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Abstract


With the development of aerospace science and technology, more and more probes are expected to be deployed around extraterrestrial planets. In this paper, some special orbits around Jupiter, Saturn, Uranus, and Neptune are discussed and analyzed. The design methods of some special orbits are sorted out, considering the actual motion parameters and main perturbation forces of these four planets. The characteristics of sun-synchronous orbits, repeating ground track orbits, and synchronous planet orbits surrounding these plants are analyzed and compared. The analysis results show that Uranus does not have sun-synchronous orbits in the general sense. This paper also preliminarily calculates the orbital parameters of some special orbits around these planets, including the relationship between the semi-major axis, the eccentricity and the orbital inclination of the sun-synchronous orbits, the range of the regression coefficient of the sun-synchronous repeating ground track orbits, and the orbital parameters of synchronous planet orbits, laying a foundation for more accurate orbit design of future planetary probes.
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1. Introduction


Moving towards deep space is an important goal for the development of human civilization, and the exploration of extraterrestrial planets is also the litmus test of human technology. At present, many countries are actively exploring the planets in the solar system. Mars, as a close neighbor of the Earth, already has a number of artificial satellites in its orbit, such as the Odyssey [1], Mars Express [2], Mars Reconnaissance Orbiter [3], and Mars Atmosphere and Volatile Evolution (MAVEN) [4]. In addition, China’s tianwen-1 [5], the US Curiosity [6], InSight [7], and other landers have carried out various tests on the surface of Mars.



The success of the exploration of Mars has further stimulated human enthusiasm for the exploration of other planets: Jupiter, Saturn, Uranus, and Neptune. As early as half a century ago, Voyager 1 was the first to provide detailed photos of Jupiter and Saturn [8]; after that, Voyager 2 [9] made a flyby exploration of all these four planets. However, with the progress of space technology and the in-depth study of the solar system, human beings have long been dissatisfied with this fleeting glimpse.



The new close-range planetary exploration mission has achieved great success. The Juno Jupiter probe launched in 2016 has greatly promoted our understanding of Jupiter’s magnetic field model [10], core composition [11] and dynamic tides [12]. The data from the Cassini Saturn probe [13] has also accelerated our research progress on Saturn’s upper atmosphere [14], satellite system [15], interior structure [16], and ring system [17].



Although Uranus and Neptune are more distant from us, research about them is also of great significance. Guillot’s research shows that Uranus and Neptune are the key to understanding planets with hydrogen atmospheres [18]. Voosen et al. [19] said that Uranus should be the primary goal of NASA. However, at present, our understanding of these two planets is still relatively limited. Helled R. [20] pointed out that Uranus and Neptune are still mysterious planets, and it is obvious that these planets need to be further explored in theory and observation. Brozović’s research [21] shows that the satellite systems of Uranus and Neptune are extremely complex and need further and more detailed observation. Hofstadter et al. [22] pointed out that some key measurements can only be carried out by orbiters of giant planets and detectors falling into their atmospheres.



It is obvious that probes dedicated to exclusive and focused study of Uranus and Neptune are needed. Research on the detection of Uranus and Neptune has been carried out. Rohan et al. [23] have designed the incident orbit of the Neptune detector. Cohen et al. [24] have begun to study the detector design of Uranus. Deniz et al. [25] discussed how to effectively use the time when the detector flies to Uranus and Neptune to detect gravitational waves.




2. Dynamic Model and Symbols


According to previous experience, in order to complete the detection task more efficiently, these orbiting probes often work in some special orbits [26], such as sun-synchronous orbit, repeating ground track orbit, and planet-synchronous orbit. Therefore, it is necessary to analyze and compare some special orbits around these four planets.



This paper uses some traditional symbols to represent the dynamic parameters and the orbital elements: a is the semi-major axis of the orbit. e is the orbital eccentricity. p is the semi-latus rectum and p = a(1 – e2). i is the orbital inclination. Ω is the right ascension of the ascending node. ω is the argument of perigee. M is the mean anomaly. f is the true anomaly. n is the mean angular velocity. The geometric interpretations of these elements are shown in Figure 1. The space coordinate system shown in Figure 1 is a right-hand coordinate system, where O is the center of mass of the planet and a focal point of an elliptical orbit, the x-axis points in the direction of the ascending node of the Sun, the z-axis points in the direction of the angular momentum direction of the planet’s rotation. O’ is the center of the ellipse, C is the perigee of the orbit, A is the apogee of the orbit, B is the ascending node of the orbit and O’ is at the center of the ellipse ABC.



