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1. Introduction
published maps and institutional affil-

ations. Consider the following nonlinear system:

Q(x) =0, x€ ECR", 1)

where () : R" — R" is continuous. Nonlinear systems of equations of the form (1) are
widely used in science, engineering, social sciences, management sciences, and many other
This article is an open access article  11€1d$, so there are different iterative algorithms for obtaining their solutions [1]. Many of
distributed under the terms and  these methods fall into the categories of either Newtonian or quasi-Newtonian methods
conditions of the Creative Commons  (s€€ [2-9]). Since these methods are required to solve a linear system using the Jacobian
Attribution (CC BY) license (https:// ~ Matrix, or its approximation, in each iteration, they become typically unsuitable for solving
creativecommons.org/ licenses/by / large-scale problems. This study is more concerned with the large-scale case for which the
40/). Jacobian of Q)(x) is completely avoided, thereby requiring a low amount of storage.

Copyright: © 2022 by the authors.
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In the recent literature, many researchers have extended the gradient-based method
to solve large-scale systems of nonlinear equations. For example, the spectral gradient
method proposed in [10] for quadratic optimization problems was extended to solve
nonlinear equations in [11]. The spectral gradient parameter [10] was combined with
the projectile method [12] and applied to solve nonlinear monotone equations by [13,14].
Awwal et al. [15] proposed a hybrid spectral gradient method for nonlinear monotone
equations. The search direction of their method is a convex combination of two different
positive spectral coefficients multiplied with the function value. An extensive numerical
computation showed that it was efficient and very competitive compared to existing
spectral gradient methods for large-scale problems. Based on the ideas in [10,12], a novel
two-step derivative-free projection method for considering a system of monotone nonlinear
equations with convex constraints is proposed [16]. Numerical experiments presented
demonstrate the superior performance of the two-step method over an existing one-step
method with similar characteristics.

Conjugate gradient (CG) methods are among the efficient iterative methods for solving
unconstrained optimisation problems, particularly when the problems have large dimen-
sions [17,18]. The efficiency of the CG methods on large-scale problems can be attributed to
their low storage requirements and simplicity [19]. Some of the earlier versions of the CG
methods are HS [20], FR [21], and PRP [22], whose formulas are given as follows:

HS _ 8k (8k — 8k-1) BER — IgxII? BPRP — 3 (8k — 8k-1)
dl (se-se) T gl T k-1l

where ||.|| denotes the Euclidean norm of vectors. The above CG methods motivated
researchers to produce different variants of the CG methods for unconstrained optimization
problems [23-27]. Subsequently, the projection technique proposed in [12] has stimulated
extensive interest in the study of derivative-free methods for large-scale nonlinear systems
of equations [28]. In addition, the line search proposed in [12] has also contributed to the
success of the derivative-free method for systems of nonlinear equations. This line search
has undergone some modifications (see [14,16,29,30]). These are part of the motivation for
this paper.

For instance, the authors in [31] applied the steepest descent algorithm to develop a
family of derivative-free CG methods for solving large-scale nonlinear systems of equations,
and [32] combined the CG—DESCENT method [33] with the projection method [12] to
formulate a new CG method for solving convex constrained monotone equations. The pre-
liminary results obtained from numerical experiments of these methods indicate that they
are competitive. Interestingly, the derivative—free projection in [32] was successfully ap-
plied to deal with problems arising from compressive sensing. The author of [34] extended
the PRP CG method [22] under non-monotone line search to construct a derivative—free
PRP method for solving large-scale nonlinear systems of equations. In [35], the RMIL CG
method [27] is combined with a new non-monotone line-search method to develop a new
derivative-free CG algorithm for solving large-scale nonlinear systems of equations. The
preliminary results presented show that these methods are competitive. We refer readers to
the following papers [32,34,36] for more references on derivative-free methods for nonlinear
systems of equations.

Inspired by the low memory requirement of the derivative-free method, as well as
the strategy of the projection method discussed in the literature above, this study presents
a new derivative-free type algorithm for solving a system of nonlinear equations. The
knowledge of the Jacobian of )(x) is not needed in the proposed method and this makes
the method attractive. We summarise some of the contributions of the paper as follows:
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*  The new proposed method is derivative-free as well as matrix-free.

*  The search direction is sufficiently descending independent of any line search strategy.

