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Abstract: Evolutionary approaches have a critical role in different disciplines such as real-world
problems, computer programming, machine learning, biological sciences, and many more. The design
of the stochastic model is based on transition probabilities and non-parametric techniques. Positivity,
boundedness, and equilibria are investigated in deterministic and stochastic senses. An essential tool,
Euler-Maruyama, is studied for the solution of said model. Standard and nonstandard evolutionary
approaches are presented for the stochastic model in terms of efficiency and low-cost approximations.
The standard evolutionary procedures like stochastic Euler-Maruyama and stochastic Runge-Kutta
fail to restore the essential features of biological problems. On the other hand, the proposed method
is efficient, of meager cost, and adopts all the desired feasible properties. At the end of this paper the
comparison section is presented to support efficient analysis.

Keywords: Lassa fever disease; stochastic epidemic model; stochastic evolutionary approaches;
stability analysis

MSC: 34A34; 34K50; 37H05; 37H10; 65C30

1. Literature Review

In 2020, Onah et al. formulated a dynamical system for the Lassa fever model de-
pending on socio-economic class. The effect of the disease on the economy was studied
worldwide [1]. In 2020, Peter et al. modified a fundamental disease model with the op-
timal control strategies [2]. In 2020, Bakare et al. worked on the transmission dynamics
of the disease and derived a nonlinear ordinary differential equation by introducing the
seasonal parameters. Although stochastic methods are suitable for quantitative study via
a mathematical model, they play an important role in data analysis, such as in environ-
mental cases [3-5], finance [6], energy [7], and epidemiology [8]. For this purpose, some
steps are recommended, such as preventive measures, educational campaigns, commu-
nity hygiene, and isolation of infected humans [9]. In 2021, Collins et al. formulated a
mathematical model for control measures of Lassa fever. According to epidemiologists,
the population was divided into higher and lower socio-economic classes, and control
measures such as treatments, an educational campaign, community hygiene, and rodent
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safety were discussed [10]. Caraballo et al. [11] studied the epidemic model through the
comparative analysis of random and stochastic techniques. Jesus et al. [12] investigated the
random perturbations of an ecoepidemiological model. In 2017, Obabiyi et al. developed a
mathematical model for Lassa fever and divided the population into two parts: humans
and rodents. They suggested early-stage treatment, working in a hygienic environment,
and controlling the rodent population, affecting the human race [13]. In 2020, Dachollom
et al. addressed the epidemic with a broader double-dimensional approach, such as the
natural and medical sciences. They developed a mathematical model to control Lassa fever
infection [14]. In 2013, Bawa et al. derived a deterministic model for a disease-free state and
obtained R to control disease dynamics [15]. In 2020, Sattler et al. developed an animal
model of Lassa fever from 2018 to 2019. The Nigerian fatality rate was 25.4%, and the
socio-economic burden occurred massively in the endemic region [16]. In 2020, Okolo et al.
developed a mathematical model for controlling Lassa fever by isolation and treatments.
They proved that the disease-free equilibrium is locally asymptotically stable [17]. In 2019,
Marien et al. derived a mathematical model based on field data for rodent control to fight
Lassa fever. This model recommended continuous control or rodent vaccination as the only
policy [18]. In 2019, Akhmetzhanov measured the periodic parameters of transmission
for Lassa fever. This model is based on human infection and rodent population and also
analyzed the infectious disease outbreaks in humans, animals, and plants [19]. In 2019,
Nwasuka et al. analyzed the treatment as a control measure, formulated a mathematical
model of Lassa fever with separation of the infected individual, and evaluated the trans-
mission dynamics [20]. In 2019, Zhao et al. developed the association between disease
reproduction number and local rainfall. The reproduction number was calculated from
four different growth models: (1) Richards, (2) three-parameter logistics, (3) Gompertz,
and (4) Weibull [21]. In 2020, Martins et al. developed a mathematical model to control
the spreading Lassa fever and analyzed the existence and stability of a disease-free equi-
librium [22]. In 2020, Abdulkarim et al. discussed the objective factors and death rates
of the Bauchi state of Nigeria. The data was from 2015 to 2018, when the outbreaks and
fatality rates increased, and death mainly occurred seven days later than the symptoms
were shown [23]. In 2015, James et al. analyzed the transmission dynamics of Lassa fever.
They derived that the zero-equilibrium state is stable when the population is less than the
death rate or both are equal [24]. In 2017, Innocent et al. developed an understanding of
Lassa fever and its control measures, developed a mathematical model for investigating
the dynamics of the disease, and suggested avoiding contact with species that carried
viruses and introducing vaccines for humans [25]. In 2018, Akinpelu et al. developed
a mathematical model for sensitivity analysis of Lassa fever. This model is divided into
five compartments of susceptible (S), latent (L), infected (I), isolated (I), and recovered (R)
by using the next-generation method and obtained R, showing that disease-free equilib-
rium was locally and globally asymptotically stable [26]. In 2015, James et al. analyzed
stability for Lassa fever and suggested quarantines and making strategies for permanent
immunity [27]. In 2019, Obasi et al. derived the primary reproduction number of the Lassa
fever epidemic. Rp is inversely proportional to the square of the inter-epidemic period
of an infectious disease [28]. Aznar-Gimeno et al. [29] studied the stepwise algorithm for
linearly combining biomarkers under index theory. The suitable way of mathematical
modeling infectious diseases in all circumstances is stochastic. Many approaches are used
to handle the stochastic models based on stochastic differential equations used in literature,
such as Milstein, Euler-Maruyama, and many more. All existing techniques do not have
symmetry with the fundamental structure of the continuous model, including positivity,
boundedness, and dynamical consistency. The construction of a stochastic nonstandard
finite difference method is needed to handle such issues and make symmetry with the
continuous model. The strategy of our paper is as follows: in Section 2, the deterministic
model and the analysis of the Lassa fever disease model are formulated. Section 3 is based
on the invention of the disease model in the stochastic form. In Section 4 the computational
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approaches to model the Lassa fever disease and their results are described. Finally, the
conclusion and future framework are discussed.