Some relevant dynamic parameters of the four giant planets are shown in the table below:



For a planet, J2 is the second-order zonal harmonic coefficient. Additionally, J4 is the fourth-order zonal harmonic coefficient. All parameters shown in Table 1 can be obtained from the public website of NASA [27]. To make it convenient for readers to verify the calculation results of this paper, the codes of this paper are available and can be obtained through private communication.



The gravitational field functions of the four giant planets are established in the planet centroid system shown in Figure 1. References [28,29] show that the magnitude of the non-spherical perturbation coming from the central body (irregular shape) is usually much larger than the ones coming from the moons, but they give a zero net result concerning variations of energy. Therefore, from this point of view, it is important to study those perturbations individually [28,29].



The main non-spherical perturbation terms of these four planets are J2 and J4, and therefore, their gravitational field functions can be expressed as [30,31]:


  U =    μ p   r   [  1 −    J 2   2     (     R p   r   )   2   (  3   sin  2  φ − 1  )  −    J 4   8     (     R p   r   )   4   (  35   sin  4  φ − 30   sin  2  φ + 3  )   ]   



(1)




where μp is the gravitational field coefficient, Rp is the equatorial radius, φ is the geographic latitude, λ is the geographic longitude, ωp is the rotational angular velocity, and r is the distance between the probe and the centroid of the planet.




3. Sun-Synchronous Orbits


A remarkable feature of a sun-synchronous orbit is that the solar angle of the orbital plane can maintain long-term stability, which is not only conducive to energy management. However, it also can ensure the relative stability of the light conditions for the observation [32].



In terms of the present technology, the service life of an artificial satellite generally does not exceed ten years [33]. For a planet with a very long tropical orbit period like Neptune, the change in the orbit’s solar angle caused by the planet’s revolution is not significant during the life cycle of the probe. However, with the continuous development of satellite manufacturing and propulsion system technology, the service life of a probe will become longer and longer, especially for a planetary probe, and its service life would be much longer than that of the Earth’s probe. Therefore, it is still necessary to study the sun-synchronous orbits around planets with a long tropical period.



Taking the orbit design of the Earth satellite as a reference, the realization of sun-synchronous orbits mainly utilizes the perturbation of the non-spherical gravitational field of the planet. There will be a long-term drift of the right ascension of the ascending node under the influence of the gravitational field described in Equation (1).   Ω ˙  , which represents the drift rate of Ω, can be described as follows [32]:


     Ω ˙  =   −   3  R p 2    2  p 2    n  J 2  cos i −   (    3  J 2   R p    2  p 2     )  2  n cos i  [   1 6   e 2   (  1 +  5 4    sin  2  i  )  +   1 −  e 2     (  1 −  3 2    sin  2  i  )  +  (   3 2  −  5 3    sin  2  i  )   ]       −  (    35  8   )     (  −  J 4   )   R p 4     p 4    n cos i  [   e 2   (   9 7  −  9 4    sin  2  i  )  +  (   6 7  −  3 2    sin  2  i  )   ]     



(2)







To achieve the characteristics of sun synchronization, it is necessary to use the gravitational field characteristics of different planets to design different semi-major axis, eccentricity, and orbital inclination, so that the following relationship is established:


   Ω ˙  =   M ˙  s  ,  



(3)




where     M ˙  s    is the mean angular velocity during one sidereal rotation period of the planet. When combining Equation (2) and Equation (3), we get:


      9 n  J 2 2   R p 4    4  p 4     [   e 2   (  −  5  24   −   105  J 4    24  J 2 2     )  +  3 2    1 −  e 2    +  5 3  −   35  J 4    12  J 2 2     ]   cos 3  i     +   9  J 2 2   R p 4    4  p 4     [    2 n  p 2    3  J 2   R p 2    +  e 2   (   3 8  +   15  J 4    8  J 2 2     )  −  1 2    1 −  e 2    −  1 6  +   5  J 4    4  J 2 2     ]  cos i     +   M ˙  s  = 0    



(4)







It can be seen from Equation (4) that with preset a and e, i can be obtained by solving the cubic equation with cosi as the independent variable. The solution of a cubic equation probably has one, two, or three distinct roots.



