. mathematics ﬁw\b\w

Article

Hermite-Hadamard and Pachpatte Type Inequalities for
Coordinated Preinvex Fuzzy-Interval-Valued Functions
Pertaining to a Fuzzy-Interval Double Integral Operator

Gustavo Santos-Garcia 1'*

and Sherif S. M. Ghoneim *

check for
updates

Citation: Santos-Garcia, G.; Khan,
M.B.; Alrweili, H.; Alahmadi, A.A.;
Ghoneim, S.5.M. Hermite-Hadamard
and Pachpatte Type Inequalities for
Coordinated Preinvex
Fuzzy-Interval-Valued Functions
Pertaining to a Fuzzy-Interval
Double Integral Operator.
Mathematics 2022, 10, 2756. https://
doi.org/10.3390/ math10152756

Academic Editor: Michael Voskoglou

Received: 30 June 2022
Accepted: 27 July 2022
Published: 3 August 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Muhammad Bilal Khan %*©, Hleil Alrweili 3, Ahmad Aziz Alahmadi 4

Facultad de Economia y Empresa, Multidisciplinary Institute of Enterprise (IME), University of Salamanca,
37007 Salamanca, Spain

2 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan

Department of Mathematics, Faculty of Art and Science, Northern Border University, Rafha, Saudi Arabia;
hleil.alrweili@nbu.edu.sa

Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,

Taif 21944, Saudi Arabia; aziz@tu.edu.sa (A.A.A.); s.ghoneim@tu.edu.sa (5.5.M.G.)

*  Correspondence: santos@usal.es (G.S.-G.); bilal42742@gmail.com (M.B.K.)

Abstract: Many authors have recently examined the relationship between symmetry and generalized
convexity. Generalized convexity and symmetry have become a new area of study in the field of
inequalities as a result of this close relationship. In this article, we introduce the idea of preinvex fuzzy-
interval-valued functions (preinvex F-I-V-F) on coordinates in a rectangle drawn on a plane and show
that these functions have Hermite-Hadamard-type inclusions. We also develop Hermite-Hadamard-
type inclusions for the combination of two coordinated preinvex functions with interval values. The
weighted Hermite-Hadamard-type inclusions for products of coordinated convex interval-valued
functions discussed in a recent publication by Khan et al. in 2022 served as the inspiration for our
conclusions. Our proven results expand and generalize several previous findings made in the body of
literature. Additionally, we offer appropriate examples to corroborate our theoretical main findings.

Keywords: fuzzy-interval-valued function; fuzzy-interval double integral operator; coordinated
preinvex fuzzy-interval-valued function; Hermite-Hadamard inequality; Hermite-Hadamard-Fejér in-
equality
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1. Introduction

The H-H inequality has been a potent instrument to obtain a lot of excellent results
in integral inequalities and optimization theory because of its crucial role in convex anal-
ysis. It has recently been generalized using other convexity types, particularly s-convex
functions [1-4], log-convex functions [5-7], harmonic convexity [8], and particularly for
h-convex functions [9]. Since 2007, numerous H-H inequalities for h-convex function
extensions and generalizations have been established in [10-16].

On the other hand, Archimedes’ calculation of the circumference of a circle can be
linked to the theory of interval analysis, which has a lengthy history. However, due to a
lack of applications to other sciences, it was forgotten for a very long time. Burkill [17]
developed several fundamental interval function features in 1924. Kolmogorov’s [18]
generalization of Burkill’s findings from single-valued functions to multi-valued functions
came shortly after. Of course, throughout the following 20 years, numerous additional
outstanding achievements were also obtained. Please take notice that Moore was the
first to realize how interval analysis might be used to calculate the error boundaries of
computer numerical solutions. The theoretical and applied research on interval analysis
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has received a lot of attention and has produced useful discoveries during the past 50 years
since Moore [19] published the first monograph on the subject in 1966. In more recent years,
Nikodem et al. [20] and, particularly, Budak et al. [21], Chalco—Cano et al. [22,23], Costa
et al. [24-26], Roman-Flores et al. [27,28], Flores—Franuli et al. [29], and Zhao et al. [30-33]
have expanded various well-known inequalities. For more information, see [34—69] and
the references are therein.

We introduce the coordinated preinvex functions in fuzzy interval-valued settings,
which are inspired by Dragomir [34], Latif and Dragomir [44], and Khan et al. [37,38].
We also talk about how coordinated fuzzy-interval preinvexity and preinvexity relate to
one another. The key findings of this study are new fuzzy-interval versions of Hermite—
Hadamard-type inequalities that we develop with the help of newly defined coordinated
fuzzy-interval preinvexity. Finally, we provide some examples to highlight our key find-
ings. The current findings can also be seen as instruments for further study into topics
like inequalities for fuzzy-interval-valued functions, fuzzy interval optimization, and
generalized convexity.

2. Preliminaries
Let R} be the space of all closed and bounded intervals of R and Q € R be defined by

Q=[Q: Q|={xeR[ Q. <x<Q"},(Q: Q" €R) 1)

If Q, = QF, then Q is said to be degenerate. In this article, all intervals will be non-
degenerate intervals. If Q. > 0, then [Q,, Q] is called a positive interval. The set of all posi-
tive intervals is denoted by IRI+ and defined as Rfr ={[Q., Q] :[Q«, Q*] € Rjand Q. > 0}.

Let A € Rand A - Q be defined by

{0} if A =0, @

AQ., AQ*Tif A >0,
A-Q=
AQ*,AQ,] if A < 0.

Then, the Minkowski difference Z — Q, addition Q@ + Z,and Q x Z for Q, Z € R;
are defined by
= [mm{Z* Q*, Z*Q*/ Z*Q*/ Z*Q*}/ maX{Z*Q*/ Z*Q*/ Zy Q*, Z*Q*}]
2., 2*]— [Q., Q"] = [2.— O, Z* - Q.], 5)

Remark 1. (i) For given [Z,, Z*¥|, [Q., QF] € Ry, the relation “21” defined on R by
[Q«, Q'] 21 [2+, Z7] if and only if

Q. <2, Z27<Q, (6)

for all [Zy, Z¥], [Q«, QF| € Ry, it is a partial interval inclusion relation. The relation
[Q«, QF] D1 [Z+, 2] coincides with [Q, Q] D [Z«, Z2*] on Ry. It can be easily seen that
“D1” looks like “up and down” on the real line R, so we call “2;” as “up and down” (or “UD”
order, in short) [40].

(ii) For given [ Z,, Z*], [Qx, Q*| € Ry, we say that [Z,, Z*| <1 [Q«, Q*] if and only if

Z, < Q*/ z* < Q* or Zy < Q*/ Z* < Q* (7)

it is a partial interval order relation. The relation [Z., Z*] < [Q., QF| is coincident to
[Z+, Z2%] < [Qx, QF] on Ry. It can be easily seen that “<;” looks like “left and right” on
the real line R, so we call “<;” as “left and right” (or “LR” order, in short) [39,40].
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For [Z,., Z2¥],[Q«, Q*] € Ry, the Hausdorff-Pompeiu distance between intervals
[Z+, Z*] and [Q., Q¥ is defined by

dy([Zs, Z27], [Qx, Q7]) = max{|Z. — Qu|, |27 = 7|} ®)
It is a familiar fact that (R}, dpy) is a complete metric space [42—44].

Definition 1 ([40,41]). A fuzzy subset L of R is distinguished by mapping ¥ : R — [0, 1] called

the membership mapping of L. That is, a fuzzy subset L of R is mapping ¢ : R — [0, 1]. So, for

further study, we have chosen this notation.We appoint T to denote the set ofall fuzzy subsets of R.
Let ¢ € F. Then, y is known as a fuzzy number or fuzzy interval if the following properties

are satisfied by :

(1) ¢ should be normal if there exists » € R and ¥(») = 1;

(2) 4 should be upper semi continuous on R if for given % € R, there exist ¢ > 0 or there exist
8 > 0 such that ¥(») — p(w) < e forall w € Rwith |x — w| < §;

(3) ¢ should be fuzzy convex, that is P((1 — @)x + ew) > min(P(x), P(w)), forall x,w € R
and ¢ € [0,1]

(4) ¢ should be compactly supported, that is cl{u € R| () >0} is compact.
We appoint F; to denote the set ofall fuzzy intervals or fuzzy numbers of R.

Definition 2 ([40,41]). Given ¢ € Ty, the level sets or cut sets are given by W]A = {# eR|p(») >A}
forall A € [0, 1] and by [@]A = {x € R| () >0}. These sets are known as A-level sets or A-cut
sets of 1.

Proposition 1 ([39]). Let ¢, @ € Fy. Then relation “<” given on Fy by < @ when and only
when, [] r < [@]", for every A € [0, 1], it is left and right order relation.

Remember the approaching notions, which are offered in literature. If ), @ € F; and
A € R, then, for every A € [0, 1], the arithmetic operations are defined by

i) = [§]" + @), ©)
[pxa]" = [¢])" x (@), (10)
(A9t = A [g])” (1)

These operations follow directly from the Equations (2)—(5), respectively.