*  The proposed work relaxes, to some extent, the condition imposed on the user-
defined parameter u € R for the ZPRP search direction [37] to satisfy the sufficient
descent condition.

*  The convergence result of the new method is proved under an assumption that is
weaker than monotonicity, that is, pseudomonotonicity.

¢  The new method is efficient and computationally inexpensive.

¢ Lastly, the new method is successfully applied to recover some disturbed signals
arising from compressive sensing.

The rest of the paper is structured as follows: The next section discusses relevant
literature and presents the proposed algorithm. In Section 3, we establish the global con-
vergence of the proposed method under appropriate conditions. We report the numerical
experiments in Section 4 to validate the efficiency of the proposed method. In Section 5, the
proposed algorithm is applied to solve a problem of signal restoration. Finally, we offer
some conclusions in Section 6.

2. Motivation and Proposed Method

In this section, we begin by considering the conjugate gradient (CG) method for
solving an unconstrained optimization problem as follows:

min w(x), x € R, 2)

where w : R" — R is a continuously differentiable function. The CG method is an iterative
method with the scheme

Xpa1 =X, +agdy, k=0,1,2,..., 3)

where x; 1 and x; are the current and previous iterative points, respectively, dy. is the search
direction and «; > 0 is the step length, which is calculated by certain suitable line search
procedures. Recently, Zheng and Shi [37] proposed a modification of the PRP conjugate
gradient method (ZPRP method) where the search direction, dy, is defined as follows:

T
ZPRP _ pZPRP___ 8k dr—1
dg-1 — By

dy = — g + — 8k-1)s 4
k= =8k T Bk < gk_gk_l)(gk 8k-1) )
ﬁ%PRP _ 8{(81( — 8k-1) )

— max{pl|di_1 |18k — gk-1ll, lge-1117}’

gk = Vw(xy) and p € R. A simple calculation showed that multiplying (4) by g yields
gldy < —(1-— %) |gx/|?- This means that the ZPRP method satisfies the sufficient descent

condition, df g, < —c||g«||*>, ¢ > 0, only when the condition s > 2 is imposed. Our work
relaxes this condition to some extent. This is part of the advantage of the proposed method.

In this article, we develop a modified ZPRP (MZPRP) method which is suitable for
solving nonlinear systems of equations with convex constraints of the form (1).

Before we provide the new formula for the proposed method, we start with the basic
concept of the projection operator. The projection operator is a map denoted as Pr and
formulated by

Pp(x) = argmin{||x —y|,y € E},Vx € R", (6)

where E is a non-empty closed and convex set and Pr : R* — E. We know that the
projection operator Pr is non-expansive; that is, for any x € R”, we have

|Pe(x) =yl < [lx—yl, y €E (7)
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Motivated by the success of ZPRP recorded on an unconstrained optimization problem
and the approach in [28,32], we define a new spectral derivative-free method for solving a
system of nonlinear equations with convex constraints. Interestingly, the search direction
of the new method satisfies the sufficient descent condition without any difficulties and
independent of any line search procedure (see, Lemma 1). The formula for the new search
direction is defined as follows:

—qy, k=0,
dp = 8
‘ {_Gka + PR, k> 1, ®

MZPRP _ Qz{ Yk—1 ©)
¢ max{p | de—1]/lye-1ll, [Qu-1[}’
6, — (Of yx_1)?
P12 die—1 1]y 1
Next, we give the algorithm (Algorithm 1) of the MZPRP method for solving (1) with
convex constraints below.

+1, u>1 (10)

Algorithm 1: MZPRP.
Input: Given any pointxo € ECR",0< /¢ <2,6,6>0,0<p <1, u>1,and
setk = 0.
Step 1: Calculate the Q. If | Q]| < €, then stop.
Step 2: Calculate the search direction dy by (8)—(10).
Step 3: Calculate the trial point z; := x; + axdy with ay = max {Zp' :i=0,1,...}
such that the following condition

— Qx +gp'di) Ty > 00| Qxi + Gp'd) ||l 1%, (11)

is satisfied.
Step 4: If ||Q)(z;)|| = 0, then stop. Else, calculate the next iteration by

,_ Q(ze) T (xk — 2¢)
Xkl - = PE <xk - éWQ(Z}J) . (12)

Step 5: Set k = k + 1 and go to Step 1.

