 1Yo 406 Vg4 0, Y
= 5e0‘)/¢0 + 6e1‘)/e1 +o 4+ fjer,lnle,,l

+ lower weight terms with respect to —wt

as an Rp-module. Here vy, = 1, and each Y; has the following properties

r—1
L. Y=Y b; j9e;, with certain b; ; € Clx],
j=0
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N
S =)

¢; + lower weight terms with respect to —wt, where 9., = gz‘(x)‘)e;, with an element

i =9
€ Z, and a monic polynomial 5;(x) € C|x] whose weight is —&;r, (especially, o, =

So(xX)e; ) = 00 (x)ve,) such that
By = De;We; + lower weight terms with respect to —wit
fori € Zr, wt(§e;) = —(dy, — ;) where b; j is a certain element in Rp for (i,7), and

3. (Yo, Yo Y ke = (Yo, Yo 1)ry
We introduce more convenient quantities o, (i =0,1,...,7r —1):

Definition 7. For i € Z,, we define a truncated polynomial v, of Y; such that the weight —wt
of \A{i — T, is less than —wt(,), i.e., Ve, = f¢;+ certain terms, and the number of the terms is
minimal satisfying the relations as Rp-modules,

Y, Y, = =~ - -~ ~ 1 fori=0,
<Y1/'”/Yr—1>RX = <Ue1/-~/‘)er,1>RX - <U20”"’09r—1>R]P’ T‘]:;(Uti) - {0 Oj;herZUiSe.

Since some of f)((])y(P) =0atP = B; € Bx \ {0}, hx(x,ye) € Rx vanishes only at the
ramification point B; € X and the construction of i, we have the following lemma from
Dedekind’s different theorem Proposition 4.27 in [17].

Lemma 10.
div(hx(x,y.)) = Z dB,- B,‘ — dhOO,
BieBx\{co}
where dp, := degp o(hx) > (ep, —1),anddy = ), dp, = —wt(hx).
B;eBx\{oo}

Definition 8. The effective divisor, Z (dp, — e, + 1) B;, is denoted by Rx, i.e., Rx >0
B;e®Bx\{oo}
and let tx := Z (dp, —ep, +1) = deg(Rx) > 0.
B;eBx\{oo}

Lemma 11. The divisor of Z—x is expressed by (2 — 2 + €x)oo — Ry, and 2¢g — 2 + tx = d, —
X

dx) — =gy,

r—lortx =d, —29—r+1 (Poo(h
X

From Corollary 1, we note that these fx and £x play crucial roles in the investigation
of the differentials on X.

Proposition 8. tx is equal to zero if dy, is symmetric whereas tx is not zero otherwise.

We recall ¢; in Definition 2 in the standard basis in Lemma 5 and Proposition 5, and o),
in Definition 7.
xkﬁei (%, Ye)dx

From Proposition 4.32 in [17], we have the properties of
hx(x,ye)

Proposition 9.

k/\
div S0 lTYAXY i ) 4 divo(Be,) — Ry + (61 — (K+1)r — 1)oo,
hx(x,Ye)
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where divo(;) — Rx > 0. We have

(e | -
{Wt(w +1‘l€Zy,k€N0 —Hx.

3. W-Normalized Abelian Differentials on X
3.1. W-Normalized Abelian Differentials H*(X, Ax (*0))

Following K. Weierstrass [3], H. F. Baker [10], V.M. Buchstaber, D.V. Leykin and
V.Z. Enolskii [12], ].C. Eilbeck, V.Z. Enolskii and D.V. Leykin [11] and our previous re-
sults [4,6,16], we construct the Abelian differentials of the first kind and the second kind
HY(X, Ax(*00)) on X for more general W-curves based on Proposition 9 [17].

We consider the Abelian differentials of the first kind on a W-curve. Due to the
Riemann—-Roch theorem, there is the i-th holomorphic one-form whose behavior at oo is
given by

(tN‘@*i)*l(l +d>0(t)))dt, (18)

where N¢(i) € H, (i = 1,2,...,g) satisfying N°(i) < N¢(i+ 1), and t is the arithmetic
local parameter at co. We call this normalization the W-normalization. Similarly we find the
differentials or the basis of H(X, Ax (#c0)) associated with Hy.

The W-normalized holomorphic one-forms are directly obtained from Proposition 9:

Lemma 12. For xkﬁei in Proposition 9, we have the relation,

k/\
X0 g0l € Z),k € Ny, = H"(X, Ax(x00)).
hX(x/yO) C

By re-ordering xkﬁej with respect to the weight at co, we define the ordered set {¢;}:
Definition 9. 1. Let us define the ordered subset Sx of Rx by
Sx = {@i| i € No}

such that ¢; is ordered by the Sato—Weierstrass weight, i.e., —wtp; < —wtrf]- fori < j,and
Sy is equal to {x*§,. | i € Z,, k € No} as a set.

2. Let Ry be an Rx-module generated by Sy, ie, Ry = <§X>Rx C Ry.
Recalling Rx and tx in Definition 8, welet N(n) := —wt (¢,) — tx, Hx := {—wt (§) [n €
No}, and we define the dual conductor Tx as the minimal integer satisfying tx + No C
Hy — ty.

4. We define §(}‘§) := {¢0, P1, ..., Pg—1}, and the W-normalized holomorphic one form, or
W-normalized Abelian differentials of the first kind v} as the canonical basis of X,

<v,1 - 4’1';171‘” ] biq € §<Xg)> = H(X, Ax). (19)
X C

We note that at oo, v] behaves like v = (N E==D=1(1 4 d_()))dt for the arithmetic
local parameter t at oo, and further 4)27111)( = N @011 4 d_(t)))dt where N¢(i)
X
indicates the element in Hy such that N°(—i) = —i fori € N; they are W-normalized
Abelian differentials.
We summarize them:
. R\de

Lemma13. 1. H’(X, Ax(x0)) = @C¢idx = R§dx = ,
0 I i
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2. H§(={Wt(qzdx)—l—l“ENo}:{Wt((ﬁ')—Fdh—l’UENo}
X
= {wt(¢;) +2g—1—tx |i e No}.