The properties of the solution of the cubic equation can be obtained by calculating the following discriminant:


  Δ =     M ˙  s    2    4  Γ 3    2    +    Γ 1    3    27  Γ 3    3    ,  



(5)




where    Γ 1    is the coefficient of cosi and    Γ 3    is the coefficient of cos3i.



In combination with the dynamic parameters shown in Table 1, the discriminant is calculated, and the results are shown in Figure 2:



As can be seen from Figure 2, the corresponding discriminant of the four giant planets is always greater than zero, which indicates that the equation will have only one real root. That is, for a given a and e, all four planets will be able to find a unique orbital inclination i to meet the requirements of solar synchronous orbit.



Combined with the physical parameters of the four giant planets shown in Table 1, the semi-major axis, eccentricity, and orbital inclination of their solar synchronous orbit are further calculated in this paper. To more intuitively show the change relationship among the three parameters, the value range is wide, and the results are shown in Figure 3.



Calculations show that the orbital inclinations for the sun-synchronous orbits around the four giant planets are greater than 90 degrees, which belong to retrograde orbits. Jupiter’s sun-synchronous orbital inclination varies most significantly with the change of its semi-major axis, while Neptune’s sun-synchronous orbit has the smallest orbital inclination. In addition, for all four planets, when the semi-major axis is larger, and the eccentricity is smaller, the orbital inclination changes more significantly, which indicates that when deploying a probe to near-circular orbits with high orbit altitude, more attention should be paid to the injection accuracy.



For a probe orbiting Uranus, this paper believes that running in this orbit does not mean that it has the characteristics of sun-synchronization, although Equation (4) still has a solution.



As mentioned above, the fundamental feature of a sun-synchronous orbit is that the angle between the orbit plane normal vector and the direction vector of the Sun remains relatively fixed. In the planetary equatorial coordinate system, the motion of the Sun can be described by orbital elements introduced in Section 2, and the unit direction vector of the Sun is [31]:


    r ^  s  =  [    cos  Ω s  cos  (   f s  +  ω s   )  − sin  Ω s  cos  i s  sin  (   f s  +  ω s   )      sin  Ω s  cos  (   f s  +  ω s   )  + cos  Ω s  cos  i s  sin  (   f s  +  ω s   )      sin  i s  sin  (   f s  +  ω s   )     ]   



(6)




where Ωs is the right ascension of the ascending node of the Sun, fs is the true anomaly of the Sun, ωs is the argument of perigee of the Sun, and is is the orbital inclination of the Sun.



Under the same coordinate system, the orbit plane normal vector of the probe is [31]:


   h ^  =  [    sin Ω sin i     − cos Ω sin i     cos i    ]  .  



(7)







Therefore, the cosine value of the orbital solar angle is:


  cos Ψ =   r ^  s  ⋅  h ^  ,  



(8)




where Ψ is the angle between vector     r ^  s    and vector   h ^  , and Ψ is called the orbital solar angle.



Figure 4 shows the relationship between the location of the Sun and the orbital solar angle Ψ under the coordinate system centered on Uranus. The outer circle represents the trajectory of the Sun during a cycle of Uranus’ revolution.



Considering the long-term stability of planetary revolution and the physical meaning of the right ascension of ascending node, the following simplification can be made [31]:


   {     Ω s  = 0      f s  =  M s      ,  



(9)




then Equation (8) can be expressed as:


  cos Ψ = sin Ω sin i cos  u s  − cos Ω sin i cos  i s  sin  u s  + cos i sin  i s  sin  u s  ,  



(10)




where us = fs + Ms. When taking the derivative of the above equation with respect to time, we get:


     d  d t    (  cos Ψ  )  =    Ω ˙   (  cos Ω sin i cos  u s  + sin Ω sin i cos  i s  sin  u s   )       +  i ˙   (  sin Ω cos i cos  u s  − cos Ω cos i cos  i s  sin  u s  − sin i sin  i s  sin  u s   )       −   M ˙  s   (  cos Ω sin i cos  i s  cos  u s  + sin Ω sin i sin  u s  − cos i sin  i s  cos  u s   )     



(11)




where   i ˙   is the drift rate of i. The ideal sun-synchronous orbit should meet the following requirements:


   d  d t    (  cos Ψ  )  = 0 .  