Theorem 1 ([40]). The space F; dealing with a supremum metric, i.e., for , @ € F;

deo(, @) = sup du([§]", @]"), (12)

0<A<L1

Is a complete metric space, where H denote the well-known Hausdorff metric on the space of intervals.

Definition 3 ([40]). The F-I-V-F & : [u,v] — Ty is said to be convex F-I-V-F on [u,v] if

Slox+ (1 -0)w) K 06(x) T (1-0)6(w), (13)

forall x, w € [u,v], o € [0, 1], where &(x) 3= 0. If & is concave F-I-V-F on [u, v], then inequality
(14) is reversed.
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Definition 4 ([37]). Let hi, hy 2 [0, 1] C [u,v] — RY such that hy, hy#0. Then, F-I-V-F
S : [u,v] — Fy is said to be (hy, hy)-preinvex F-I-V-F on [u,v] if

S(x+ (1= )p(w,x)) < m(e)p2(1 = 0)&(x)F (1= 0)(0)S(w), (14)

forall x, w € [u,v], o € [0, 1], where &(x) = 0and ¢: [u,v] x [u,v] — [u,v]. If & is
(11, 12)-concave on [u,v], then inequality (15) is reversed.

Remark 2 ([37]). If #2(0) = 1, then (11, n2)-preinvex F-I-V-F becomes 1j1-preinvex F-I-V-F,
that is

Sx+(1-0)p(w,x) < m()&(x)Fn(l—0)6(w), V x, w € [u,v], e €10, 1]. (15)

If ;1(0) = 0,n2(0) =1, then (111, na)-preinvex F-I-V-F becomes preinvex F-I-V-F, that is
Sx+(1-0)g(w,x)) K06(x)F(1-0)6(w), Vx, w e [u,v], c €0, 1. (16)
If y1(0) = (o) = 1, then (1, 112)-preinvex F-1-V-F becomes P F-I-V-F, that is

Sx+(1-0)p(w,x) K6x)FS(w), ¥V x, w € [u,v], c €0, 1]. (17)

Condition 1 (see [46]). Let K be an invex set with respect to 0. For any x, w € Kand & € [0, 1],
O(x,x +¢0(w,x)) = —C0(w,x),

O(w,x+¢0(w,x)) = (1—-¢)0(w,x).
Clearly for ¢ = 0, we have 6(w, x) = 0 if and only if, w = x, for all x, w € K. For the
applications of Condition 1, see [46—48].

Theorem 2 ([19]). If & : [u,v] C R — Ry isan I-V-F given by (x) [S.(x), &*(x)], then & is
Riemann integrable over [u, v] if and only if, S, and &* both are Riemann integrable over [u, V]
such that

(IR) / " &(x)dx = [(R) / ' &, (x)dx, (R) / ' &* (x)dx] (18)

The collection of all Riemann integrable real-valued functions and Riemann integrable I-V-F is
denoted by Ry, ) and TRy, ), respectively.

Definition 5 ([45]). Let &: (1, ¢] C R — Fy is fuzzy-number valued mapping. The fuzzy

Riemann integral ((FR)-integral) of & over [t, ¢|, denoted by (FR) [ &(3)dx, is defined level-
wise by

[(FR) /:G(x)du})‘ — (IR) /j &, () = {/:6(%,)\)01;{ .S, A) € S(GA)}, (19)

where S(&)) = {&(,A) = R:&(,A) isintegrable and S(x,\) = S)(x)}, for every A €
[0, 1]. & is (FR)-integrable over [T, ¢] if (FR) [* & (x)dx € Ry.

Note that, the Theorem 2 is also true for interval double integrals. The collection of all
double integrable I-V-F is denoted T, respectively.

Theorem 3 ([32]). Let A = [a, b] x [u, v]. If & : A — Ry is ID-integrable on A, then we have

(ID)/: /uVG(x,w)dwdx: (IR) /ab(m) /MVG(x,w)dwdx (20)
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Definition 6 ([38]). A fuzzy-interval-valued map & : A = [a, b] x [u, v] — Fy is called F-I-
V-F on coordinates. Then, from A-levels, we get the collection of I-V-Fs &, : A C R? — R;
on coordinates given by &, (x,w) = [6.((x,w),A), &*((x,w),A)] for all (x,w) € A, where
G.(,A), 6°(,A): (x,w) — R are called lower and upper functions of S,.

Definition 7 ([38]). Let & :A = [a, b] x [u, v] C R* — F; be a coordinated F-I-V-F. Then,

D [, b] x
S(x, w) is said to be continuous at (x,w) € A = [a, b] X [u, v], if for each A € [0, 1], both end

point functions S, ((x,w),A) and &*((x,w), A) are continuous at (x,w) € A.

Definition 8 ([38]). Let & : A = [a, b] x [u, v] C R* — Fy bea F-I-V-F on coordinates. Then,
fuzzy double integral of & over A = [a, b] x [u, v], denoted by (FD) [ ab [ &(x, w)dwdx, it is
defined level-wise by

{(PD) /ab /uv é(x,w)dwdx} ' = (ID) /ab /uv S, (x, w)dwdx(IR) /ab = (IR) /HV S, (x, w)dwdx, (21)

forall A € [0, 1], & is FD-integrable over A if (FD) fab [ &(x,w)dwdx € Fy. Note that, if
end-point functions are Lebesque-integrable, then & is a fuzzy double Aumann-integrable function
over A.

Theorem 4 ([38]). Let S : A C R?2 — Fy bea F-I-V-F on coordinates. Then, from A-levels, we get the
collection of I'V-Fs &) : A C R? — R are given by G, (x,w) = [G.((x,w),A), &*((x,w),A)]

forall (x,w) € A =a, b] x [u, v]and forall A € [0, 1]. Then, & is F D-integrable over A if and only
if, S«((x,w),A) and &*((x,w), A) both are D-integrable over A. Moreover, if & is FD-integrable
over A, then

[(FD) J? ! & (x w)dewdx] = [(FR) [P (FR) f! &(x,w)dwds] " = 22)
(IR) [2(IR) [} &\ (x, w)dwdx = (ID) [}’ [} &, (x, w)dwdx,
forall A € [0, 1].

The family of all FD-integrable F-I-V-Fs over coordinates is denoted by 7O, for all
A€o, 1].

Theorem 5 ([38]). Let 0 € R, and S, J € F©On. Then,
(1) 06 € FOuand

(FD) [[ o&dA = o(FD) [{ &dA (23)
A A
(2) &FJ € FOu and
(FD) [[ (élj) dA = (FD) [ &dAT(FD) [[ FdA (24)
A A A
(3)  suppose that Ay and Ay are non-overlapping, then

(FD) (| &dA = (FD) [[ &dA+ (FD) [[ &dA (25)
AU Ay N Ay

Theorem 6 ([37]). Let &, 7 : [u, u+ ¢(v,u)] — F; be two (i1, 12)-preinvex F-I-V-Fs with
71, 12: [0, 1] = RY and 1y (%)112(%) # 0. Then, from A-levels, we get the collection of I-
V-Fs &), Jy:[u, u+¢(v,u)] CR— R} are given by S, (x) = [&4(x,A), &*(x,A)] and
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Ta(x) = [Tu(x,A), T*(x,A)] forall x € [u, u+ @(v,u)] and forall A € [0, 1). If &XJ is
fuzzy Riemann integrable, then

(FR) [*790") & (x) X T (x)dx

<p(v u) (26)
< Bl v) Jo m(0)n2(1 = 0)Pdo T3 (u,v) fo m1(0)n2(0)m (1 = 0)p2(1 = 0)do,
and,
1 = (2u+e(vu)\ F( 2u+e(v,u)
sy S8 (452)
< ok (BR) [ 00 & (x) T (x)dx T 7(u,v) o In (@) (1 - 0)Pde @)
FB(w,) Jy (@)@ (1= o)pa(1 = 0)do
where B(u,v) = S(u)xJ (u) F SW)XT W), ¥(u,v) = Su)xT(v) F S(v)xJ (u), and
Bau,v) = [B«((u,v), A), B*((w,v), V)] and va(u,v) = [v«((w,v), A), v ((w,v), A)].
Remark 3. If #1(0) = o and ny(0) = 1, then (27) reduces to the result for preinvex F-I-V-F:
u+(v,u) . .
- (Vl,u) (FR) [ Y S (0% T (x)dx < LB i) (28)

If 51(0) = o and ny(0) = 1, then (28) reduces to the result for preinvex F-I-V-F:

& 2u+¢(v1¢)>xj<2tt+¢(vu))

(FR) f”“’(”)G( )X T (x)dx FL1B(u,v)F 13(u,v). @)

2
<

<P,)