2. Model Formulation

For any time ¢, the variables and constants of the model are as follows: Sy (t) : denoted
as the susceptible class, I (t) : represented as the infectious class, Ry(t) : represented
as the recovered class, characterized Sg(t) : represented as the susceptible rats, Ig(t) :
represented as the infectious rats, Ny (t) : represented as whole humans’ population. The
dynamics of Lassa fever are presented in Figure 1 as follows [30]:
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Figure 1. Flow chart of Lassa fever model.

Table 1 is presented the physical relevance of the constants as follows:

Table 1. Physical applicability of the model.

Parameters Descriptions Values (Per Day)/[30]
Nu Represented the human population. >0
o Represented infection rate of vectors. 1.00166 (DFE) 3.00166 (EE)
%) Represented as the force of infection. 1.0004 (DFE) 3.0004 (EE)
n3 Represented infection rate of humans interact. 0.1
T Represented the connection of humans with drugs. 0.7
- Represented the rate at which humans do not have a 0.9
ne relationship with drugs. '
Te Represented the rate of awareness. 0.2
0% Represented the loss of immunity 0.220
Ag The birth rate of humans. 0.8 (Assumed)
Uy The death rate of humans. 0.8 (Assumed)
é Represented the rate of mortality of an infectious class. 0.133
AR The birth rate of vectors. 0.8 (Assumed)
UR The death rate of vectors. 0.8 (Assumed)

ii=1,2,3,4,5

Randomness of each sub-population. 0<i<1
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dly ()

The model with equations is as follows:

dt

dSH(t) = Ay — M + ’)’RH(t) + Tucly (t) _ HHSH(t), £>0 (1)
dt Ny
= &106251;](t)IR(t) — T Iy (t) —relg (t) — Tuelyg (t) —d6ly (t) — HHIH (t)/ £>0 (2)
H
dRcIl{t(t) =TIy (f) + 1l (t) - ’)’RH(t) — HHRH(t), t>0 (3)
d
Sﬁt(t) — Ap— W ugS(D), £3 0 W
dzst(t) _ alth&;\({L)IH ) _ wrlx(£)£> 0 5

where S5y(0) >0, I5(0) > 0, Ry(0) >0, Sr(0) >0, Ir(0) > 0.

2.1. Positivity and Boundedness

For any time ¢ > 0, the feasible region of the model is as follows:

A A
—{(sH,IH,RH, Sr, IR)ERS : Sy + Iy +Ry <=2, Sp+1x < =X, s5>0,Iy zo,RHzo,sto,IRzo}

dSy

i sy=0

My HR

Lemma 1. The solutions (Sg, I, Ry, Sr, Ir)eR’. of the Equations (1)~(5) are positive at any
time t > 0, with given non-negative initial conditions.

Proof. It is clear from the Equations (1)—(5) that:

A+ YRy + Tuely >0, déﬁ‘ = sogfulz > q, Ry g = Tl el 20,
dsg =Ar>0 _ mazSply >0
dt |g,—o R =% dt Ix=0 Ny =%

as desired. (I

Lemma 2. The solutions (Sy, Iy, Ry, Sr, I R)eR5 of the Equations (1)—(5) are bounded at any

. . A
time t > 0, to prove tlg(r)zoSup Ngy(t) < H—Z, and lzm Sup Ng(t) < e
Proof. By considering the function as follows:

NH(t) =Sy +Ig+ Ry,

% _ dSH +4 dIH n d,l;ff

Mt = Ay — ppNy,
Np(t) = A + &t
By Gronwall’s inequality, we get Ny (t) < Ny(0) + ﬁ—g, t>0,

. A
tl;rgloSup Ng(t) < .
Let,

NR(t) = SR + IR/

dNg _ dsg . dlg
=@ T ar

dN.
= AR — HrNR

Ng(t) = B+ 2%
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By Gronwall’s inequality, we get
Ng(t) < Ng(0) + 4%, £ >0,
i Ar
t11)1}}1oSup Ng(t) < (%,

as desired. [J

2.2. Model Equilibria
There are two equilibria of Equation (1) to Equation (5), as follows: disease-free

equilibrium (DFE) = (Sy, Iy, Ry, Sg, Ir) = (ﬁ—’;, 0,0, ﬁ—ﬁ,O) and endemic equilibrium
_ * * * x % w« _ Apgt yMIE+Ady e Ag+Azug *
((EE) 71*<SH' Iy, Ry, Sk, Ix) where S = —s* T ME = Amas A Ay RE =
Te+7 A aa3 T+,
Ul — My, Sk = sy T = 290 And, Ay = G589 Ay — wdre 0+

— — Asupug
M, As = Te e o+ Tne 0+ i, Ay = Z 00
The next-generation matrix method is used to calculate the reproduction number.
The transmission matrix, denoted by F, and transition matrix, denoted by V, are obtained
by considering the infected classes from the system (1)—(5) and adding the disease-free

equilibrium. The reproduction number is represented as the largest eigenvalue of FV L.

a0 0 TedretTuetdtpuy 0O 0
F= 0 0 0 , V= —Te — 7¢ Yy+uyg 0 |.So,
0 0 sk 0 0 MR
o . a0 HﬁI;O%(P;H-HH) 8 8
(Te +7c + Tne + 6 + ) (7 + HH) KR KA
0 0 SR (Te +7e + Tue + 0+ upp) (7 + 1)

alazAH
wuNH(Te+ret Tuc+0+ )’

where Ry = is called the reproduction number.
3. Stochastic Formulation Phase-I

A transition matrix technique, also known as a stochastic or probability matrix,
is a square matrix representing the transition probabilities of a stochastic system. Let
C =[Sy, Iy, Ry, Sr, I R]T be a vector for the disease model. The changes in the disease
model concerning time are calculated in Table 2.

Ai=ta02Sulk |y Ry 4 Tuelyy — uySy |
% — Tnelg — eIy +relg — 61 + ugly
Expectation = E*[AC]= zlil Pi(T); = YRp +Tely +reln — uRy At
Ag — 85—y sp
aa3Sply
i Ny I'LRIR |
Variance = Y 12, PTAT;) .