3. Convergence Analysis
The following assumption is needed to establish the convergence of Algorithm 1.

Assumption 1. (A1) The function Q) is pseudomonotone. That is,
if Q(x)T(x—y)>0, = Q)T (x—y) >0, Vx,y € R". (13)

(A2) The function () is Lipschitz continuous, that is, there exists a positive constant L > 0
such that
1Q0x) = Q)| < Lix—yll, Yx,y € R™ (14)

(A3) The solution set of the problem (1) is non-empty.

The following lemmas show that the proposed MZPRP derivative-free method satisfies
the sufficient descent property which is essential in the proof of convergence.

Lemma 1. Suppose that dy is the search direction defined by (8)—(10), then d, satisfies the sufficient
descent condition, that is
Ofdy < | Ol 71> 0. (15)
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Proof of Lemma 1. For k = 0, then from (8), we get Q}dy = — || ||%. For k > 1, by using
(8) and (9), we have
Ofdi = =0k | O |1* + BRI Oy 4

1l | i1 i1 max{ gl di—1|l lye—1ll, [|Qu—-111?}

_ (fye)? o+ (Qfye1)(Qf dy )
“ulde Tyl T T max{pldi [Tyl 111112}
(O ye-1)(Qf dy_q)

ullde Mye— ]
2%y 12 i

ullde—1 1 Tyi]l
19%?

Oy 1)2 Qly,_
=—< (€ y1) +1>|!le|2+ ki1 alde_,

IN

~ 11 +

IN

—[1Q%1? +

= —[| 1> +

1
1= Z )O3,
( y)n i

The first inequality holds by dropping the first term and the fact that 1/ max{a, b} < 1/a.
The second inequality follows by applying the Cauchy-Schwarz inequality. Hence, since

u > 1, then taking i = (1 — %) the desired result holds. [

The next lemma shows that the sequence of the search direction {d} is bounded.

Lemma 2. Suppose that Assumption 1 (A2) holds. Let the sequences {xy} and {dy} be generated
by the Algorithm 1 with the MZPRP direction. Then we have

ldell < BIOxll, 72> 0. (16)
Proof of Lemma 2. From the projection in Step 5 of Algorithm 1, definition of z; and (7),
we have

O(zp-1)" (%1 — 2k1)
l[xk = xk-1ll = || Pe (xkl -t Q(zk-1) ) — X1
19(zk—1) 12
O(zp1)" (01— zk1)
< ||xk—1—4¢ O(zk1) — %1
19 (zk—1) 12

< w1 =z ||
= Lo ||dg—1]|- (17)

Therefore, by the Lipschitz continuity, it holds that
[yx—1ll = [1Q(xx) = Olxi—1)[| < Lllxg = x| = Leag—1[|di— | (18)
By using (8)—(10), we have

il = || 00 + B |

IN

0610l + | BE2PEP i

(Ofyi1)? 1 Of v
IO =1 [ yx—1]]

max{pl|di—1 |1yl 1Ou—1ll

1%l +

7 k-
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IN

IA

IN

Ikl 1 1 1%
%Pl [l[yi
Y- 1Ol

plldiall
Llaty_y [|di—1 ||| O

plldi—a |l

L¢ 1
Ol + 1%l + — 1O
M I3

(

9%yl
pllk-allllyi—1l

+ 1% + lldi—1ll

(%]l

+ 1% +

(1%l

10kl +

L¢
=+

1
1+ 2 )10,
e

where the forth inequality follows by the fact that a;_; < 1. By setting ﬁ = (% +1+ %) ,

the conclusion holds.

O

Lemma 3. Suppose that the function Q) is pseudomonotone, then, if the sequence {x;} is generated
by Algorithm 1, we have the following conclusions

lim ||x; — x*||, exists, and
k—o0

lim “k”dk” =0.
k—o00

(19)

Proof of Lemma 3. If x* € E is a solution of problem (1) then Q(x*)T(z; — x*) > 0. Since
Q) is pseudomonotone, then it holds that Q(z;)T (z; — x*) > 0. This further yields