By the Abel-Jacobi theorem [26], R in Definition 8 can be divided into two pieces,
which are related to the spin structure in X.
Definition 10. Let 85 and 85 be the effective divisors that satisfy

Rx —txoo ~ 2R — 28,00, Rx + Ry — (bx +t%)o0 ~ 0

as the linear equivalence, where €5 and €5, are the degrees of Rs and R, respectively.

Since the W-normalized holomorphic one form is given by the basis (19), Definition 10
shows the canonical divisor:

Proposition 10. The canonical divisor is given by

Ky ~ (29 — 2+ tx)oo — Ry ~ (2g — 2 + 2t5)o0 — 285
~ (28 =2 —tx)oo + R

From (Lemmas 5.8 and 5.9) in [17], we show the properties of these parameters:

Lemma14. 1. {—wt(¢;))} = {dy, —¢; +kr|i € Z;, k € Ng}.

2. div(¢;) > (Rx — (2g — 2 + Ex)oo) for every ¢; € ggg), (i=0,1,2,...,g—1).
3. div(¢;) > (Rx — (g4 tx + i)oo) for every ¢; € Sg, (i > g).
Lemma15. 1. —wt @y = (0 if Hy is symmetric) = Cx + tx —cx = dp —r —cx +1,

2. —wte 1 =Cx+ex—2=d,—r—1=(2g—2)+tx ie, N(g—1)=2g-2,
3. Ox=29=dy—tx—r+1 —WtPy=2g9+Etx=Cx+Ex=dy—r+1,
4. —Wt4A>g_1+wt4A70:er_l—r—l:cx—2,anch:er_1—r—0—1.

3.2. Extension p € Rx ®g, Rx to Rx ®c Rx

As we have ERX in Lemma 9, we extend it in Ry ®g, Rx to an element in Rx ®c Ry,
though the extension is not unique; there are two different i(x, e, x’, v, ) and /' (x, ye, x’, v, )
in Rx ®c Ry such that h(x,y.,x,v,) = h'(x,ys,%,v,) in Rx ®g, Rx. Since they are quasi-
isomorphic, we select one of them, and thus, it is well-defined in the meaning of Proposition
15-4 and 16-4.

Definition 11. Using Y; in Proposition 7, for a point (P = (x,v.),P’ = (¥, y,)) € X x X, we
define a polynomial hx (x,Ye,Ys) € Rx ®@c Rx by
hx(x,ye,ye) == Yo - 1+ Y10l + -+ Y, 0} .

Then the following lemma is evident from Lemma 9.

Lemma 16. For a point (P = (x,y.),P’ = (x/,y.)) € X x X, hx(x,ye,1,) satisfies

7 7 7yl 7 /
1. for the case x' = x and a group action { € Gy, ,IEX("’ CyerC¥e) _ hx(xiyerye)

hx(x,CYe,CYe)  hx(X,Ye,Ya)

7

7 /
2. lim w:%forp’e)(\{oo},

(xy) =00 hx (X, Ye, Yo)
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3. whenx = x" or hx(x,ye, %', y,) belongs to Ry ®r,, R, it satisfies
hx (X, Yo, yo) = IRy (X, Yo, ¥2),
4. hx(x,ye) = Ex(x,y.,y.).
Definition 12. Using hix(x,ye,vl) for a point (P = (x,v,), P’ = (¥, y,)) € X x X, we define

1 /
PP, P') = X Yerle)
hx(x,y)

It is obvious that p, (P, Q) belongs to hx pRx p as a function of P at P € X and thus
Proposition 9, whose origin is Dedekind’s different theorem (Proposition 4.27) in [17],
shows the proposition:

Proposition 11. ep, — 1 = —degp_p (pa (P, Q)) for Q € X'\ {oo}.
Further, the direct computations provide the following proposition:
Proposition 12. For Q € X\ {oo},

[ 1 for P=Q,
Pw(PrQ)—{O for P # Qand @x(P) = @x(Q),

. 1 .
I}E‘)rolopw(P/Q>_;, Qll_I}lopw(P,Q)—oo

Remark 2. We should remark that p(P,Q) € Rx ®¢ Rx, which holds the relations in
Proposition 12 is not unique. The problem comes from the fact that there are infinitely
many different p’(P, Q) from p(P, Q) such that p(P,Q) = p'(P, Q) for @,(P) = @,(Q).

Proposition 13. For a point Q € X \ By,

lop
divp(po(P,Q)) = ) IQ+Eg—) (e, —1)B;
i—1

C€Gx 0, Q)G 7€

log
where Eg is an effective divisor such that deg Eq = Z(egl. -1)—r+1] =2g
i=1
Further, this relation is extended to the condition Q € Bx \ {oco} by considering the multi-
plicity of the action Gg,(@).-

Proof. At the ramification point B; of @, : X — P, Proposition 11 shows the third term. We
note that pp(co, Q) = 1/r. From the Riemann-Hurwitz theorem (16), there exist the first
and the second terms. [

For an element f ® f’ in Rx ®¢ Rx, we define the weight wt(f ® f’) by wt(f) +wt(f').
Lemma 17. hx(x, Ve, X', y4) is a homogeneous element in Ry ®c Rx whose weight is dj, or
—wt hx(x, Ve, X', ys) = —wt hx(x,ye) = —dj, and thus, the weight of pe is zero in Q(Rx ¢
Rx).

For later convenience, we introduce ¢« (Rx ®¢ Rx).
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Definition 13. We define a polynomial in R% ®c¢ R% such that

. . r—1 ,
h(Z,2') = g (hx (x,ye, %', y2) = Y Z)'3e: 30,
i=0 ’

and an element,
hu(2,2)

pu(Z,2') = I (Zs, Z4)

€ Q(R% ®@¢c R%).

This hy(Z, Z') is uniquely defined in the meaning of Proposition 15 4. and 16 4.

Proposition 14. When Z, = 7., hy(Z,Z') and py(Z, Z') agree with EH(Z,, Zo,Z},) in Lemma 9

and py(Zy, Ze, Z.,) in Lemma 6, respectively, p% (hy(2,2")) =z
zle

3.3. W-Normalized Differentials of the Second and the Third Kinds
3.3.1. The One-Form X on X

We construct an algebraic representation of the fundamental W-normalized differential
of the second kind in (Corollary 2.6) in [34], namely, a two-form Q(P;, P,) on X x X, which
is symmetric and has quadratic singularity as in Theorem 3.