(12)







For Earth, Mars, Jupiter, and Saturn, further simplifications tend to be made when designing the sun-synchronous orbits around these planets [27,31,32]:


   {     i ˙  = 0      i s  = 0     ,  



(13)







Equation (12) is therefore reduced to:


   (   Ω ˙  −   M ˙  s   )   (  cos Ω sin i cos  u s  + sin Ω sin i sin  u s   )  = 0 .  



(14)







It is easy to see that the above equation can be established if    Ω ˙  =   M ˙  s   . However, due to the existence of ecliptic obliquity is and the non-uniform speed of the planetary revolution, even if Equation (14) is established, it only ensures that the angle between the orbital plane and the mean Sun remains unchanged, the angle between the orbital plane and the real Sun will still change within one revolution period. In the case of a sun-synchronous satellite orbiting Earth, the solar angle will still change by about 20 degrees within a year, which shows that is has a significant influence on the solar angle of the sun-synchronous orbit.



For Uranus, whose ecliptic obliquity is 97.7 degrees, the is = 0 simplification is no longer an option.



Learning from the design of Earth’s sun-synchronous orbits [27,31,32], we introduce a mean Sun under the coordinate system shown in Figure 3. The mean Sun orbiting Uranus has the same ascending node and orbital period with the apparent Sun. Furthermore, its motion plane is perpendicular to the equatorial plane of Uranus. Under this ideal model, there is is = 90(deg), Equation (11) is simplified to:


     d  d t    (  cos Ψ  )    =  Ω ˙  cos Ω sin i cos  u s       +  i ˙   (  sin Ω cos i cos  u s  − sin i sin  u s   )       −   M ˙  s   (  sin Ω sin i sin  u s  − cos i cos  u s   )     



(15)







According to the perturbation theory [34], the long-term perturbation of the orbital inclination mainly comes from the influence of the third-body gravitational force. When considering the Sun’s gravity as the main third-body gravitational perturbation term, the long-term average change rate of the orbital inclination angle is [35]:


     i ˙    =   3   M ˙  s 2    8 n    (  sin 2 Ω sin i + sin 2  i s  sin Ω cos i − sin 2 Ω   cos  2   i s  sin i  )       =   3   M ˙  s 2    8 n    (  sin i sin 2 Ω   sin  2   i s  + cos i sin Ω sin 2  i s   )  .    



(16)







It can be seen from above that when n is smaller,   i ˙   is larger. Taking the planet-synchronous orbits around Uranus for example, n is taken as the rotation angular velocity of Uranus, and with different orbital inclination and right ascension of ascending node,   i ˙   is calculated as shown in Figure 5.



As can be seen from Figure 5, the drift rate of orbital inclination   i ˙   will change periodically with the change of orbital inclination i and right ascension of ascending node Ω. The right ascension of ascending node Ω mainly determines the direction of the orbital inclination drift rate   i ˙  , and its magnitude is mainly determined by the orbital inclination i. In addition, the maximum value of   i ˙   is only on the order of 10−14, while the angular velocity of Uranus’s revolution     M ˙  s    is on the order of 10−9. There is a big difference in magnitude between the two, so Equation (15) can be further simplified as:


   d  d t    (  cos Ψ  )  =  Ω ˙  cos Ω sin i cos  u s  −   M ˙  s   (  sin Ω sin i sin  u s  − cos i cos  u s   )  .  



(17)







Therefore, the following relationships are required in a sun-synchronous orbit:


   Ω ˙  =   sin Ω sin i sin  u s  − cos i cos  u s    cos Ω sin i cos  u s      M ˙  s  .  



(18)







For Uranus’ sun-synchronous orbits,   Ω ˙   should be a periodic function, which indicates that there is no long-term constant   Ω ˙   to achieve the stability of the solar angle. However, relevant studies have shown that   Ω ˙   is a secular term in a tropical period [30]; for a probe orbiting Uranus, the long-term stability of solar angle would not be realized by orbit design. Therefore, based on the above analysis, this paper believes that Uranus does not have a natural sun-synchronous orbit.