Py + P, + P; + Py + Ps —P,— Py —P 0 0
—P,— Py P+ Py+ Ps+ Py —Ps 0 0
= —P3 —Pg P; + Pg+ P3 0 0

0 0 0 Py + Pig + Pry —Pyo

0 0 0 —Prp Pio + Pro
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[ AH?DE\IIiZSHIR + YRy + Tuely — uySH
adulr — g Iy — 1cly + rely — 01y + uply
E*[AC] N
Drift = G(C, t) = At = YRy + tcly + rely — ugRy (6)
Ag — “5PRIH — e Sp
i 7“1“13\155{114 — ugrlRr
* T
Diffusion = H(C, t) = / £12C ] —
Py + Py + P; + Py + Ps —P,— Py —P; 0 0
—P, — Py Py 4 Py + Pg+ P —Pg 0 0 )
—P3 —Pq P34+ Ps+ Ps 0 0
0 0 0 Py+ P+ P1 —Pyo
0 0 0 — Py Pio + Pra
Table 2. Possible changes in the process of the model.
Transition Probabilities
(AC); =11 0 0 0 o = (An)At
(AC),=1-1 1 0 0 o = (#1025 IR) At
(AC); =01 0 -1 0 o = (YRp)At
(AC), =11 -1 0 0 o = (Tuclpy
(AC)s=I-1 0 0 0 0 = (upSy)At
(AC)g=10 -1 1 0 01" Pg = (tclny +rclp)At
(AC); =10 -1 0 0 o Py = (0ly + pyly)At
(AC)g=10 0 -1 0 0" Ps = (uyRp)At
(AC)g=10 0 0 1 0] Py = (AR)At
(AC)p=10 0 0 -1 11" Pio = (2SR I At
(AC);y =010 0 0 —1 ol Py1 = (gSR)At
(AC)pp, =10 0 0 0 11" Prp = (ugIR)At
Thus, dC(t) = G(C, t)dt + H(C, t)dB(t).
AH_%ID—?SHIR + r)/RH + TncIH - FLHSH ]
7“1“12\15511{ — Tnely — eIy +rcly — 61y + uyly
YRH+TCIH+7CIH_HHRH dt
Ag — ARl — e Sp
_ R el _ ®
Py + P, + P3 + Py + Ps —P,— P —Ps 0 0
—P,— Py P, +Py+ P+ P —Pg 0 0
—P3 —Pg P;+ P+ Ps 0 0 dB(t)
0 0 0 Po+Ppo+Pn1 —Pp
0 0 0 —Py Pig + Pip
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The Euler-Maruyama scheme is implemented on Equation (8) to find its stimulating
results by using the scientific literature of the model. This is presented in Table 1 and is

as follows:
Cni1 = Cn + G(Cy, t)At + H(Cy, t)dB.
Iyt Iy" % — Tuely — Tcln +rely — 6l + nyln
Rp"*! Rp"| + YRy +tclg +reln — upRu At
Sg" ! Sr" _ waaSely _
IRn—i-l IRn AR ] I}]H HRSR
aa3Sply
L Ny MR IR
Pi+Py+ P34+ Py + Ps —P,—-P —P; 0 0
—P— Py Py + Py + Ps + P; —Ps 0 0
+ —Ps —Pg P34+ Ps+ Ps 0 0 At | ABy.
0 0 0 P9+P10—|—P11 _Pl()
0 0 0 —Pio Pyo+ Ppp

where At is the discretization parameter.

4. Formulation Phase-II

Considering the dynamical system (1)—(5), add uncertainty parameter with Brownian
motion as follows [31]:

dSp(t) a102SH (¢) IR (t) dB(t)

pn = Apg — Ni; + YRy (t) + Tucln (t)—uHsH(t)+(flsH(t)7/ £>0 ©)

dly (t) _ maSp(H)Ir(t) Ty (1) — rely (£) — Toeln () — 81y (£) — ugly () + ool () dB(t ), (>0 (10)
“ N dt

dR;(t) =TIy (t) +rely (t) — YRy (t) — ugRu(t) + o3Ry (¢ )#, £>0 (11)

dsgt(t) — Ar— "‘1"‘351}52111(” — urSr(f) + 04S¢ )7) >0 12)

dlst(t) = 06106351;\(]115_1)114 U urIr(f) + o51g(t) dff ), t>0 (13)

where 0;, i = 1, 2, 3, 4, 5 represents each compartment’s randomness and B(t) is the
Brownian motion.

4.1. Fundamental Properties of the Stochastic Model

In this section, the positivity and boundedness of systems (9)—(13) are discussed. Let
us consider the vectors as follows:

U(t) = (Su(t), In(t),Ry(t)) and V(t) = (Sr(t), Ir(t))
And the norms
U(H)] = S} (1) + (1) + R (1) (14)
And
V(1) = /Sk(t) + I}(t) (15)

Also, denote C7'! (R3x(0,00) : R) and C5' (R%x(0,00) : R..) are the families of all non-
negative functions V; (U, t) and V,(V,t) defined on R3x(0, o), respectively. Also, twice
differentiable in U and V and once in t.
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We define the differential operators L; and L associated with three dimensional SDEs:

dU(t) = Hy (U, t)dt + Ky (U, t)dB(t) (16)
dV(t) = Hy(V,t)dt + Ko(V, t)dB(t) (17)
as,
9 3 0 1«3 T 92
Ly =4+ Yo Hli(u,t)a—ui +5 Zl.,].zl(K1 (U, HKi (U, 1), ; x UL,
and

L —3+22 Hy, (V t)i+122 (KI(V,HKa(V, 1), ; x i
2 = ot i=1 12 ’ a‘/l 2 ij=1 2 ’ 20V, ij a‘/la‘/]

If Ly, Ly acts on a function U*, V* € C21 (R3x(0, ) : Ri) then we denote
LU (U, t) = Up (U, t) + Uy (U, t)Hy (U, t) + 3 Trace(KT (U, )Ujy, (U, 1)Ky (U, £).
Lyv*(V,t) = VF(V,t) + Vi (V, t)Hy(V, t) + %Trace(KzT(V, OV (V, 6K (V, t).
where T means Transportations.

Theorem 1. For system (9)—(13) and any given initial conditions (Sy(0), Ig(0), Ry(0)) €
R3, and (Sg(0), Ix(0)) € R3, there are unique solutions (S (t), Iy(t), Ru(t)), and (Sg(t),
Ir(t)) t > 0, respectively, and it will remain in R with probability one.