Following K. Weierstrass [3], H. F. Baker [10], V.M. Buchstaber, D.V. Leykin and V.Z.
Enolskii [ref. [12] and therein], J.C. Eilbeck, V.Z. Enolskii, and D.V. Leykin [11], we have Q)
using a meromorphic one-form X (P, Q) on X x X for the hyperelliptic curves and plane
Weierstrass curves (W-curves). In this subsection, we extend it to more general W-curves
based on Definition 12 and Proposition 12 to introduce X(P, Q) on X x X.

Proposition 15. For a point (P,Q) € X x X,

de EX(-XP/ yOP/ on)
(xp —xq) hx(xp,yep)

de
(xp — xQ)

%(P,Q) := po(P,Q) = (20)

has the following properties:
1. Foragroup action { € Go, () 2(ZP,7Q) = (P, Q) if @, (P) = @,(Q).
2. X(P,Q) is holomorphic over X except Q and oo as a function of P such that
(a)  at Q, in terms of the local parameters to(P) = 0 and tp(P) = 0, it behaves like

dtp

%(P,Q) = (1 +d=o(tp,tg)),

(b)  at oo, the local parameter tp (tp(co) = 0), it behaves like

dtp

5(r,Q) = -

—(1+d>o(tp))-

3. X(P,Q) as a function of Q is singular at P and oo such that
(a)  at P, in terms of the local parameters to(P) = 0 and tp(P) = 0, it behaves like

dtp

(P,Q) = o — (T +d-o(tp,tg)),

(b)  at oo, the arithmetic local parameter tg, (tg(oo) = 0), it behaves like

dx dxp
— TP (14 dao(tg)) = — o (14 dso(t))-

%(P,Q) =
Ue,_IPtQ De,_ 1th
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4.  Let ES((XP, YeP,YeQ) be an element in Rx ®c Ry satisfying the conditions in Lemma 16, i.e.,
Wy (Xp, Yo, YeQ) = hx(Xp, Yo, Yo) at @x(P) = @x(Q), and let

de E/x(xP/y.P,y.Q)

2 (P,Q) = (xp—xq)  hy(xp,Yep)

Then ¥/ (P, Q) — (P, Q) belongs to the set,
H"(X, Ax) ©c H'(X, Ox(xe0)) = H'(X, Ax) ®c Rx.

Proof. Lemma 16 1 shows 1 . Noting the properties in Proposition 13 and Corollary 1, the
numerator of ¥ is zero with the first order at the points where P # Q and P € @; ! (@x(Q))
and thus, X behaves in a finite one-form there. At P = Q, the numerator is equal to one,
and thus, we have X = dxp/(xp — xg), which means X = dtp/tp(1 4 d~o(tp)) in 2.(a) and
3.(a).

Recalling ¢ : Rx — Ry in Lemma 8, let tp and tg be the local parameters at co

1
corresponding to P and Q, respectively. Proposition 12 shows I}im po(P,Q) = P whereas
— 00

lim __dxp —r(1+4d-o(tp))dtp, and thus, we have 2.(b). On the other hand, the fol-
P—oo (xp — xQ)

o r—1 tei_rk dtp
lowing Lemma 18-3 shows that X(P,Q) behaves ) ) B

4 2[77}( tP
k=1i=0 £
(1+d->o(tp)). The maximum of {e; — r}icz, is e,_1 —r, which is equal to cx — 1 due
dx ty! KX 2dtp .
to Lemma 15-4, and thus ¢« = s dtp = . . We obtain 3.b.
€r—1

Let us consider 4. Since both ¥/ (P, Q) and £ (P, Q) satisfy these properties 1-3, their
difference is holomorphic over X with respect to P, and over X \ {co} with respect to Q. It
shows 4. [

3.3.2. The One-Form X at o

Noting Lemma 8, we consider a derivation in Q(R% ® R%) for the monomial curve
Xy X Xp instead of Ry « using surjection @eo.

In order to investigate the behavior of X at oo, we consider the differential in monomial
curve Xy x Xy and element in Q(R% ®¢ R%) (rather than Q(R% Rc(z,] R%)),

az
ﬁPH(Zr, Ze,Z4). (21)
r r
hu(Zy, Za, Z,
Noting py(Zs, Ze, Z1)) = M and Lemmas 8, 6, and 17, we define
H T oy [ )
tr r—1 tei dt
Q p atp
Yy(tp, to) i= ———— - 22
H(tp, to) tb—tﬁagtgtp (22)

as an element in Q(Ry ®¢ Ry) using isomorphism ¢% and the parameters tp = 1/zp and
to = 1/zg; Xy is regarded as a derivation in Q(Rx e ®¢ Rx,c0)-
Then, the direct computations lead to the following results:

Lemma18. 1.  ¢w(X(P,Q)) = Zy(tp, tg) with the local parameters tp and tq at o, and it
shows the behavior at oo, i.e.,

Z(P,Q) = Zu(tp, tq) (1 +d=o(tp, tq))

for the local parameters at oo, tp(o0) = tg(c0) = 0.
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0 Tr— 1te+rkdt

2. forthe case |tp| < |tgl, Zu(tp, tg) ==Y Y L
k=0i=0 t

3. forthecase |tg| < |tp|, Zu(tp tg) = Z Z

P
eit+rk tp and

,and |e; — kr| # 0,k > 0.

— = te,—rk t
tb 1 oo tp rk tb
Proof. 1 is obvious. The relations — - = = Z () ,and ———
th—th,  1—(tp/tg) = \tg t —t
t 1 . oo t rk
_7Q77:_7Q (Q> show 2and 3. O
tp 1-— (i’Q/tp) tP =0 tp
3.3.3. The differential dX on X
In order to define (), we consider the derivative dX. in this subsubsection.
Proposition 16.
0
doX(P, =dxo—2X(P, 23
QX (P,Q) i= dxgz E(P,Q) (23)

has the following properties:
1. doX(P,Q) as a function of P is holomorphic over X except Q such that
(a) at Q, in terms of the local parameter tp(Q) = 0, it behaves like

dtpdtQ

doZ(P,Q) = (1+d-o(tp)),

P
(b) at co, in terms of the arithmetic parameters tp and tg, it behaves like

r—1

th
dQZ(P Q) = rt dtpdtQ(l +d-o(tp, tQ))