Theorem 7 ([37]). Let & : [u, u+ ¢(v,u)] — Fy be a preinvex F-I-V-F with u < u+ ¢(v,u).
Then, from A-levels, we get the collection of I-V-Fs S : [u, u+ ¢(v,u)] C R — R} are given by
Gi(x) = [Gx(x,A), 6% (x,A)] forall x € [u, u+ @(v,u)| and for all A € [0, 1], and Condition
1for @ holds. If & € SR ((u, ut+g(vu)], A)and ¢ = [u, v] = R, P(x) > 0, symmetric with respect

to 2”%"’(”’”), and [ utelvm) P(x)dx > 0, then

~ (2u+ (P(V,M) 1 ute(v,u) _ é(u)q_é(v)
S < FR S ax < SWFSW) o
( 2 ) =< fuu-i-(P(V,u) lp(x)dx ( )/u (X)IIJ(X) x < 5 ( )

If & is preincave F-1-V-F, then inequality (31) is reversed.
Note that if ¢(x) = 1, then we acquire the following inequality:

~ u+e(v,u) _ S T
6<2u+§20(1/f”)) < (V,lu) (PR)/M o S(x)dx < w (31)

Coordinated preinvex fuzzy-interval-valued functions
Definition 9. The F-I-V-F & : A — T} is said to be a coordinated preinvex F-I-V-F on A if

S(a+(1-0)pi(b,a), u+ (1—s)ga(v,u)

)
< 058 (a, 1) Fo(1— )& (@) T(1 - 0)s& (b, u)F(1 - ) (1—)S(b,v), 2

forall (a, b), (u,v) € A, and g,s € [0, 1], where S(x) = 0. If inequality (33) is reversed,
then & is called coordinated concave F-1-V-F on A.
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The proof that Lemma 1 is straightforward will be omitted here.

Lemma 1. Let & : A — F| be a coordinated F-I-V-F on A. Then, G is a coordinated preinvex
F-I-V-F on A, if and only if there exist two coordinated preinvex F-I-V-Fs &y : [u,v] — Fp,
Sx(w) = 6S(x,w) and S, : [a,b] = F1, Su(q) = 6(q, w).

Proof. From the Definition 9 of coordinated preinvex F-I-V-F, it can be easily proved. [J

From Lemma 1, we can easily note each preinvex F-I-V-F is a coordinated preinvex
F-I-V-F. However, the converse is not true, see Example 1.

Theorem 8. Let & : A — F; be a F-I-V-F on A. Then, from A-levels, we get the collection of
[-V-Fs &) : A — R C R; which are given by

Gilx,w) = [64((x,w), A), &7 ((x,w), A}, (33)

Forall (x,w) € Aand forall A € [0, 1]. Then, & is coordinated preinvex F-I-V-F on A, if and
only if, forall A € [0, 1], S.((x,w), A) and &*((x,w), A) are coordinated preinvex functions.

Proof. Assume that for each A € [0, 1],64(x, A) and &*(x, A) are coordinated preinvex on
A. Then, from (33), for all (4, b), (u,v) € A, cand s € [0, 1], we have

Si((a+ (1—0)p1(ba), u+ (1 —s)pa(v,u)), A)
< 056, ((a,u), A) +t(1—5)64((a,v), A)
+s(1—6)6.((a,u), A)+ (1 —0)(1—5)6.((a,v), A)

and

S*((a+ (1 —0)g1(b,a), u+ (1 —s)p2(v,u)), A)
< 0sSy((a,u), A) +t(1—5)&*((a,v), A)
+s(1-1)&*((a,u), \)+ (1 —0)(1—35)&*((a,v), A)

Then, by (33), (10), and (12), we obtain
Sa(la+ (1 —0)g1(ba), u+ (1—s)pa(v,u)))
= [6:((a+ (1 =0)gr1(b,a), u+ (1=s)pa(v,u)), A), & ((a+ (( a)g1(b,a), u+ (1 —=s)pa(v,u)), A)]

1-
<1 0s[6.((a,u), A), &((a,u), M)]+(1 - 5)[6x((a,v), A), &((a,v), A)]
+5(1-0)[6.((a,u), A), & ((a,u), M)]+(1 = 0)(1 = 5)[6x((a,v), A), & ((a,v), A)]

That is

G(a—l—(l—a)q)l(b a), u+(1=s)pa(v,u)) B
< 0s6(a, u)+o(l— 5)S(a, v)+(1— 0)56(b,u)+(1 —0)(1-9)6(b,v),
hence, & is a coordinated preinvex F-I-V-F on A

Conversely, let S be a coordinated preinvex F-I-V-F on A. Then, for all (a, b), (u,v) €
A, cand s € [0, 1], we have

S(a+ (1 —0)gi(b,a), u+ (1 —s)p2(v,u)) -
4056(a,u)+0(1—s)6( V)+(1—0)s&(b,u)+(1—0)(1—5)&(b,v)

Therefore, again from (34), for each A € [0, 1], we have

Gal(@a+ (1 —=a)gi(ba), u+(1—s)pa(v,u)))
= [6:((@+ (1= 0)gi(b,a), u+ (1 =s)pa(v,u)), A), & ((a+ (1= 0)g1(b,a), u+ (1=s)pa(v,u)), A)]
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Again, (10) and (12), we obtain

0sSy(a,u) +0(1—5)6(a,v)+ (1 —0)sS (b,u)+ (1 —0)(1 —5)S,(b,v)
= 05[6.((a,u), A), & (( u), Al
+H(1=5)[6.((a,v), A), &((a,v), )]

(a,v),
+5(1=0)[6x((a,u), A), & ((a,u), A)]
+(1 =) =5)[6«((a,v), A), &"((a,v), A)],

for all x, w € A and ¢ € [0, 1]. Then, by coordinated preinvexity of &, we have for all
x,w € Aand o € [0, 1] such that

Gi((a+ (1 —0)p1(b,a), u+ (1 —s)pa(v,u)), A)
<056y (a,u)+0(1—5)84(a,v) + (1 —0)sS.(b,u)
+(1—-0)(1—5)6«(b,v),

and
& ((a+ (1 —)pr(ba), u+(1=s)a(v,u)), A)
< 0os&*(a,u)+0(1—5)6%(a,v) + (1 —0)s&*(b,u)
+(1—-0)(1—5)&*(b,v),

for each A € [0, 1]. Hence, the result follows. [J

Remark 4. If one takes ¢1(b,a) = b —a and ¢2(v,u) = v — u, then S is known as aconvex
F-I-V-F on coordinates if & satisfies the following inequality:

S(oa+ (1 —0)b, su+ (1—s)v)
#

0s&(a,u)Fo(1—5)6(a,v)F(1—0)s&S(b,u)F(1—0)(1—5)S(b,v), (34)

which is valid defined by Khan et al. [38].
If one takes G (x, w) = &*(x,w) with A = 1, then & is known as a preinvex function on
coordinates if & satisfies the following inequality

Sla+(1—-0o)pi(b,a), u+(1—s)p1(v,u))
<osS(a,u)+0(l—5)6(a,v)+ (1—0)sS(b,u) (35)
+(1-0)(1—-5)&(b,v),

which is defined by Latif and Dragomir [44].
If one takes S, (x,w) = &*(x,w) with A = 1, then & is known as a convex function on
coordinates if & satisfies the following inequality

S(aca+ (1—0)b, su+ (1—s)v)
<0osS(a,u)+0(1—35)6(a,v)+ (1—0)s&S(b,u) (36)
+(1—-0)(1—5)&(b,v),

is valid, then & is named as IV Fon coordinates, which is defined by Dragomir [34].

Example 1. We consider the F-I-V-Fs & : [0, 1] x [0, 1] — F; defined by,

= cel0, cw]
S(x, w)(0) = X0 ;€ (cw, 20w]
0 otherwise,

Then, for each A € [0, 1], we have &,(x) = [Axw, (2 — A)xw]. End-point functions
S+ ((x, w),A), & ((x,w), A) are coordinated concave functions with respect to ¢1(b,a) =b—a
and @y (v,u) = v — u foreach A € [0, 1]. Hence, &(x,w) is a coordinated concave F-I-V-F.
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From Example 1, it can be easily seen that each coordinated preinvex F-I-V-F is not a
preinvex F-I-V-F.

Theorem 9. Let A be a coordinated preinvex set, and let & : A — T be a F-I-V-E. Then, from
A-levels, we obtain the collection of I'V-Fs &, : A — R} C Ry are given by

Gilx,w) = [6«((x,w), A), &7 ((x,w), A}, (37)

forall (x,w) € Aand forall A € [0, 1). Then, & is a coordinated preinvex F-I-V-F on A, if and
only if, forall A € [0, 1], S4((x,w), A) and &*((x,w), A) are coordinated preinvex functions.

Proof. The proof of Theorem 9 is similar to that of Theorem 8. [
Example 2. We consider the F-I-V-Fs & : [0, 1] x [0, 1] — F; defined by,

W, S [O, 2(6—€x)(6—€w)]
) 7€ (2(6—e*)(6—ev), 4(6—e¥) (6 — )]

é(x)(o_) _ 4(6—e*)(6—e”)—0
0, otherwise.