Proof. Since the local Lipschitz constraints are satisfied with all model parameters. There-
fore, by Ito’s formula, the given model admits a positive solution in the sense of local on
[0, Te], and explosion time is denoted by 7. To prove, the model has a global solution that
is T, = oo.

Let m, = 0 be sufficiently large for Sy (0), I(0), Ry (0), Sg(0) and Iz(0) lying with

the interval {m%, My } For each integer m > 0, define a sequence as follows:
. tel0,t:(t) € (%,m)or Ey(t) € (%,m) or Iy(t) € (%,m) or
Ty = inf 1 1 1 (18)
Sy(t) € (ﬁ,m) or Ey(t) € (%,m) or Iy (t) € (ﬁ,m)
where, we set inf@ = oo (& is empty set). Since T, is non-decreasing as m—oo,
To = lim Ty (19)
m—o0

Then 7o < 7.. Now, we wish to show 7o, = 00, as desired. If this statement is violated,
then there exist T > 0 and a; € (0,1) such that

Pty <T)>ay,¥Ym>my. (20)
Define a ¢® functions f : R — Ry by
f(Su, In,Ry) = (SH—1-InSy) +(Ig —1—-Inlg)+ (Rg—1—-InRy). (21)
Define a ¢? functions f : RZ — Ry by
8(Sr,Ir) = (Sk =1 —InSg) + (Ir =1 —InIg) (22)

By Ito’s formula on (21), we have
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af (St T, Ri) = (1= g )asp + (1— & )l + (1- 2 )dRy + 5%t
Af(Su tu,Ru) = (1= &) [(An — 9580 + 9Ry + Tucly — nSi )t + orSudB()] + (1 £ ) [(228820 — el —

rely — Tuely — 01y — pplp ) dt + oalydB(t)] + (1 - *)[(TcIH + rely — YRy — ugRy)dt+ o3RydB(t)].

0%+ 03 +03
df(SH,IH,RH) AH+HH+5+ Y df+0'15H(f)dB(t) +0’21H(f)dB(t)+0’37’H(t)dB(t) (23)
For simply, welet Ny = Ag +ug+46+ m , then Equation (23) will be written as
df(SH, Iy, RH) < Npdt + [0'1SH(t) + UzIH(t) + UgRH(t)]dB(t). (24)
where, Nj is positive constant. By integrating Equation (24) from 0 to 7, AT.
T AT Tn AT T AT
L S (o), Ru(s) < [ Nuds+ [ (@1 u(s) + oaln(s) + 0aRia($)B(5) 5)

where T,, AT = min(Ty, T), then Expectation will be
EU*(Sy(tmAT), Ig(tmAT), Ry (tnAT) < U*(SH(0), I5(0), Ry (0)) + N1T.  (26)

Set Oy, = {t < T} for m > my and from Equation (14), we have P (QQ; > a; }. For
every r1 € (), there are some i such that U; (T, v1) equals either m or % forI1=1,2,3. Hence,

U*(Sy(tm, v1), Ig(Tm, v2), R (T, v3)) is less than min{m —1—1Inm, L —1- ln%}.
Then we obtain

U (S1(0), 1(0), Ri(0)) + NiT > E(Iey tory U* (S (Tur), Tt (), Ri () > {min{m - lnm,% - ln%}} 27)

The indicator function is represented by I (,,) of Q. Letting m — oo leads to the
contradiction.
0o = U"(5k(0),I5(0), Ru(0)) + NiT < oo.

as desired.
Again, by applying Ito’s formula on Equation (22), we have

2., 2
dg(SR, IR) = (1 — 1>d5R + (1 — >d1R + M dt
Sr Ir 2
dg(Sk, Ix) = (1 - Si) KAR _mosSply pRSR) dt +a4sR(t)dB(t)} + (1 _ i) Km _ uRIR) dt + o5 (£)dB(t)
R Ny Ir Ny
+
dg(Sr, Ir) < | AR+ KR + T dt+(04Sr(t) + os5Ir(t))dB(t). (28)
To simplify, we let Ny = Agr + ug + %o , then Equation (28) as
dg(SR, IR) < Nodt + [0’4SR(t) + 0’5IR(t)]dB(t). (29)

where, N, is a positive constant by integrating Equation (29) from 0 to 7, AT.

T AT T AT T AT
/0 dg(Sr(s), Ir(s)) < /O Nads + / [04Sr(s) + 051 (s)|dB(s)  (30)
where T, AT = min(Ty, T), then expectation will be

EV* (SR (twAT), IR (TwAT)) < V*(SR(0), IR(0)) + NoT (31)
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Hence, V*(Sgr(Tim, V1), Ir (T, V1)) is less than min{m —1—1nm, % —1—In %} Then

we obtain,

V*(Sr(0),Ig(0)) + NoT > E(Iom(yl)V*(SR(Tm)/IR(Tm))) 2{ min{m —1- lnm,% —1- ln;l}}.

oo = V*(Sr(0),Ir(0)) + NoT < oo.

as desired. (I

4.2. Stochastic Euler Approach

(32)

The discretization of the system (9)—(13) under the rules of the stochastic Euler ap-

proach is as follows:

e aqaosilp
0610(2SnH1£

Iﬁ“:ll’?ﬁrh{ N
H

R = Ry +h [l + Acliy — YRy — ugRYy + 03REAB,]

ST
gl g gy | Ap — SIOORTH
R R T R Ni
a1a3SR I

1
I :Iﬁ+h[ N

— uglg + 05IRAB, ]
where h is any discretization parameter and n > 0.