Qzi) T (0 — x*) = Qz) T (xf — 2z + 2 — x7)
= O(z5) " (2 — zi) + Qzi) T (2 — x¥)
> O(zi) " (i — z0)- (20)
Now, applying the projection property (7) on (12), we have
O z) T (o — z¢) . O (zi) " (3 — zk) .
e R T ) B B R GO |
Since 0 < ¢ < 2, it means
O(z) T (x4 — 2
s =P < () - 2SI B 0
B 2 Q(zie) T (o — zi) T o 2 [z T (o — z))?
e R 1T | R T T
2 O (zi) " (3 — zi) T 2 [0(z) T (2 — i)
L B o1 e N T TC
T 2
_ —x*2—p(2—¢ [Q(zk) (Xk—Zk)] 71
”xk X || ( ) HQ(Zk)HZ (21)
<l — 2|17 (22)

This means that the sequence {||xx — x*|| } is decreasing and, hence, is the proof of the
first conclusion. It further implies that {x; } is bounded and, since Q) is Lipschitz continuous,

we have

1Q(x) | < My, ¥k >0.

(23)
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Combining this with Lemma 2 gives
ldell < M, (24)

with M = ﬁMl. Merging this with the boundedness of {x;} means the z; defined in Step 4
of Algorithm 1 is equally bounded. Again, by the Lipschitz continuity of (), there exists
some constant, say Mp, such that

1Q(zi)|| < My, Yk >0. (25)
Now, combining the inequalities (11) and (21) and using (25) gives
1
2 4 4 a2 2
Pailldel* < g gy (e =1 = s = '),
By using the fact that the klim |lxx — x*|| exists and the fact thatoc > 0and 0 < £ < 2,
—> 00
it gives
lim af||di||* = 0, (26)
k—ro0
and the second conclusion holds. [

Remark 1. It is worth noting that the above Lemma 3 is proved using the pseudomonotone
assumption on the underlining function Q) which is weaker than the monotonicity assumption used
in many existing methods.

Lemma 4. Suppose that Assumption 1 (A2) is satisfied. Let the sequence {xy} be generated by

Algorithm 1. Then
7 2
a; > mind 1, IO . 27)
[Lo~1 4+ op~TM| M?

Proof of Lemma 4. If ; # , then, by using line search (11), we have ua;( = ayp~! does not
satisfy (11), that is,

— Qx4 axp i) i < oagp QU xp + g ) | ||| (28)

Let x* € E such that Q(x*) = 0, since {x;} is bounded then ||x; — x*|| < M3,
M3 > 0, and

Qe + ey | 1Q(xg + agp i) — Q(x)||

< Lllxg +agp i — x|

< Lllxg — x*[| + Lagp™ |||

< LMz+ Lo 'M

= M, (29)

where M = LM3 + Lo~ ' M. By using (14), (15), (28), (29) and the Cauchy-Schwarz inequal-
ity, we obtain

aol? < -0l
< —Ofdg+ Q(x + axp i) Ty + oo Qx4+ ae i) | |1k
= (Q(xg+ agp i) — ) Ty + oo | QU xg + agp i) |||k |1
< Lagp™dg || + oo™ M| di|)?

ar[Lo™! +op M| M2
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Hence, we have

a4 > mind 1, I .
[Lp~1 + op~1M] M2
O
In the following lemma, we will give the global convergence theorem for our proposed
MZPRP method.

Theorem 1. Suppose that Assumption 1 holds. Let the sequence {xy} be generated by Algorithm 1.
Then we have,

lim inf ||Q] = 0. (30)
k—o0

Proof of Theorem 1. We prove this result by contradiction. Assuming that (30) does not
hold, then there is v > 0 such that

|Q%]| > v, forall k > 0. (31)
By applying the Cauchy-Schwarz inequality on (15), we obtain
1% ldil| > 7all . (32)
This together with (31) gives
ldill = Al = Fiv. (33)
By using (19) together with (33), we have
lim ay = 0. (34)
k—o0

This means (34) contradicts Lemma 4 and, hence, the conclusion of this theorem
must hold. O

4. Numerical Experiments

In this section, we present numerical experiments to assess the numerical performance
of the proposed MZPRP in comparison with the following two existing methods, namely:

(i) “A conjugate gradient projection method for solving equations with convex con-
straints” proposed by Zheng et al. [38]. For convenience, we denote this method
as ACGPM.

(if) “Partially symmetrical derivative-free Liu-Storey projection method for convex con-
strained equations” developed by Liu et al. [39]. For simplicity, this method shall be
denoted by DFsLS.