Then, foreach A € [0, 1], wehave S (x) = [2A(6 — e*)(6 —e“), (4 —2A)(6 —e*) (6 —e¥) |.
End-point functions & ((x,w),A), & ((x,w), A) are coordinated preincave functions with respect to
¢1(b,a) =b—aand gp(v,u) = v —uforeach A € [0, 1. Hence, S(x, w) is a coordinated preincave
FI-'V-E

In the next results, to avoid confusion, we will not include the symbols (R), (IR),
(FR), (ID), and (FD) before the integral sign.

3. Fuzzy-Interval Hermite-Hadamard Inequalities

In this section, we propose HH- and HH-Fejér inequalities for coordinated preinvex
FI-V-Fs, and verify with the help of some nontrivial example.

Theorem 10. Let G : A = [a, a + @1 (b,a)] x [u, u+ ¢3(v,u)] — F; be a coordinated preinvex
F-I-V-F on A. Then, from A-levels, we get the collection of I-V-Fs &, : A — R} are given by
Gr(x,w) = [64((x,w),A), &*((x,w),A)] for all (x,w) € A and for all A € [0, 1], and
Condition 1 for ¢1 and @y holds. Then, the following inequality holds:

& <2a+(p21 (b,a)

2u+¢ (v,u)
2

7

1 ~ - ~
<5 |:q)1(1h/g) fua+(p1(b,a) & (X, 2u+(p22(v,u) )dx+ (pz(}//u) f;-&-goz(v,u) & <2a+(p21(b,a),w) da)]

< gt o LT S (x w)dwdx (38)

R

1 ba) < ~ ba) <
11 (ba) [fuuw]( ) & (x, u)dxF faH‘M “)G(x,v)dx}

1 - - - & (0) T& (ba) T & (a0) T &
g T Sla,@)daF [T S (b w)de| < SIS ES TS,

If &(x) preincave F-I-V-F, then inequality (38) is reversed such that,
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& ( 2u+q)21 (b,a) ) 2u+qo22 (v,u) )

3 [ )8 (2 Y gy 100 (220 )]
= W fa-l-rpl(b ) fu+(p2 (v,u) G(X,w)da)dx (39)
a)eo(v,u
1 a ) < ~ ra ba) < 1 u v,u u v,
7 I a) U Foulb )G(x u)dx+ [ ol )G(X,v)dx}—kﬁz(vlu) {fu Foalvi) § S(a,w)dw+ [ Foalvi) g &(b, w)dw}

S(au)FS(b, u)JrG(a v)FS(byv)

Proof. Let & : [a, a + ¢1(b,a)] — F be a coordinated preinvex F-I-V-E. Then, by hypothe-
ses, we have

4 2

4é 2a+(p21(b,a) 2u+(p2(v,u))
<6(a+(1—0)pi(ba), u+ (1—s)pa(v,u))FS(b +cei(b,a), v+ sey(v,u)).

By using Theorem 10, for every A € [0, 1], we have

46, 2a+(p21(h,a),2u+(p22(v,u) A

<G ((a+ (1—0)gi(ba), u+(1—s)pa(v,u)), A)
+6.((b+c@1(b,a), v+sea(v,u)), A),
46*( 2u+(p21(b,u) 2u+(p22(v,u))’ /\)

7

<& ((a+ (1—0)gi(ba), u+(1=s)ga(v,u)), A)
+6*((b+o@1(b,a), v+sea(v,u)),A).

By using Lemma 1, we have

26, ((x, 2520 A} < &, ((x, u+ (1—9)ga(v,u)), A) +Su((x, v+spa(v,u)), A), )
26* ((x, 20200 A} < & ((x, u+ (1—3)ga(v,u)), A) + &% ((x, v+s@a(v,u)),A),
and
26, ( (2908 ), A) < &.((a+ (1—)gi(b,a), w), A) + G ((v+spa(v,u), @), A),
26% (2008 ), A) < &*((a+ (1—)gyi(b,a), w), A) + & ((v+spa(v,u), W), A).
(41)

From (41) and (42), we have

2lo((e B ) 1) e (o 58 ) )

<1 [6x«((x, u—l—(l—s)goz(v u)), A),&*((x, u+ (1 —s)p2(v,u)), A)]
+[&.((x, v+sga(v,u)), A), & ((x v+sga(v,u)),A)],

and
2[6*((2u+¢21(b,a)’w>1 /\),6*(<2u+<p1 (ba) A)}
<1 [6((a+ (1 -0)p1(b,a), w), A),&"((a+ (1= 0)p1(b,a), w), A)]
+[&«((a+ (1 =0)g1(b,a), w), A), & ((a+ (1- U) 1(b,a), w),A)],
It follows that

& (v 22 ) < 61w (1= 5)gav, ) + 8, v sgav ) @2
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and

6)\<2a + qt;(bf”),w) <1 Ga+(1—0)p1(ba), w)+ S (b+0o¢e1(ba), w)  (43)

Since 6, (x,.) And 6, (., w), both are coordinated preinvex-I-V-Fs, then from inequal-
ity (32), for every A € [0, 1], inequality (42) and (43), we have

+a(v,u) Ga(x,u)+ 6, (x,
GA(X’2u+<P22(v,u)) < 1 /“ pa(vu &, (x, w)dew <1 Al u) + 6, (x V). (44)
u

L ga(vu) 2
and
2a + ¢1(b,a) 1 a+g1(ba) G, (a,w)+6,(bw)
G,\ (72 ,w) SI (Pl(b,ﬂ) /u G,\(x,w)dx S[ 3 . (45)

Dividing double inequality (44) by ¢1(b,a), and integrating with respect to x over
[a, a+ ¢1(b,a)], we have

1 a+¢q(ba) 2u+¢p(v,u)
¢1(ba) fa Salx 2 dx

1 fa+(p1(b,11) fu+¢2(l/,u) 6)\ (X,(U)dwdx

=1 e1(ba)pa(v,u) Ja u (46)

1 a ba a ba
<I W{fﬂwl( )GA(x,u)dx—kfaJrq”( )GA(x,v)dx.}

Similarly, dividing double inequality (46) by @, (v, u), and integrating with respect to
x over [u, u—+ ¢y(v,u)], we have

fa+<p1 (b,a) flu-%—(pz(u,u) 6)\ (x, w)dwdx

c [“"'(PZ(V'“) Sa <2“ : Zl(b/”),w)dw = <P1(h,u)1<ﬁz(v,u)

@o(v,u) Ju a .
(47)
1 u v,u u v,u
<I 2w Uu o2, )GA(a,w)dw—i-fu el )GA(b,w)dw]
By adding (46) and (47), we have
% [Ql (1[,, a+(p1 (b,a) (x 2u + (Pz v,u )dx + (PZ(V - four(pz(v,u) S, <2a+(p21(b,a)’w> dw]
=1 @1(b, a)1<Pz(1/ 1) fua+(pl(b g le_qJZ(V & G (x, w)dwdx (48)
1 1
< P {fﬂ:ﬁfm(b,u) G (x, u)dx + faa+fP1(b,a) GA(X,I/)dX} +4¢2(V,u) [fuwrﬁvz(v,u) S, (a, w)dw + f;+<Pz(v,u) GA(b,w)dw]
Since & is F-I-V-F, then inequality (48), we have
% [ (1b u+(p1 (b,a) (X 2u+q)2 v,u 2dx+ ) fu+<p2 (v,u) 6(2a+q)21(b,a) w) dw}
¢1(ba) (v,u ’
1 a+g1(ba) +(p (v,u
=< PRI f o1 f” 2 S(x, w)dwdx (49)

o1
S Ip:(ba)

u

~ ~ ~ ~ 1 ~ ~ ~
999 S0 1009 S0 9 S 55 S
From the left side of inequality (32), for each A € [0, 1], we have

2a+ @i(b,a) 2u-+ @y(v,u) 1 a+@1(b,a) ( 2u+q02(v,u)>
6)l< > P 2 S[ 471( ,tZ) /a G,\ Jc,i2 dx, (50)

2a+cp1(b,u) 2u—|—g02(1/,u) 1 u+qa(v,u) w
6,\( oy, . St o /u &) 0,0 ). (51)
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Taking addition of inequality (50) with inequality (51), we have

S, <2a+<p21 (ba) , 2u+(p22(1/,u) )

(52)
S T e O e R O
Since & is a F-I-V-F, then it follows that
é(2a+go21(b,a)’ 2u+q)22(1/,z4)>
< % [q)l(lb,a) f:wl(bﬂ) 6 (x, W)dx I_(pz(}/,u) fuu+¢2(v'u) 6 (Mf”) dw} "
Now from right side of inequality (32), for every A € [0, 1], we have
(Pl(i’a) /aa-lrfPl(hﬂ) &, (x, u)dx <; Sa(a,u) —;— Sa(b,u) (54)
q)l(éla) /ua+tP1(b,ﬂ) &, (x, v)dx < Sy(a,v) —;— Si(b,v) (55)
(Pz(;u) /uuwz(v,u) & (a,w)dw < Si(a,v) —; Sy(a,u) (56)
(pz(ll//u) ./L-lu+fpz(v,u) &1 (b, w)dw <, G, (b,v) ;GA(b,u) 57)