Q
and dg% (P, Q) is holomorphic at co.
2. doX(P,Q) as a function of Q is holomorphic over X except P and oo such that
(a) at P, in terms of the local parameter to(P) = 0, it behaves like

dtpdt
doZ(P,Q) = —52

(1 dalio),

(b) at co, using the arithmetic parameter tQ(oo) = 0, it behaves like

1
?XprdtQ(l + d>0(tQ)).
Q

doZ(P,Q) =

3. We have the following relations,
(@  doZ(P,Q) —dpZ(Q,P) € H(X, Ax(xc0))?¥c,

(b) fQ: S(P,Q) =0,

(©) ﬁ)(/Q dQ/Z(P,Q)) - ]i:wz(p,Q) = 270v/~1, and

4. For¥/(P,Q) defined in Proposition 15 4, we have

do¥! (P, Q) — doZ(P, Q) € H(X, Ax) ®c dH"(X, Ox(xo0)) = H*(X, Ax) ®c dRx.
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Proof. 1.(a), 2.(a), and finite part of 3.(a) are directly obtained from Proposition 15. The
properties of d¥. on Xy X Xy determine the behavior at o in the following subsection,
Section 3.3.4.

We use the facts: de£ = dth, and dtQ%té =/ téﬁldtQ. Lemmas 19 and 18

show 1.(b), 2.(b) and the behavior at oo of 3.(a). Lemma 18 3 shows 3.(b).
Lemma 23 shows 3.(c), and Proposition 15 4 shows 4. [

It means that there exist F;5 (P, Q) € Rx ®¢ Rx such that

FdZ(P/ Q)de ® dXQ

doX(P, = .
Q=(P,Q) (xp — xQ)2hx (xp,Yep)hx (XQ, YeQ)

(24)

3.3.4. The Differential dXy on Xg

Noting Lemma 8, we also consider dX. as a two-form in Q(R% ®¢ R%) and the mono-
mial curve Xy x Xp instead of Rx .
We consider the differential of (21),

Aty = dZl — O %H(Z”Z"Zi)
0Zy (Zy — Z}) hy(Zy, Ze, Zo)

which is equal to

er

hi(Zr, Zo, ZL,) iz, 3
7 — 7)) -

h
W (Zr, Ze,Zs)  (Zy — ZD)hp(Zy, Za, Za) OZ;

h (Zr/ ZO/ Z )

We recall the correspondence between z of Ry and t of Rx « in Lemma 8. Using (22),
we have
d tb —1 te' di’p

dQu(trito) = —dtog - s Z i

Lemma19. 1.  We have the equality:

dtpdto = ty

doZa (tp, tQ) = oot L5 — (e —7) &
Q H(P Q) (tb*t%)ztth Z e’tg—Zr (61 r)te,‘*r

i=0

2. Forthecase |tg| < |tp|, we have the expansion,

r—1 oo pei—rk=1
dQZH (i’p, i’Q) = di’pdtQ Z Z —(ej — kr)tl;i*W . (25)
i=0 k=1
Q

3. For the case |tp| < |tg|, we have the expansion,

HM\

I te i+rk—1
dQZH (tp, tQ) = dtpdt g e, + kr) m (26)

Q

9 rt’ 1 L
Proof. 1: Using the relation, - Q —=|r—= Qr - Q - = — QrPZ , We
) dtq by — o=t =t (th — )2
ave

rth 'St Sty 1 dipdig
dQZH<tP’ tQ) = oo Z e;—r + Z ¢i ei—r | {4 :
Q~'p t Q

i=0 tQ i=0 g p trtg
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The relation rt}, + ¢;(t, — t5) = e;ty — (¢; — r)t}, enables us to obtain 1.
1 d 1

2: Since A0 —dx(ion) — k;kxk’l, for a polynomial H(tp,to) € Cltp, tg),

we have
r(k 1) r(k 1) oo r(k 1)
H(tp,fQ) _ tp,tQ Zk Q _ H(tp,fQ Zk Q Z
(tr _ )2 t27 k 1) 12r (k—1) ’
QP P k=1 t =N+ P

and

1 i r(k+1)—1 tel rk—1
— P .
dQZH(i‘p, tQ) = dl‘pdtQ Z Z ke; teifr(kJrl)Jrl —k(e; — 7’) tel—i’k-‘rl . .
The relation (k — 1)e; — k(¢; — ) = —(¢; — kr) shows 2. Similarly, we prove 3. [

Lemma 20. dQZH(tp, tQ) —dpXy (fQ, tp) is equal to

2¢;— 2¢;— 2¢j _ 42¢
e e i ) CE )(t;—th).

Q
dtpdtg Z (1 )tel—r+lte,—r+1

Q Q
When tp = tg + ¢, it vanishes for the limit ¢ — 0.
Proof. The direct computations show them. O

For the case |tg| < |tp|, noting @e (hx(P)) = rt;dh, and Qoo (dxp) = rtp" dtp, (25)
in Lemma 19 leads to the expression,

do¥ dtp dig |y~ 3 kr )50 T 27

0% (trito) = ity Z Z —REG e 27)
P Q =0 k= Q

Lemma 21. Letting HE = = {d, — ¢ +k1’ |i € Zy,k € No,¢; — (k+1)r > 0}, and Hg(g)* =

{d, +ei—r(k+2)]| dh - el—l—rk e H®)}, we have
AY ¢ fy, BY iy, #09 —g #197 — g

Proof. H(®) corresponds to the weight of ¢; consisting of H’(X, Ax) and thus H gf ) c Hy
and its cardinality is g. On the other hand, the condition in H(®)* means that dj, 4 ¢; — r(k +
2) > (d —r+1)+ (¢ — ) > Cx + tx because of ¢x + tx —2 = d;, — r — 1 from Lemma 15.
Thus, H®)* ¢ HX, and #H)(f)* =g 0O

Since the order of the singularity of Xy (tp,tg) attg = c0iscx —1 = ¢,y — 1, we
introduce the two-form,

e;—rk—1
(0 _ v
Q (fp,fQ) dtpdtQ ZO kzl ((ei_kr)te,—rk—H)
dp—ej+rkeHS) Q

Lemma 22. Qg)(tp, tg) := dZy(tp,tg) — QI(L(I)) (tp,tq) has no singularity at to = oo.
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Lemma 23. Then each term in Qg) (tp,tq) has the property,

6} te,-fkrfl
P —
Bol ek et dtg = —27V/=T,
Q

Lemma 24. For i € Z, and k € N such that H®) > dj, — ¢; + rk, there are ¢j (j < g)and fﬁj/
(j/ > ) such that

. (W’f) = — = (=1 =r=1g¢(1 4 d_o (1)),

pjdx dt tindt
(Poo< hx = _tei—TH(l + d>0(t)) == pdpt+ei—(k+1)r+(r+1) (1 + d>0(t))‘

Proof. Lemma 21 shows the existence. [

3.3.5. W-Normalized Differentials of the Second Kind
We introduce the W-normalized differentials of the second kind using this doX. (P, Q).

