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Abstract: The main goal of this article is to study the behavior of solutions of non-stationary problems
at large timescales, namely, to obtain an asymptotic expansion characterizing the behavior of the
solution of the Cauchy problem for a one-dimensional second-order hyperbolic equation with periodic
coefficients at large values of the time parameter t. To obtain an asymptotic expansion as ¢t — oo, the
basic methods of the spectral theory of differential operators are used, as well as the properties of
the spectrum of the Hill operator with periodic coefficients in the case when the operator is positive:
Hy > 0.
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1. Introduction

We study the behavior of the solution for |x| < b and t — oo of the following
Cauchy problem:

ug(x,t) — (p(x) ux(x,£))x +q(x) u(x,t) =0, (x,t) € Rx{t>0}, 1)

us(x,t)]=0 = f(x),

where the functions p(x) and ¢g(x) are periodic with period 1,

u(x,t)]i=o =0, x € R, )

p(x+1) =p(x) > const >0, g(x+1)=gq(x)>0.

We also assume that the functions p(x) and g(x) are continuous or have a finite
number of discontinuities of the first kind on the period, f € C{®(R), supp f C [0,1], bis
an arbitrary fixed constant.

The behavior (as t — o0) of solutions to problems similar to the problem (1) and (2)
with p(x) =1, and of the corresponding multidimensional problems under the condition
that the potential differs from a constant by a finite function tends to a constant sufficiently
fast at infinity, has been studied in many papers, see, for example, [1], and the bibliography
there, as well as other papers.

In this regard, we note the paper [2], in which was received the asymptotic expansion
(for t — oo and |x| < a < o0) of the solution u(x, t) of the following Cauchy problem:

up(x, ) — uxx(x,£) + (0o + qo(x))u =0, (x,t) € Rx {t >0},

u(x, t)|=o = @(x), ur(x,t)|i=0=9(x), x€R,
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where the initial functions are finite, ¢(x) € C2(R), ¥(x) € C!(R), and under weaker
restrictions on the potential g(x) = g + go(x), where ag = const and go(x) is a real-valued
continuous function for all x € R, and for some k > 1, satisfies the condition:

too
[ a0 < e
In [3] studied the following Cauchy problem:
up(x,t) — (a(x) ux(x, 1))y =0, 0<ap<a(x)<Ay<+oo, (xt)€Rx{t>0},

u(x,t)le=0 = @(x), wi(x,t)li=0=0, xeR,
for which, under certain assumptions on the tension coefficient a(x), such as:

1 [t

— la'(x)|dx < 1,

ap J—oo
sufficient conditions for the stabilization of the solution u(x, t) as t — 400 uniformly in x
on any compact set, as well as necessary and sufficient conditions for the stabilization of
the solution u(x, t) in the mean where obtained.

In the note [4], it is proved that a perturbed Hill operator with an exponentially
decreasing impurity potential has a resonance (or an odd number of resonances) in every
sufficiently distant lacuna on the second (“non-physical”) sheet.

In [5], the problem of scattering by a one-dimensional periodic lattice p(x) with
impurity potential g(x) is considered. Based on the asymptotics of scattered waves, a
stationary scattering matrix is constructed, its properties are studied, and it is shown that
it coincides with the non-stationary scattering operator defined in the usual way in the
quasi-momentum representation of the unperturbed operator Hy. The inverse scattering
problem is also solved, i.e., the problem of recovering q(x) based on p(x) and the scattering
data. Here the author follows the scheme proposed in the paper by V. A. Marchenko and
L. D. Faddeev. However, to solve the inverse problem in the presence of a periodic lattice,
it requires significant modifications of classical arguments. The theory of so-called “global”
quasi-momentum serves as analytic basis. In this article, conditions on the scattering data
are also found, necessary with a finite second moment, and sufficient for the existence of a
unique impurity potential with given scattering characteristics and a finite first moment.

One of the key papers is [6], in which the large-time asymptotic behavior of the
Green’s function for the one-dimensional diffusion equation is found in two cases. In the
first case, when the potential is a function with compact support, the asymptotic behavior
of the Green’s function is expressed in terms of the elements of the scattering matrix of
the corresponding Schrodinger operator for negative energies on the spectral plane. In the
second case, when the potential is a periodic function of the coordinates, the asymptotic
behavior can be expressed in terms of the Floquet-Bloch functions of the corresponding
Hill operator for negative energy values on the spectral plane. The results obtained are
used to study diffusion in layered media at long times. The case of external force is also
considered. In the periodic case, the Seeley coefficients are found.

In [7], the behavior at large time ¢ of the solution of the Cauchy problem for a hyper-
bolic equation with a periodic potential g(x) was studied.

The main difference of this article from the above papers is that the case of periodic
coefficients p(x) and g(x) is considered here. Papers where the coefficients p(x) and
g(x) are periodic were not known until our investigations [8,9] appeared, in which the
main results are published in the form of short communications. In the same papers, the
behavior of the solution of the Cauchy problem for both homogeneous and inhomogeneous
hyperbolic equations, as well as the behavior of the solution of a mixed initial-boundary
value problem for the same equations, are studied.
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Paper [10] deals with the numerical study of the simple one-dimensional Schrodinger
operator — 9y + ag(x) with « € R, g(x) = cos(x) + ecos(kx), e > 0 and k is irrational.
Here the quantum wave function of an independent electron in a crystal lattice perturbed
by some impurities is determined, the dissemination of which induces only a long-range
order, which is transmitted using a quasi-periodic potential 4. Here the author numerically
studies what happens for various values of k and ¢, and it turns out that for k > 1 and
e << 1, that is, when more than one impurity appears inside an elementary cell of the
original lattice, “impurity bands” appear, which seem to be k -periodic. When & grows
bigger than one, the opposite case occurs.

We also note paper [11], which investigates a simple one-dimensional model of an
incommensurable “harmonic crystal” in terms of the spectrum of the corresponding
Schrodinger equation. The paper shows that the lower spectrum of the operator is di-
vided between “Cantor-like bands” and “impurity bands”, which correspond to critical and
extended eigenstates, respectively. Numerical experiments were also carried out, which are
performed both for stationary and non-stationary problems.

The spectral properties of the Hill operator were studied in [4-6,12-16].

In this article, we present the full proofs of the results announced in [8], which were
also presented at the international conference in Cyprus [17] ICMSQUARE 6: Interna-
tional Conference on Mathematical Modeling in Physical Sciences, 25-29 August, 2017,
Pafos, Cyprus).

Let us describe the scheme of investigation of the Cauchy problem (1) and (2). Using
the Fourier transform, we reduce the Cauchy problem under consideration to a stationary
problem, then we write the solution in terms of the resolvent of the Hill operator and do
the inverse Fourier transform. In the resulting integral, we shift the integration contour
to the lower half-plane, bypassing the branch points of the resolvent of the Hill operator
(these points are at the ends of the spectrum zones), and find the asymptotics of the
resulting integral.

Notations: C§°(Q) is the space of infinitely differentiable functions in the domain ()
and compactly supported in Q; L2(Q) is the space of measurable functions in Q for which

1/2
s L2(Q)]| = (/ |u|2dx) < co.
O

The Sobolev space H!(Q) in Q) is defined as:
HY Q) = {u: uecl?(Q),Vuc L?>(Q)},
provided with the norm
|| HY Q)2 = [[u; L) + [V L2 (Q)] >

2. Definitions and Auxiliary Statements

Definition 1. A function u € C*>(R x {t > 0}) is called a periodic (anti-periodic) solution of the
Cauchy problem (1) and (2), if it satisfies the relation:

u(x +1,8) = (=1)u(x,t)

forany x € Rand t > 0, with j = 0 and j = 1 in the case of periodic and anti-periodic solutions,
respectively.