By adding inequalities (54)—(57), we have

1
s [T @ () + [0 6 (x,v)dx] +

< Gp(au)+6)(bu)+6,(av)+6,(by)
I 4

fuu+¢2(v,u) Gy (a,w)dw + four(Pz(v,u) GA(b,w)dw}

st |

Since & is a F-I-V-F, then it follows that

1 a ba a (ba 1 u v,u u v,u
o o " SGwdxF [100 S vyin] + g [ Slaw)do F [ S(bw)de] (69

=< S(au)FS(bu)FS(av)FS(by)
o 4

By combining inequalities (50), (53), and (58), we get the desired result. O

Remark 5. If one takes ¢1(b,a) = b —a and ¢(v,u) = v — u, then from (39), we acquire the
following inequality, see [38]:

é(% 442) < 3 (5t J) S 5)anT ol f) S (4t w)de] < gl I S o -

J)L

[f S(x,u dx+f S(x, 1/)014—}—4 {f &(a,w)dw¥ [} &(b, w)dw} < (a,u)Ié(b,u)iré(a,v)lé(b,v).
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If 64(x,w) = &*(x,w) with A = 1, then from (39), we acquire the following inequality,

see [44]:

S (2a+(p21(b,a) , 2u+(p22(v,u) )

f:Jr(pl(b,u) 6<x, 2u+(p22(v,u)>dx +
fa+(p1(b,u) flu—}—(pz(v,u) S

a 2

f;ﬁ(/’z(%”) S (M, w) dw]

?z(v )
(x, w)dwdx
(60)

1
4¢1(b,a)

fuaJrq)l (ba) 6(

IN

[

U”J”PZ(V ) S(a,w)dw + ff+¢2(v’”> G(b,w)dw}
v)+&(b,v)

x,u)dx + f;ﬂpl(bﬂ) G(x,v)dx}

1

+4(p2(1/u

S(a,u)+S(bu)+S(a,
4

If 6.(x,w) = 6"(x,w) with A = 1 and, ¢1(b,a) = b—aand ¢2(v,u) = v — u, then

from (39), we acquire the following inequality, see [34]:

Example 3. We consider the F-I-V-Fs & : [0, 1] x

End-point functions & ((x,

a u+v 1
6(%}3/ %)< [baf & (x, LY )dx 4 L [V 6( )dw}
< gy Ju S S(x w)dwdx "
< [fangudx+f6xv)dx]+4 ([ S(a,w)dew + [ & (b,w)de]
< 6( )+6(bu)+6(ﬂv)+6(bl/)
< ! ‘

[0, 1] — F defined by,

a
e,
2(6+e%)(64ev)
0

4

oel0,2(6+e%)(6+4e)]
oge (2(6+e%)(6+eY), 4(6+e*)(6+eY))
otherwise,

&(x)(v) =

Then, foreach A € [0, 1], wehave Sy (x) = [2A(6 4+ €*)(6 +¢“), (4 +2A) (6 +¢e*) (6 + ) |.

w),A), &*((x,w), A) are coordinated preinvex functions with respect to

@1(b,a) = b—aand gy(v,u) = v —u for each A € [0, 1]. Hence, &(x,w). is a coordinated
preinvex F-1-V-F.

41 (b ﬂ)

+

=[A(5+e)(13+¢),(2+ A1) (5+

2a+ @1(b,a) 2u+ @a(v,u)
2 ! 2

o

> = 2A(5+e%)2,2(2+)\) (6+e2)?

—

1

! )fa+gol(h,a)6
¢1(0,a a

f:“r(l’z(%u) S

N

N (x’ 2u+(p22(v,u)>dx + N (2u+(p21(b,a)/ w) dew

P2(v,u)

4)\(6 e1)(5+¢)42+A)(6+¢?)(5+¢) |
)

u+¢y(v,u

a+¢@1(ba) o
¢1(b,a)pa (v, u) a)(pz(v u) /u / Salx, w)dwdx = [2)\(5+6)2,2(2+A)(5+e)2}
t H(Pl (ba) Sa(x,u) dx+fﬂ+(pl (ba) Sy (x, v)dx}

Uu”wz(v " &)\ (4, w)dw + [ vx) GA(b,w)dw}

e)(13 +e)]

u

49, (V,u)
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Srla,u)+6,(bu)+6,(av)+6,(bv)
4
_ [)\ (6+e)(22+e)+49’2(2+A) (6+e)(23+e)+49}

That is
2A(5+e%)2,2(2+/\) (6+e%>2

< 4A(6+e%)(5+e),4(2+A) (6+e%)(5+€) }
<1 [2A6+02 22+ 16 +e) |

< [AG+e)(13+e), 2+ A)(5+e)(13+e)]
<i {Aw,z(b”\)w]

Hence, Theorem 10 has been verified.

We now obtain some HH-inequalities for the product of coordinated preinvex F-1-V-Fs
which are known as Pachpatte Type inequalities. These inequalities are refinements of
some known inequalities; see [34,37,38,44].

Theorem 11. Let S,7 : A = [a, a+ ¢1(b,a)] x [u, u+ ¢2(v,u)] C R2 — F; be two coordinated
preinvex F-I-V-Fs on A , whose A-levels &,, Jy : [a, a+ ¢1(b,a)] x [u, u+ @2(v,u)] = R} are de-
fined by 6,(x,0) = 6. ((x,w),A), & ((x,0), A)] and Ty (2, w) = [T((x,0), A), T ((x,0), V)]
forall (x,w) € A and forall A € [0, 1]. If Condition 1 for ¢1 and ¢, is fulfilled, then following
inequality hold:

a+q@q(ba) ru+er(v,u) < ~ F
7{{)1(17,”)1%(%”) I o1 )fu 22001 & (x, w) % T (x, w)dwdx

1~ ~173 1 (62)
< g&(a,b,u,v)+1gB(a,bu,v)+57(a,b,u,v),

where

(a,1) F &(a,v)X T (a,v)FS(b,u)x T (b,u) F &(b,v)X T (b,v),

W

E(a, b,u,v)
= &(a,u)xJ (a,v) T &(a,v)X T (a,u) F&(b,u) X T (b,v) T &(b,v)X T (b,u),

T&(a,u)xT(b,u) T &(b,v)X T (a,v)FS(b,u)x T (a,u) T &(a,v)xJ (b,v)

¥(a,b,u,v)
=&(a,u)X T (b,v) F &(b,u)x T (a,v)F &(b,v)X T (a,u) F&(b,u) X T (a,v)

and for each A € [0, 1], &(a, b, u,v), B(a,b,u,v) and y(a, b, u,v) are defined as follows:
ay(a,b,u,v) = [ae((a,b,u,v), A), a*((a,b,u,v), A)]
Ba(a,b,u,v) = [B«((a,b,u,v), A), B*((a,b,u,v), A)]

(@ bu,v) = [v:((a,b,u,v), A), v*((a,b,u,v), A)].

Proof. Let & and 7 both are coordinated preinvex F-I'V-Fson [a, a + @1 (b, a)] x [u, u + @2 (v, u)].
Then

Sa+(1—0)pi(ba), u+ (1—s)pa(v,u)) < 0s&(a,u)Fo(1—:5)&(a,v)F(1 —0)s&(b,u)F(1 — o) (1 —35)&(b,v),

and

J(a+ 1 —a)gi(ba), u+ (1—3s)ga(v,u))< 05T (a,u)Fo(1—5)T (a,v)F(1 - 0)sT (bu)F(1—0)(1—s)T(bv).
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Since & and J both are coordinated preinvex F-I-V-Fs, then by Lemma 1, there exist

x:[u,v] = Fy
<w> — &(xw)
o (u,v]) = Fy
(w) J (x,w)
and

éw : [ﬂ, b] — F[

éw(x) = @(x,w)

jw : [a, b} — F[

jw(x) = j(x,w)
Since &, jx, &, and jw are F-I-VFs, then by inequality (29), we have

sty T S (x) x Jo(x)dx

2 1) ) + 800 x 0] + 4t x o8+ 0t8) e,

and
@2 }/u) fu+(p2(v & GX( ) X jx(w)dw
< 3[S2(0) X Tew) + &:(v) x Fav)] + §[Se() x Te(v) + Ex(w) x Tu(w)].
For each A € [0, 1], we have

W fau+(m (b) Grw(x) X Thw(x)dx
<1 4[80(0) X Tro (@) + Sr0(0) X Tawo ()] + E610(#) % Tnao(b) + Sra(b) X Tnw(a),

and

qu(}/,u) f;t+(Pz<V,ll) G/\x(w) % j/\x(w)dw

<1 3G (u) X Tnx () + Grx(v) X Tnx(W)] + §[Spx (1) X Tnx(v) + G2 (1) X Tpx(v)]

The above inequalities can be written as

st ) 8, (x,w) x Tl w)dx ©)
<1 3[6(1,@) x Ty (a,w) + & (b,w) x Ty(b,w)] + §[6x(0,w) x Ty (b,w) + &, (b,w) x Tp(a,w)],

and

(pz(}/,u) fouFq)Z(V’u) GA(XIW) X jA(x,w)dw

64
<1 3[6(x, 1) x Tn(x,u) + S (x,v) x Tn(x,v)] + §[Sa(x,u) X Tn(x,u) + G, (x,v) x Tr(x,v)]. o

Firstly, we solve inequality (63), taking integration on the both sides of inequality with
respect to w over interval [u, u + ¢, (v, u)] and dividing both sides by ¢, (v, 1), we have

sty Ja O LT 8 (w) X T w)dedx

<t sk S TP [8 (8, @) X Ta (0, @) + 6 (b,w) x Tulb@)dw  (65)

n [1 () (a,w) x Ty (b,w) + G, (b,w) x T (a,w)]dew.