Definition 14. We consider a sufficiently small closed contour C, at . Let D, be the inner side
of C¢ = 9Dy, including oo, and €' be a point in Dg such that ¢ # oo. For differentials v and v' in
H'(X, A(*00)), we define a pairing:

P

() = fim 5 f (/ V(Q))V’(P)-

The following is obtained from the primitive investigation of complex analysis on a
compact Riemann surface [26].

Lemma 25. (v,v') = —(V/,v), and (v,v") does not depend on «.

Definition 15. We define the pre-normalized differentials v € HO(X, Ax(x0)) of the second
kind (i =1,2,...,g), which satisfies the relations (if they exist)

(v, 71") = &, (7, 7]") = 0. (28)

It is obvious that from Lemma 13 2 and Lemma 24, 17]1»1 with j/ in Lemma 24 expressed

]'/
Y ajipidx
S _ =0
asv; = ——.
! hX (x/ Ye )
Noting Proposition 16 3.(b), we have the following relations:
Corollary 2. 7!l = de, wttll = —2, and wttll = —cx.
£ hx(x,y.) & 1

Proof. —wt(fg) + wt(¢e_1) = 2 and thus

1 O T WA _
27_[\/_717{</ hx(x’,y’.)dx ) hx(x,y.)dx =21/ 1.
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On the other hand, —wt(¢g) = dj, — 7 + 1 — cx in Lemma 15 means

Pod
wtv{ :wt(%x> =cx — 2.

hx(x, y)
Hence, wt 17%1 = —cx and we obtain
. dodx ., 1 dt
"= ](’)IX r 90 e (I+doo(t), dx = 7oz (1+doo(t).

O

Theorem 1. There exist the pre-normalized differentials V]I-I (j=1,2,---,g) of the second kind
such that they have a simple pole at oo and satisfy the relation,

MOQ

dX(P,Q) —dpZ(Q,P) = ) (v/(Q @]'(P) — vl(P) @ ](Q)), 29)

l
—

where the set of differentials {vil, vl Vi, - -, vg} is determined modulo the linear space spanned
by (v >] 1,....g and dRx.

We call these I/ZH 's W-normalized differentials of the second kind (In Onishi’s articles and
our previous articles [ref. [4,13,14,32,35] and references therein], the definition of W-normalized
differentials v'! of the second kind differs from this definition by its sign. The difference is not
significant but has an effect on the Legendre relation in Proposition 18 and the sign of the quadratic
form in the definition of the sigma function in Definition 21).

Proof. Noting Proposition 17, Lemmas 22 and 23 show the facts. [J

Theorem 2.

8
(H(X, Ax(x00))/dH’(X, Ox(x0)) = EP(Cv} & Cv}')
i=1

and thus, dime (HO(X, Ax (¥00)) /dH?(X, Ox(x00)) = 2g.

Proof. Itisobvious that dH? (X, Ox(*00)) C HO(X, Ax(¥0)); (j : dRx — H(X, Ax(*c0))).
We recall Lemma 13 2 and 7. HY(X, Ax (%)) \ H?(X, Ax) is the set of differentials of the
second kind. In other words, there is no differential with the first-order singularity at oo.
hxdg;
The embedding j is realized by j : d¢; — );1 P Let Hyr, := {wt(j(d¢;)) | i € No}. Then
X

Hyr, C —Nand #((—N) \ (Hgg, +1))) = g, whereas #H = g. Thus #(Hy \ Hzr, ) = 2g.
Due to the Riemann-Roch theorem, for every ¢ in H, there is an element k in (—N) \
(Hgry +1) such that £ + k = 0. It shows the relations. [

8
Lemma 26. dp,% (P, P,) + ) vl (Py) ® v(Py) is holomorphic over X \ { Py} as a function of Py
i=1
and is holomorphic over X \ { Py} as a function of P,.

Proof. From Proposition 16, dp,X.(P;, P») is holomorphic over X \ {P,} as a function of P;
whereas dp,X.(Pj, P,) is holomorphic over X \ ({ P>} U {co}) as a function of P,. The order
of the singularity at Q = oo is 2g and thus can be canceled by v'(P,). Since the numerator
of dp,X(Py, P,) in (24) consists of the elements in Rx ®¢ Rxdx; ® dxp, from Proposition
16, there is no term whose weight is —1 in d pZZ(Pl, P,) as a function in Q. Noting the

homogeneous property of /iy from Lemma 14, we have the result. [J
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Theorem 3. 1. The one-form,
vp! p, (P) :=%(P,P) — %(P, P2),

is a differential of the third kind whose only (first-order) poles are P = Py and P = P,, with
residues +1 and —1, respectively.
2. The symmetric two-form,

8
Q(Py, P) :=dp, X (P, P) + Y_vi(P) @ v (Pa), (30)
i=1

is the fundamental differential of the second kind, which has the properties:

@  Q(P,Q) =0(QP),
(b)  forany ¢ € Gea,(P)/ Q(ZP,2Q) = Q(P, Q) if @, (P) = @,(Q),

(c) Q(P, Q) is holomorphic except Q as a function of P and behaves like
dtpdtg
O(P,Q) = ———5 (1 +dso(tp, tg)),
( Q) (fp — tQ)z( >0( P Q))
(d)

IH
/Pz VO1,Q = / /

Proof. 1 is directly obtained by Proposition 15, and 2 is obvious from (29) and Proposi-
tion16. [

We note the W-normalized differentials of the first kind and the second kind in
Definitions 9 and 15.