In this experiment, we consider thirteen (13) test problems (see, Appendix A)
where each problem is solved using six starting points (SP) by varying the dimen-
sions as 1000, 5000, 10,000, 50,000, 100,000. The SPs used for each problem are

. ) 11 1 1 11 1 1
given as follows: x; = (1, ﬁ,ﬁ,...,E)T, Xy = (7,2—2, F""/F)T' x3=(2,2,2,...,2)7T,
xg = (1, %,%,...,%)T, x5 = (1— %,1 — %,1 — %,...,O)T and x4 = rand(0,1). This means

that the number of problems solved by each method in the course of this experiment
is three hundred and ninety (390). The three methods, that is MZPRP, ACGPM and
DFsLS were coded in MATLAB R2019b which was on a PC with the following specifi-
cations: Intel Core(TM) i5-8250u processor with 4 GB of RAM and CPU 1.60 GHZ. In
the course of execution, we used the following parameters for MZPRP h =5, p = 0.5,
o« =01,¢c=0010 =001« =1, and £ = 1.99. The parameters used for ACGPM
and DFsLS are as presented in [38,39]. During the iteration process, a method is
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declared to have achieved an approximate solution whenever ||Q(x;)| < 107¢. On
the other hand, if the number of iterations surpasses 1000 iterations and the stop-
ping criterion mentioned above has not been satisfied, then a failure is declared.
To visualise the performance of each algorithm, we employ the following metrics:
ITER (number of iterations), FVAL (number of function evaluations) and TIME (CPU
time). Moreover, as the iteration process terminates, we report ||Q)(x*)|| (denoted by
NORM) to ascertain whether a method successfully obtained a solution of a particular
problem or not. The detailed report of the numerical results of the proposed MZPRP
method, the ACGPM method [38] and the DFsLS method [39] are tabulated and
can be found in the link https://github.com/aliyumagsu/MZPRP_Exp_Tables (ac-
cessed on 24 July 2022). The numerical data are summarised using a data profile (see
Figures 1-3) which shows the required ITER, FVAL, as well as the TIME budget
for each of the three methods to successfully solve the test problems considered in
this experiment. The data profile plots %NP (percentage of the number of problem)
versus ITER in Figure 1, %NP versus FVAL in Figure 2 and %NP versus TIME in
Figure 3. In essence, Figure 1 gives the required ITER budget for a method to solve
a certain percentage of the 390 test problems considered for this experiment. This
means, considering Figure 1 (top-left, top-right and bottom left), we see that with a
budget of 30 ITER, the new method (MZPRP) successfully solves more than 95% of
the problems, while ACGPM and DFsLS will only solve 65% and 70% of the problems,
respectively. Similarly, if we consider Figure 3 (top-left, top-right and bottom left),
we see that, with a budget of 1.5 s, the MZPRP will solve 95% of the test problems, as
against ACGPM and DFsLS, that will solve about 80% of the same test problems. This
suggests that the new MZPRP is computationally cheaper compared to the existing
ACGPM and DFsLS.

In addition, we use the performance profile proposed by Dolan and Moré in [40] to
obtain Figures 4-6, which is a standard tool for comparing iterative methods. Figure 4
shows the number of iterations for the performance profile of the MZPRP, the ACPGM,
and the DFsLS methods. Figure 5 presents the performance profile based on the number
of function evaluations; the CPU time performance profile is reported in Figure 6. From
Figures 4-6, we can see that the proposed MZPRP method produces better results than
ACPGM and DFsLS with a higher percentage in ITER, FVAL and TIME.

1 a0 0 06 0 G0 =0 -00Te
08l
0 06
%
S 0.4
0.2 ]
0 ‘ ‘ ‘ ; ; ;
0 50 100 150 200 250 300
ITER ITER
L AahA— AT A ATAE AT s Eare—y——NES

MZPRP

— 1 —-o-—DFsLS

Lo

0 100 200 300 400 500 600 0 100 200 300 400 500 600
ITER ITER

Figure 1. Data Profile: %NP versus ITER.
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1 06f
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a 061
Z
> 04
MZPRP
] —-©-— ACGPM |
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Figure 2. Data Profile: %NP versus FVAL.
1 1 e —
081 1 o8}
a 0.6F 1a 06
& Z
> 0.4 1394
02 {1 02 ]
0 : : : : : : 0 : : : :
0 05 1 15 2 25 3 0 5 10 15 20 25
TIME(s) TIME(s)
1 S — 1 — e
0.8} 1 o8
o 06 e 0.6
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04 1% 04
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o2 — = —DFsLS
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Figure 3. Data Profile: %NP versus TIME(s).
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0 . . . . . .
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0.7 f

Figure 5. Performance profiles for MZPRP, ACGPM and DFsLS based on FVAL.