1
692 (v,u)

Now again by inequality (29), for each A € [0, 1], we have
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1 u+q¢ (v,u)
@2 (v,u) fu ’ 6

1 u+@o(v,u)
@2 (v,u0) fu ’ 6\

1 u+q@o (v,u)
q)z(v 1) fu ’ S

L puteava)
v G

1
p1(b,a)p2(v,

1 atg(ba) putga(vu) o
o1(b,a)@a(v,u) / / S(x, w)XJ (x, w)dwdx <

p1(b,a)p2

=~

Aa,w) x T (a,w)dw
<y L [ERUS, (a,u) x Ty (a,u) + Gy (a,v) X Ty (a,v)]dw+ 2 [T2US) (a,u) x Ty (a,v) + S (a,u) x Ty (a,v)]dew.

(b,w) x Ty (b, w)dw
< %fu”wzw”) [©7(b,u) x Ty (b,u) + &S, (b,v) x Ty (b,v)]dw + 3 fwa(v'u) [GA (b, u) x Tx(b,v) + & (b,u) x Ty(a,v)|dw
(a,w) x Ty (b,w)dw

< 3 [N 8 (a,u) x Ty (b,u) + Sy (a,v) x Ta(b,v)ldw + L [T (6, (a,1) x T (b,v) + G (a,v) x Ti(b,u)]dw

(b,w) x Ty(a,w)dw
<1 %f;+¢2(v’”)[6)\(b,u) x Ja(a,u) + &, (b,v) x Ty(a,v)]dw + 1 f;’“’zw'”) [SA(b,u) x Ty (a,v) + &, (b,v) x Ty(a,u)]dw.

(66)

(67)

(68)

(69)

From (66)—(69), inequality (65) we have

a+g¢1(ba) M-HPZ(VM)G 7 dodx< 1 b 1 b 1 b
o) /u /u A(x, w) X Ty (x, w)dwdx<| §D¢A(ﬂ/ ,u,v)+EﬁA(a, /”rV)JF%%(“/ U, V).

That is

~ 1 _
w(a,b,u, 1/)+18/3(a b,u,v)—k%'y(a,b,u,v).

©\>—\

Hence, this concludes the proof of theorem. [

Theorem 12. Let S, 7 : A = [a, a+ ¢1(b,a)] x [u, u+ ¢2(v,u)] C R2 — F; be two coordinated
preinvex F-I-V-Fs. Then, from A-levels, we get the collection of I-'V-Fs &), Jy:A C R? = Rf
are given by S, (x) = [G.((x,w),A), &*((x,w),A)] and Ty (x) = [T=((x,w),A), T*((x,w), A)]
for all (x,w) € Aand for all A € [0, 1]. If Condition 1 for ¢ and ¢, is fulfilled, then following
inequality hold:

< (2a+¢1(ba)
&2y

7

1
S Gl ga(var)

2utga(vau)\ = 7 2a+¢1(ba) 2u+¢(v,u)
2 xJ 2 2

a+¢1(ba) f”H’Z(V’u) é(x,w)%j( )dwdx—|—36 (a,b,u, v)—Q—%E(u,b, u,v)—i—% (a,b,u,v),

(70)

u
where @(a,b,u,v), E(a, b,u,v), and ¥y(a,b,u,v) are given in Theorem 11.

Proof. é, j : A — [F; are two coordinated preinvex F-I-V-Fs, and then from inequality
(30) and for each A € [0, 1], we have

7

26, 2a+(p21(b,a) 2u+(p2 v,it) A 2a+<p1 (ba) 2u+(p22(v,u)

<1 gty S 65 (3, 2255500 7, (3, et 71)
+% &, (a, 2u+(p2 v,it) x Ji 2u+q)22(1/,u) +6,(b, 2u+g022(1/,u) < Iy (b, 2u+<p22(1/,u)
1 S (a, 2u+(p2 i) x Jy 2u+(p22(v,u) ]+6A (b, 2u+(p22(v,u)) x Iy (u, 2u+q)22(v,u)>
and
26/\(2a+(p21(b,a), 2u+q)z D) x Ji 2u+(p1 ba), 2u+g022(v,u)
1 u+@a(v, u) 2a+(p1(ba 2u+(p1 (b,a)
=I (PZ(V,M)Z fu b 6/\ ) A XJ 5 ;‘) dew ) b (72)
+1le, (2elba) W)« g7, 7’”(?1( ) ) +6, 7%4’21( ”),1/) x JA(iﬂWj( 4,y
+% S, 2a+¢21(ba u) x Jy 2a+<p1 ba) >—|—6)\ 2a+(p21(b,a),v) XJA(2a+(p21(b,a)’u
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Summing the inequalities (71) and (72), then taking the multiplication of the resultant
one by 2, we obtain

86, 2a+(p21(ba) 2u+(pz v,u) x Jy 2a+rp1 (b,a) 2u+(p22(1/,u)

2 a+@1 (b, u)
<I ¢1(ba) fa ' 6

oty S 6, (G0, ) x 7 M ,w)dx

Ax,w % Ty xw dx

+1106, (a, 2te2lv) (

+126, 2ﬂ+<ﬂ1bﬂ u XJA(Zawlba " +26A<2a+¢21(b,a
+3 |26, (a, 2““”2 “) x Ty (b, 20 ) 126 (b, 2G0T i 7 (o, 2
+3 (26, M, )XJ (M >+26A<2a ne

a, 2u+(p2 v,ut) 126, (b 2u+q)22(v,u) < 7y (b, 2u+@a (v,

<

X

S
N
S
T
=
=

Now, with the help of integral inequality (30) for each integral on the right-hand side
of (73), we have

26A(a L) A ( %H)

<1 (pz(lm) fuu+¢z(v,u) G)(a,w) x Jy(a,w)dw 74)
+16r(a,u) x T(a,u) +&y(a,v) x Ty(a,v)]

+3(6a(a,u) x Tr(a,v) +Sx(a,v) x Ty(a,u)]

ZGA(b M) A ( %Z(W))

<1 (Pz(lu,u) fuwrm(v'u) &) (b,w) x Jy(b,w)dw 75)
+1[8A(bu) x Ty(b,u) + &, (b,v) x Jr(b,v)]

+%[6/\(b/u) X j)\(b,l/) + 6)\(17,1/) X jA(br“)]

265 (n, 245010 ) s 7, (b, 2zl )

< gty S 8 (a,0) X Tk w)da 76)
+2[Ga(a,u) x Ty(b,u) + &, (a,v) x Ty(b,v)]

+1[6a(a,u) x Ty (b,v) + Gx(a,v) x Ty (b, u)]

265 (b, 24501 7, (a, 205500 )

=I gUz(%/,M) f;Jr(pZ(V'”) A(b/w) X jA(a,W)dw (77)
+1[8r(b,u) x Ty (a,u) + S, (b,v) X Ty (a,v)]

+3[61(b,u) x T (a,v) + S (b,v) x Ty(a,u)]

26 <2a+(p1 (b,a) u) <2u+(pl (b,a) ,u)
< ([)1(1ba) f;ﬂol(bﬂ) Sy (x,u) x Jy(x,u)dx

+%[6A(a u) x Jy(a,u) + &, (b,u) x Jx(b,u))
+%[6 (M ”) x T (M >+6)\(M,u> x T (M,uﬂ

26, (2400 ) g (2 )
SI (Pl(lb,tl) fug+4)1(ba) GA(X/U) X j,\(x,l/)dx

+1[6(a,v) x Ty (a,v) + S, (b,v) x Ty (b,v)]
e (0 ) s gy (0 ) e, (g ) o g, (Brga )]

26, (20 y (guxj L (2t )

<1 55 St e, (x,u) x Ty (x,v)dx

+ 1S (a,1) x Ta(a,v) + S, (b,u) x Ty (b,v)]
1o (a4 x g, (2glbn )y g, (Rl ) g, (2l )]

(78)

(79)

(80)
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26 <2a+(p1 (b,a) 1/) (20+(p1 (b,a) u)
b,

| rpl(lbu) fuuﬂpl( ) Sp(x,v) x Ty (x, u)dx
+2[6a(a,v) x Ty (a,u) + &, (b,v) x T (b, u)]
P10 (00, ) 7, (00, 1) 16 (2050, ) s g, (A, )]