Spectrum and Green’s Function of the Hill Operator

Continuing the function u(x, ) by zero in the region t < 0, and applying the Fourier
transform with respect to the variable  in the Cauchy problem (1) and (2), for the function

y(x, k) :/ u(x, t) e*tdt,
0
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we obtain the equation
(p(x) y'(x, k) + (K = q(x)) y(x,k) = —f(x). ®
For any function g(x) from L?(—oco, +00), we define its norm in the same space
|lg; L?|| = 1185 L (o0, +0c0)|.

If the function g(x) is defined on the entire axis (—oo, +c0), then by ¢(x) we denote
the restriction of this function on the segment [0, 1].

Let us present some necessary facts from the spectral theory of differential equations.
For any function ¢(x, k) we denote by ¢’ the derivative with respect to x and by g the
derivative with respect to k

Let {y = 0(x, k), y = ¢(x,k)} be the fundamental system of solutions of the homoge-
neous (for f(x) = 0) Equation (3) such that:

0(0,k) =1, ¢'(0,k) =0, \
{ go(O,k) =0, QDI(O,k) =1. 4)

It is known [16] that 6(x, k) and ¢(x, k) are entire functions in k real on the real axis,
and for |k| — oo have the form:

@(x, k) = Fsinkx+ O(|k|2eI™¥), = = Imk, ©)

{ 0(x, k) = cos kx + O(|k|eltl),
uniformly in x € [—b, b]. These expansions can be differentiated with respect to x and with
respect to k.

Let us denote 6(k) = 6(1,k), 0'(k) = 6'(1,k), ¢(k) = ¢(1,k), ¢'(k) = ¢'(1,k) and
F(k) = 0(k) + ¢ (k). The functions 6(k), 0’ (k), ¢(k), ¢'(k) and F(k) are even on the real
axis of the complex plane of the variable k.

The Hill operator is the minimal closed differential operator,

Hy := —% <P(x);i> +4q(x),

generated in the Hilbert space L?(R) by the operation

Aoy = —(p(x)y") +q(x)y,

where the functions p(x) and g(x) are periodic with period 1.

The spectrum o (Hy) of the Hill operator Hy is absolutely continuous and is a finite or
infinite sequence of isolated segments (zones) separated by lacunae going to infinity.

Note that the Hill operator has only a continuous spectrum, which lies on the real axis
and is left semi-bounded [16]. Let us replace the spectral parameter A by k? so that the
spectrum o (Hp) of the operator Hy on the complex plane of the variable k consists of points
for which Hy — k? does not have bounded inverse on an everywhere dense set in L?(R).

For a more detailed characterization of the spectrum ¢ (Hy) of the Hill operator Hy,
consider the following periodic (anti-periodic) Sturm-Liouville problems.

Let 9(x,A;) be an eigenfunction of the periodic Sturm-Liouville problem:

—(p()y) +q(x)y = Ay, x€[0,1], 6)
y(0) =y(1), y'(0)=y'(1),
normalized by the condition ||8; L?([0,1])|| = 1, and 9(x, jt,) is the eigenfunction of the

anti-periodic Sturm-Liouville problem:
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—(p()y) +a(x)y = pny, x €1[0,1], @)
y(0) = —y(1), y'(0)=-y'(1),

normalized in L?(]0,1]), where A, and u,, n = 0,1,2,..., are eigenvalues of the cor-
responding problems, which are numbered in ascending order, taking into account the
multiplicity.

Continuing the function 9(x, A,,) (or 9(x, i, )) to the entire real axis, in a periodic (or
anti-periodic) way, we get a function, which we denote by v(x, A,) (or v(x, uy)).

It is known ([16], § 21.4) that if the Hill operator Hy is positive, then all eigenvalues of
the periodic (anti-periodic) Sturm-Liouville problem are positive. In addition, between the
numbers A, and p,, 1 =0,1,2,... thereis a relation,

A< S<m<MI<mwIup<izs,. .. (8)

Based on the results of the paper [12], we can state that:
(i) The set M is a union of segments on the real axis, extending in both directions to
infinity

[_AZYH-]/ —}‘42n+1]/ [_,14211/ _)\271]/ [AZH/ I/l2n]/ [}‘42n+1/ )\Zn—l-l]/n = 0/ 1/ 2... .y

(ii) The set M, consists of those values A, for which the homogeneous (for f(x) = 0)
Equation (3) has a bounded solution in —co < x < 4-o0;

(iii) The set M3 consists of those values A, (or k) for which |F(k)| < 2.

Hence [12], if the Hill operator Hy is positive, then the spectrum of o(Hy) coincides
with the sets M1, M», M3, i.e.,

(T(H()) =M =M, = M3.

The set of points +A,, coincides with the set of roots of the equation F(k) = 2 (corre-
spondingly, 4, coincides with the set of roots of the equation F(k) = —2),n=0,1,2,....
Gaps in the spectrum, that is, intervals not included in the spectrum,

(—pan+1, —Mon), (—A2n+2, —Aont1), (Mon, Hans+1), (A2ns1, A2ny2),n =0,1,2....,

for which pp, # poni1, Aant1 # Aonto, are called lacunae.

If A, (or uy,) are ends of a lacunae, then (8) implies that A, are simple roots of the
equation F(k) = 2 (or £y, are the roots of the equation F(k) = —2),n =0,1,2,..., ([12]).

As is known [16], if A, (or py) are the ends of a lacuna, then A, (or y,) are simple
proper values of the periodic (or anti-periodic) Sturm-Liouville problem (6) (or (7)).

Note that each lacuna contains exactly one simple zero of the function Fy(k), and the
functions ¢(k) and €’(k) have one simple zero in the closure of each lacuna.

If A = Apy = Agyyq (O p = pop = Yopy1), 1 > 0, then A (or ) is the simple zero of the
functions ¢(k) and 6’ (k) ([16]).

Denote by C' the complex plane of the variable k with cuts along the vertical rays
lying in the lower half-plane and starting at the ends of the lacunae.

Let us put
g0k 6K + (k) -4 ,
mq (k) = 2000 + 0 ke,
I B B UL R LG e

20(k) 2¢ (k) ’
where the branch of the root is determined by the condition \/F(k)? —4 > 0 for k = 0.
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Note that the function /F(k)? — 4 has branching only at the ends of the lacunae [16],
so my (k) and my(k) are single-valued in C'. Then for any k, Imk > 0

P1(x,k) = 0(x, k) +mq(k) p(x,k) € L>(—00,0),

)
Pa(x, k) = 0(x, k) +ma(k) o(x,k) € L2(0, +c0).
Define the Green function of the Equation (3) for k from the upper half-plane,
P1(G K)o (xk)
ma(-mit for £ <X
PSR =\ s
x! 7!
m-m [ &>
and, taking into account the identities (9) and the equality,
0(x, k) @' (x,k) — 0 (x,k) ¢(x,k) =1, x € R, (10)

3(0(& k) p(x, k) —0(x, k) (&, k) for &<,

+
T(x, & k) = 11
(&8) LD | V0 p(E 0 - 0GR gx k) for Ex

h(x,¢ k) = @(k) 0(x, k) 0(, k) — 0’ (k) @(&, k) (x, k) +
+(P(k) 9k)( 0(&, k) p(x, k) +0(x, k) ¢(E,k)).