4.3. Stochastic Runge—Kutta Approach

R + ’YR?I + Tncljr-lj - HHSTIEI + UlanABn

— Ty — Acdly — T — 610 — uy Il + 02 I AB, }

}/LRSIIE + O'4SI§ABH:|

(33)

(34)
(35)

(36)

(37)

The discretization of the system (9)—(13) under the rules of the stochastic Runge-Kutta

approach is as follows:
First Stage

Ky = [y — 220 YR, + Iy — 1Sy + 01 SPA B

Ly = h| P — 1 — AcTy — eIy — 0T — wp Iy + 021y A B

My = h [t I}y + el — yRY, — ugRY, + 03RY A By
Ny =h [AR — MR g SE + 04 SRA Bn]
O1 = h| Pk — gt + 05130 By |

Second Stage

Kp=h {AH -l 3)(ke3) v (Ry+ M) e (1 + ) —u (S +8) +o1 (S5 + %) aBy

wpa (Sn+5L) (149
Lzzh{ e (S ;H)<R ) —re (4 B) () e (B + B) o (1 + ) —ma(+ ) + oo (15 + 5 ) 8By

M, :h[n(IgjL%) +rc(1ﬁ+ %) —7(R’;_I+%) -~ uH(R?{Jr%) +a3<R"H+%>ABn]

a3 (5’:’z+NT]) (UH‘LT])

Ny =h|Ag — LS —ug(Sp+ ) +ou (s + %) aB,

n_ N ny by

Oy =
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Third Stage

A= 2GRN E) Ry 08 (14 18) — (53 + %) + o (5 + 5 ) AB
to =[] () (s ) - 8) () -+ ) a1+ o
My = hlee(B+ %) +re(t+ %) — (R + %) — wp(Rey + %) + 03 (Riy + %) 8B,

N;=h [AR (o)) (Sk+%) +ou(Sh+ %) aB,
O3 =h {WS(SH NH> Li2) we (I + %) +os (12 + C?)AB”]

Fourth Stage

Ky=h

Ky = h[Apy — 2020 4 o (RY 4+ M) + Tuc (I + Ls) — wuar (S} + Ka)o (Sl + Ka) ABy |

Ly = b 21eSEEUEe) g (4 L5) — e (I + Lg) — Tuc (I + Ls) = 6(Iy + Ls) — g (I + L) + o (If + Ls) ABy

H
My = h[te (I}, + La) +re (I}, + L3) — v (R} + Ms) — py (RY, + Ms) + 03(R},) AB,|

Ny = | A — QR 4o (S5 4 Ns) + 04 (S + N3) AB,

H

H

O,=h [041063(5;‘:*[{]\]3)([?14’%) _ HR(IE + 03) + 05(111% + O3)ABn}

Final Stage
Syl = 8" + %[Kl +2K; +2K3 + Ky 9
1
IHnJrl _ IIJfI + A [Ll + 2Ly, 4+ 213+ L4] (39)
1

Ry"™ =R + = 6 [My +2M3 + 2M3 + My] 40

SR =Sk 4 — [01 +202 +205 + O4] v

IRn+1 _ Iﬁ 4 %[Pl + 2P, +2P5 + P4} (42)

where /1 is any discretization parameter and n > 0.

4.4. Stochastic Nonstandard Finite Difference Approach

The stochastic non-standard finite difference scheme for Equations (9)—(13) can be
defined as follows [32,33]:

St + hA g + YhRY, + hTue I}, + hoy ST AB,

+1 _
Sttt = - ,WZIR o (43)
KH
P I+ % + hoy I AB, w
1+ht + rch + htye + 0h + uyh
rnt _ RigH Rl + Acly + hosRyAB, 5)
H 1+ yh + pugh
gni1 _ Skt hAR +hoySEAB, a5)
= 14 hlxltx3[H + HRh
ha1a35 I7
I + "+ hosTEAB
== - (47)

1+HRh
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where h is any discretization parameter and n > 0.

4.5. Stability Analysis

Considering the functions A, B, C, D, and E for the system (43)—(47) by assuming the

AB, = 0 as follows:

I haqanSylR
A — SuthAp+yhRy+htely p Ht— N C = Ruthtlytrely Sr+hAg
- haqayl 72T I4htetrch+htye+oh+pgh’ ~ = 1+yh+pgh 77 haqagl :
1+ }\]FZ[ R+HHh ctre ne Ky Yh+HUH 1+ 1NI:—)’IH+HRh
E IR+ha1aN3§IR1H
- 1+|»LRh
The elements of Jacobean matrix as follows:
(SH+hAg+7hRy+htl (”“1“2)
QA _ 1 DA _ N A vh 7_0 _ H H+ YRy +hTucly) Ny
35Sy — Ttuph’ g — Tftugh’ 9Rg — Ttugh’ 95y ’81_ . 2 ,
H H H H H H R (1+ W}\}Z R -HLHh)
halale
9B _ Ny JB 1 -0 0
Sy 1+th+rch+hTm+§h+pﬂh' azH 1+hte+rch+htyc+oh+ugh aRH 4 BSR
haqapSyy
0B __ ~ Ny =0 _ ht.+r¢ JoC __ 1 J9C __ 0
olg — 1+hrc+rch+hrnc+5h+uHh ’ asH ’ azH 1+yh+puyh 7 0Ry — 1+yh+pgh 7 oSg = 7
haqag
ac g _q o __ SxA0CRT) ap oap L1 b g o
dlg ’BSH 7 dlg haqag gy 279Ry — “’/9Sgr ~ 14+ugh’dlg — /oSy —
<1+7NH JrH.Rh )
hajazSp haqas Iy
JE __ Ny JE __ 0 _ Ny JE __ 1
dly — T1+ugh "0Ry — ’aSR T 1+4pgh’dlg T 14pgh’
Theorem 2. For n > 0, the eigenvalues of the Jacobian matrix at the disease-free equilibrium for
the system (43)—(47) lie in the unit circle if Ry < 1.
Proof. The Jacobean matrix at disease-free equilibrium (DFE-Ej) = (ﬁ—Z,O, 0, ﬁ—g,o) is
as follows:
r h
. e h 0 B (SH+hAH+'thH+thcIH)( “1“2)
1+ugyh 1++uyh 1+pgh haqaplg
(1+T+HH’1>
haqapIp haqapSyy
Ny 1 0 0 Ny
1+ht.+rch+htpc+oh+ugh  1+hte+rch+htpc+oh+ugh 1+hte+rch+htyc+0h+ugh
_ hte+r 1
J(Eo) = 0 Tyl gl Tt 0 0
n
0 (SR+hAR)(D;\’]71j’I(3> 0 1 0
B hay ag 1 2 T+ugh
haqagSp haqaglyg
0 H 0 Ny 1
L l+|-LRh 1+HRI’1 lJ"HRh m
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1+LLRI’1 B