Definition 16. 1. 1/11311 p, is called the W-normalized differential of the third kind
2. Q(P,Q) is the W-normalized fundamental differential of the second kind and when it is

expressed by
Fa(P,Q)dxp @ dx
Q(Py, Py) = “2( Q)dxp ® dxg , (31)
(xp — xQ)?hx(xp, Yer)hx (X0, YeQ)
where Fq is called Klein fundamental form in Rx ®c Rx.
Lemma 27. We have Fo (P Py)
s = a(P2). (32)

Pi—veo o1 (Py) (1 — x2)2
Proof. The expression (30) and Corollary 2 give the result. [

For the connection of these algebraic tools with the sigma functions, we define I'1

b .
Q1 Q- Pz

= [P0 -z, + ) [ e [T,

) i1

(33)

It has the properties.

P1 Pz _ _ 1P PP 1Q1.Q2
Lemma 28. H = 01,057 HQ]rQZ = HPl/PZ .

We have the generalized Legendre relation given as follows. (The sign of this relation
depends on the sign of the W-normalized Abelian differentials of the second kind because
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there are variant definitions). =~ We introduce the homological basis {«;, ,Bi}izl,.../g of
Hy(X,Z) satisfying

(wi aj) = (i, Bj) =0, (i, Bj) =0 (i,j=12,...,8) (34)

Definition 17. We define the complete Abelian integrals of the first kind and the second kind by

/ 1 " 1 / 11 " 11
W:: 1= / v;, W:: 1= / v:. P — / v, L= / Vi,
] “‘ 1 ij .Bj 1 771] % 1 171] B; 1

] ]

and the Jacobian (Jacobi variety) by Jx := C8/T'x withx; : C8 — Jx and T'x := (', w") 7.

Proposition 17. If by using X' (P, Q) defined in Proposition 15 4, we define {vinl}i:l/“_/g, these

vl and vV give the same period matrices in Definition 17.

Proof. From Proposition 16 4 and Theorem 1, it is obvious. O

Let vgllog be the normalized Abelian differential of the third kind, i.e., ?{ vgllon = 0[26].

The following lemma corresponds to Corollary 2.6 (ii) in [34].
Lemma 29.

M = f e S [, o
where vy = n'w'~and 'y = +.
Proof. See Proposition 5.1in [4]. O

Proposition 18.

(U” t17/ It n — \/71g,

where 14 is the unit ¢ x g matrix.
The following matrix satisfies the generalized Legendre relation:

[ 20" 20" Ig 1oy, 27 1g
e[y bl MeeAL M) e

Proof. It is the same as Proposition 5.1 in [4]. O

From Definitions 14 and 15, we have the following corollary, which is the dual of the
homological relations (34):

Corollary 3. <1/11,1/]> (v, 1/]H> 0, (v}, 1/ Iy = Sijfori,j = 8

The Galois action on the basis of the Homology H; (X, Z) shows the actions of these
period matrices (w’, w”) geometrically:

Lemma 30. If X is the Galois covering on P, for the Galois action Z € Gy, ie., Z: X — X, its
associated element pz of Sp(2g, Z) acts on (', ") and (n', 1) by

(o', @) = (") g C0r ") = (' ") g

and the generalized Legendre relation (35) is invariant for the action.
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Proof. Due to the definition of Sp(2g, Z), we have tpg:(lg _1g> th = <1g _1g> and

thus, (35) is invariant. [

4. Sigma Function for W-curves
4.1. W-Normalized Shifted Abelian Integrals

Since the non-symmetric W-curves have the non-trivial Rx-module, Ry in Definition 9,
(and properties in Proposition 10), the Abel-Jacobi map [26] for Rx naturally appears.
Let X be the Abelian universal covering of X, which is constructed by the path space of
X; kx : X — X with 1y : X — X. Thus, recalling Definitions 8 and 10, we introduce
the shifted Abelian integral w,; and the Abel-Jacobi map ws as an extension of the W-

~ = ~ . 1 -
normalized Abelian integral w : SkX — €8, (v, ) = Z/ 1/I>, w° = Ea/*lw,
i i

b
and the Abel-Jacobi map w : SkX — Jx, (w(P1, P = Z/ VI>, w® = %w’_lw as
l' [ee]

mentioned in [5]:

Definition 18. We define ws and ws by

1

k k
We: KX — C8, @Ws(y1, -, ) = < W’Yf)) +W(1xRs) = Z/ v+ v,
=1 =17

lxﬁs
Ws 1= Kj O Ws O LY : SkXH]X,
and wg and wg by
~ 1 . > 1
Wy = Ew’*lwﬁ 1SFX - €8, wl = Ew’*lwﬁ SEX = [y = C8 /Ty, Ty =« 'Tx.

~0 ~

For symmetric numerical semigroup case Hx, ws = w, wy; = w°, ws = w, and
wg = w°.

For given a divisor D, let | D| be the set of effective divisors linearly equivalent to D
and identified with H(X, Ox(D)).
Definition 19. We define the Wirtinger varieties by

WE = w(S¥X), W§ , := ws(SKX) C Jx, Wy = w°(5"X), WK, == w2(S*X) C J3,
and their strata,
k1. k1 . k1. _ o k1 . o
Wyl == w(SEX), Wy, i=ws(SiX), Wy':=w°(SkX), WY, :=w(SiX),

where S, X := {D € §"X | dim |D| > m}.

_ We would encounter several results that are obtained via the embedding tx : SKX —
Sk¥X. For such cases, we sometimes omit 1y for maps w o tx and ws o 1x, e.g., for wo iy :
SkX — €8, we simply write W(Py, P, ..., P) rather than @(tx(Py, Py, ..., Px)).

4.2. Riemann Theta Function of W-Curves

The Riemann theta function, analytic in both variables z € C8 and 7 := ' 1" is
defined by
1
0(z,1) = Y exp <2m/—l(tnz + ztnrn)>. (36)
nezs
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(For a given W-curve X, we simply write it as 6(z) = 6(z, T) by assuming that the Homology
basis is implicitly fixed.) By letting I'S; := (1, )7 and [ := C8/T%, the zero-divisor of §
modulo I'§ is denoted by ©% := «; div(f) C 5.