The solution of the Equation (3) for Im k > 0 using the Green’s function is defined as:

(12)

1
v t) == [ T8k F@) 4z,

and the solution to the problem (1) and (2) has the form:

! | ! —ikt
_777.' ./Imk:a /0 F(x’ g’k) f(g)e dgdk, (13)

where a is some positive constant.

Note that the Green’s function I'(x, {, k) for every x,& € [—D, b] continues analytically
to C'.

To study the properties of the integral (13), we introduce some notation.

Denote by L (and L_) the line Imk =a, a > 0 (and Imk = —d, d > 0) , and g is the
segment Rek = [T + %, —d < Imk < a, [ is any real number .

Consider the integral,

h=- [ [ e@n etk ~ 00 @ 0) F@ e iz, xe-bbl. (4

From the relations (5), it follows that:
X .
| ) 0@ 9 k) 00k 9(E, ) f(@) e Mg dk 50 as 1] o,
1

moreover, |I| can tend to infinity in any way, so in (14) one can replace the line L by L_.
According to (5), we have:

0(S,k) o(x,k) — 0(x, k) (&, k) = S1(x, &, k) + Sa(x, &, k),
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where

1 1
S1(x, & k) = 7 cos k¢ sin kx — % cos kx sin k¢

is an entire function k € C’ for each x,¢ € [—b, ], and the function S,(x, &, k) for k — oo
uniformly in x, { € [—b, ] has the form:

So(x, & k) = o(|k|*2e\ﬂ<x+¢>).

Thus,
=10+ 1P 49,

where
]1(1) = —/L /Ox % cos k¢ sin kx f(Z) e~ d¢ dk, ]1(2) = /L /Ox % cos kx sin kZ f(Z) e~ d¢ dk,
a

nd
1 == [ [ a0k @) e Mae k.

Let us explore these integrals. Putting k = ¢ — id with k € L_, we get:

+oo .
]1(1) = 7/ 0_1 - sin(c — id)xe te™"® (0, x) do, x € [—b,b], (15)

where
x ] 1 (% a4 1 (% s 4
®(,2) = [ cos(o— i) f@)dE = 5 [ el p@)dz 4 [ e (@)de. (16)
0 0 0
Let us examine the first term in (16). Consider the function,

[ e4f(E) for E<x,
w(x ) = { 0 for ¢>x

For any fixed x € [—b, b}, we have w € L?(—o0, +c0) and

1/2

il = ([ sr@a) < ([ @) <anm

where C; does not depend on f and x.
For all x € [—b, b], due to the Parseval equality for the Fourier transform, we have:

I [ ettt £(g) g LR = V2r| i R < GVl L2l

The second term of the equality (16) is studied in a similar way. Therefore, for any
fixed x € [, D],
|@(0,x); L2 (R;)|| < Ca I 2],

where C; does not depend on f and x.
By the Cauchy-Bunyakovskii-Schwartz inequality and the last inequality, from (15)
we obtain: )
| < Cae I L2,

where C3 depends only on b.
In the same way we get:

171 < G I1f 17,
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where C4 depends only on b.
To investigate ]1(3), we note that:

- /L, /Ox Sa(x,&,k) £(&) e ™dg dk =
Foo 7 ity d(x+5)
:_/oo o— 1d te dt</f ( 1d|>d§>da'

It is easy to show that:
x+§) J 2 < Lz
zd\ = lo— zd|2||f I

By the Cauchy-Bunyakovskii-Schwartz inequality, we obtain the estimate:

1Y < Gse I 22,

where Cs depends only on b.
From the estimates for ]1(1), ]1(2) , and ]{3), it follows that:

J1] < C(b)e ™||f; L2]]. (17)

Likewise, for the integral,

b=—A+Eme¢@M—W§bM%Wf®EWﬁﬂrxthW

we get the estimate
12| < COeIf 2] (18)

Thus, we get that the integrals J; and ], decrease exponentially as ¢ — oo.

From the point k = p lying on the real axis, let us make a vertical cut into the lower
half-plane of the variable k.

Denote by [, the contour going from the point p — id along the left edge of this cut
to the point p, and then from the point p along the right edge of the cut to the point
p—id, d>0.

On the plane C/, consider the contour L, which can be represented as:

L=IL,ULyULs, (19)
where
n=(Un)u(0rn) 2= (0w)U(Ow)
n=0 n=0 n=0 n=0
and
Lz3=L_nN (C/,

moreover, if Aj 1 = A; (or pj 11 = p;) for some non-negative integer j, then these unions do
not include l)\]., l)L].H, l_A]., l_)‘jﬂ (respectively, ly]., lﬂmf l_,,]., l—l‘jﬂ)'
Let 6 be some finite contour in C'. Denote by J; the integral

xgk) o ikt xe—bbl.
Js = /]’¢ @ e o
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Now let the contour A be unbounded. Let us put

Ja= jli_{lgo Jsn{k:|Rek|<mj+ 3}, ] € N. (20)
Proposition 1. For the solution of the problem (1) and (2), the following representation is valid:

1
u(x/ t) = E}L + U1 (xr t)r
where the function vy (x, t) for x € [—b,b] and t > 0 satisfies the estimate:
Jo1(x,1)] < C(b) e || f; L?]]. (21)

Proof. From the Formulas (11) and (13), and the estimates (17) and (18), it follows that

1
u(x,t) = E]M +01(x,t),

where the estimate (21) is valid for the function v;.
To prove the assertion, it remains to show that:

Jo; =0 as [j| > oo, j€EN.

From (5) it follows that for |k| — oo

\/(G(k) +¢'(k)? —4= 2\/—sin2k + O(\k|7lez|T|) (22)

Since [sink| > C; > 0 for k € g;, j = 0,£1,£2,..., then (22) implies that for
sufficiently large |j|, |j| € N,

’\/(Q(k) + ¢/ (k))* — 4’ > Cy, k€ gq;. (23)
It follows from (5), (13) and (23) that the modulus of the integrand in the integral ]qj
for sufficiently large |j| does not exceed C |k|~le%. Therefore, for any fixed t > 0, we get:

C

< - ] ] N.
| < 5+ —0 as |[j| = oo, |j| €

g
O
Let us pass to the investigation of the integral J;, = Ji, + Ji, + Ji;-
Proposition 2. Forany t > 0and x € [—b, b] we have the estimate:
il < C(b) eI f; L2]l.

Proof. Since there exists C; > 0 such that |sin k| > C; > 0 for k € L3, and function
F2(k)—4=(0(k)+ ¢ (k))* — 4 has zeros only on the real axis, then (22) implies:

Me(k>+<p'<k>>24 >G>0 for kels

We represent the function h(x, ¢, k) as

h(x,&,k) = &1(x, G, k) + 82(x, ¢, k),
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where g1(x, &, k) is an entire function k € C’ for every x, ¢ € [—b,b], and

g1(x, ¢ k) = %sin k (cos kx cos k¢ + sin kx sin k¢),

and the function g (x, , k) as |k| — oo uniformly with respect to x, ¢ € [—b, b] has the form
gZ(x/ (;I/ k) =0 (|k| _26‘7‘(x+§+1)> )

It is easy to see that for k = o —id,

(x,¢,0—id) oot p—dt o
INEY / Ny ))2_4f(§) dza

Further, arguing in the same way as when obtaining an estimate for the integral J;, we
can verify the validity of Proposition 2. [

Before turning to the investigation of the integrals |, and Jr,, we prove some auxiliary
statements.

Denote by B(a) the circle B(a) = {k: |k — ma| < T }.

There exists 111 € N such that, for n > 1y, the following representations

(24)

hold (see, [13,16,18]).