Nevertheless, with the development of new technologies such as electric propulsion, we do not rule out the possibility of achieving long-term stability of the solar angle of Uranus probes through orbit control. After all, for a probe running in Earth’s sun-synchronous orbit, regular orbit control is also essential to achieve the stability of solar angle [32].




4. Repeating Ground Track Orbits


Orbits with periodically repeated ground trajectory are called repeating ground track orbits [36]. For a probe running in such orbits, after each regression period, the probe will repass over specific places on the planet, which is conducive to the repeated observation of specific targets and the dynamic monitoring of relevant areas. It is conceivable that if we can have planetary probes running in such orbits, we can make more detailed observations of specific targets on the surface of these planets, such as Jupiter’s mysterious Great Red Spot, Saturn’s peculiar Great White Spot [37], and so on.



According to the definition, the repeating ground track orbits should meet the following requirement [38]:


  R  T N  = N  D N  ,  



(19)




where R and N are positive integers, TN is the orbital period of the probe, DN is the node period of the planet’s rotation relative to the orbital plane. The physical meaning of the above equation is as follows: when the probe moves around the planet R times, the planet just rotates N times relative to the orbital plane. Specifically [31]:


   T N  =   2 π    M ˙  +  ω ˙    ,  



(20)




where   M ˙   is the angular velocity of the probe’s mean anomaly, and   ω ˙   is drift velocity of argument of perigee. The detailed form of   M ˙   and   ω ˙   are shown in Appendix A. DN can be derived from:


   D N  =   2 π    ω p  −  Ω ˙    .  



(21)







When the precession direction of the ascending node is the same as the rotation direction of the planet,   Ω ˙   is positive, otherwise it is negative.



Many repeating ground track orbits can be designed around a planet. To better distinguish these orbits, this paper uses the parameter Q to describe the different regression characteristics between them, which is defined as:


  Q =  R N  =    M ˙  +  ω ˙     ω p  −  Ω ˙    .  



(22)







The physical meaning of the above equation is as follows: after N planetary rotation periods, the probe flies in R circles, and its trajectory on the planetary surface is closed.



Through adding the detailed form of   M ˙   and   ω ˙   into the above equation, the univariate quadratic equation with sin2i as the independent variable is obtained:


  A   sin  4  i + B   sin  2  i + C − Q  (   ω J  −  Ω ˙   )  = 0 ,  



(23)




the detailed form of A, B and C are shown in Appendix B.



According to the quadratic equation, Equation (23) has a solution only when the following inequality is true:


  Δ =  B 2  − 4 A  (  C − Q  (   ω p  −  Ω ˙   )   )  ≥ 0 .  



(24)







Solving this inequality yields the minimum value of Q:


   Q  min   =   C −    B 2    4 A      ω p  −  Ω ˙    .  



(25)







By analyzing Equation (22), it can be found that for a certain planet, since   Ω ˙   and   ω ˙   are both small quantities relative to   M ˙  , the maximum value of Q is basically determined by the maximum value of   M ˙  , that is, the lower the orbit is, the greater the maximum value of Q. Therefore, the choice of the Q value is not arbitrary when designing the repeating ground track orbits, and different planets have different Q value ranges [35,39].



In addition, a semi-major axis and eccentricity must be preset for the solution of the Q value range; otherwise the inequality cannot be solved. In the actual exploration process, the orbit altitude needs to be determined in combination with the instrument performance carried by the probe, the atmospheric environment of the planet, and the specific exploration task. Therefore, the accurate Q value range of each planet is not given in this paper.



It should be noted that when designing the repeating ground track orbits, the orbital parameters, such as the semi-major axis a and eccentricity e, cannot be completely determined only based on the given Q value. In combination with the characteristics of the Earth’s repeating ground track orbit, it is common that the orbits of this kind basically meet the sun-synchronous characteristics at the same time [27,40], and the orbit altitude fluctuates very little within an orbit period so that the detection instrument can achieve observation of specific targets under stable illumination conditions. Assuming that the repeating ground track orbits around the four Giant planets are also sun-synchronous orbits, Equation (3) is established.