The 6 function with characteristic &', 8" € R¢ is defined as: (there is another definition,
e.g., in [7,8], in which 6" and ¢’ are exchanged in our definition)

5//
) [5,} (z1) =Y exp [nV/=1{(n+ ") t(n+ ")+ 2 (n+6")(z+ ") }]. (37)
nezsd
We also basically write it as 0[0](z) = 6[d](z, 7).
The shifted Abelian integral wg and the Abel-Jacobi map w in Definition 18 lead to
the shifted Riemann constant [5]:

Proposition 19. 1.  Iftx in Definition 8 is not zero or X is not symmetric, the Riemann constant
Cx is not a half period of T'%.
2. The shifted Riemann constant {x ¢ := Cx — Wg (1x KRs ) for every W-curve X is the half period

of I'.
3. By using the shifted Abel-Jacobi map, we have

0% = w2 (S8 1X) + ¢x s modulo T,

ie., for P; € X, 0(wg o ix(Py,..., P

o—1) + Ex,) = 0 for every W-curve X.
4. The following holds

O% = w2(S87IX) + &x s = w(S871X) +&x  modulo T,

5. There is a 0-characteristic dx of a half period, which represents the shifted Riemann constant
i

. ~ . 1)
Cx,s, Le., 0[0x] (%a)’_lws o lx(Pl,...,Pg_1)> =0,ie, 6x = LS;(} Ixs = 0% + X0y
X

modulo T'.

The following comes from the investigation of the truncated Young diagram and the
Schur polynomials in [14]; though we did not consider the Young diagram associated to
the plane curve in the paper [14], the investigation is easily generalized to general Young
diagrams associated with any numerical semigroups (c.f. Lemma 1). Thus, we state the
facts without proofs.

Proposition 20. For the Young diagram Ay associated with the numerical semigroup Hx of genus

g, an integer k (0 < k < g), and the characteristics of the partition ongl((] = (Ay1, DNks2r - Ayg)
= (an,...,a2,81; by, ..., bo, by), (nj := L the rank ofrA[k] ), the following holds:
X X

1. NY(g—k—i)—N(i—1)(i=1,2,...,ny) is an element of the gap sequence H$,, thus let
N‘(Ll[k]) = N% (g —k—1i)— N(i— 1), and then we have

AgiL[k] +g-— Ll[k] =a;+b+1

foreveryi=1,...,ny, and
2. ¥ =k+1

Definition 20. Let Index(g, ¢) := {1,...,g}". We define the sequences tix x (simply ty) and hg?k
(simply b,((i) ) as elements in Index(g, ny) given by

meo= e = (L, L0y, e =00 = G\ {1 U
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Let us consider C[uy, ..., ug] and the symmetric polynomials, e.g., the power symmet-
1 {
ric polynomials, Tk(e) = % 2 ui-‘ foru = f(uy,... Jug),and Ty = Tk(g).
i=1
For a Young diagram A = (Ay, Ay, ..., A,), the Schur function s, is defined by the
ratio of determinants of n X n matrices [14],

'A]‘-‘rn—j

| |

j—1
|u1‘ |

sa(u) =

When A is associated with the semigroup H as in Section 2.1, it can be also regarded as a
function of T = f( TAy+n—1,---,Ta,) [14], and thus, we express it by

SA(T) = sa(u).

We recall the truncated Young diagrams Aglg) and Ag]? for the Young diagram Ax
associated with the W-curve X in Definition 1. We define ulXl = (u[lk],. . .,ug{ ]), where
ulfl = 70 and let

i T AAg—
Ky .— (k)
500 (W) =5 o (T )|T<Aki)+g7i:ul[k]'
We also write the decomposition, ul8) = ulK - uls#l € ¢s.
Proposition 21. For fx  in Definition 20,
s (09 = e, [ TT 2 | spw D] 38)
X 4 i€ﬂx,k aulg X u[g]:u[ ]

Following Nakayashiki’s results in [19], we state the Riemann-Kempf theorem [27,35]
of the W-curves.

Proposition 22. For u € C8 and a multi-index | C Index(g, £), we define 9y := H % Let Ax
je] 9%
be the Young diagram of the W-curve X and for given k € {0,1,...,g}, let Ax = A[}lg] U Ag?). For
every multi-index I = {ay, ..., an} € Index(g,m), m < ng =7, 1, Ng:= |Ag’§} |, and u € @,
X

1. 9/0((2w')tu+¢&x,T) = 0, whereas BJXkB((Zw’)’lu +8x,T) #0,
2. for € < Niaj 6((2w') 'u+§x, ) = 0, whereas 622‘9((2w’)_1u +¢x,7) #0.

Proof. See Corollary 3in [19]. O

4.3. Sigma Function and W-Curves

We now define the sigma function following Nakayashiki (Definition 9) in [19]. We
remark that due to the shifted Riemann constant, our definition differs from Nakayashiki’s
so that our sigma function has the natural properties, including the parity and Galois
action and the fact that the point of expansion by Schur polynomials is also shifted, as
mentioned in Theorem 4. In other words, we employ some parts of the definition of the
sigma function by Korotkin and Shramchenko [18], who defined several sigma functions
with spin structures based on Klein’s transcendental approaches.
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Definition 21. We define o as an entire function of (a column-vector) u = Y(uy,u,
L ug) € C8,

1

€00 ©XP(3 by’ u)9 5/} (3o W' W)

oclu)=c(u;M) =

5//

EAbx0 exp(% tu']/whl u) (39)
5" _ _
alx,og[(;/}(%wl 0 w0 um iy )

x Y exp [nv/—1{(n+ 8w W (n+68") + (n+6") (' tu +26)}],

nezs

where e . is defined in (38) and bx o is defined in Definition 20.

Then, we have the following theorem, i.e., Theorem 4.