Let us choose a number d > 0 involved in the definition of contours L, 1, Ly,
less than 7. Then, (24) implies that there exists 1, > 11,1 € N such that for n > n; the
contours Iy, , I, ,, (and l,,, I, .,) belong to the circle B(2n) (corresponding to the circle
B(2n +1)).

It is obvious that the contours I_,, , ), , (and [y, , [, . ) belong to the circle
B(—2n) (corresponding to the circle B(—(2n + 1))).

Let us denote G(k) = (8(k) + ¢'(k))? — 4.

Proposition 3. The following equalities,

G(k) = (k= Agm—1)(k — Aow) Q2m(k), |g2m (k)| > Cop >0 for kely, Ul ,
(k) = (k+ Aamy1) (k+ Aom) §—2m(k), |§—2m (k)| > Com >0 for kel y, Ul y,,
m=1,2,3...,

G(k) = (k—Ag)(k+Ag)go(k), go(k) > Co >0 for kelyUl_,,

G(k) = (k — pam) (k — pom+1) Som+1(k), [gam+1(k )| > Coyps1 >0 for kely,, Uly,.,,
G(k) = (k+ pam) (k + pom+1) §—2m+1) (K), 18— @2m41) (k | > C_omyr) >0 for kel y,, Uly,, .\,
m=20,1, 2

are satisfied, where the constants Cyop and C (o,,41) depend only on m.

Proof. The validity of the first of the equalities follows from the fact that the entire function
G(k) on the contours [, and l,, . hasno other zeros, except for Ay, and Ay, 1.
The validity of the remaining equalities is proved similarly. [
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Proposition 4. For sufficiently large n > ny, the following equalities,

{ G(k) = (k— A1) (k= Agy) gon(k), |g2n (k)| > C >0 for ke B(2n),
G(k) = (k+ Apy—1)(k+ Azy) §—2n(k), |g—2n(k)| > C >0 for ke B(—2n),

{ G(k) = (k= pan) (k — pan+1) g2n+1(k), [g2n41(k)| > C >0 for ke B(2n+1),
G(k) = (k+ pon)(k+ mon+1) §—2n41)(K), 18— 2ny1) (k)| = C >0 for k€ B(—(2n+1)),

are satisfied, where the constant C does not depend on n.

Proof. Let us prove the first equality. The rest of the equalities are proved in a similar way.
By the definition of the number 75, for n > n, the numbers Ay, and A,,_1 belong to
the circle B(2n), and the function G(k) has no other zeros in this circle [16].
Hence it follows that the function G(k) for k € B(2n) can be written in the form

G(k) = (k - )\Zn—l)(k - /\271) 8on (k)/

where gy, (k) # 0 for k € B(2n).

In the circle B(0) = {k : |k| < 7} the function ho(k) = 4511:21 k has no zeros, and
therefore there exists C; > 0 such that |hy(k)| > C; for k € B(0).

After the change of variable k = k' 4 2n7t, k' € B(0), the functions G(k) and g2, (k),
become Gy, (k') = G(K' + 2n7t) and o, (k') = gon(K' + 2n71).

From the Formula (5) it follows that:

G(k) = —4sin2k—|—O(|k|_1eZ|T|) as |k| — oo,

from here

Gon(K') = —4sin?k’ + O(n*lezm) as 1 — oo, (25)
Further,
G(k' +2nm)
530(K) = g2u(K +2n77) = .
8ank) = gan (K4 20T = G R ) (R + 27— )
From the Formulas (25) and (24), it follows that on the circle [k'| = ¥ the sequence

Gon (k') tends uniformly to hy (k') asn — co. O

Remark 1. The functions k¢ (k) and 16’ (k) each have one simple zero in the segments [Azy_1, Azu),
n > 1and [pon, hon+1], n > 0. Therefore, just as in Statement 3, we can prove that for sufficiently
large n € N in the circle B(n), the equalities

Kp(k) = (k—K,) pu(k) and L 0/(K) = (k—Ky) 0 (k),

are satisfied, where k!, and k,, are the zeros of the functions ¢(k) and 0'(k), respectively, and
lon(k)] < C,|0",(k)| < C fork € B(n).

As is known [16], if A, and uj, are the ends of a lacuna, then A = A, is a simple
eigenvalue of the periodic Sturm-Liouville problem:

—(p()y) +q(x)y = Ay,
y(0) =y(1), ¥ (0)=y(1), (26)

and A = iy, is a simple eigenvalue of the anti-periodic Sturm-Liouville problem:

—(p(x)y") +q(x)y = Ay,
y(0) = —y(1), y'(0)=—y'(1). (27)
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An eigenfunction corresponding to the eigenvalue A;, we will search in the form
o(x, An) = AB(x, Ay) + B g(x,Ay).
Therefore, we get the following system:

6(An) —1) +Bo(Ay) =0,
{ 0'(An) + B (¢’ ()\(’;—1)20. (28)

Since A, are simple eigenvalues of the problem, (26), then the determinant of the
system (28) is equal to zero and all coefficients of the system do not vanish simultaneously.
Together with the equality F(k) = 6(k) + ¢'(k) = 2 for k = A,, which served as the
definition of the numbers A, this leads to the fact that at the points A, satisfies one of the
following relations:

A) (A0 £ 1, 0'(An) £ 0, @(An) £ 0, @' (An) £ 1
42) 8(A) =1, 0'(Au) £0, 9(As) =0, ¢/(Ar) = 1;
AB) B(An) =1, 9/()‘11) =0, QD(A ) #0, ¢ ()‘n) =1

Note that for any x, & € R!, the functions 0(x, k), ¢(x,k), h(x,& k) and F?(k) — 4 are
even on the real axis of the complex plane of variable k.

Lemma 1. For points £A,, n =0,1,2,...,if A, are the ends of lacunae (that is, simple zeros of
the function F(k) — 2), then the equalities,

h(x,8, £An) = Cyo(x, An)v(C,An), —b<x, <D, (29)

are satisfied, where the function v(x, Ay) = v(x, —Ay) is the eigenfunction of the periodic Sturm—
Liouville problem, and the numbers C,, depending on the cases A1), Az), Asz) have the form

- 2
A1:Cy, = ¢(An) fol (G(x/)\n) + 1(,9?)(\2;') (P(x/)\n)> dx;
Ay:Cy = —0'(Ay) flol(go(x,)»n))zdx;
Az:Cy, = P(An) [y (8(x, An)) dx.

Proof. If a function /1 depends on x and on &, then by /i we denote its restriction on the
square0 < x, ¢ < 1.

Consider the case A1 ); the reasoning for the other cases is similar. From the system
(28) we get:

(x,Ay) = A (é(x, An) + 14)&(:)") P(x, An)). (30)

Because ||v; L2([0,1]) = 1, then (30) implies:

(31)

—.
\/fo 0(x, An) (())q)(x)\))d
Since F(k) = ¢'(k) + 0(k) = 2 for k = A,,, then we get:

99/(/\71) + Q(An) _ 9()\11) _ ‘PI(An) — 9()\71) (32)

—9()\71) = > 2
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and

(1-6(An)2 = (1-6(A >><¢'<A> = cp<An>+9<An>—1—9WW’<An>: (33)

The last equality follows from the fact that the Wronskii determinant of the functions
6 and ¢ is equal to one.