1

MZPRP
ACGPM | 7
DFsLS
0.8 1

0.9

a: 1
06} 1
Eosf 1
0.4 1
03 1
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o1} .

0 I I I I I I I
20 40 60 80 100 120 140

r

Figure 6. Performance profiles for MZPRP, ACGPM and DFsLS based on TIME.

5. Application in Compressive Sensing

Applications of derivative-free algorithms in compressive sensing have recently received
more attention. As described in [41], signal processing involves solving the following problem

. 1
minw(x), w(x) =3 [ly— Qx| +nlx|1, (35)
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containing a quadratic error term and a sparse ¢;-regularization term where 7 > O is a
regularization parameter, x € R”, y € R is an observation, and Qe Rkxn (k << n)is
a linear operator. It is clear that (35) is a non-smooth problem. To smooth it, Figueiredo
et al. [41] split the vector x into two as x = a — b with a; = (x;)+ and b; = (—x;)+ where
()+ =max{0, -} andi =1,2,...,n. This resulted in the following smooth problem

1 T
min >4 Zqg+r'q, (36)

-Q"Q Q'Q
that (36) is a convex quadratic problem, since the square matrix Z is a positive semi-definite.
Inspired by the transformation of Figueiredo et al. [41], Xiao et al. [42] decided to
further reformulate (36) into the following system of nonlinear equations

T _oT
where g = [a b]T, r = ney, + [-QTy QTy]T and Z = [ QQ 9 Q]. It is also clear

Q(g) =min{g, Zg+r} =0, (37)

where the “min” is interpreted as a component-wise minimum. The major advantage of the
reformulation (37) is that it can be solved without the necessary knowledge of the gradient
of w(x) in (35). This means a derivative-free algorithm, such as Algorithm 1 (MZPRP), can
be employed to solve it successfully.

However, two major assumptions, namely pseudomonotonicity and Lipschitz continu-
ity, were used in establishing the convergence result of Algorithm 1 (MZPRP). Interestingly,
Pang [43] has shown that the mapping () in (37) is Lipschitz continuous and, on the other
hand, Xiao et al. [42] proved that it is also monotone. Since every monotone function is
pseudomonotone, our convergence results still stand.

In what follows, we give the description of the signal recovery experiment. We
consider the reconstruction of a sparse signal of size n = 2!! from k = 2° observations. The
original signal contains 27 randomly non-zero elements with the measurement vector v
being distributed with some noise, v = Q¥ + 9, where Q is a randomly generated Gaussian
matrix and @ is the Gaussian noise distributed normally with mean 0 and variance 10~4.
The signal recovery experiment was performed using MATLAB R2019b installed on a PC
with an Intel Core(TM) i5-8250u processor with 4 GB of RAM and CPU 1.60 GHZ.

For this experiment, we compare the new Algorithm 1 (MZPRP) with the existing
algorithm (MSCG) developed in [44] based on: (i) the number of iterations; (ii) CPU time
taken to successfully recover the disturb signal; and (iii) the means of square error (MSE)
used to measure the quality of the reconstruction of the disturbed signal with respect to
the original signal #; that is, MSE = || — x.||?, where x, is the recovered signal. We
successfully implemented the MZPRP using the same parameters given in the preceding
section, while the parameters used for MSCG are as presented in [44]. We run the two
algorithms from the same initial point xy = Q”y and the same continuation technique on
the parameter 77. We set the termination criteria as

w(xg) — w(xg_1)

<107,
w(xg_1)

throughout the experiment.

The numerical performance of each algorithm is assessed by Iter (number of iterations)
and Time (CPU time) required to successfully recover the disturbed signal. In addition, the
quality of the reconstruction of the disturbed signal is assessed by MSE (mean of squared
error) to the original signal %. The formula for the MSE is given as MSE = 1|z — x,|?,
where x, is the recovered signal.