It is worthwhile noting that the following (41) obviously leads to the Jacobi inversion
formulae on the Jacobian Jx and its strata as mentioned in [4,6,13,14]; though we omit
the inversion formulae for the reason of space, we can easily obtain them as its corollary

following [13,14]. Since Hg% in (41) can be expressed in terms of Ry in (33), we can repre-
sent the elements of Rx by ujsing the differentials of the sigma functions. More explicitly,
since the Jacobi inversion formulae on [x provide that the multi-variable differentials of the
sigma are equal to the meromorphic functions of Rx as predicted in [16], they imply that
if the formulae are integrable, the sigma function is, in principle, obtained by integrating
the meromorphic functions on S8X; since the integrability is obvious, the sigma function
for every W-curve can be, in principle, algebraically obtained as the elliptic sigma func-
tion in Weierstrass’ elliptic function theory. They also show the equivalence between the
algebraic and transcendental properties of the meromorphic functions on X. The sigma
function is defined for every compact Riemann surface by Nakayashiki following Klein’s
construction of his sigma functions [9]. Klein defined his sigma functions using only the
data of hyperelliptic Riemann surfaces, following Riemann’s approach. On the other hand,
Weierstrass criticized Riemann’s approach and insisted on the algebraic ways, associated
with Weierstrass curves (see Weierstrass’s words in a letter to Schwarz (Werke II, 235) cited
by Poincare [36]:“Plus je réfléchis aux principes de la théorie des fonctions—et c’est ce que
je fais sans cesse—plus je suis solidement convaincu qu’ils sont batis sur le fondement
des vérités algébriques et que, par conséquent, ce n’est pas le véritable chemin, si inverse
ment ou fait appel au transcendant pour établir les théoremes simples et fondamentaux de
I’Algébre ; et cela reste vrai, quelque pénétrantes que puissent paraitre au premier abord
les considérations par lesquelles Riemann a découvert tant d’importantes propriétés des
fonctions algébriques”. (“The more I think about the principles of function theory—and
I do continuously—the more I am convinced that this must be built on the foundations
of algebraic truths [my emphasis], and that it is consequently not correct to resort on the
contrary to the ‘transcendent’, to express myself briefly, as the basis of simple and funda-
mental algebraic propositions. This view seems so attractive at first sight, in that through it
Riemann was able to discover so many important properties of algebraic functions” [37])).
Unifying Klein’s and Weierstrass’ views, Baker reformulated Klein’s sigma functions after
defining explicit algebra curves and connected the sigma functions and the meromorphic
functions of the curves as in Weierstrass’ elliptic function theory [10]. Thus, we empha-
size that the following theorem implies completing Weierstrass’ program by succeeding
Baker’s approaches.

Theorem 4. o (u) has the following properties:

1. it is modular invariant,
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2. it obeys the tmnslationalformula'for u,v e C8 and l (= 2wl +20"0") € Tx), if we
define L(u,v) :=2"'u(y'v' +5"0"), x(¢) := exp[nv/=1(2("¢'8" —10"8") +-10'0")], the
following holds

o+ ) = ou) exp(L(u+ 26, 0)x(0), (40)

3. its divisor is Ky @Xs C C8, where @y s := ws(S$71X) C Jx,
4. it satisfies the ]ucobz—Rzemann fundamental relation, for (P,Q,P;, P!) € X x (S8(X) \

SF(X)) x (S8(X) \ (X)),
u:=wg(Py,...,0), v:=ws(P,..., D)

(41)
O'(Z’B(P _@5(P1/"'1Pg )U(@(Q) ws(P P,))

o((@(Q) = @a(Pr, - Pe))o(@(P) — @s (P, Py))’
which generates the Jacobi inversion formulae for SkX,

5. the leading term in the Taylor expansion of the o function associated with X, with normalized
constant factor c, is expressed by the Schur function of Ax

U’(M + @(lxﬁg)) = SAX(T)|TAl-+g—i=”z‘ + Z au®,
lwg (@)[>[Ax|

where a, € (C[/\ij], w = (ar, ., ag), u* = u'i‘l . ug , and wg Zoc wt(u;). Here,
SA(T) is the lowest-order term in the w-degree of the u;; o(u) is homogeneous of degree |Ax]
with respect to wt,

6. o(—u)==+o(u),and

7. IfT € Gy satisfies ' = id, and {|jo(u +0)/o(u)] = o(u+€)/o(u) for ¢ € Tx and
u € C8, the action provides the one-dimensional representation such that

where pg =1

Proof. 1 and 5 are obtained by Theorem 13 in [19] by noting the difference of the definition
of our sigma function in Definition 21 from Nakayashiki’s (Definition 9) in [19]. 3 is due to
Proposition 19. 2 is standard and can be obtained by direct computations [13]. 4 is the same
as Proposition 4.4 in [13]. 6 and 7 are the same as Lemma 3.6, and Lemma 4.1 in [35]. O

4.4. Conclusions and Discussions

We have considered the Weierstrass curves (W-curves), which are algebraic expres-
sions of compact Riemann surfaces; the set of W-curves represents the set of compact
Riemann surfaces.

By using the algebraic tools we constructed in this paper, we have a connection
between the sigma function for W-curve X and the meromorphic functions on X as in
Theorem 4. Since the Jacobi inversion formulae via Theorem 4 4 are given by the differential
identity, integrating it, in principle, it provides that the sigma function is constructed by an
integral formula of the meromorphic functions on the W-curve X. In other words, we give
an algebraic construction of the sigma function, or so-called the EEL-construction [11] in
this paper.

It is noted that this construction is based on our recent result on the trace structure of
the affine ring Rx [17].
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Further, we also discuss the mathematical meaning of our result as follows. We also
note that for an ordinary point P in every W-curve Y with Hy at co € Y of genus g, the
Weierstrass gap sequence at P is given by the numerical semigroup H® = {1,2,--- , g}, and
there is a W-curves X, which is birationally equivalent to X such that co € X corresponds
to P € Y and Hy, = H°. Then there appear two sigma functions oy for the W-curve Y with
non-trivial Weierstrass semigroup Hy and ox for the W-curve X with Hx = H. By some
arguments on the both Jacobians [x and [y, we find that ox and oy, due to the translational
formulae and so on, are the same functions, and the both sifted Abelian integrals agree.
Then the above theorem (5) means that we have the expansions of the sigma function at
the Abelian image of the ordinary point P in Y. It means that the problem of finding the
expansion of the sigma function for a point u in Jacobian Jy is reduced to the problem that
we should find the birational curves associated with the preimage of the Abelian integral.
Since in Weierstrass’ elliptic function theory, we often encounter the reductions of the
transcendental problems to the algebraic problems, we also remark that this reduction has
the same origin, i.e., the equivalence between algebraic objects and transcendental objects
in the Abelian function theory.

With Theorem 4, we recognize that this theorem is the goal Weierstrass had in mind,
and at the same time, with it, we also recognize that we finally reached the starting point
for the development of the Weierstrass program to construct an Abelian function theory for
every W-curve X as in his elliptic function theory.
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