In this paper, the relationship between the a, e, and Q values of the sun-synchronous repeating ground track orbits around these four planets is calculated, as shown in Figure 5. It should be noted that although Uranus does not have a sun-synchronous orbit, to better compare the general characteristics of the repeating ground track orbits around the four giant planets, the analysis of Uranus is also carried out under the condition that Equation (3) is established.



It can be seen from Figure 6 that under the same orbit altitude, the Q value from large to small is Neptune, Uranus, Jupiter, and Saturn. The larger the Q value is, the more times the probe moves around the planet in a sidereal day. Moreover, the Q value of the sun-synchronous repeating ground track orbits around the four giant planets is mainly affected by a. When a is determined, the change of e has little effect on the Q value.



In practical engineering applications, the orbital design of the sun-synchronous repeating ground track orbits around these three planets can be carried out as follows [41]:



First, calculate the intersection period TN. According to the Equation (22), the probe rotates R times around the planet in a regression period, and rotates Q times around the planet every day, thus:


   T N  =    D N   Q  .  



(26)







After that, taking the initial values of a and the orbital inclination i, and more accurate values can be obtained through iteration. The selection of the initial value needs to be combined with the physical parameters of different planets:


   {    a =  R p  + H     i =  π / 2      .  



(27)




where H represents the estimated orbit altitude. Since the orbital inclination of the sun-synchronous orbits around the four giant planets is close to 90 degrees, π/2 could be a suitable initial value of i. Then, the initial value is carried into the following equation:


   {     T 0  =    T N    1 +   3  J 2   R p 2    2  a 2     (  1 − 4   cos  2  i  )        a =   [     μ p   T 0 2    4  π 2     ]    1 3        i = arccos  [  −   M ˙  s 2  ×  π  180   ×  1  86400   × 2 ×    a 2    3 n  J 2   R p 2     ]  ×   180  π      .  



(28)







Every calculation of Equation (28) gets a new value of a and i. Repeat this process until the accuracy meets the requirements of the mission.




5. Planet-Synchronous Orbits


In a broad sense, a planet-synchronous orbit refers to an orbit with the same orbital period as the planetary rotation period. According to Kepler’s third law, the square of the orbit period is inversely proportional to the cube of the semi-major axis of the orbit. Therefore, theoretically, the design of planet-synchronous orbit is mainly constrained by the semi-major axis of the orbit, and there are no special requirements for parameters such as orbit eccentricity and orbital inclination.



However, in practical engineering applications, it is often not enough to only meet the requirements that the orbital period is the same as the planetary rotation period. The main value of planet-synchronous orbits is to keep the longitude and latitude of the sub-satellite point of the probe basically unchanged, which is extremely advantageous in relay communication and other application scenarios [42]. A planet-synchronous orbit with such characteristics is called a stationary orbit.



If generalized coordinates q = [r, λ, φ] are defined, the Lagrange equation can be established [29]:


   d  d t    (    ∂ T   ∂  q ˙     )  −   ∂ T   ∂ q   =   ∂ U   ∂ q   ,  



(29)




where   T =  1 2   (    r ˙  2  +  r 2    φ ˙  2  +  r 2    cos  2  φ   λ ˙  2   )   , substituting the potential function shown in Equation (1) into Equation (29), we get:


   {     r ¨  − r   φ ˙  2  − r  cos 2  φ   λ ˙  2  = −  μ   r 2    +   3  μ p   J 2   R p 2    2  r 4     (  3   sin  2  φ − 1  )  +   5  μ p   J 4   R p 4    8  r 6     (  35   sin  4  φ − 30   sin  2  φ + 3  )       d  d t    (   r 2    cos  2  φ  λ ˙   )  = 0      d  d t    (   r 2   φ ˙   )  +  1 2   r 2  sin  (  2 φ  )    λ ˙  2  = −  [    3  μ p   J 2   R p 2    2  r 3    +    μ p   J 4   R p 4    8  r 5     (  70   sin  2  φ − 30  )   ]  sin 2 φ     .  



(30)







According to the physical meaning of stationary orbit, the motion equation should satisfy:


   {     λ ˙  =  ω p  ,  λ ¨  = 0     φ =  φ ˙  =  φ ¨  = 0      r ˙  =  r ¨  = 0     ,  



(31)







The function f(r) is defined as:


  f  ( r )  =      μ p     r 3    +   3  μ p   J 2   R p    2    2  r 5    −   15  μ p   J 4   R p    4    8  r 7      −  ω p  .  