We report the numerical results in Figures 7 and 8 where Figure 7 reveals that both
the MZPRP and MSCG algorithms recovered the disturbed signal successfully. Though it
is difficult to visualize the algorithm with a better quality, the MSE recorded by the two
algorithms suggests that the quality of recovery by MZPRP is better than that of MSCG.
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Based on the CPU time recorded by both algorithms, it can be seen that MZPRP recovers
the disturbed signal faster that MSCG. These observations, coupled with the number of
iterations, show that the MZPRP is more efficient than MSCG and hence underscores the

applicability of the new method.
Original (n = 4096, number of nonzeros = 128)
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Measurement
0. 5 T T T T
0
-0.5 ‘ ‘ ‘ ‘
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MZPRP(MSE=5.85x 10'5, Iter=117, Time=7.61s)
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0» il .":: i, ‘ (A j‘l.l IT‘. | ‘I L h‘ll '| ‘I I 7
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Figure 7. From top to bottom: The original signal, the measurement, the recovered signal by the
MZPRP and MSCG methods, respectively.
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150 n=4096, k=1024, tau=0.00626634
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Figure 8. Comparison result of the MZPRP and MSCG methods. The x-axis represents the number of
iterations (top left and bottom left), and the CPU time in seconds (top right and bottom right). The
y-axis represents the MSE (top left and top right) and the objective function values (bottom left and

bottom right).
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6. Conclusions

In this paper, we proposed a derivative-free method for large-scale nonlinear systems
of equations where the underlying function is assumed to be pseudomonotone. It is worth
noting that pseudomonotonicity is a weaker assumption than monotonicity. The global
convergence of the proposed method has been discussed based on the assumption that the
problem under consideration satisfies Lipschitz continuity. Numerical comparison with
that of ACGPM [38] and DFsLS [39] derivative-free methods demonstrated the efficiency
of the new method, as well as its superior numerical performance. As an application, the
new method has been successfully implemented to solve a signal recovery problem arising
from compressive sensing. Future work will concentrate on applying the new method to
solve 2D robotic motion control.
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Appendix A. Test Problems

We use the following nonlinear equation for the second experiments where

Q(x) = (wi(x),wa(x),...,wu(x))T, and x = (x1,x2,...,x,)7.

Problem A1. The Exponential Function [45]

wi(x)=e1-1
, ) where E = R",
wi(x)=¢e¢"i+x1-1,i=12,...,n—1

Problem A2. Modified Logarithmic Function [45]

Xi
- T

w;(x;) = log(x; +1) i=1,2,--,n,

n
where E={xeR": Y x;<n, x;>-1,i=1,2,--- ,n}.
i=1

Problem A3. Non-smooth Function I [45]

wi(x) =2x; —sin|x;|, i=1,2,...,n, where E=TR.
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Problem A4. Strictly Convex Function I [13]
wi(x)=e"—1, i=1,2,...,n, where E=R.
Problem A5. Tridiagonal Exponential Function [1]

w1 (x) = x1 —exp | cos 1+ %
n+1

wi(x) = x; exp(cos(W)), 2<i<mn-—1, where E=TR.

Xp—1+x
wn(x) = x, —exp (cos("rll_i_1">>.

Problem A6. Non-smooth Function II [13]

wi(x) =x;—sin(|lx; —1]), i=1,2,...,n—1,
n
whereE={xeR": Y x;<n, x;>-1,i=1,2,---,n}.
i=1
Problem A7 ([46]).
2 3. . n
wi(x) = e +§sm(2xi) -1, i=1,2,...,n, where E=R',.

Problem A8 ([39]).

wy(x) =2x —xp+e1 -1,
wi(x) = —xj1+2x; —xj1+e =1, i=,2,...,n—1, where E=TR",
wp(x) = —xp_1 4+ 2%, + e — 1.

Problem A9 ([46]).
5
wy(x) = EX1 +x —1,
wi(x) = xi_1 + gxi +xjy1—1, i=,2,...,n—1, where E =R,

5
wp(x) =x,1+ 2% — 1.

Problem A10 ([14]).

wi(x) =2x1 +sin(x;) — 1
wi(x) = —2x;_1 +2x; +sin(x;) — 1, i =2,...,n —1, where E =R,

wy(x) = 2x, +sin(x,) — 1.

Problem A11.
n
wi(x) =2c(x; —1) +4( }_x;—025)x;, c¢=10">, where E =R,

Problem A12 ([46]).

wi(x):%exi—l, i=1,2,...,n, where E=TR".
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Problem A13 ([47]).

wi(x) =cos(x;) +x;—1,i=1,2,..., where E=TR.
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