From (30) and (31), it follows that the right-hand side of the equality (29) for0 < x,¢ <1
is equal to

Further, expanding the brackets and replacing 1 — () and (1 — 8(A,,))? according to the
Formulas (32) and (33), respectively, we obtain that the right-hand side of the equality (29)
coincides with the right-hand side of the equality (12) for 0 < x,¢ <1, 1i.e,,

h(x, & £An) = Cy,0(x, An) 0(E An)-

@(An) (é(x, An) +

To complete the proof of the lemma, we show that the function h(x, &, +A,) is a
function periodic in x and § with period 1.
We fix x € R! and consider

h(x,8,An) = @(An) 0(x, An) 6(Z, An) — 0" (An) @(x, An) @(E, An)+
+ Z A0 (9(E, ) @(x, M) + 0(x, An) @(E, An)).

Taking into account the relations (4), and since the Wronskii determinant of the func-
tions 0 and ¢ does not depend on x, then the identity (10) holds.

By definition of the number A,, we have F(A,) = ¢'(A,) + 6(A,) = 2, and after
elementary transformations we get that /(x, ¢, £A,) is a periodic function in x and ¢. The
lemma is proven. [

In the same way as for the relations A1), Ay), As), itis proved that at the ends of
lacunae y,, one of the relations holds:

By) 0(un) # —1, Gl(Vn) #0, ¢(pn) # 0, (P/(Vn) #—1;

B2) 0(pn) = =1, 0'(ptn) # 0, @(ptn) =0, ¢’ (n)
B3) 0(ptn) = —1, 0'(n) =0, @(n) # 0, ¢'(4n)

—1;
—1.

Lemma 2. For points £yu,,n =0,1,2,..., if u, are ends of lacunae (that is, simple zeros of the
function F(k) 4 2), then the equalities

h(x,¢, i}‘ﬂ) = Cunv(x/ P‘n)v(g/ P‘n)r -b<x,{<b

are satisfied, where the function v(x, —pn) = v(x, uy) is the eigenfunction of the anti-periodic
Sturm-Liouville problem, and the numbers C,,, depending on the cases By), Bz), Bs) have the form

2
Bi:Cu = ¢(in) [y (e(x,yn) 1%"31) (%, un)) dx;
B, : C}ln = _9/ ]ln fo x “Mn))
B3 :Cy, = @(pn fo (x, pn)) 2dx.

The proof of Lemma 2 is the same as for Lemma 1.
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Lemma 3. If n > nyp and Ay, # Ay, (ie., Ay, and Ay, _q ave the ends of lacunae), then the
following estimates,

Aoy — Agp—q A — Agn—1

< <
‘C/\2n| — C )\271—1 4 |C)‘2n—1| — C

7

A2n—1

hold, where C does not depend on f and b, and the numbers Cy,,, C,, , are defined in Lemma 1.

Proof. Since Ay, and Ay,_; are the ends of a lacunae, then at each of these points one of
the conditions A1), Ay), A3) is satisfied.

Let us prove the lemma for the case A;); in other cases it is proved similarly.

Taking into account the form C ), IN case A7), we have,

[Cao, | < 219 (A2n)] o (0(x, Az))2dx 42 Ltz 2 [ (@(x, Agw))2dx = o
34
= 2 |A2n @(A2n)| [y (B(x, Agy))?dx — A nﬁj’f‘ﬂtp Af” 3 (9(x, Agn))2dx.
Note that the last equality in (34) follows from (33). By (5), the first integral | 01 (0(x, Mgy ) )?dx
is uniformly bounded, and the integral

' Aoy ))2d
< _
/0 (p(x,A2y))%dx < )‘%n

Taking into account Remark 1, we get:

C
g (A2n — Agp—1) <
2n

C C "
1Cay| < ﬁMZn — k| + ﬁ|/\2n —kyl < (A2n — Agp—1)-
n n

Aap—1

When obtaining the second inequality, it was taken into account that k2n,k,n €
[A2n-1, A2n]-
In a similar way, we obtain an estimate for C,, ,. O

Lemma 4. If n € N and yp, # pon+1 (ie., poy and yy, 1 are the ends of lacunae), then the
following estimate:

Hon+1 — Hon Hon+1 — Hon
C <CcC—/——=, |C < C =—/—r=,
| Pl2n| = 1on | H2n+1| 1o

hold, where C does not depend on f and b, and the numbers Cy,,, Cy,, ., are defined in Lemma 2.

Let us choose d > 0 so thatly, and ), , (orl_,, andl_,, _1)belonged to the circle
B(2n) (respectively, B(—2n)) for sufficiently large n € N, and this choice is possible due
to (24).

The proof of Lemma 4 is carried out in the same way as Lemma 3.

Lemma 5. Foranyn =1,2,..., such that Ay, # Ayy—1, and for n = 0 the equalities,

T . o 1
]liAZn - _m bi,\%a/\z”v(x, /\271) eIFl/\znt g + bSE/)\Zn (t) a)\znv(x/ )\Zn) + Ri/\zn (xr t)/ (35)

hold, where
1
Aryy = 0 f(x)v(x, Azy)dx, (36)
2iCy, T'(% -
b/\ZH - _ZL(Z) ’ hm @/ b*/\Zn = _ib/\ZH’ (37)
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ikt
Ri/\zn %, t / / ( X, (: k _ h(x, C/ :l:/\2n)) f(ér) e dkd(:,
Liag, \ T+2n(k reon(E£A21) ) VEKF Ag /K F Agn1

here the function h(x, ¢, k) is defined by (12), and the function r 5, (k) will be defined below (see,
(40)). Moreover, there exists ng such that for n > nz, and t > 0, x € [—b,b]|, the following
estimates are true:

Aoy — Aoy
< Cv/A2n — A2 »1) L1 C (38)

b t
| i/\z,,l — /\anl 4 | :}:)LG( )l =t )\2;’17]’
the constant C depends only on the segment [—b, b], and the numbers C,, are defined in Lemma 1.

Proof. Let us prove the lemma for the case of the following integral,

k) )
In,, = /‘/l/\z x§ f(&)e *dkdg, x € [—b,b).

The integral J; Ay, 18 investigated in a similar way.

Let n > ny, and by Proposition 4 in the circle B(2n) the function G can be represented
as
G(k) = (k - /\Zn) (k - AZn—l) 82n (k) (39)

Let us choose single-valued branches of the roots of each factor in (39). Denote by
vk — Ay, and \/ k — Ay, _1 the single-valued branches of these roots in C’, defined by the
condition of their positivity for positive values of k — Ay, and k — Ay, _1.

Since the single-valued branch of the function \/G(k) for k € C’ has been chosen
earlier, then:

ron(k) = \/g2n(k), for ke B(2n)NC’ (40)

is uniquely defined. Then we have:

T, = I+ R, (x,0), @1)
h
where / / x g /\211 1 f(@) e_iktdkdg
/\2" Ly, an )\Zn \/k — Aoy \/k — A1 ’
X, f: k (X/C,/\Zn)) . 1 ikt
RAZ x t / /Az ( an "2n (/\271) \/k — )LG \/k — )\271—1 f((;‘) ¢ dkd(:'

We will take into account that k = Ay, +it, —d <7 < 0fork €[}, .
It is clear that if k belongs to the left side of the contour /), , then \/k — Ay, = Vit =

|T|; and if k belongs to the right side of the contour [, , then the modulo root has the
same sign.
The values of the roots of the remaining factors on the right side of the Formula (39)
coincide at the corresponding points of the left and right sides of the contour, [, .
Taking into account the Lemma 1, and the fact that T changes to (—d, 0) on the left side
of the contour /), , and 7 changes to (0, —d) on the right side of the contour [,, , we get

3 1 h(x,E,A
m iAo, t 2
’/\2 = Die" 4 A2n f 7”