J(Eo) = Al = 0

P, = Determinant of | = <<

AH heyap
e Yh 0 _ <”H +hAH) < Ny )
1+HHI’I 1+|>1Hh (1+uHh)2
halazﬁ—g
! —A 0 0 T
1+hte+rch+htyc+oh+pgh 1+hte+rch+htc+oh+pgh
ht+re 1 o _
1+’)/h+LLHh l+7h+uHh A 0 0 =0.
AR haqay
_<HR+hAR)(NH) 0 1 __ ) 0
(T pgh)? T+pgh
}1041&33—2
_Ng _1
1+HRh 0 0 1+U—Rh A
1 1 1
M=l——I<Lbhh=|—F—""—"|<], 3=|——| <1
1+ pyh ’ 1+ 9h+ pgh ’ 1+ hug
A
h"‘l”‘ZTZ
1 _ A Ny
1+hte+rch+htyc+oh+pgh 1+hte+rch+htye+oh+ugh
J(Eo) = Al = . 0.
h"‘l"‘STE
_ Ny _1
1+ HRI’I 1+H—Rh A

1 1
Py =T =
1 = Trace of ] (1+th+rch+hTm+(5h+uHh>+1+uRh

AR Ay
hay oz iR haq oo i

Nu

1 1 -
1+hrc+rch+h7m+5h+uHh)(1+uRh>) 14 pgh

14+ ht. +rch+ htye + 6h + ugh

Lemma 3. For the quadratic equation A> — PIA+ P, =0, |A;| < 1, i = 1, 2,3, if and only if the
following conditions are satisfied:

i) 1+P+P,>0.

(i) 1-P;+Pr,>0.

(i) P, < 1.

Proof. The proof is straightforward. [J

4.6. Comparison Section

This section compares the behavior of the graphs of infected humans of Euler Maruyama,
stochastic Euler, and sto-chastic Runge Kutta schemes with the NSFD scheme for different
step sizes.

5. Concluding Remarks

Table 3 predicts the efficacy of the existing methods with the proposed technique. All
methods are consistent in small time steps (the disease behavior for a short period). After
taking an increase in time, the existing methods are not compatible with the solution of
the continuous model, even violating the properties, such as positivity, boundedness, and
dynamical consistency. This means the current techniques are unsuitable for predicting the
disease’s behavior for a long time. The graphical behavior of Euler-Maruyama, stochastic
Euler, stochastic Runge-Kutta, and SNSFD schemes are given in Figures 2 and 3. Figure 4
presents the schematic map of the Lassa fever model. The analysis predicts that mouse-
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to-human transmission rate and mouse death rate are among the most critical parameters.
Hence, the abundance of mice is the most crucial driver of Lassa fever transmission. The
following steps could be adequate to control the disease by decreasing rodent-to-human
communication, e.g., using rodent-safe food containers, collecting garbage far from the
houses, and reducing human-to-human transmission. Our simulations suggest modifying
control parameters corresponding to such measures might mitigate the epidemic, but
they seem insufficient to drive it to extinction. In the future, we shall extend this idea to
annealing genetic GAN for imbalanced web data learning as presented in [34].

Table 3. Comparison of numerical techniques for different step sizes ‘h.

h Euler-Maruyama Stochastic Euler Stochastic Runge Kutta Stochastic NSFD
0.01 Convergence Convergence Convergence Convergence
0.5 Divergence Divergence Divergence Convergence

1 Divergence Divergence Divergence Convergence

2 Divergence Divergence Divergence Convergence

Sub-populations

Disease Free Equilibrium(DFE)-Euler Maruyama Method Endemic Equilibrium(EE)-Euler Maruyama Method

1.2 T 1.2
LA n . w A AM NJKMKAAA M I
WWVVW WYY g T WY W 1 1
0.8 1 0.8
2
m— Susceptible Humans S
= |nfected Humans ‘_3“ = Susceptible Humans
0.6 s Recvoered Humans 1 506 m— |nfected Humans b
Susceptible Rats o s Recvoered Humans
Infected Rats = Susceptible Rats
04k i « 04 Infected Rats il
0.2 q 0.2 J
S ——
0 0 | n N n N N n n n
[0} 10 20 30 40 50 60 70 80 90 100

10 20 30 40 50 60 70 80 90 100
Time (days), h=0.01

(a) (b)

Figure 2. Depicts the graphical behavior of the system (8) through the Euler-Maruyama method with
the help of stochastic differential equations (SDEs) package. (a) The behavior of each subpopulation
for disease-free equilibrium at # = 0.01. (b) The behavior of each subpopulation for endemic

o

Time (days), h=0.01

equilibrium at i = 0.01.
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Endemic Equilibrium(EE Endemic Equilibrium(EE]
0.35 . FEndemic Equilibium(EE) 07 . Endemic Equilibrium(EE)
s Euler Maruyama Method = Euler Maruyama Method
s Stochastic NSFD Method 0.6 === Stochastic NSFD Method |
0.3 1
0.5 1
» 0.25 » 04 - 1
s s Euler Maryuama Method shows negative values
£ £ 03 and on the otherhand, stochastic NSFD method |
E f : still convergent to true equilbria of the model
o 0.2 o
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L L
£ =
0.15
0.1
0.05
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (days), h=0.01 Time (days), h=0.5

(a) (b)
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05 =@~ Stochastic NSFD Method | |
0.3 1
% 0.25 é
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2 z
5 02 =1
(53 Q
o o
® 2
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0.15 -
0.1
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0.05 01 . on certain scaniroes ) ) i i
o 10 20 %0 Ti:\" ’ 0 n—gom 7080 %0 100 "0 10 20 30 40 50 60 70 80 90 100
e (days), h=0. Time (days), h=1
(0) (d)
035 Endemic Equilibrium(EE) 06 Endemic Equilibrium(EE)
: ' ' ' ' ' ' ' ' ' ‘ === Stochastic Runge Kutta Method
= Stochastic Runge Kutta Method == Stochastic NSFD Method
e Stochastic NSFD Method 0.5
0.3
04
0.25
(2] 1]
5 § 03
£ £
Z z
5 02 35 02
8 8
° o
= £ 01
0.15 -
0 ! i
Stochastic Runge Kutta Method shows negative
0.1 N ) e
-0.1 values, which violate the properties of biological i
problem.
0.05 02 A T T ; T T ;
0 10 20 30 4 5 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time (days), h=0.01 Time (days), h=2