From (74)—(81), we have

(81)

86, 2ft+(p21(b 1) 2u+(p2 V) x Ty 2a+(p1(b,a),2u+(p22(v,u))§1 (Pl(zbu> faa+(p1(b,a) S, (x 2u+(p2 v, ) x Ji ( thJr(pzz(v,u))dx

+(P2(%/ . f;t+(p2(l/ ) 6/\<2u+(p1(hu > A (2u+(p1(b,u)’w>dx +6q)2(11/,u) f;ﬂvz(v,u) &y (a,w) x Ty (a,w)dw

u+qor(v,u a+q¢q(ba
+6(P2(1V”) fl,Jr(P( )GA(b w) x Ty (b, w)dw +6¢1%b ) Ja il )GA(x,u) x Ty (x, u)dx (82)
n 1%[711 fa-&-qol(bﬂ) Ga(x,v) X Ty (x,v)dx +3‘P2(V,u) fu+<Pz(v,u) G (7,w) x Ty (b, w)dw

u

+3q)21v ) f”“’z(v ) &, (b, w) x JA(a,w)dw—kW fuﬁmb'a) G (x,u) x Ty (x,v)dx

(
+3§01%hﬂ) fa+<m( D & (x,v) x Ty (x,u)dx A 1507 (a,b,1,v) + §BA(a,b,u,v) + Fya(a,b,u,v)

Now, again with the help of integral inequality (30) for first two integrals on the
right-hand side of (82), we have the following relation:

2 a+¢1(ba) 2u+(p2 (v,u) 2u+@o (v,u)
or6a) Ja 6+( oz ()) (2 ) dx

S W(b{;) 7 fu 2 6/\()(,(0) X jA(x,a))d(de (83)
+3¢]1M) IK PG, (x,u) x T (x,u) + 6y (x,v) x Ty(x,v)]dx

(
+6(P1%hu) faqu(Pl(ba)[ Sr(x,u) x Ty(x,v) + 6, (x,v) x Ty(x,u)ldx,

2 fu+<p2(v,u) 6/\(2a+go21(b,a)’w> % i (2a+go1 b,a) w)dx

p2(vu) Ju ,
<t g Ji LT S w) x Ta(x, w)dwdx

1
sy S TP 81 (a,0) x T (a,0) + 6, (b, @) x Ty (b, w)]dw

+6§02%1/ ) fuuﬂm(u (&4 (a,w) X Ty (b, w) + G, (b, w) x Tn(a,w)]dew

From (83) and (84), we have

(84)

86, (2u+(p1(h,a) 2u+(p2 v,u) % i 2u+(p1 (b,a) 2u+(p22(1/,u))

7 7

= W fﬂﬂpl o) S V1) &) (x,w) x Ty (%, w)dewdx
+3fp1%bﬂ) fu+mb (&) (x,u) X Ta(x, 1) + S, (x,v) x T (x,v)]dx
+6(P1%bﬂ) faa+<p1(bu)[ Si(x,u) x JA( V) + G (x,v) x Ty (x,u)]dx

Ga(

a+eq ha) ‘[;;4+902 Vu X, (U) X \7/\(x (,U)da]dx

1
scor=oni

Jr3(P2(1V/u) fuuﬂoz (&, (a,w) x Ty (a,w) + 6y (b,w) x Ty (b, w)]dw
+6q)2%v,u) fu”+4’z V) [GA(a,w) x Jn(b,w) + G, (b,w) x Ty (a,w)]dw, +6¢2( 5 f;“rqoz(v,u) 6,(0,0) x T (0, w)deo
Jr64’2(1%14) fuuﬂpz v G)(b,w) x Ty (b,w)dw
+W qu% b0 &, (x,u) x Ty (x, u)dx + 6<P1% a) faa+¢1(b”)§5 A(x,v) x Ja(x,v)dx
u+g@o(v,u) S

fu+<Pz(

(
+3q)2(11/,u) fu (a/w) X \-7/\(b w)dw + 34,2( w) Ju (b CU) X jA(ﬂ w)dw
+3¢1%bﬂ) [ G (1) x Ty (x,v)dx + 3(p1(h,a) fﬂH(Pl(b’”) G(x,v) x Ty (x,u)dx ,
+ f—SaA(a,b, u,v) + g,BA(a, bu,v)+ %’m(a, b,u,v).
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It follows that

86, (2u+q)1(b,a)’2u+q)2 v,u ) % Jy

fqu(p](b ) fuu+<p2(1/ ) 6/\(36 w) X j/\(x w)dwdx

S1om, ‘1)<pz(v u) Ja

7

2a+g01 (ba) 2u+q)2(1/,u)>
2

557 S [&, (x,u) x T (x,u) + 6,(x,v) x Ty (x,v)]dx
+3¢1}h 5 Jroen [ A3 1) X Ta(x,v) + G (x,v) x T (x,u)]dx (85)
+3¢2?U 5 [ RE[6, (a,w) X Ta(a, @) + 6 (b, w) x Ta(b,w)dew

34)2(1/ ) S8, (a,w0) x T (b,w) + 6,(b,w) x Ta(a,w)|dw

+can(a,bu,v) +

5Br(a,b,u,v) + 5y (a,b,u,v).

Now, using integral inequality (25) for integrals on the right-hand side of (85), we

have the following relation:

f:ﬂpl(bﬂ) &) (x,u) x Jy(x,u)dx

2 86
<1 3[6a(a,u) x Jy(a,u) +&x(bu) x Jy(b,u)] + £[Gx(a,u) x Ty (b,u) + &y (b,u) x Jy(a,u), (86)
o) SO &) (x,v) x T (x,v)dx (87)
<1 3[6a(a,v) x Ta(a,v) + &, (b,v) X Tr(b,v)] + £[Sx(a,v) X Tp(b,v) + S (b,v) x Tn(a,v)],
q)l(lb,a) faﬂw] (b) Ga(x,u) x Jy(x,v)dx o
<i %[6/\({1 u) x Ja(a,v) + 6 (b,u) x Jy(b,v)] + %[6;\(51 u) X Jy(b,v) + S (b,u) x Ty(a,v)],
(p1(117,u) faﬁqol(b &) (x,v) X T (x, u)dx ©
<1 3Ga(a,v) x Ta(a,u) + Sp(b,v) x Ty(b,u)] + L[S (a,v) x Ta(b,u) +&,(b,v) x Ty(a,u)],
P20 S &, (a,0) x T (a,w)de (90)
<1 3[6a(a,u) x Ty(a,u) + Gy (a,v) x Ty(a,v)] + 1[G (a,u) x Ty(a,v) + Sx(a,v) x Ty(a,u)],
sz(qu) S & (b, w) x T (b, w)dw 1)
<1 5[8a(b,u) x Ta(b,u) + G (b,v) X Tp (b)) + 582 (b 1) x Ta (b, v) + Sa(b,v) x Tp (b, u)],
902(}/,11) foursz(v,u) Si(a,w) x Ty (b,w)dw o
<1 3[8A(a 1) X Tu(b,u) +6x(a,v) x Tulb,v)] + §Sr(a,1) x Tr(b,v) +Sxr(a,v) x Tu(b,w),
o m) [0 & (b, w) x Ty (4, w)daw o

<1 3[6A(b u) x Jr(a,u) +6,(b,v) x Ty(a,v)] +

16 (b,u) x T(a,v) + & (b,v) x Ty(a,u)).

From (86)—(93), inequality (95), we have

46, <2a+<p21(b,a)l 2u+g02 v,u)

a+§01(bﬂ) fu+<P2(V ) 6A(x,w) x Ih(x,

<, 1
=1 1) p2(v,u)

+agan(a,bu,v) +

That is

4

46 <2a+<p21 (b,a)’ 2u+¢22(1/,u)) ;j(2a+(p21 (b,a)

2u+@o (v,u)
2

x ) 2a+q)1 (ba) 2u+<p2(vu)>

w)dwdx

u

3*76.32\(51/ bu,v)+ %'m(a, b,u,v)

< m Jrrenba) fu“WZ(U’”) S(x,w)xJ (x,w)dwdx+ 2&(a,b,u,v) T Zp(a,b,u,v)F25(a,bu,v).
We now give HH-Fejér inequality for coordinated preinvex F-I-V-Fs by means of FOR

in the following result. [J
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Theorem 13. Let & : A = [a, a+ ¢1(b,a)] x [u, u+ @2(v,u)] — F; be a coordinated prein-
vex F-I-V-F with a < b and u < v. Then, from A-levels, we get the collection of I-V-Fs
Sy A= R are given by 6, (x,w) = [6.((x,w),A), &*((x,w),A)] for all (x,w) € A
and for all A € [0, 1]. Let ¢ :[a, a+ ¢1(b,a)] = R with (x) > 0, faﬁq’l(b’a) P(x)dx > 0,
and K :[u, u+ @a(v,u)] — R with K(w) > 0, fu”+q’2(v’”) K(w)dw > 0, be two symmetric
functions with respect to 2”+‘P21(b'a) and 2u+"’22(v’u), respectively. If Condition 1 for @1 and ¢, holds,
then following inequality hold:

& 2a+@1(ba) 2u+@y(v,u)
2 2

fu+(p1(b,u) 6(36, 2u+<p22(v,u))lp<x)dx

a
u+@a(vu) = (2a+¢i(ba)
W—)K(w)dw fu 2 G(q)fl/CU)K(CU)d(U
1 a+¢1(ba) puter(vu) =
< faa+zp1(b,a) l[J(X)dx ‘L:Hrq)z(v,u) IC(w)dw fa fu 6(xfw>l)[](x)lc(w)d(de

7

1
<1 J2 p(x)dx
+

N

(94)

1 a+¢q1(ba) ~ rat+ei(ba) X
< YIS {fa WS (x, u)dx+ [T 6(x,1/)dx}

1

4fuu+"’2<u’“) K(w)dw
S(au)FS(bu)FS(av)FS(by)
4

|:\flu+(p2(1/,u) é(u,w)dw;’_ f;‘f’(?Z(V,U) é(b,w)dw}

7]

A+

Proof. Since & both is a coordinated preinvex F-I-V-F on A, it follows that for functions,
then by Lemma 1, there exist

Sy [u,v] = Fr, 6x(w) = &(x,w), &y : [a,b] = F, Su(x) = S(x,w)

Thus, from inequality (31), for each A € [0, 1], we have

2u+ @a(v,u) 1
6/\3(( 2 ) SI fu+§02(1/,u) ’C(C())d(d/u

u

u+@o (v,u)
P () K (w)dw <) Sax(w) 42_ GAX(V),

and

2a+ ¢1(b,a) 1 a+¢1 (ba) S100(a) + S 100(b)
6Aw< < fa+(p1(b,a) I,U(x)dx/a G)W;(x)ll)(x)dx <; 5

a

The above inequalities can be written as

1 u+¢y(v,u)
o, (2t 2wy / T G w) K (@)deo < AE LG V) g
2 f”l+(P2(Vru) ’C(w)dw u 2

u
and

1 +¢1(ba)
6A<2a—|—(p1(b,{1),w> < /ﬂ o Ga(x, w)p(x)dx < Gala,w) + G,(b,w) (96)
2 fu+(f71(b/u) l)b(x)dx a 2

a

Multiplying (95) by #(x) and then integrating the resultant with respect to x over
[a, a+ ¢1(b,a)], we have
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faJrgol(b,a) S, (x, 2u+<p22(v,u)>l/)(x)dx

a
1 97)
< - fa'*“Pl(bﬂ) f’H‘(Pz(VrH) G (x, ) (x) K (w)dwdx < fa‘l+‘P1(bra) wlp(x)dx'

a u

Now, multiplying (96) by K(w) and then integrating the resultant with respect to w
over [u, u+ ¢2(v,u)], we have

fu+(p2(1/,u) 6)\ (2a+q)21 (b,a) , (U) ’C((U)dw

(98)

1 S a,w w
< m f:'*‘(Pl(brﬂ) fu'H'(Pz(Vru) G (x, ) p(x) K (w)dxdw < f:'*'(Pl(bfﬂ) W]C(w)dw

Since [*T1*) y(x)dx > 0and [T K (w)dw > 0, then dividing (97) and (98)
by f;ﬂol(h’”) P(x)dx > 0 and fuuﬂpzw’u) K(w)dw > 0, respectively, we get

a+gi(b,a) S, (x/ 2u+q)22(v,u))¢)(x)dx +

+ , 2a+9¢1 (b,
2| Fr i o (Bt )@l

1
[t K (w)dew M

a ba) ru v,u
g e R S w)p (K (@)dads

S B Jrror(ba) Salra O Y]y () gy (99)

IN

A

1 u a,w )
ut+@a(vu) S, ( )ZGA(h )IC(

L:Hr(pz(v,u) lC(w)dw fu (U)dw

_|_

Now, from the left part of double inequalities (95) and (96), we obtain

o (205 01(b,a) 2u+ ga(v,u) 1 /”“”2(”'”)6 2040100\ k(w)deo (100)
A 2 ’ 2 =I fu+(p2(1/,u)lc(w)dw u A 2 ’ ’
u
and
o (20t g1(ba) 2utgavu)\ 1 /“+(”1(b’")6 w20 g (101)
A 2 4 2 =I fﬂ+§01(b,[l) lp(x)dx a A ! 2
a

Summing the inequalities (100) and (101), we get

a+q@q(ba 2u v,u
m]‘a (Pl( )GA(X/ +(Pf2(>)l)[](x)d_x

2a+ @1(b,a) 2u-+ @r(v,u 1
GA( (;;1( ! ([)22( >>§Iz . (102)
u+qy(v,u) 2a+¢1(b,a)
Similarly, from the right part of (101) and (102), we can obtain
1 u+t@a(vu)
[ s oK@ <, Salew) £Er@v) g5
fuﬂoZ(U’u)IC(w)dw u 2
u
1 u+@p(v,u)
[T e o)k )do <; Salb) 620 v) oy
fu+<p2(v,u) IC(w)dw u >
u
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and

1
fﬁfﬂl(brﬂ) ¥ (x)dx

a

6)\ (a/ u) + GA(b/ M)
2

a+¢1(ba)
/ S (x,u)p(x)dx < (105)

1
S g ()

a

Adding (103)—(106) and dividing by 4, we get

6)\ (lZ, V) + 6)\(17/ V)
2

u+q]1(b/u)
/ Sa(x,v)p(x)dx < (106)

1 u+@a(v,u) u+@a(v,u)
T T @)k (@)de + [ 6, (b w) ()

(107)
O &) (e, up (e + [0 ) (x,v)p (x)dx|

1
+4fa”+q’1(b’a) P(x)dx |:f“
< Srlau)+6,(a, v)+6(bu)+6,(b, v)

4

Combing inequalities (99), (102), and (107), we obtain

a+qq(b,a 2u v, u
mﬁl 1 ( )GA(x,“’fZ())lP(X)dx

1
2

7

2a+¢q(ba) 2u+ ,
6/\( a 4’721( a) 2u ‘PZZ(V“))SI

+ , 2a+ b,
T ey 20 6, (2, o) K (w)dew

1 a+¢q(ba) putea(v,u)
=t 0D gy 15020 K (w)deo Jo LT S @) (0 K (w)dwdx

1 Ut (vu) u+g@o (v,u)
<t s Y S @)K @)de + [ 8 (b w)K (@)de)

1
g " S+ [0 6 (1) p(is]

< GA(a,u)JEGA(a, v) + GA(b,u)JEGA(b, V) + GA(u,u);GA(b,u) + GA(ﬂ/V)JZFGA(brV)

That is

1 fa+q)1(b,a) é(x, 2u+(p22(v,u))¢(x)dx

gyl 4 SO gz e o) = (2o

o 1 ut@a(v,u) < (2a+¢q(ba

+ fu+4)2(1/,u) /C(w)da; fll 2 S (421 /CL))K(CU)dCU
1 (oo (ba) putga(v) &

< fﬂa+4)1(b,a) (x)dx f;+cp2(v,u) K (w)dew fa fu 6(x,W)ll)(x>’C((U)d(de

é (2a+(p21 (b,a)

7

1 a+gi(ba) T petei(ba)
# W [fa 1 6(x,u)dx+ fll 1 G(X,V)dx}

1 u+@a(vu) < ~ rut@a(vu) X
m |:fu 6(a,(,d)dw+ fu G(b,(,U)d(U}

Sauw)FS(bu)FS(av)FS(by)
4

A

Hence, this concludes the proof. [

Remark 6. If one takes KC(w) = 1 = ¢(x), then from (94) we achieve (39).
If one takes ¢1(b,a) = b —aand @y (v, u) = v — u, then from (94), we acquire the following
inequality, see [38]:
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1 fbé(x,m)¢(x)dx+m ffé(@b,w)/c(w)dw]

(108)
fb S(x, u)dxF fab é(x,v)dx} +

1) S (a,v)FS(b,v)
4

T L S @)t [ &b w)de]

If one takes ¢1(b,a) = b—a, ga(v,u) = v—uand K(w) = 1 = (x), then from (94), we
acquire the inequality (59), see [38].

4. Conclusions

As an extension of convex fuzzy-interval-valued functions on coordinates, we have
proposed the idea of fuzzy interval-valued preinvex functions in this article. For coordi-
nated preinvex fuzzy interval-valued functions, we have created H-H-type inequalities.
The product of two coordinated preinvex fuzzy-interval-valued functions was also exam-
ined, which are known as Pachpatte Type inequalities, as well as several new H-H-type
inclusions. Other types of interval-valued preinvex functions on the coordinates may be in-
cluded in the results produced in this study. Future work will explore fuzzy interval-valued
fractional integrals on coordinates to study H-H-type and H-H-Fejér-type inequalities with
the help of fuzzy-order relation for coordinated preinvex fuzzy interval-valued functions.
We hope that the concepts and findings presented in this article will inspire readers to
conduct more research.
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