0 T d
T |d¢ =
T2n /\2}1) é (‘[_d V1Tl (Aan—Azp—1)+iT ) g
_ 2ie 4 ‘e l}‘ZntC)‘Z )y, U (x,A2,) e

ran(A2n) fo VTV (Aan—Aop—1)—iT

(42)

—tT

dr,

where the Fourier coefficients a,, are defined by the Formula (36).
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Let us write the last integral from (42) in the form:

eft’r

d
/0 VTV (Aon — Agpq) —iT

dr =I5 + 15, (43)

where

d —tT
@) _ ['e ! !
J©) = . — — dT,
A2 /0 \/? (\/(/\271 — /\271—1) — 1T \/()\Zn - AZn—l))
(4) _

1 d p—tt p
= T.
e VA2 — Aan—1 /0 VT

We investigate the integrals ]/(é)n and ])(éi separately. For the integral ])(\21)1, we have

= [ ey ),
Ao VT /(A — Aan1) — ity /Aan — Agn 1

B i/d 1 Ve it
0 /(Aan — Agu—1) — T/ Aon — Agp1 /(Ao — Aan—1) — T+ /Aoy — Agpa
It is easy to see that for T > 0,
IV (A2n = Agn—1) —it| > V7,
|V (A2n = Agn—1) = 1T+ /Aow — Aan—1| 2 V/A2u — Aap 1.

dr.

Hence,

1 1
<2

_ 44
R )\Zn - )\Zn—l ( )

Now we investigate the integral ])(i> . We have:

@) 1 oo 00 e—tT B 1 1 1 oo e—tT
J —</ —/ )dT— — Iz |- —dt ). (45)
M A=A oo Ja ) VT Aw = A \WE N2/ o VT
Since Ay, — Ay, 1 — 0 for n — 0 (see, (24)), then there exists a number n3 > 1, such
that:

Ay — A1 <1 for n > ns.
From the obvious estimate,
[eS) eftr C
—dT S —
i VT t

and from the Formulas (44) and (45), it follows that the integral (43) has the form:

1 1 (1)
s 5 r B) +k/\ n’
VA2 — Agn—1 V't 2 :

where c ,
R P for n > ns, (46)

k <
o, | < Aoy — Aoy 1

C does not depend on the function f.
So, according to (42)

5
P> 37T ,—iApyt (1) . B it
](1) B 2ie” e "iCy, ap,, 0(x, A2n)T (5 1 2ie”1™MemtCy ay, v(x, Azy)

= c—= + ks, - (47)
Ao ran(Aan) v/ Azn — Azn_1 Vi 720 (A2n) 2
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Let us denote

3 . .
2i”17C,, T(4)d % 2iCy, T(3) .
by, = — = limyey,, U=
Ttran (A2n) \/)\Zn —A2n-1
34
(1)( )= 2ie”47"¢ Mzntc)\z;qk)\zn
A2n 721 (A2n) )

(48)

Therefore, from (41) and (47), the validity of (35) follows. The correctness of the
estimate (38) follows from the estimates (46) and (48), the Lemma 3, and the Proposition 4.
Thus, for n > n3, for the integral J; oy the Lemma 5 is proved.

Applying the Proposition 3 and reasoning similarly, we obtain that the equality (35) is
also valid for 0 < n < n3 . In this case, the estimates (38) are replaced by the estimates,

< Ciny,

|bi/\2n| < Ci)\znr |bi/\2n| = P 0<n<n;z.

Performing similar calculations for the integral J; A and denoting

2ie”imCy, T() e o 2i0,r(3)

= —1 = _ib)\Zn’
120 (A2 )/ A2n — Aon—1 12 (A2 )/ A2n — Aon—1

we are convinced of the validity of the Lemma 5. O

bi/\Zn = _l

Lemma 6. Foranyn =1,2,...,such that Ay, _1 # Ay, the following equalities,

=—7 Fidgy 1t+Ti
]liAz,H =i bin,, 10r, 0(X, Agp_1)e™2n 1l

1
+b(i))\2n_1a/\2n—lv(x’ /\znfl) + Ri/\Zn—l (-x/ t)/

hold, where
Lo / f(x) o(x, Agy—1)dx,
b — % lim 7Vk_/\2”*1 —ib
A2 T k—>Agy_1 G(k) ’ =M1 Aop_17
and
Rin. (x,0) / / ( X, 5 k) h(x,g, i/\zn—1)> f() e *dkdg
et Liag, o \ T+2n(K) reon(Aan-1) ) VEKF Aau /K F Aan—1
Moreover, there exists ng such that for n > nz, and t > 0, x € [—b, b], the following estimates
are true:
Cy/ A — Aoy c 1
b _ < — :
Prgy] < Aon—1 o i, Ol < t Aan1

the constant C depends only on the segment [—b, b], and the numbers C,,, , are defined in Lemma 1.
The proof of Lemma 6 is similar to Lemma 5.

Remark 2. Lemmas 5 and 6 remain valid for alln = 1,2, ... if we replace Aj with p; 1 in them.
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3. Main Results

Theorem 1. If the Hill operator Hy is positive, p(x) > const > 0 and q(x) > 0, then there exist
compact operators

My, M3 : L2[0,1] — H'[0,1],
My, My : L2[0,1] — L?[0,1],

such that for |x| < band t > 0, the solution of the Cauchy problem (1) and (2), has the form

u(x,t) = (x,t) +ua(x, )} +o(x, t),

1
% {1
where uy(x,t) is a periodic solution of the Cauchy problem for which
A(x,t)|t=0 = My f(x), e(x,t)|=0 = M3 f(x),
uy(x, t) is an anti-periodic solution of the Cauchy problem for which

a(x,t)|=0 = Ma f(x),  d(x,1)|1=0 = Ma f(x),
and for the function v(x, t) for |x| < band t > 0, the following estimate is valid

(e 8 < W@y

the functions uy (x, t) and uy(x, t) have the form:

ur(x,t) =) ba,ar,0(x, An) sin(Ant + (—1)’1%),
n=0

0 . T
up(x,8) = Y by, ay,0(x, i) sin(pnt + (—1)”“1),
n=0

where a,, (ay, ) are the coefficients of the expansion of the function f(x) in a Fourier series in the
system {6(x, An)} ({0(x, pn)}), ba, (by, ) are some constants of order o(L1) as n — oo, and they
are given by the Formula (37).

Here the summation is carried out only over those n for which A, (or y;) are simple
eigenvalues of the periodic (or anti-periodic) Sturm-Liouville problem.