(e) (f)

Figure 3. Combined graphical behaviors of NSFD with Euler-Maruyama, stochastic Euler, and
stochastic Runge-Kutta methods at different time-step sizes. (a) The behavior of infected humans
through both methods converge to the proper equilibrium at /2 = 0.01. (b) Euler-Maruyama method
diverges and even produces negative values after taking the long-term behavior, but the proposed
method is still convergent. (c) The stochastic Euler method depicts the exact behavior of the dis-
ease, like the stochastic nonstandard finite difference method. (d) However, the stochastic Euler
method fails to restore the dynamical properties at = 1. (e) The stochastic Runge-Kutta methods
converges like stochastic NSFD at /1 = 0.01 (f) The stochastic Runge-Kutta method diverges when we
take i = 2 days, but the proposed method is convergent and restores the dynamical properties of
the model.
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Figure 4. A schematic diagram of the Lassa fever model.

Author Contributions: Conceptualization, N.A.; data curation, H.H.; formal analysis, HH., AR,
E.EM. and W.P; funding acquisition, J.A.; investigation, M.M.A. and W.P.; methodology, A.R.; project
administration, J.A., M.R. and E.E.M.; resources, M.R ; software, A.R. and W.P,; supervision, M.R.
and N.A.; validation, N.A. and M.M,; visualization, A.R. and M.M.; writing—original draft, M.M.;
Writing—review & editing, M.M. All authors have read and agreed to the published version of
the manuscript.

Funding: No funding is available regarding this article.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: All of the necessary data and the implementation details have been
included in the manuscript.

Acknowledgments: The authors extend their appreciation to the Deanship of Scientific Research at
King Khalid University for funding this work through Large Groups [project under grant number
(RGP.2/116/43)]. The authors would like to thank the Deanship of Scientific Research at Umm
Al-Qura University for supporting this work by Grant Code: (22UQU4330953DSR02). Taif University
Researchers Supporting Project number (TURSP-2020/20), Taif University, Taif, Saudi Arabia. The
authors are thankful to the Govt. of Pakistan for providing the facility to conduct the research. All Au-
thors are grateful for the suggestions of anonymous referees to improve the quality of the manuscript.

Conflicts of Interest: There is no challenging interest in this article.

References

1. Onah, LS,; Collins, O.C. Dynamical system analysis of a Lassa fever model with varying socio-economic classes. J. Appl. Math.
2020, 2020, 1-12. [CrossRef]

2. Peter, O.].; Abioye, A.L; Oguntolu, F.A.; Owolabi, T.A.; Ajisope, M.O.; Zakari, A.G.; Shaba, T.G. Modelling and optimal control
analysis of Lassa fever disease. Inform. Med. Unlocked 2020, 20, 100419. [CrossRef]

3. Caraka, R.E.; Chen, R.C.; Yasin, H.; Pardamean, B.; Toharudin, T.; Wu, S.H. Prediction of Status Particulate Matter 2.5 using State
Markov Chain Stochastic Process and HYBRID VAR-NN-PSO. IEEE Access 2019, 7, 161654-161665. [CrossRef]

4. Masseran, N.; Safari, M.A.M. Modeling the transition behaviors of PM10 pollution index. Environ. Monit. Assess 2020, 192, 441.
[CrossRef] [PubMed]

5. Caleyo, F; Velazquez, ].C.; Valor, A.; Hallen, ]. M. Markov chain modelling of pitting corrosion in underground pipelines. Corros.
Sci. 2009, 51, 2197-2207. [CrossRef]

6.  Schweizer, M. Editorial: 25th anniversary of Finance and Stochastics. Financ. Stochastics 2022, 26, 1-3. [CrossRef]


http://doi.org/10.1155/2020/2601706
http://doi.org/10.1016/j.imu.2020.100419
http://doi.org/10.1109/ACCESS.2019.2950439
http://doi.org/10.1007/s10661-020-08376-1
http://www.ncbi.nlm.nih.gov/pubmed/32557137
http://doi.org/10.1016/j.corsci.2009.06.014
http://doi.org/10.1007/s00780-021-00470-7

Mathematics 2022, 10, 2919 17 of 17

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

Koniorczyk, M.; Grymin, W.; Zygmunt, M.; Bednarska, D.; Wieczorek, A.; Gawin, D. Stochastic energy-demand analyses with
random input parameters for the single-family house. Build. Simul. 2022, 15, 357-371. [CrossRef]

Polcz, P; Csutak, B.; Szederkényi, G. Reconstruction of Epidemiological Data in Hungary Using Stochastic Model Predictive
Control. Appl. Sci. 2022, 12, 1113. [CrossRef]

Bakare, E.A.; Are, E.B.; Abolarin, O.E.; Osanyinlusi, S.A.; Ngwu, B.; Ubaka, O.N. Mathematical Modelling and Analysis of
Transmission Dynamics of Lassa fever. J. Appl. Math. 2020, 2020, 6131708. [CrossRef]

Collins, O.C.; Okeke:, ].E. Analysis and Control Measures for Lassa fever Model Under Socio-Economic Conditions. In International
Conference on Recent Trends in Applied Research; IOP Publishing: Bristol, UK, 2021.

Caraballo, T.; Colucci, R. A comparison between random and stochastic modeling for a SIR model. Commun. Pure Appl. Anal.
2017, 16, 151. [CrossRef]

de Jesus, L.E; Silva, C.M.; Vilarinho, H. Random perturbations of an eco-epidemiological model. arXiv 2020, arXiv:2007.10188.
[CrossRef]

Obabiyil, O.S.; Onifade, A.A. Mathematical Model for Lassa fever Transmission Dynamics with Variable Human and Reservoir
Population. Int. |. Differ. Equ. Appl. 2017, 16, 1311-2872.

Dachollom, S.; Madubueze:, C.E. Mathematical Model of the Transmission Dynamics of Lassa fever Infection with Controls. Math.
Model. Appl. 2020, 5, 65-86. [CrossRef]

Bawa, M.; Abdulrahman, S.; Jimoh, O.R.; Adabara, N.U. Stability Analysis of the Disease-Free Equilibrium State for Lassa fever
Disease. J. Sci. Technol. Math. Educ. 2020, 9, 115-123.