(32)







Taking different r values and calculating the f(r) of the four giant planets respectively, the resulting values are shown in Figure 7.



According to the definition, the abscissas corresponding to the intersections of the curves and f(r) = 0 are the semi-major axes of each planets’ stationary orbit. The orbital semi-major axes of the stationary orbits around Jupiter, Saturn, Uranus, and Neptune are obtained using the method above, as shown in Table 2.



The results show that the orbit altitude of Jupiter’s stationary orbit is much higher than that of the other three planets. Although the volume of Saturn is much larger than that of Uranus and Neptune, its stationary orbit altitude is very close to that of the latter two planets. If sorted according to the value of r/Rp, Neptune, Uranus, Jupiter, and Saturn are in order from the largest to the smallest, which is also not proportional to the volume of the planets. Combined with the planetary parameters shown in Table 1, it can be found that for the two planets with similar rotation angular velocity, the value of r/Rp is likely to be positively related to planet density.




6. Conclusions


In this paper, considering the perturbation of J2 and J4 terms, the sun-synchronous orbits, the repeating ground track orbits, and the planet-synchronous orbits around Saturn, Jupiter, Uranus, and Neptune are analyzed.



First, the sun-synchronous orbits around the four giant planets are studied. The calculation results of the discriminant show that for a given semi-major axis and eccentricity, the four giant planets can find a unique orbital inclination, making the declination drift rate of the right ascension of ascending node equal to the planet revolution rate, which satisfies the theoretical requirements of the sun-synchronous orbits design. The numerical relationship between these three orbital parameters is then calculated. Since Uranus’ ecliptic obliquity is close to 90 degrees, this paper defines a mean Sun moving around Uranus with an orbital inclination of 90 degrees. Under this motion model, the variation law of the solar angle of the probe orbiting around Uranus is theoretically analyzed. The results show that, unlike the other three planets, considering the long-term invariance of the semi-major axis, eccentricity, and orbital inclination, Uranus does not have a natural sun-synchronous orbit in theory.



After that, this paper analyzes the repeating ground track orbits around these four planets in combination with the parameter Q. Relevant studies have shown that for the design of the repeating ground track orbits around a specific planet, the Q value cannot be taken arbitrarily. This paper describes the calculation method of the Q value range. This paper calculates the relationship between the orbital parameters of the sun-synchronous repeating ground track orbits around each planet and gives the design methods except for that of Uranus, aiming at the most probable application scenario.



Then, the planet-synchronous orbits around the four giant planets are analyzed, and the parameters of the most typical representative, the stationary orbits, are calculated. The results show that the altitudes of stationary orbits around Jupiter, Neptune, Uranus, and Saturn are in descending order. A planet with a larger volume does not necessarily have a higher stationary orbit altitude, while a fast-rotating and dense planet tends to have this feature.



Furthermore, the real perturbation environments of the four giant planets are extremely complex under the influence of their ring system and satellite system [28,29]. How to conduct a more precise and long-term analysis of the special orbits around the four giant planets in a more realistic and complex perturbation environment is a work that needs further exploration. It would be worth it to learn even more from the “Integral Indexes” and the perturbation maps used as references [28,29] to study the dynamical behavior of the orbits around planets analysis methods.



Finally, to make the planetary probe work in designed orbits throughout its life cycle, orbit control is usually indispensable [23,32,39,40,41]; the orbit control methods applicable to the four giant planets’ probes are also worthy of in-depth study.
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Appendix A


Under the gravitational field described in Equation (1), we have:


     M ˙    = n +   3 n  J 2   R J 2    2  p 2     (  1 −  3 2    sin  2  i  )    1 −  e 2         +   9 n  J 2 2   R J 4    4  p 4      1 −  e 2     [   1 2     (  1 −  3 2    sin  2  i  )   2    1 −  e 2    +  e 2   (    10  3  −   26  3    sin  2  i +   103   12     sin  4  i  )         +  (   5 2  −   19  3    sin  2  i +   233   48     sin  4  i  )  +    e 4    1 −  e 2     (    35   12   −   35  4    sin  2  i +   315   32     sin  4  i  )         −   35  J 4    18  J 2 2     e 2   (   9  14   −   45   14     sin  2  i +   45   16     sin  4  i  )   ]     








and:


     ω ˙    = −   3 n  J 2   R J 2    2  p 2     (   5 2    sin  2  i − 2  )  +   9 n  J 2 2   R J 4     p 4     {   e 2   (   7  12   −  3 8    sin  2  i −   15   32     sin  4  i  )         +   1 −  e 2     (  2 −   11  2    sin  2  i +   15  4    sin  4  i  )  +  (  4 −   103   12     sin  2  i +   215   48     sin  4  i  )         −   35  J 4    18  J 2 2     [   e 2   (    27   14   −   27  4    sin  2  i +   81   16     sin  4  i  )  +  (    12  7  −   93   14     sin  2  i +   21  4    sin  4  i  )   ]   }     












Appendix B


The detailed form of A, B and C are:


    A   =   9 n  J 2 2   R p 4    4  p 4     [    1 −  e 2     (   9 8    1 −  e 2    +   413   48   +   103   12    e 2  +   315  e 4    32  (  1 −  e 2   )    −   105  J 4    32  J 2 2     e 2   )           +   215   48   −   15   32    e 2  −   35  J 4    18  J 2 2     (    21  4  +   81   16    e 2   )   ]     










    B   =   9 n  J 2 2   R p 4    4  p 4     [    1 −  e 2     (  −  3 2    1 −  e 2    −   71  6  −   26  3   e 2  −   35  e 4    4  (  1 −  e 2   )    +   25  J 4    4  J 2 2     e 2  −    p 2     J 2     )           −   103   12   −  3 8   e 2  +   35  J 4    6  J 2 2     (    31   14   +  9 4   e 2   )  −   5  p 2    3  J 2     ]     










    C   =   9 n  J 2 2   R p 4    4  p 4     [    1 −  e 2     (   1 2    1 −  e 2    +  9 2  +   10  3   e 2  −   35  e 4    12  (  1 −  e 2   )    −   5  J 4    4  J 2 2     e 2  −   2  p 2    3  J 2     )           + 4 +  7  12    e 2  −   5  J 4    6  J 2 2     (  4 +  9 2   e 2   )  +   4  p 2    3  J 2     ]  + n    
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Figure 1. Schematic diagram of some orbital elements. 
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Figure 2. Calculation results of discriminant under different semi-major axes and eccentricities. 
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Figure 3. The relationship between the orbital inclination, semi-major axis, and eccentricity of sun-synchronous orbits. 
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Figure 4. Right-hand coordinate system centered on Uranus, where O is the center of mass of Uranus, the x-axis points in the direction of the ascending node of the Sun, the z-axis points in the direction of the angular momentum direction of Uranus’ rotation. 
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Figure 5. The relationship between the orbital inclination, right ascension of ascending node, and long-term perturbation of the orbital inclination around Uranus. 
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Figure 6. The relationship between the semi-major axis, eccentricity, and Q value of the sun-synchronous repeating ground track orbits. 
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Figure 7. The relationship between r and f(r). 
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Table 1. Main dynamic parameters of each planet [27].
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	Parameters
	Jupiter
	Saturn
	Uranus
	Neptune





	Mass(1024 kg)
	1898.13
	568.32
	86.81
	102.41



	Equatorial radius(km)
	71,492
	60,268
	25,559
	24,764



	Tropical orbit period(days)
	4330.59
	10,746.94
	30,588.74
	59,799.90



	Sidereal rotation period(hours)
	9.92
	10.65
	17.24
	16.11



	Inclination of equator(deg)
	3.13
	26.73
	97.77
	28.32



	J2 (10−6)
	14,736
	16,298
	3343
	3411



	J4 (10−6)
	−586.61
	−935.31
	−34.52
	−38.01










 





Table 2. Parameters of the stationary orbits around each planet.
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	Parameters
	Jupiter
	Saturn
	Uranus
	Neptune





	r/Rp
	2.241
	1.867
	3.235
	3.373



	Centroid distance (km)
	160,247
	112,506
	82,700
	83,520



	Orbit altitude (km)
	88,755
	52,238
	57,141
	58,756
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