Proof. From the Proposition 1, it follows that for x € [—b,b] and t > 0 the solution of the
Cauchy problem (1) and (2), can be represented as:

1
M(x, t) = E]L + (41 (.X, t)/
where for t > 0 the function v; (x, t) satisfies the estimate:
lo1(x, 1) < C(b) e || f;L7]], x € [~b,b],

and the function | is defined by the Formula (20).
According to the Formula (19)

Jo=T,+ Y (U, +Ji,,)+ Z(]l,,n +Ji )
n=0 n=0

moreovet, in the second (third) term on the right-hand side, the summation is over those n
for which I, (respectively, [;,,) is included in L (in Ly).
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From here and from the Proposition 2, it follows that:

u(xt) = o Z(JZA + i) + é(hm + 11, ) +02(x8), (49)

where for t > 0 the function v (x, t) satisfies the following estimate
jo2(x, 1) < C(b) e |If;L2]|,  x € [~b,b].
Let us investigate the first term in the Formula (49). Since

b_)\Zn = _Zb/\Zn’ b_)‘2n—1 = lb/\Zn—l’

then

. o . .
—iAgut— i iAppt—7i

_Nb/\2na/\2nv(x’ /\2?’1)6 - 7Tb—)\2,,u)\2,lv(x/ /\271)6

= 27‘[1'17)\2"11)\2"0(3(, )\Zn) sin ()Lgnt + g) —

—l‘/\zn,lt-'r%i )eiA2n71t+%i —

—7tby,, a)\Zn—lv(x’ Azn-1)e — 7th_py, 480y, o(x, Agn—1

. . T
= 27le)\2n71a)\2n71"0(x, /\2,171) sin (AQn,lt — Z)

These equalities, together with Lemmas 5 and 6, show that the following equality
is true:

% E,O(]zM +]LA,,) = \%ngob/\na;mv(x,)tn)sin()\nt—l- (—1)”%)4—

n
o Zo(bgi)(t) + b(_l))\n(t))aAnv(x,An) + g (Rag + Ropg) + (50)

n=

(Ry,, (x,1) + Ry, (x,1)) + 5= 2 (R, (x,£) + Ry, (x,1)).

n=1 n=1

13

1
tox

Consider the second term in (50). From Steklov’s theorem on the expansion of a twice
continuously differentiable function in terms of eigenfunctions of the problems (26) and
(27) (see, [18,19)), it follows that:

Y lax, P = 15 L2([0, D17 = [1£; L]~ (51)
n=0
From the estimates for the coefficients bg[l/)\n (t) and (24), it follows that:
) 2 n3 2 00 2
r [l +6 0] = & bﬁ)(t) + b%(t)\ + x plm+eh o] <
n=0 n=0 n=nz+1 (52)
C [e9)
<7 + )y <4
£ n=nz+1 2 ) £

Taking into account now that the functions v(x, A,,) are functions uniformly bounded
with respect to n (see [18]), from (51) and (52) for |x| < band t > 0, we get:

C
< SIEL2 (53)

1 [ee)
9 Z (bg‘ln)(t) + b(fl))m(t))a/\nv(x,)\n)
n=0

where C does not depend on a.
Now, from the expansion of (50), we investigate the following term:

1 (e}
5 Z Ry, (x,t) + Ry, (x,1)),
n=1
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writing the first term in the form:

)
R/\Zn (x, i’) =1L+,

n=1

where

ns [ee]
I1 = Z R)\Zn (x,t), 12 = 2 R)\2n (X,t).

n=1 n=nz+1

Applying the same reasoning as in the study of the integral ]/(\121, we rewrite I as:

o a R | h(Zk) — h(xGAz) ) . f(@e ®Mdkdz
L:= Y R?\Zn (x/t) = X fO fl)m ( 725 (k) r2,1()x23,) ) /k*)\zn\/k*/\znfl -

n=nz+1 n=nz+1
_ ad LS it f d ol 1 _ 1 Ch(x,8 A —it) e TdE dT
n:%-i—l 2ie”+e {fO fO (TZn (A2 —iT) 12 (A2n) ) ﬁ\/(/\Zn*)\Zn—l)*iT * (54)
h A ; h A f(@e "dgdt _
+( (x’ G Aan = lT) B (x, 6 Zn)) . ran (M) VTN (Aan—Agu—1) —iT B

37Ti

=2ie~ % § e—iraut { RV x,t +RrRWY X, t) ¢p.
L PR () + RE ()}
We will investigate the first term on the right side of the equality (54)

Z e*i)‘Z”tRf\lg1 (x, ).

n=nz+1

Note that in the Proposition 4 the circle B(2n) could be replaced by the circle B (2n)
with the same center and radius % + &, where € > 0 is sufficiently small. In addition, when
proving Proposition 4, it was possible to obtain, without any additional reasoning, that the
function |g2, (k)| is bounded uniformly in 7 not only from below, but also from above.

Thus, |g2, (k)| < C fork € B¢(2n). Since the function 5, (k) = +/g2x (k) is holomorphic
in the circle B¢(2n) and the derivatives of the holomorphic function in the circle B¢(2n) are
estimated in terms of the maximum of the modulus of the function in the circle B.(2n),
then |(r2,(k)),| < C for k € B¢(2n), where C does not depend on 7. Since

T

VT (Aop — Agyq) — it

then, together with the Proposition 4, this argument leads to the inequality,

<1 for 0<1<d, (55)

(20 (k) )i ) iT
Ton (/\Zn - iT) "2n (/\Zn) ﬁ . \/(AZn — Aznfl) —IT

<cC, (56)

where C does not depend on n, and k = Ay, —i7, 0 < 7 < d.
Just as in the proof of the Preposition 2, we represent the function h(x, ¢, k) in the form:

h(x, & k) = % sink coskx coské + % sink sinkx sink& + O<|k|2e‘ﬂ(‘:+x)) (57)

Now, after the above remarks, we have:

Y, e iR (v, = B+ I+ 15, (58)

n=n3+1
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where
o0

E= Y it /d ite T . (Re 7’2n(k))k|k:k/2n + (Im rzn(k))k\k:k,z/n .
n=nz+1 0 )\Zn — 1T rzn(/\Zn - Z'T)T’Zn()\zn)\/%\/(}\m — /\27171) it

sin(Ap, — iT) cos(Agy, —iT)x - (/01 (&) cos(Ayy — ir)fjd(;") de,

Iy = i e~ At 4 —ite”'T (Re rzn(k>)k|k:k§n + (Im rzn(k))k‘k:k/z/n X
n=nz+1 0 Azq —IT 72n()\2n - iT)an()\Zn)\/%\/()\Zn - )‘271—1) —iT

sin (Ap, — iT) sin (Ap, —iT)x - (/01 (&) sin (Agy — iT)Cd§> dr,

b 5 e [y, ¢ Onrn g,
0 720 (A2n — iT)720 (A2n) VT (A2 — Agp—1) — iT

n=nz+1

iee ([ )01 —ie| ) )

here
Ky, = Aoy —its,, 0< 15, <T<d,

kgn = Ay — irgn, 0< r{n <7t<d

To investigate I3 in the Formula (58), note that n3 > 1, > 11, and so
1
)\21’1 - 27’17‘[ + O E .

Let us make elementary transformations
! ; 1t iAon€ ,TE | ,—idol ,—TE
|| (@) cos (han = im)gaz = 5 [ f(@) (8o 4 et =

3 | r@etentaz 3 U@ e e mtaz+ [ e o 1) a

and note that the number,
1 ) 1 ,
d2n _ / f(C) e'r@'ezZnng’,dc (d—2n — / f(C) enfezZnnédc)/
0 0

is the coefficient of the expansion of the function f(¢) e™ (or the function f(&) e~ ) into a
Fourier series with respect to the system {e"}52__ .
It is obvious that:

[ r0o(3 )| < Sin,

where C does not depend on 7.

Note also that the functions sin(Ay, — iT) cos(A2, — iT)x are uniformly bounded by n
for |[x| <band 0 < T < d.