Sattler, R.A.; Paessler, S.; Ly, H.; Huang, C. Animal Models of Lassa fever. Pathogens 2020, 9, 197. [CrossRef] [PubMed]

Okolo, PN.; Nwabufo, LV.; Abu, O. Mathematical Model for the Transmission Dynamics of Lassa Fever with Control. Sci. World ].
2020, 15, 62-68.

Marién, J.; Borremansb, B.; Kouroumad, F,; Bafordaye, J.; Riegere, T.; Guinther, S.; Magassouba, N.; Leirs, H.; Fichet-Calvet, E.
Evaluation of Rodent Control to fight Lassa Fever Based on field Data and Mathematical Modelling. Emerg. Microbes Infect. 2019,
8, 640-649. [CrossRef] [PubMed]

Akhmetzhanov, A.R.; Asai, Y.; Nishiura, H. Quantifying the Seasonal Drivers of Transmission for Lassa fever In Nigeria. Phil.
Trans. R. Soc. B 2019, 374, 20180268. [CrossRef] [PubMed]

Nwasuka, S.C.; Nwachukwu, L.E.; Nwachukwu, P.C. Mathematical Model of the Transmission Dynamics of Lassa Fever with
Separation of Infected Individual and Treatment as Control Measures. |. Adv. Math. Comput. Sci. 2019, 32, 1-15. [CrossRef]
Zhao, S.; Musa, S.S.; Fu, H.; He, D.; Qin, H. Large-scale Lassa fever outbreaks in Nigeria: Quantifying the association between
disease reproduction number and local rainfall. Epidemiol. Infect. 2020, 148, 1-12. [CrossRef]

Martins, O.; Moses, M.S.; Dahiru, U.; Abdulkadir, A. Basic Reproductive Number for the Spread and Control of Lassa fever. Int. ].
Math. Trends Technol. 2016, 30, 1-7. [CrossRef]

Abdulkarim, M.A.; Babale, S.M.; Umeokonkwo, C.D.; Bamgboye, E.A.; Bashorun, A.T.; Usman, A.A.; Balogun, M.S. Epidemiology
of Lassa Fever and Factors Associated with Deaths. Emerg. Infect. 2020, 26, 799-801. [CrossRef]

James, T.O.; Abdulrahman, S.; Akinyemi, S.; Akinwande, N.I. Dynamics Transmission of Lassa Fever Disease. Int. J. Innov. Res.
Educ. Sci. 2019, 2, 2349-5219.

Innocent, E.B.; Omo, E. Lassa fever and its Control Measures. Sci. Res. 2017, 7, 75-79.

Akinpelu, EO.; Akinwande, R. Mathematical Model for Lassa fever and Sensitivity Analysis. J. Sci. Eng. Res. 2018, 5, 1-9.
James, T.O.; Akinyemi, S.T.; Oluwade, B. Stability Analysis of Lassa fever with Quarantine and Permanent Immunity. Int. Inst.
Acad. Res. Dev. 2015, 1, 71-81.

Obasi, C.; Mbah, G.C.E. On the Basic Reproduction Number of Lassa fever Epidemics and Its Relationship with Inter-Epidemic
Period. J. Niger. Soc. Math. Biol. 2019, 2, 66-79.

Aznar-Gimeno, R.; Esteban, L.M.; del-Hoyo-Alonso, R.; Borque-Fernando, A.; Sanz, G. A Stepwise Algorithm for Linearly
Combining Biomarkers under Youden Index Maximization. Mathematics 2022, 10, 1221. [CrossRef]

Faniran, T.S. A Mathematical modelling of lassa fever dynamics with non-drug compliance rate. Int. J. Math. Trends Technol. 2017,
47,305-317. [CrossRef]

Allen, E.J.; Allen, L]J.S.; Arciniega, A.; Greenwood, P.E. Construction of Equivalent Stochastic Differential Equation Models. Stoch.
Anal. Appl. 2008, 26, 274-297. [CrossRef]

Mickens, R.E. A fundamental principle for constructing nonstandard finite difference schemes for differential equations. J. Differ.
Equ. Appl. 2005, 11, 645-653. [CrossRef]

Mickens, R.E. Advances in Applications of Nonstandard Finite Difference Schemes; World Scientific: Singapore, 2005.

Hao, J.; Wang, C.; Yang, G.; Gao, Z.; Zhang, ].; Zhang, H. Annealing Genetic GAN for Imbalanced Web Data Learning. IEEE Trans.
Multimedia. 2021, 24, 1164-1174. [CrossRef]


http://doi.org/10.1007/s12273-021-0812-9
http://doi.org/10.3390/app12031113
http://doi.org/10.1155/2020/6131708
http://doi.org/10.3934/cpaa.2017007
http://doi.org/10.3934/dcdsb.2021040
http://doi.org/10.11648/j.mma.20200502.13
http://doi.org/10.3390/pathogens9030197
http://www.ncbi.nlm.nih.gov/pubmed/32155851
http://doi.org/10.1080/22221751.2019.1605846
http://www.ncbi.nlm.nih.gov/pubmed/31007139
http://doi.org/10.1098/rstb.2018.0268
http://www.ncbi.nlm.nih.gov/pubmed/31056054
http://doi.org/10.9734/jamcs/2019/v32i630164
http://doi.org/10.1017/S0950268819002267
http://doi.org/10.14445/22315373/IJMTT-V30P501
http://doi.org/10.3201/eid2604.190678
http://doi.org/10.3390/math10081221
http://doi.org/10.14445/22315373/IJMTT-V47P542
http://doi.org/10.1080/07362990701857129
http://doi.org/10.1080/10236190412331334527
http://doi.org/10.1109/TMM.2021.3120642

	Literature Review 
	Model Formulation 
	Positivity and Boundedness 
	Model Equilibria 

	Stochastic Formulation Phase-I 
	Formulation Phase-II 
	Fundamental Properties of the Stochastic Model 
	Stochastic Euler Approach 
	Stochastic Runge—Kutta Approach 
	Stochastic Nonstandard Finite Difference Approach 
	Stability Analysis 
	Comparison Section 

	Concluding Remarks 
	References