After these remarks, from the Cauchy-Bunyakovsky-Schwartz inequality for an infi-
nite sum and (56), for |x| < b and ¢ > 0 we obtain

d 00 1 il 1
|| < C4/0 e tT\l ) /\z\l Y. <d%n+d22n+nz||f;L2||2> dt <
2n

n=nz+1 n=nz+1
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[e0)

. d rl
B= Y ™ [0 [Q0E A —i1) = Qg han) -

n=nz+1

< S IF@ee : 120, + [ F@)ers; L0, DI+ Collfs 2] < 112

Similarly, for |x| < band t > 0 we get:
G
1l < i)

From the inequalities (56) and (24), it follows that for [x| < band t > 0

Cy ad 1 C
|15|§T||f}L2|| Y. ATS?Hf;LZH-
n=n3+1""2n

From (58) and estimates for I3, Iy, I5 for |x| < band t > 0 we get

Y et R (x, ) g%. (59)

n=nz+1

Note that the residual function in the Formula (57)
Q(x,&,k) = O( [k ~2elI(E+1)

is a differentiable function for —b < x,¢ < b and Qg (x, &, k) has the same descending order
as |k| — oo the function Q(x, ¢, k).
Consider now the second term on the right side of the equality (54), i.e.,

Z e*l)‘z"tl{gz?1 (x,t).
n=nz+1

Let us write this sum as:

) e_i)‘Z“tR(Ai) (x,t)=F+FE+h,

n
n=nz+1

where

F = i o—ihat /d /1 (sin()\zn —iT) cos(Agy — iT)x cos(Ag, —iT)E
0 Jo

n=nz+1 Agn —iT
_ sin Ag, cos Ag,x cos A2n§> . f(&) e tTdgdr
Aon ran(Aon) VTV A2y — A1) — iT’

= i o—itont /d /1 (sin()\zn — i) sin(Ag, —iT)x sin(Agy —iT)§
0o Jo

n=nz+1 Ay — 1T

_sinAgy sin Ay, x sin Ay, — iTC) ' f(&) e tTdedr
A2n ron(A2n) VT (Azn — Agu—1) — iT’

and

f@etaga
an(/\2n)\/%\/()\2n —Agp_1) —iT
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We first investigate the integral F;. From the obvious equality,

)\Zn%i sin()\gn iT) cos(Ayy, —iT) cos(Ay, —iT)E — ﬁ sin Ay, cos Ay,x cos Ay, & =
)\2 = -sin(Ag,; —iT) cos(Az; — iT)x (cos(Agy —iT)E — cos Ap,G)+
+A21—zr €os Aoy, ¢ sin(Ag, — iT) (cos(Agy — iT)x — cos Agyx)+
+A2 - €08 Ay & cos Agyx (sin(Ag, —iT) — sin Ay, )+
+(ﬁ Ton ) €08 Ao €os Ay x sin Ay,

(60)
it follows that the left side of the equality (60) can be represented as:

T (1) . (2)
pv— (cos AonChy,/ (x,E,7T) 4+ sinAp,Chy, (X, C, T)),

and besides \hgz(x,«j,rﬂ <C,i=1,2for|x| <b, || <band 0 < T <d, and C does not
depend on n.

Then, taking into account (55) and Proposition 4, and reasoning in the same way as in
the I3 estimate, we obtain:

C
|F1|§?||f;L2|| for |x| <b,t>0. (61)
In a similar way we get:
Ciirp2
|F2|§?||f;L || for |x| <b,t>0. (62)

To estimate F3, note that:

Q(X, g/ )\271 - lT) - Q(x/ C/ )‘27’!) =

= it (Re QU Ry, g+ (MQU RN, o).

T2 Ton

n

besides0 < 74} < T<d, 0< 1) <T<d.
Further, takmg into account the fact that:

Qu(x, & k) = (|k| elf+E41) a5 [k = 00
just as for F; and F,, we get:
C 2
|F3|§?||f;L || for |x|<b, t>0. (63)

From (61)—(63) it follows that:

ad s C
Y, e MRY (0| < SIS (64)

n=nz+1

where C does not depend on the function f.
From (54), (59) and (64) it follows that:

§%||f;L2|| for |x|<bt>0, (65)

Z R/\Zn (x’ t)

n=nz+1

where C does not depend on the function f.
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Applying Proposition 3 and reasoning similarly, it is easy to show that:

ns C
Ry, (x,£) + Y Ry, (x,1)] < ?||f,-L2|| for |x| <b,t>0, (66)

n=1

As a result, from (65) and (66), it follows that:

o C
Ry, (x,t) + Y Ry, (x,1)] < ?||f;L2|| for |x| <b,t>0, (67)

n=1

In the same way, one can show that:

§%||f;L2|| for |x|<bt>0, (68)

Z R)\znq (x’ t)
n=1

and

[e9)

Ront Z(R;th%—RAz 1(xt))

§%||f;L2|| for |x|<bt>0, (69)

where C does not depend on the function f.
From (50), (53), (67), (68) and (69) it follows that:

=Y (i + ) = () +oa(1), (70)

n=0

where
e ) T
ui(x,t) = Z by, a,0(x, Ay) sin(Ant + (—1)"2),

n=1

and for the function v3(x, t) for t > 0, the following estimate is valid:
Cirg2
o3 (e, )] < LAl [x] < b5

here C does not depend on the function f.
It is proved similarly that:

1 & 1
T ngé(]l”" + Iz,,%) = Wuz(x, t) 4+ va(x, 1), (71)

where

up(x,t) = Y by, 0(x, fn) sin(pnt + (—1)”*12),
n=1

and for the function vy (x, t) for t > 0, the following estimate is valid
Cirg2
oaCe, )] < FILLAL [x] <b;

here C does not depend on the function f.
Finally, from (49), (70) and (71), we get

L (6, 8) + 1 (x,£)) + o(x, £)

u(x, t) = %
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where for the function v(x, t) for t > 0, the following estimate is valid
C(b
o0l < Wypra, <o

To complete the proof, it remains to note that:

& V2 . > V2 .
M f = 2(—1)717%”%”0(%/\”), Myf = 2 7/\nluna)\nv(x,/\n),
n=0 n=0

U B “va o
Msf = Z(_l) +17bﬂnal4nv(x’yn)’ Myf = 2 Tanyn“ynv(ern)/
n=0 n=0

and the compactness of these operators in these spaces is an obvious consequence of the
estimates obtained in Lemmas 5 and 6 for coefficients b Aj and byj. O

Remark 3. In the case of a finite-gap potential, the functions ui(x,t) and uy(x,t) are represented
as a finite sum of terms oscillating with respect to t, since the spectrum of the operator Hy has a
band structure, and the ends of the bands coincide with the simple eigenvalues A, and y, [16].

4. Applications

The need to solve the equations of mathematical physics with variable coefficients is
due to the large number of applied problems leading to them. In particular, problems of this
kind are led by current issues of studying the non-stationary interaction of fields of different
nature, in which one-dimensional problems of non-stationary interaction of mechanical
and electromagnetic fields are solved (see, for example, [20,21]). A subtle study of narrower
classes of equations is conditioned by the need to study the behavior of solutions of such
problems during the transition from a non-stationary regime to a steady one.

5. Conclusions

The main difference of this paper from the papers cited in the Introduction and
included in the bibliography is that the case of periodic coefficients p(x) and g(x) is
considered here. In this paper, the periodic coefficients p(x) and g(x) are considered for the
first time. The main results, including the results of this paper, have been published in well-
known scientific journals in the form of short reports, as well as presented at International
Conferences.

As a conclusion, we would like to announce some developments of the problem under
consideration in the following vein:

(1) Study of the asymptotic behavior of the solution of the Cauchy problem (1) and (2),
in the case when the left end of the spectrum of the Hill operator is non-positive;

(2) Obtaining the principle of limiting amplitude for the Cauchy problem (1) and (2);

(3) Study of the asymptotic behavior of the solution of the mixed problem on the
half-axis, that is, the following condition is added to the Cauchy problem (1) and (2):
u(x,t)]y=0 = 0.

We also note papers [22,23], in which the construction of uniform asymptotics is
proposed by the method of resurgent analysis based on the Laplace-Borel transform [24].
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